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A NEW FLEXIBLE WEIBULL BURR XII DISTRIBUTION

MONA MUSTAFA ELBIELY, HAITHAM M. YOUSOF

Abstract. A new Weibull Burr XII distribution is introduced and studied.

The proposed distribution includes at least fifty three sub-models, thirty eight
of them are quite new. The proposed model can be used for modeling bimodal

data sets. Some of its properties are derived in details. A simulation study
is used to evaluate the method of the maximum likelihood. Two real data

applications are provided to illustrate the importance of the proposed model.

The proposed model is better than other well known competitive models. The
maximum likelihood is used to estimate the parameters.

Keywords: Weibull Distribution; Burr XII Distribution; Maximum Likeli-

hood; Generating Function; Moments.

1. Introduction and physical motivation

A long time ago, a special attention has been devoted to Burr type XII (BuXII)
which originally derived by [5] denoted by type XII (see [5], [10], [6], [7], [8], [12]
and [13], the cumulative distribution function (CDF) of the BuXII is given as

Ha,b,λ(x) = 1−
[(
xλ−1

)a
+ 1
]−b

,

both a and b are shape parameters, λ is the scale paramete, when a = 1 the
BuXII model reduces to the Lomax (Lx) or Pareto type II (PaII) model, when
b = 1 the BuXII model reduces to the log-logistic (LL) model, when a = λ = 1
the BuXII model reduces to the one-parameter Lx or one-parameter PaII model,
when b = λ = 1 the BuXII model reduces to the one-parameter LL model and when
λ = 1 the BuXII model reduces to two-parameter BuXII model. The corresponding
probability density function (PDF) is given by

ha,b,λ(x) = abλ−axa−1
[(
xλ−1

)a
+ 1
]−b−1

.

Let g(ξ)(x) and G(ξ)(x) denote the PDF and the CDF of the BuXII model with
parameter vector ξ = (a, b, λ). Then the CDF of the Weibull Generalized-BuXII
(WGBuXII) based on [18] is defined by

Fβ,θ,a,b,λ (x) = 1− exp

(
−
{[(

xλ−1
)a

+ 1
]θb
− 1

}β)
, (1)
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and its corresponding PDF is given by

fβ,θ,a,b,λ (x) = β θabλ−axa−1
[(
xλ−1

)a
+ 1
]bθ−1 exp

(
−
{[(

xλ−1
)a

+ 1
]θb − 1

}β)
{

[(xλ−1)
a

+ 1]
θb − 1

}1−β

(2)
where β > 0 and θ > 0 are two additional shape parameters. From 1(a) we conclude
that the the PDF of the WGBuXII model can be bimodal and left skewed, from
1(b) the PDF of the WGBuXII model can be unimodal and right skewed. From 1(c)
the HRF can be bathtub, constant, unimodal, decreasing and increasing shaped.

(a) (b)

(c)

Figure 1. Plots of PDF and HRF for the new model.
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Table 1: Sub-models of the WGBuXII model.

N β θ a b λ Reduced model CDF Author

1 1 WGLx (WGPaII) 1− exp

{
−
[(
xλ−1 + 1

)θb − 1
]β}

New

2 2 1 Rayleigh GLx (RGPaII) 1− exp

{
−
[(
xλ−1 + 1

)θb − 1
]2}

New

3 1 1
Three-parameter

WGLx (WGPaII)
1− exp

{
−
[
(x+ 1)

θb − 1
]β}

New

4 2 1 1
Three-parameter

RGLx (RGPaII)
1− exp

{
−
[
(1 + x)

θb − 1
]2}

New

5 1 WGLL 1− exp

(
−
{[(

xλ−1
)a

+ 1
]θ − 1

}β)
New

6 2 1 RGLL 1− exp

(
−
{[(

xλ−1
)a

+ 1
]θ − 1

}2
)

New

7 1 1 Three-parameter WGLL 1− exp

{
−
[
(xa + 1)

θ − 1
]β}

New

8 2 1 1 Two-parameter RGLL 1− exp

{
−
[
(xa + 1)

θ − 1
]2}

New

9 1
exponential GBuXII

(EGBuXII)
1− exp

(
−
{[(

xλ−1
)a

+ 1
]θb − 1

})
New

10 2 RGBuXII 1− exp

(
−
{[(

xλ−1
)a

+ 1
]θb − 1

}2
)

New

11 1 1
Three-parameter

EGBuXII
1− exp

{
−
[
(xa + 1)

θb − 1
]}

New

12 2 1 Two-parameter RGBuXII 1− exp

{
−
[
(xa + 1)

θb − 1
]2}

New

13 1 1 EGLx 1− exp
{
−
[(
xλ−1 + 1

)θb − 1
]}

New

14 2 1 RGLx 1− exp

{
−
[(
xλ−1 + 1

)θb − 1
]2}

New

15 1 1 1
Two-parameter

EGLx
1− exp

{
−
[
(x+ 1)

θb − 1
]}

New

16 2 1 1
Two-parameter

RGLx
1− exp

{
−
[
(x+ 1)

θb − 1
]2}

New

17 1 1 EGLL 1− exp
(
−
{[(

xλ−1
)a

+ 1
]θ − 1

})
New

18 2 1 RGLL 1− exp

(
−
{[

1 +
(
xλ−1

)a]θ − 1
}2
)

New

19 1 1 1
Two-parameter

EGLL
1− exp

{
−
[
(xa + 1)

θ − 1
]}

New

20 2 1 1
Two-parameter

RGLL
1− exp

{
−
[
(xa + 1)

θ − 1
]2}

New

21 1 WBuXII 1− exp

(
−
{[(

xλ−1
)a

+ 1
]b − 1

}β)
New

22 2 1 RBuXII 1− exp

(
−
{[(

xλ−1
)a

+ 1
]b − 1

}2
)

New

Continued on next page
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Table 1 – Continued from previous page

N β θ a b λ Reduced model CDF Author

23 1 1 WBuXII 1− exp

{
−
[
(1 + xa)

b − 1
]β}

[2]

24 2 1 1 RBuXII 1− exp

{
−
[
(1 + xa)

b − 1
]2}

[2]

25 1 1 WLx (WPaII) 1− exp

(
−
{[

1 +
(
xλ−1

)a]b − 1
}β)

New

26 2 1 1 RLx (RPaII) 1− exp

(
−
{[

1 +
(
xλ−1

)a]b − 1
}2
)

New

27 1 1 1
Two-parameter

WLx (WPaII)
1− exp

{
−
[
(1 + x)

b − 1
]β}

[14]

28 2 1 1 1
One-parameter

RLx (RPaII)
1− exp

{
−
[
(1 + x)

b − 1
]2}

[14]

29 1 1 WLL 1− exp
{
−
[(
xλ−1

)aβ]}
New

30 2 1 1 RLL 1− exp
{
−
[(
xλ−1

)2a]}
New

31 1 1 1 Two-parameter WLL 1− exp
[
−
(
xaβ
)]

[2]

32 2 1 1 1 One-parameter WLL 1− exp
[
−
(
x2a
)]

[2]

33 1 1 EBuXII 1− exp
(
−
{[

1 +
(
xλ−1

)a]b − 1
})

New

34 2 1 RBuXII 1− exp

(
−
{[

1 +
(
xλ−1

)a]b − 1
}2
)

New

35 1 1 1 Two-parameter EBuXII 1− exp
{
−
[
(xa + 1)

b − 1
]}

[2]

36 2 1 1 Two-parameter RBuXII 1− exp

{
−
[
(xa + 1)

b − 1
]2}

[2]

37 1 1 1 ELx 1− exp
(
−
{[

1 +
(
xλ−1

)a]b − 1
})

New

38 2 1 1 RLx 1− exp

(
−
{[

1 +
(
xλ−1

)a]b − 1
}2
)

New

39 1 1 1 1 One-parameter ELx 1− exp
{
−
[
(1 + x)

b − 1
]}

[2]

Continued on next page
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Table 1 – Continued from previous page

N β θ a b λ Reduced model CDF Author

40 2 1 1 1 One-parameter RLx 1− exp

{
−
[
(1 + x)

b − 1
]2}

[2]

41 1 1 1 ELL 1− exp
(
−
{[(

xλ−1
)a

+ 1
]
− 1
})

New

42 2 1 1 RLL 1− exp
(
−
{[(

xλ−1
)a

+ 1
]
− 1
}2)

New

43 1 1 1 1 One-parameter ELL 1− exp {− [(xa + 1)− 1]} [2]

44 2 1 1 1 One-parameter RLL 1− exp
{
− [(xa + 1)− 1]

2
}

[2]

45 1 1 Quasi W type I 1− exp

{
−
[(
xλ−1 + 1

)θ − 1
]β}

New

46 2 1 1 Quasi R type I 1− exp

{
−
[(
xλ−1 + 1

)θ − 1
]2}

New

47 1 1 1 Quasi W type II 1− exp

{
−
[
(x+ 1)

θ − 1
]β}

New

48 2 1 1 1 Quasi R type II 1− exp

{
−
[
(x+ 1)

θ − 1
]2}

New

49 1 1 1 Quasi W type III 1− exp
{
−
[(
xλ−1 + 1

)θ − 1
]}

New

50 1 1 1 1 Quasi W type IV 1− exp
{
−
[
(x+ 1)

θ − 1
]}

New

51 1 1 1 W 1− exp
[
−
(
xλ−1

)β]
[15]

52 2 1 1 1 R 1− exp
[
−
(
xλ−1

)2]
[15]

53 1 1 1 1 W 1− exp
(
−xβ

)
[15]

The additional parameters β and θ are sought as a manner to furnish a more
flexible BuXII distribution (see figure 1). In this work, we study the WGBuXII
model and give a sufficient description of its mathematical properties. The new
model is motivated by its important flexibility in applications (see section. 4), by
means of two applications, it is noted that the WGBuXII model provides better
fits than nine BuXII models. The PDF of the WGBuXII model can be expressed
as

fβ,θ,a,b,λ (x) =

∞∑
r=0

Crh[a,b(1+r),λ](x), (3)
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where

Cr =

∞∑
l,c,ζ=0

(−1)
l+c+ζ+r+1

l!r!

(
θ (c− lβ)

ζ

)(
1 + ζ

r

)(
lβ

c

)
, (4)

and h[a,b(1+r),λ](x) is the BuXII density with parameters a , b (1 + r) and λ. Simi-
larly, the CDF (2) of X can be expressed in the mixture form

Fβ,θ,a,b,λ(x) =

∞∑
r=0

CrH[a,b(1+r),λ](x),

where H[a,b(1+r),λ](x) is the BuXII CDF with parameters a and b (1 + r). According
to [18], a physical interpretation of the WGBuXII distribution can be shown as
follows: suppose that we have a lifetime r.v., X, having BuXII distribution. The
generalized ratio {

1− [1−Ha,b,λ(x)]
θ
}
/ [1−Ha,b,λ(x)]

θ
,

that the probability of an individual (or component) following the lifetime Z will
die (fail) at time t is [(

xλ−1
)a

+ 1
]θb
− 1.

Consider that the variability of this ratio of death is represented by the r.v. Z and
assume that it follows the WGBuXII model. We can write

Pr (Z ≤ x) = Pr

(
X ≤

[(
xλ−1

)a
+ 1
]θb
− 1

)
= F (x),

which is given by (1).

2. Mathematical properties

The nth ordinary moment of X is given by

µ′n = E(Xn) =

∫ ∞
−∞

xn fβ,θ,a,b,λ (x) dx.

Then, we obtain

µ′n =

∞∑
r=0

Crb (1 + r)λnB
(
1 + na−1, b (1 + r)− na−1

)
|[n<(1+r)ab], (5)

where

B(a, b) =

∫ ∞
0

ta−1 (1 + t)−(a+b)dt

is the beta function of the second type. By setting n = 1 in (5), we get the mean
of X. The last integration is computed numerically for the new distributions (see
Table 2). The skewness and kurtosis measures can be calculated from the ordinary
moments using well-known relationships.The mean, variance, skewness and kurtosis
of the WGBuXII distribution are computed numerically for some selected values of
parameter β, θ, a, b and λ using the R software. From Table 2, we conclude that:

1-The skewness of the WGBuXII distribution can range in the interval (−3.11, 46.9).
2-The kurtosis of the WGBuXII distribution varies in the interval (3.15, 7573.9).
3-The mean of X increases as λ increases.
4- The mean of X decreases as θ and b increases.
5- The parameter λ has no effect on skewness and kurtosis.
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Table 2: Mean, variance, skewness and kurtosis of the WGBuXII distribution.

β θ a b λ Mean Variance Skewness Kurtosis

0.5 0.5 1.25 1.5 3 4.937741 137.3898 8.799927 167.0631
1 3.536557 10.9219 2.135092 10.00277
2 3.462545 3.110929 0.5170662 3.154063
5 3.625526 1.377412 −1.482059 5.677252
10 3.726027 1.190839 −2.631417 9.379767
20 3.787168 1.199544 −3.029071 10.65436
35 3.815848 1.229622 −3.103466 10.79964
50 3.827759 1.246698 −3.113196 10.77611
75 3.837201 1.262105 −3.112418 10.72501
100 3.841981 1.270530 −3.109246 10.68883
110 3.843292 1.272913 −3.108056 10.67774
115 3.843863 1.273960 −3.107495 10.67275

1.5 0.5 1.5 1.25 2 2.311038 2.396003 0.9189571 4.070938
0.4 2.634525 5.043798 1.186507 5.002438
0.3 3.207912 13.43159 1.896348 8.658421
0.2 4.606801 69.84546 4.175447 34.88669
0.1 13.77264 9359.316 46.94925 7573.963

0.5 0.5 1 1.5 1.5 6.823268 475.0857 12.92849 399.2132
1.25 2.468871 34.34746 8.799927 167.0631
1.50 1.633273 7.567323 6.522958 86.1778
1.75 1.446895 2.648877 5.843561 60.77353

2 1.5 0.8316581 10.85777 99.10012

1.5 0.50 0.75 1 4 35.79489 1018.079 3.325397 20.85771
2 4.208735 14.28655 1.4747 6.115021
3 1.618334 2.573137 1.175669 4.458882
4 0.8781221 0.8844883 1.125299 4.005095
5 0.5607095 0.4067612 1.137302 3.859459
6 0.3935512 0.2207783 1.168632 3.830274
7 0.2938207 0.1333785 1.206012 3.85437
8 0.2291055 0.08685053 1.244628 3.905548

3 0.25 1 1 1 14.17903 108.8562 1.570842 6.797476
2 28.35806 435.4249 1.570842 6.797476
5 70.89515 2721.406 1.570842 6.797475
10 141.7903 10885.62 1.570842 6.797475
20 283.5806 43542.49 1.570842 6.797475
50 708.9515 272140.6 1.570842 6.797476
100 1417.903 1088562 1.570842 6.797476
125 1772.379 1700879 1.570842 6.797476
150 2126.854 2449265 1.570842 6.797476
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The moment generating function (mgf) MX (t) = E
(
etX

)
of X can be derived

from (3) as

MX (t) =

∞∑
r,n=0

tn

n!
Crb (1 + r)λnB

(
1 + na−1, b (1 + r)− na−1

)
|[n<(1+r)ab],

The nth incomplete moment (In (t)) of X can be expressed from (3) as

In (t) =

∫ t

−∞
xnf (x) dx =

∞∑
r=0

Crb (1 + r) λnB
(
ta; 1 + na−1, b (1 + r)− na−1

)
|[n<(1+r)ab],

where

B(q; a, b) =

∫ q

0

ta−1 (1 + t)−(a+b)dt

is the incomplete beta function of the second type, when n = 1 we have 1st in-
complete moment, the main applications of the 1st incomplete moment refer to the
mean deviations and the Bonferroni and Lorenz curves which are very useful in
economics, reliability, demography, insurance and medicine.

2.1. Probability weighted moments. The (s,r)th PWM of X following the WG-
BuXII model, say λs,r, is formally defined by

λs,r = E {Xs F (X)r} =

∫ ∞
−∞

xs Fβ,θ,a,b,λ(x)r fβ,θ,a,b,λ (x) dx. (6)

The (s,r)th PWM of X can be expressed as

λs,r =

∞∑
r=0

vrb (1 + r) λnB
(
sa−1 + 1, b (1 + r)− sa−1

)
|[s<(1+r)ab],

where

vr =

∞∑
m,l,c,ζ=0

β θ (−1)
m+l+c+ζ

(m+ 1)
l
(r)ζ

m!l!

×
(

[− (l + 1)β + c] θ − 1

ζ

)(
(l + 1)β − 1

c

)(
1 + ζ

r

)
,

and

(τ1)τ2 = τ1 (τ1 − 1) ... (1 + τ1 − τ2)

is the descending factorial and τ2 is a positive integer.

2.2. Order statistics. Let X1, X2, . . . , Xn be a random sample (RS) from the
WGBuXII distribution and let X1:n, . . . , Xn:n be the corresponding order statistics.
The PDF of ith order statistic, say Xi:n, can be written as

f
(β,θ,a,b,λ)
i:n (x) = B−1 (i, n− i+ 1) fβ,θ,a,b,λ (x)

n−i∑
j=0

(−1)
j
Fβ,θ,a,b,λ (x)

j+i−1
(
n− i
j

)
,

(7)
where B(·, ·) is the beta function. Inserting (5) and (6) in equation (7) and using
a power series expansion, we have

Fβ,θ,a,b,λ (x)
j+i−1

fβ,θ,a,b,λ (x) =

∞∑
r=0

vrg[a,b(1+r)](x),
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where

vr = β θ

∞∑
m,l,w,ζ=0

n−i∑
j=0

(−1)
m+l+w+ζ+j

(m+ 1)
l

m!l!B (i, n− i+ 1)
(j + i− 1)ζ

×
(
n− i
j

)(
1 + ζ

j + i− 1

)(
(i+ 1)β − 1

w

)(
θ [−β (l + 1) + w]− 1

ζ

)
,

and the PDF of Xi:n can be expressed as

f
(β,θ,a,b,λ)
i:n (x) =

n−i∑
j=0

∞∑
r=0

(−1)
j (n−i

j

)
B (i, n− i+ 1)

vrh[a,b(1+r),λ](x),

and the qth moments of Xi:n can be expressed as

E (Xq
i:n) =

∞∑
r=0

vrgb (1 + r) λqB
(

1 +
q

a
, b (1 + r)− q

a

)
|[q<(1+r)ab],

2.3. Moment of the reversed residual life (RRL). The nth moment of the
RRL, say

Vn(t) = E [(t−X)n] |[X≤t, t>0 and n=1,2,...]

uniquely determines Fβ,θ,a,b,λ(x), then we have

Vn(t) =

∫ t
0
(t− x)ndFβ,θ,a,b,λ(x)

Fβ,θ,a,b,λ(t)
.

Then, the nth moment of the RRL of X becomes

Vn(t) =
1

Fβ,θ,a,b,λ(t)

∞∑
r=0

υFr b (1 + r)λnB
(
ta; b (1 + r)− na−1, 1 + na−1

)
|[n<(1+r)ab],

where

υFr = Cr

n∑
r=0

(−1)
r

(
n

r

)
tn−r.

3. Simulation results

We used the computer software R Core for the simulation studies. For each
(MLEs) are computed based on this data using R function optimx (see [9]). To

maximize the log likelihood function of (2), we used [11] method since it provides
robust estimates than other methods. We use the inversion method to simulate the
WGBuXII (β = 3.5, 4, θ = 2, 0.5, a = 1.5, b = 1.5 and λ = 5) model by taking n=50,
150, 300 and 500. For each sample size, we evaluate the MLEs of the parameters
using the optim function of the R software. Then, we repeat this process 1000
times and compute the averages of estimates (AEs). The simulation results are

summarized in Table 3. The values in table 3 indicate that the MSEs of β̂, θ̂, â ,

b̂ and λ̂ decay toward zero when the n increases for all settings as expected under
first-under asymptotic theory. The AEs of the parameters tend to be closer to
the true (initial) parameter values when n increases. Consequently, the asymptotic
normal distribution provides an adequate approximation to the finite sample model
of the MLEs. table 3 gives the AEs and MSEs based on 1000 simulations of the
WGBuXII distribution.
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Table 3: The AEs and MSEs based on 1000 simulations.
β = 3.5 and θ = 2 β = 4 and θ = 0.5

n Θ AE MSE Θ AE MSE
50 β 3.36882 0.83144 β 4.42033 0.69442

θ 2.43923 0.88398 θ 0.59499 0.78565

a 1.14423 0.39116 a 1.34653 0.44874

b 1.75354 0.55746 b 1.66666 0.49948

λ 5.24926 0.47186 λ 5.50444 0.51145

150 β 3.45142 0.63994 β 4.30839 0.42990

θ 2.36052 0.37371 θ 0.56432 0.42781

a 1.35354 0.14226 a 1.41667 0.32058

b 1.55053 0.34364 b 1.59377 0.29455

λ 5.13380 0.47187 λ 5.35874 0.400145

300 β 3.48563 0.25888 β 4.10490 0.180011

θ 2.11436 0.15555 θ 0.52772 0.12041

a 1.49046 0.05177 a 1.47376 0.11496

b 1.51229 0.15046 b 1.52654 0.10301

λ 5.03829 0.10345 λ 5.05873 0.113422

500 β 3.4999 0.01347 β 4.00999 0.00233

θ 2.01229 0.011111 θ 0.50148 0.02011

a 1.49983 0.01133 a 1.50101 0.00431

b 1.50011 0.00448 b 1.50631 0.00696

λ 5.00482 0.02216 λ 5.01185 0.00255
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4. Applications

We will estimate the unknown parameters of the new model using the well-known
maximum likelihood method. Two real data applications are provided to illustrate
the importance, potentiality and flexibility of the WGBuXII model. According to
these data, we compare the WGBuXII distribution with BuXII, Marshall-Olkin
BuXII (MOBuXII), Topp Leone BuXII (TLBuXII), Five Parameters beta BuXII
(FBBuXII), BBuXII, B exponentiated BuXII (BEBuXII), Five Parameters Ku-
maraswamy BuXII (FKwBuXII) and KwBuXII distributions given in [16], [3, 4]
and [17].

Data set I {5.9, 20.4, 13.3, 8.5, 21.6, 14.9, 16.2, 17.2, 7.8, 6.1, 9.2, 10.2, 9.6, 18.5,
5.1,6.7, 17, 9.2, 26.2, 21.9,16.7, 21.3, 35.4, 14.3, 8.6, 9.7, 39.2, 35.7, 15.7, 9.7, 10,
4.1, 36, 8.5, 8, 8.5, 10.6, 19.1, 20.5, 7.1, 7.7, 18.1, 16.5, 8.4, 11, 11.6, 11.9, 5.2,
6.8, 11.9, 7, 8.6,12.5, 10.3, 11.2, 6.1, 8.9, 7.1, 10.8} called taxes revenue data. The
actual taxes revenue data (in 1000 million Egyptian pounds).

Data set II {65, 56, 26, 22, 1, 1, 5, 65, 16, 22, 3, 4, 2, 3, 56, 65, 17, 7, 156, 8, 4, 3, 30,
4, 100, 134, 16, 108, 121, 4, 39, 143, 43} called leukaemia data. This real data set
gives the survival times, in weeks, of 33 patients suffering from acute Myelogeneous
Leukaemia.

The total time test (TTT) plot (see [1]) for the real data sets is presented in Figure 2
and Figure 3. This plot indicates that the empirical HRFs of data set I is increasing
and bathtub for data set II. We consider the following goodness-of-fit statistics:
the Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC),
Hannan-Quinn Information Criterion (HQIC) and consistent Akaike Information
Criterion (CAIC), where

AIC = −2`
(

Θ̂
)

+ 2k,

BIC = −2`
(

Θ̂
)

+ k log (n) ,

HQIC = −2`
(

Θ̂
)

+ 2k log [log (n)]

and

CAIC = −2`
(

Θ̂
)

+ 2kn/ (n− k − 1) ,

where k is the number of parameters, n is the sample size, −2`
(

Θ̂
)

is the maximized

log-likelihood. Generally, the smaller these statistics are, the better the fit. Based
on the values in table 4 and table 4 and Figures 2 and 3 the WGBuXII model
provides the best fits as compared to other extensions of the BuXII model in the
four applications with small values for BIC, AIC, CAIC and HQIC.
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Table 4: MLEs, standard errors, confidence interval (in parentheses) for the data set I.

Model Estimates

BuXII(a, b) 5.615, 0.072
(15.048), (0.194)

(0, 35.11), (0, 0.45)

MOBuXII(a, b, γ) 8.017, 0.419, 70.359
(22.083), (0.312), (63.831)

(0, 51.29), (0, 1.03), (0, 195.47)

TLBuXII(a, b, γ) 91.320, 0.012, 141.073
(15.071), (0.002), (70.028)

(61.78, 120.86) (0.008, 0.02) (3.82, 278.33)

KwBuXII (λ, θ, a, b) 18.130, 6.857, 10.694, 0.081
(3.689), (1.035), (1.166), (0.012)

(10.89, 25.36), (4.83, 8.89), (8.41, 12.98), (0.06,0.10)

BBuXII(λ, θ, a, b) 26.725, 9.756, 27.364, 0.020
(9.465), (2.781), (12.351), (0.007)

(8.17,45.27), (4.31,15.21), (3.16,51.57), (0.006,0.03)

BEBuXII(λ, θ, a, b, γ) 2.924, 2.911, 3.270, 12.486, 0.371
(0.564), (0.549), (1.251), (6.938), (0.788)

(1.82,4.03), (1.83,3.99), (0.82,5.72), (0, 26.08), (0, 1.92)

FBBuXII(λ, θ, a, b, γ) 30.441, 0.584, 1.089, 5.166, 7.862
(91.745), (1.064), (1.021), (8.268), (15.036)

(0, 210.26), (0, 2.67), (0, 3.09), (0, 21.37), (0, 37.33)

FKwBuXII(λ, θ, a, b, γ) 12.878, 1.225, 1.665, 1.411, 3.732
(3.442), (0.131), (0.034), (0.088), (1.172)

(6.13,19.62), (0.97,1.48), (1.56,1.73), (1.24,1.58), (1.43,6.03)

WGBuXII(b, θ, a, b, λ) 0.74, 1.678, 7.96, 0.089, 7.32
(0.5), (7.6), (3.031), (0.41), (2.6)

(0, 1.72), (0, 16,7), (0.9, 12.9), (0, 0.89), (2.12, 12.52)
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Table 5: AIC, BIC, CAIC and HQIC values for the data set I.

Model AIC, BIC, CAIC, HQIC

BuXII 518.46, 522.62, 518.67, 520.08

MOBuXII 387.22, 389.38, 387.66, 389.68

TLBuXII 385.94, 392.18, 386.38, 388.40

KwBuXII 385.58, 393.90, 386.32, 388.86

BBuXII 385.56, 394.10, 386.30, 389.10

BEBuXII 387.04, 397.42, 388.17, 391.09

FBBuXII 386.74, 397.14, 387.87, 390.84

FKwBuXII 386.96, 397.36, 388.09, 391.06

WGBuXII 385.4, 395.8, 386.55, 389.48
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Table 6: MLEs, standard errors, confidence interval (in parentheses) for the data set II.

Model Estimates

BuXII(a, b) 58.711,0.006
(42.382), (0.004)

(0, 141.78), (0, 0.01)

MOBuXII(a, b, γ) 11.838, 0.078, 12.251
(4.368), (0.013), (7.770)

(0, 141.78), (0, 0.01), (0, 27.48)

TLBuXII(a, b, γ) 0.281, 1.882 ,50.215
(0.288), (2.402), (176.50)

(0, 0.85), (0, 6.59), (0, 396.16)

KwBuXII(λ, θ, a, b) 9.201, 36.428, 0.242,0.941
(10.060), (35.650), (0.167), (1.045)

(0, 28.912), (0, 106.30), (0, 0.57), (0, 2.99)

BBuXII(λ, θ, a, b) 96.104, 52.121, 0.104, 1.227
(41.201), (33.490), (0.023), (0.326)

(15.4,176.8),(0, 117.8), (0.6, 0.15), (0.59,1.9)

BEBuXII(λ, θ, a, b, γ) 0.087, 5.007, 1.561, 31.270, 0.318
(0.077), (3.851), (0.012), (12.940), (0.034)

(0, 0.3), (0, 12.6), (1.5, 1.6), (5.9, 56.6), (0.3,0.4)

FBBuXII(λ, θ, a, b, γ) 15.194, 32.048, 0.233, 0.581, 21.855
(11.58), (9.867), (0.091), (0.067), (35.548)

(0, 37.8), (12.7,51.4), (0.05,0.4), (0.45,0.7), (0, 91.5)

FKwBuXII(λ, θ, a, b, γ) 14.732, 15.285, 0.293, 0.839, 0.034
(12.390), (18.868), (0.215), (0.854), (0.075)

(0, 39.02), (0, 52.27), (0, 0.71), (0, 2.51), (0, 0.18)

ZBBuXII(λ, a, β, γ) 41.973,0.157, 44.263
(38.787),(0.082), (47.648)

(0, 117.99),(0, 0.32,) (0, 137.65)

WGBuXII(β, θ, a, b, λ) 1.89, 0.083, 0.466, 8.18, 9.988
(3.097), (0.00), (0.85), (0.00), (0.00)

(0, 8.9), , (0, 2.7), ,
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Table 7: AIC, BIC, CAIC and HQIC values for the data set II.

Model AIC, BIC, CAIC, HQIC

BuXII 328.20, 331.19, 328.60, 329.19

MOBuXII 315.54, 320.01, 316.37, 317.04

TLBuXII 316.26, 320.73, 317.09, 317.76

KwBuXII 317.36, 323.30, 318.79, 319.34

BBuXII 316.46, 322.45, 317.89, 318.47

BEBuXII 317.58, 325.06, 319.80, 320.09

FBBuXII 317.86, 325.34, 320.08, 320.36

FKwBuXII 317.76, 325.21, 319.98, 320.26

WGBuXII 317.07, 324.55, 319.29, 319.59



74 MONA ELBIELY, HAITHAM YOUSOF

(a) (b)

(c) (d)

(e)

Figure 2. TTT plot, estimated PDF, estimated HRF, P-P plot
and Kaplan-Meier survival plot for data set I.
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(a) (b)

(c) (d)

(e)

Figure 3. TTT plot, estimated PDF, estimated HRF, P-P plot
and Kaplan-Meier survival plot for data set II.
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5. Conclusions

A new Weibull Burr XII distribution is introduced and studied. The proposed
distribution includes at least fifty three sub-models, thirty eight of them are quite
new. The proposed model can be used for modeling bimodal data sets. Some of its
properties are derived in details. A simulation study is used to evaluate the method
of the maximum likelihood and we found that:

1-The MSEs of β̂, θ̂, â , b̂ and λ̂ decay toward zero when the n increases for all
settings as expected under first-under asymptotic theory.

2- The AEs of the parameters tend to be closer to the true (initial) parameter
values when n increases.

Two real data applications are provided to illustrate the importance of the pro-
posed model. The proposed model is better that other well known competitive
models. The maximum likelihood is used to estimate the parameters. Based on a
numerical analysis for the mean, variance, skewness and kurtosis of the WGBuXII
distribution, we have the following conclusions:

1-The skewness of the WGBuXII distribution can range in the interval (−3.11, 46.9).
2-The kurtosis of the WGBuXII distribution varies in the interval (3.15, 7573.9).
3-The mean of WGBuXII distribution increases as λ increases.
4- The mean of WGBuXII distribution decreases as θ and b increases.
5- The parameter λ has no effect on skewness and kurtosis.
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