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A NEW VERSION OF THE ZERO TRUNCATED
POISSON EXPONENTIAL DISTRIBUTION FOR
MODELING RELIEF AND SURVIVAL TIMES

MOHAMED K. A. REFAIE

ABSTRACT. This article aims to construct a new version of the Poisson expo-
nential model called the Topp Leone zero truncated Poisson exponential model.
We introduced some of its statistical properties such as moments, incomplete
moments, generating function, probability weighted moments, stress-strength
reliability model, order statistics, quantile spread ordering, moment of resid-
ual life and reversed residual life. In this work, we considered the estimation
of the unknown parameters of the new model from complete samples only by
maximum likelihood. The new model is much better than the exponential, mo-
ment exponential, odd Lindley exponential, the logarithmic Burr-Hatke expo-
nential, Marshall-Olkin exponential, generalized Marshall-Olkin exponential,
Kumaraswamy exponential, beta exponential, MarshallOlkin Kumaraswamy
exponential, Kumaraswamy Marshall-Olkin exponential models so the new
model is a good alternative to these models in modeling relief times and sur-
vival times data.

1. GENESIS AND MOTIVATION

The exponential (Exp) distribution is the widely used distribution in reliability,
it is often used in modeling the time elapsed between some events. the Exp model
is key for studying Poisson and Markov processes. The probability density function
(P.D.F.) and cumulative distribution function (C.D.F.) of the standard exponential
(Exp) distribution are given by

(z>0) _ 751
D (@)|(50) = :
and 20
G (x )|(ﬁ>0 =1—e "7,

respectively. [2] introduced the exponentlated exponential (exp-Exp) distribution
as a generalization of the standard exponential distribution, the P.D.F. and C.D.F.
of the exp-Exp distribution with power parameter ~ are given by

(z>0) — Bz _Bax\Y—1
( )|(,8>0 40 = Be A (1—e A ) and
(z>0) _ —Bx\Y
HE/B) (x)|(5>0, y>0) (1 —e’ ) ’ (1)
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For more detail about properties of exp-Exp model see [3], [8], Theorems 1 and
2. Suppose that the lifetimes of system has N subsystems in a parallel system are
independently and identically distributed according to HE,B )(:c)|22§8) >0y then it

follows that the lifetime of the system also has the exp-Exp distribution.

Suppose that a system has N subsystems functioning independently at a given time
where N has zero truncated Poisson (Z.T.P.) distribution with parameter A. It is
the conditional probability distribution of a Poisson-distributed random variable
(r.v.) given that the value of the random variable is not zero. The probability mass
function (P.M.F.) of N is given by

DU
Ve
note that for Z.T.P. variable the expected value p(N|A) and variance V(N|A) are
respectively given by

Pr(N=n|(n=12,..

WNAER) = B(N) = A(1—e )",

and
A A
1 — .
1—e 2 (1+A) 1—e 2

Suppose that the failure time of each subsystem has the Z.T.P. Poisson-Exp (ZTPExp(A, §)
for short) distribution with C.D.F.

V(NN eR) =

HOB) o) _1=e ) 2
ZTPEzxp (2) |(/\elR, F>0) = T ] _ex (2)

The corresponding P.D.F. of the ZTPExp in is given by

_Bz,.—A(1—e F"
h()\’B) ( ) |(£>0) _ Aﬁe Bre ( ) (3)
ZTPExp (AER, B>0) 1 _or )

for more details about the ZTPExp model see [9]. Let Y; denote the failure time
of the i(*") subsystem and X denote the time to failure of the first out of the N
functioning subsystems. We can write

X = min{Yy,...,Yn},
so the conditional C.D.F. of X given N is

F|N) = 1-Pr(X>z|N)
= 1-Pr(v; >2)V
N
A8 >0
= 1= (1 - H(ZTP)PE'xp (z) |E,\€R), B>0)) ’ (4)
and the marginal C.D.F. of X is
A(1—e—Fr)T
FlaA8) (z>0) _ |1-e A1 )
TLZTPExp ( ) |(,\€R, a>0, B>0) 1— e_)\

1—e A

x [2 _1-eX) I)] , (5)
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The C.D.F. in is called the Topp Leone Exp Poisson (TLZTPExp) model. The
corresponding P.D.F. is

2a)3 [1 _ e—A(l_e*Bz)]afl

(a.).5) (2>0) _
f (@) [

TLZTPEzp AER, a>0, B>0) (1 _ e_)\)a e[Bw-&-)\(l—e_ﬁm)]
1 — e—/\(l—efﬁz)
X/1l-—
1—e
_ a—1
1 _e—/\(l—e ﬁz)

Theorem 1. Let T ~exp-Exp(B,, Bs) distribution as in (1). The r*") moment of
exp-Fxp model can be written as

M;- =018 T (1+r) Z Tgfhr) |(r>—1)7
w=0
where
@) — C(Brw)
v (14 w)'*"
and
_ (=D'r By
C(Brw) = m

The 7" incomplete moment of X, say I (t), is given by

—r B - 17
L. (t) = 18 'Y<1+7"7t Z T;f )‘(7->—1)

w=0

where
@) = [ lewoleta
0
oo h
— Z (_1) Za+h
| )
= h! (a+h)
is the incomplete gamma function.

Theorem 2. Let T ~exp-Exp(B,, 8y) distribution as in (1). The r*") moment of
exp-Fxp model can be written as

r (_1)7“ |:ar
M = 61 ﬁg apr

B (B1,p+1—01)|p=5,

where
1
B (a,b) = /ta—l (1—t)""at
0

the beta function.



MOHAMED K. A. REFAIE (2018)
92

20

05
2

Figure 1: Plots of the TLZTPExp P.D.F.
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Figure 2: Plots of the TLZTPExp H.R.F.

The new model can be viewed as a suitable model for fitting the symmetric, uni-
modal, left skewed and right skewed data (see Figure 1). The new distribution has
the increasing or J shaped hazard rates as illustrated in Figures 2. It is shown in
Section 2 that the newmodel can be viewed as a mixture of the exp-Exp dendity.
The TLZTPExp lifetime model is much better than other ten versions of the Exp
model namely: the Exp, Moment Exp, Odd Lindley Exp, Logarithmic Burr-Hatke
Exp, Marshall-Olkin Exp, Generalized Marshall-Olkin Exp, Kumaraswamy Exp,
Beta Exp, Marshall-Olkin Kumaraswamy Exp, Kumaraswamy Marshall-Olkin Exp
models so the TLZTPExp lifetime model is a good alternative to these models in
modeling relief times and survival times data sets (see applications 1 and 2).

This paper is organized as follows. Useful representations are presented in Section
2. In Section 3, we derive some of the mathematical properties of the new model.
Maximum likelihood estimation for the model parameters under uncensored data
is addressed in Section 4. In Section 5, the potentiality of the proposed model is
illustrated by means of a two data sets. Finally, Section 6 provides some concluding
remarks.
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2. USEFUL REPRESENTATION

Now we can provide a useful linear representation for the TLZTPExp density in
@. Consider the power series

(1—w)* | (lz] <1 and b > 0 realnon-integer) =

Using the power series in @ and after some algebra, the P.D.F. of the TLZTPExp
model in @ can be expressed as

= i (a— 2%t —Bx
.;J(_l)Z ( il) (1—e—*)“ﬁf“ e™?
(@.\,8) (2>0) _ - A
fTLZTPErcp( ) ‘(AGR, a>0, B>0)
8w _gz\1tt+a—1
Xe—)\(l—e B ) |:1 _ e—)x(l—e A )]
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=0
- 42 )
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Applying to the quantities A; and As we get

(_1)i+j (a;l) (i+?71)e—,6’w

(oo}
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Expanding the quantities B; and By in power series and after some algebra the
P.D.F. of the TLZTPExp mpdel can be expressed as

a,\, B x>0 B
f:(FLZTgﬁE;cp () 2,\;1{? a>0, >0) — ZTk ﬂ'ng)k(m)v (9)
k=0

where

i a (=1) R (G 4 1)k gamipIHk (a - 1)

520 Rk (-t L

. 1 . -
ACTST) () e
J J

and

x> 2>0)]7! _ _ —1
wP@) = [¢P@IG| 6P @] = e (1o
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is the P.D.F. of the exponentiated-Exp (exp-Exp) model defined in (1) with power
parameter v. Equation @D reveals that the phf of X can be expressed as a simple
linear representation of exp-Exp density. So, several mathematical properties of
the new generator can be obtained by knowing those of the exp-Exp density. The
C.D.F. of the TLZTPExp model can also be expressed as a simple mixture of
exp-Exp density. By integrating @D, we obtain the same mixture representation

(a,)\,8) (>0)
Fr 2Py (T )|(,\eR >0, B>0) — ZW 1+k (10)

where

) (z) = [G(ﬁ)( )|Egig)} = (1—ef)”

is the C.D.F. of the exp-Exp model defined in with power parameter .

3. PROPERTIES

3.1. Moments, incomplete moments and generating function. The r(*")
ordinary moment of X is formally defined as

w = / 2" f(z)de =EX".
Then we obtain

= (L+k)BTT(L+r) Y 7 YLDy, (11)
k,w=0

where T%Hk)’r) defined in Theorem 1. Setting r = 1,2,3 and 4 in we have

f=EX=(1+k)p Z T TR
k,w=0

which is the mean of X

py = EX?=(1+k)B°T(3) Y mp T2,
k,w=0
oo
wy = EX°=(1+k)BT @) Y 7 YLD,
k,w=0

and

py=EX" = (1+k)p°T(5) Y 7 TR
k,w=0

The last equations can be easily computed numerically. The s*") incomplete mo-

ment, say @, (t), of X can be expressed from @) as @, (t) = ffoo 2°f (x) dz. Then

e 0= 0y (140 2) S TG oy (2

k,w=0
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where

v = [ fexp (<)) e
_ - (71)}I a
- };h!(aJrh)z +h’

is the incomplete gamma function. Following theorem 2, we can present another
simple formula the infinite series representation for 7(**) ordinary moment of X as
follows

(=1) [ o B((1+Ek),p—Fk)|p=1+r)

_— 1+k
jua kZ:OTk( + k) v oy

3.2. Probability weighted moments (PWMs). The (s,r)* PWM of X fol-
lowing the TLZTPExp model, say p, ,., is formally defined by

o0

por =BIFXX) = [ 2 f (@) Fla) do.

— 00

Using equations (5) and (6), we can write
f@)F @) = ar w) (@),
k=0

where

. i a (_1)i+j+k (j + l)k o(l+r)a—iyl+k (1+7r)a-— 1)
5 k! (1 +k) (1 _ e_)\)(l-i-r)oc-&-z i

} K(lw)?ﬂ—l) - ((1+r}a+i> (1_“)1}

Then, the (s,7)* PWM of X can be expressed as

ps,r = (1 + k) B_SF (1 + S) Z akT$1§1+k))S) |(s>—1)'
2,7, w=0

3.3. Moment of residual life and reversed residual life. The n(*®) moment
of the residual life, say

ma(®) | ((x25) = ElX = 0],

uniquely determines the our C.D.F. The n**) moment of the residual life of X is
given by
[ (@ = t)"dF ()

malt) = Ty

then
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[e9) oo
m,(t) = ZZ() Tk/ x" ﬂgi)k(ac)dx
k 0m=0 t
(I1+k)87"T (14 n, 00 .
- 1-F ( ) > Z” (m) T ™ s -1,
k,w=0m=0
where

(oo}
L(@2) ooy = [ lexp (0]t de,
The n*") moment of the reversed residual life, say

n=1,2,... n
Mn(t) | (EXSt)v t>)0) =E [(t - X) ]

uniquely determines our C.D.F., then

o t t—x)"dF(xz
Mn(t) | (EXglt))Q,,t>)0) - W

Then, the n(**» moment of the reversed residual life of X becomes

n=1,2,... 1 = m n n—m
M, (t) | (EXSt% t>)0) = WZ (-1) (m)t ZT / x” ﬂljk(x)da:

(1+k)8 "y (1+n,§
)

3.4. Stress-strength reliability model. The stress-strength reliability model is
the most widely approach used for reliability estimation. This model is used in many
applications of physics and engineering such as strength failure and system collapse.
In stress-strength modeling, Rx,<x,) (X2, X1) = Pr(Xs < X1) is a measure of re-
liability of the system when it is subjected to random stress X5 and has strength
X;. The system fails if and only if the applied stress is greater than its strength and
the component will function satisfactorily whenever X1 > Xo. R(x,<x,) (X2, X1)
can be considered as a measure of system performance and naturally arise in elec-
trical and electronic systems. Other interpretation can be that, the reliability,
say R(x,<x,) (X2, X1), of the system is the probability that the system is strong
enough to overcome the stress imposed on it. Let X; and Xs be two independent
random variables have TLZTPExp(a1, A1, 8) and TLZTPExp(aq, A1, 8) distribu-
tions .The P.D.F. of X; and the C.D.F. of X5 can be written from Equations (9)
and (10), respectively as
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f-(oq ALB) Z Z Z+J+]€ 9o — 7./\1+k ( + 1) a—1
)z+a1 i
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—~ ——
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Then, the reliability is defined by

R(x,<xy) (X2, X1) = / HO (@) B2 (@) da,
0
Then, we can write

Rix,<x,) (X2, X1) = Zl‘kz/ 7"1+k+z( x)dz,
k,1=0

where
4 _ i+7+k k
e 9(a1—i)+ (a2 w)a1a2 (71)1+J+ +w+m+

rp, = E

i, jw,m=0 K (1 +1) (j-i-l)_]c (m + 1)_l

KAITFALFL (1= M) 770 (1 = g2 707
0
AT e
() - e

Thus, the reliability, R(x,<x,) (X2, X1), can be expressed as

Rix,<x,) (X2, X1) = Z Tl
k,1=0

where
1= /0 ﬂgi)kH (z) dx.

97



98 MOHAMED K. A. REFAIE (2018)

3.5. Order statistics and quantile spread ordering. Order statistics make
their appearance in many areas of statistical theory and practice. Let X1,..., X,
be a random sample (R.S.) from the TLZTPExp distribution and let Xy, ..., X(y)

Z'(th

be the corresponding order statistics. The P.D.F. of i*") order statistic, say Xj.n,

can be written as

fon )= 5t ¥ _ Sy (M) E @

M

where B(+,-) is the beta function. Substituting and @ in equation we get

fa) F ()"0 = de w7 ()

The P.D.F. of Xj;.,, can be expressed as

n d
/i = an—z—!—l Z kﬁ1+k()
where
g i a (—1)P TR glaln—it D ta—w) \1+k (a (n—i+1)+a— 1)
kK = -
w’m:()k! (1 + k) (m + 1)77{) (1 _ e_A)Ot(n—l"rl)"ra'i"w w

[(a(n—i+1)+a+w—1> B (a(n—i+1)+a+w) (1_6_,\)—1]-

j m

Then, the density function of the TLZTPExp order statistics is a mixture of exp-
Exp density, the ¢ moments of X;.,, can be expressed as

n—i (_1)] (71 1
E(Xan) (1+k)6 q]_-\ 1+q Z B Z —’L+1 Z dk 1+k)7q)|((1>—1)'
j=0 kw 0

4. ESTIMATION

The maximum likelihood estimators (MLEs) has some important statistical prop-
erties and can be used to construct confidence intervals (C.I.) (see Tables land 3)
and also in test some statistics whereas the normal approximation for those esti-
mators in large samples can be easily handled analytically and numerically. In this
work, we will consider the estimation of the unknown parameters of the new model
from complete samples only by maximum likelihood. Let z1,...,z, be a R.S. from
the TLZTPExp distribution with parameters a, A and 5. Let © =(a, A, 8)T be the
3 x 1 parameter vector. For determining the MLE of ©, we have the log-likelihood
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function
¢ = {(0©)=nlog(2)+nloga+mnlog+nlogs
—nalog (1 — e_)‘) — Z [ﬁx + A (1 — e_ﬁx")]
i=1

F(a—1) Xn: log lz S el_j(el_; z)]

+(a—1) Zlog[l—e e Ii}Jeroglll_e_/\(el_ii)].

The components of the score vector, U (@) = (‘% = (g—i, %, %) can be easily

handled. The procedures of the method are available in many papers so we will
ignore these details here.

5. APPLICATIONS

The first data set {1.1, 1.4, 1.3, 1.7, 1.9, 1.8, 1.6, 2.2, 1.7, 2.7, 4.1, 1.8, 1.5, 1.2,
1.4, 3,1.7,2.3, 1.6, 2} called the failure times data: The data represents the lifetime
data relating to relief times (in minutes) of patients receiving an analgesic (see [4]).

The second data set {0.1, 0.33, 0.44, 0.56, 0.59, 0.72, 0.74, 0.77, 0.92, 0.93, 0.96, 1,
1, 1.02, 1.05, 1.07, 07, 1.08, 1.08, 1.08, 1.09, 1.12, 1.13, 1.15, 1.16, 1.2, 1.21, 1.22,
1.22,1.24, 1.3, 1.34, 1.36, 1.39, 1.4, 1.46, 1.53, 1.59, 1.6, 1.63, 1.63, 1.68, 1.71, 1.72,
1.76, 1.83, 1.95, 1.96, 1.97, 2.02, 2.13, 2.15, 2.16, 2.22, 2.3, 2.31, 2.4, 2.45, 2.51, 2.53,
2.54,2.54, 2.78, 2.93, 3.27, 3.42, 3.47, 3.61, 4.02, 4.32, 4.58, 5.55} called the survival
times (in days) of 72 guinea pigs infected with virulent tubercle bacilli, observed and
reported by [I]. We shall compare thefits of the TLZTPExp distribution with those
of other competitive models, namely: Exponential (Exp(3)), Moment Exponen-
tial (MomExp(/3)), Odd Lindley Exponential (OLiExp(/3)), The logarithmic Burr-
Hatke Exponential (Log BrHExp(3)), Marshall-Olkin Exponential (MOExp(«, 3)),
Generalized Marshall-Olkin Exponential (GMOExp(\, a, 8)), Kumaraswamy Ex-
ponential (KwExp(a,b, 8)), Beta Exponential (BExp(a,b, 8)), Marshall-Olkin Ku-
maraswamy Exponential (MOKwExp(«, a, b, 8)) and Kumaraswamy Marshall-Olkin
Exponential (KwMOExp(«, a, b, 5)). For more detail about the competitive models
see [7], [10], [TT], 6] and [3.

Figure 3 gives the total time test (T.T.T.) for the two data sets. From this Figure,
we note that the H.R.F. for the the two data sets is increasing. Figures 4 and 5
gives the estimated P.D.F., P-P plot and estimated H.R.F., and for the 1¢*) data
and 2("® data respectively. We consider the Cramér-Von Mises and the Anderson-
Darling [W*, A*] and the Kolmogorov-Smirnov (KS) statistic. The W*and A*
statistics are given by

W (1+1/2n) {[1/ (12n)] + Z;;l Wj] and

A* = A, ("+”712;1%)7
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where

W = la-(2i-1)/ @),
— 9 -2 3 -1
A(n) — 1+4n +4n and
Aj = (25— Dloglzi (1 — zp—j11)],

where z; = F'(y;) and the y,’s values are the ordered observations, moreover, we
consider some other goodness-of-fit measures including the Akaike information cri-
terion (AIC), consistent Akaike information criterion (CAIC), Hannan-Quinn in-

formation criterion (HQIC), Bayesian information criterion (BIC') and —20, where
£ is the maximized log-likelihood,

AIC = 2{72+p},

BIC = 2{—(%
CAIC = 2[

HQIC = 2 {—Z + plog [log (n)]} ;

where p is the number of parameters and n is the sample size.
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Table 1: MLEs, (SEs) and [C.Ls] values for the relief times data.

Models Estimates
Exp(5) 0.526
(0.117)
[0.29,0.75]
MomExp(f) 0.950
(0.150)
[0.66, 1.24]
OLiExp(p) 0.6044
(0.0535)
[0.5,0.7]
Log BrHExp(3) 0.5263
(0.118)
[0.43,0.63]
MOExp(a, §) 54.474, 2.316

(35.582), (0.374)
[0,124.21], [1.58,3.04]

GMOExp(\, av, B) 0.519, 89.462, 3.169
(0.256), (66.278), (0.772)
0.02,1.02], [0, 219.37], [1.66,4.68]

KwExp(a, b, 8) 83.756, 0.568, 3.330
(42.361), (0.326), (1.188)
0.73,166.78], [0,1.21], [1.00, 5.66]

BExp(a, b, 8) 81.633, 0.542, 3.514
(120.41), (0.327), (1.410)
[0,317.63], [0,1.18], [0.75,6.28]

MOKwExp(a, a, b, 8) 0.133, 33.232, 0.571, 1.669
(0.332), (57.837), (0.721), (1.814)
0,0.78], [0,146.59], [0,1.98], [0, 5.22]

KwMOExp(«, a, b, B) 8.868, 34.826, 0.299, 4.899
(9.146), (22.312), (0.239), (3.176)
[10.94,46.79], [0,78.56], [0,0.76], [0, 11.12]

TLZTPExp(), o, B) 66.194, 8.824, 0.169
(64.951), (4.739), (0.127)
[0,193.49], [0,18.11], [0,0.42]
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Table 2: AIC, BIC, CAIC, HQIC, [A*7W*], K.S. and (p-value) for the relief times data.

Models

AIC, BIC, CAIC, HQIC,

[A*,W*], K.S. and (p-value)

Exp(/3)
MomExp(f3)
OLiExp(f)

Log BrHExp(f3)
MOExp(ev, 5)
GMOExp(\, a, )
KwExp(a, b, 3)
BExp(a, b, )
MOKwExp(a, a, b, 3)
KwMOExp(a, a, b, 3)

TLZTPExp(\, av, )

67.67, 68.67, 67.89, 67.87
54.32, 55.31, 54.54, 54.50,
49.1, 50.1, 49.3, 49.3
67.67,68.67,67.89,67.87
43.51, 45.51, 44.22, 43.90,
42.75, 45.74, 44.25, 43.34
41.78, 44.75, 43.28, 42.32
43.48, 46.45, 44.98, 44.02
41.58, 45.54, 44.25, 42.30
42.8, 46.84, 45.55, 43.60

37.56, 40.55, 39.06, 38.15

[4.60,0.96], 0.44, (0.004)
[2.76,0.53], 0.32, (0.07)
[1.3,0.22], 0.85, (6.231¢-13)
[0.62,0.105], 0.44 , (0.0009)
[0.8,0.14], 0.18, (0.55)
[0.51,0.08], 0.15, (0.78)
[0.45,0.07], 0.14, (0.86)
[0.70,0.12], 0.16, (0.80)
[0.60,0.11], 0.14, (0.87)
[1.08,0.19], 0.15, (0.86)

[0.23, 0.04], 0.10, (0.99)
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Table 3: MLEs, SEs, C.I.s (in parentheses) values for the survival times data.

Models

Estimates

Exp(f)

MomExp(5)

OLiExp(p)

Log BrHExp(3)

MOExp(«, 8)

GMOExp(A, o, )

KwExp(a, b, 3)

BExp(a, b, B)

MOKwExp(«, a, b, 5)

KwMOExp(«, a, b, 8)

TLZTPExp(\, «, 3)

0.540
(0.063)
[0.42, 0.66]

0.925
(0.077)
[0.62,1.08]

0.38145
(0.0209)
[0.62,1.08]

0.54
(0.064)
[0.412, 0668]

8.778, 1.379
(3.555), (0.193)
[1.81,15.74], [1.00, 1.75]

0.179, 47.635, 4.465
(0.070), (44.901), (1.327)
0.04,0.32], [0, 135.64], [1.86.7.07]

3.304, 1.100, 1.037
(1.106), (0.764), (0.614)
[1.13,5.47], [0,2.59], [0,2.24]

0.807, 3.461, 1.331
(0.696), (1.003), (0.855)
[0,2.17], [1.49,5.42], [0, 3.01]

0.008, 2.716, 1.986, 0.099
(0.002), 1.316), (0.784), (0.048)
0.004,0.01], [0.14, 5.29], [0.449, 3.52], [0,0.19]

0.373, 3.478, 3.306, 0.299
(0.136), (0.861), (0.779), (1.112)
0.11,0.64], [1.79,5.17], [1.78,4.83], [0, 2.48]

3.642, 11.327, 0.053
(0.877), (14.012), (0.069)
[1.92,5.36], [0,38.79], [0,0.19]
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Table 4: AIC, BIC, CAIC, HQIC, [A*, W*}, K.S. and (p-value) for survival times data.

Models AIC, BIC, CAIC, HQIC [A* W*] K.S. and (p-value)
Exp(5) 234.63, 236.91, 234.68, 235.54 [6.53,1.25], 0.27, (0.06)
MomExp(3) 210.40, 212.68, 210.45, 211.30 [1.52,0.25], 0.14, (0.13)

OLiExp(f3) 229.1, 231.4, 229.2, 230 [1.94,0.33], 0.49, (9.992¢-16)

Log BrHExp(f3) 234.63, 236.9, 234.7, 235.5 [0.71,0.115], 0.28, (2.382e-05)
MOExp(c, 3) 210.36, 214.92, 210.53, 212.16 [1.18,0.17], 0.10, (0.43)
GMOExp(\, o, B)  210.54, 217.38, 210.89, 213.24 [1.02,0.16], 0.09, (0.51)
KwExp(a, b, 3) 209.42, 216.24, 209.77, 212.12 [0.74,0.11], 0.08, (0.50)
BExp(a, b, 3) 207.38, 214.22, 207.73, 210.08 [0.98,0.15], 0.11, (0.34)
MOKwExp(a, a, b, 3)  209.44, 218.56, 210.04, 213.04 [0.79,0.12], 0.10, (0.44)
KwMOExp(a,a,b, 3)  207.82, 216.94, 208.42, 211.42 [0.61,0.11], 0.08, (0.73)
TLZTPExp(A, o, ) 205.23, 212.06, 205.58, 207.94 [0.53, 0.08], 0.07, (0.83)
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Figure 3: T.T.T. plots
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P-P Plot for relief times
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Figure 4: Estimated P.D.F., P-P plot and estimated H.R.F., and for the 1¢*) data.
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P-P Plot for survival times
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Figure 5: Estimated P.D.F., P-P plot and estimated H.R.F., and for the 2("® data.

The proposed TLZTPExp lifetime model is much better than the Exp, Mom-
Exp, MOExp, GMOExp, KwExp, BExp, MOKExp, KMOExp models so the new
lifetime model is a good alternative to these models in modeling relief times and
survival times data sets.

6. CONCLUSIONS

This article aims to construct a new version of the zero truncated Poisson ex-
ponential model called the Topp Leone zero truncated Poisson exponential model.
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We introduced some of its statistical properties such as moments, incomplete mo-
ments, generating function, probability weighted moments, stress-strength reliabil-
ity model, order statistics, quantile spread ordering, moment of residual life and
reversed residual life. In this work, we considered the estimation of the unknown pa-
rameters of the new model from complete samples only by maximum likelihood. The
new model is much better than the exponential, moment exponential, Odd Lindley
exponential, logarithmic Burr-Hatke exponential, Marshall-Olkin exponential, gen-
eralized Marshall-Olkin exponential, Kumaraswamy exponential, beta exponential,
Marshall-Olkin Kumaraswamy exponential, Kumaraswamy Marshall-Olkin expo-
nential models so the new model is a good alternative to these models in modeling
relief times and survival times data. Further works could be addressed using dif-
ferent methods to estimate the model parameters such as moments, least squares,
weighted least squares, bootstrap, Jackknife, Cramér-von-Mises, Anderson-Darling,
Bayesian analysis, among others, and compare the estimators based on these meth-
ods. As a future work we may consider the bivariate and the multivariate extension
of the new distribution, in particular with trivariate reduction, the copula based
construction method etc.
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