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BURR X EXPONENTIATED EXPONENTIAL DISTRIBUTION

MOHAMED K. A. REFAIE

ABSTRACT. This paper aims to introduce a new version of the Exponentiated
Exponential model called the Burr X Exponentiated Exponential distribution.
Some of its statistical properties such as moments, incomplete moments, mo-
ment generating function, mean deviations, the probability weighted moments,
order statistics, moment of residual life and reversed residual life are derived.
The estimation of the unknown parameters of the new distribution from com-
plete samples only by the method of maximum likelihood is considered. The
new distribution is much better than the exponential, the Marshall-Olkin expo-
nential, the Moment exponential, the Kumaraswamy exponential, the General-
ized Marshall-Olkin exponential, the MarshallOlkin the Kumaraswamy expo-
nential, the Beta exponential, the Kumaraswamy Marshall-Olkin exponential
models in modeling relief and survival times.

1. INTRODUCTION

In the literature, there are many distributions used for modeling lifetime data,
the most popular are the gamma (Ga), the Weibull (W), lognormal (Lon-N) and
exponentiated exponential (EE) distributions. However, the above four models
suffer from some drawbacks. Firstly, none of them exhibit bathtub shapes for
their hazard rate functions (H.R.F.s), the four models exhibit only monotonically
decreasing, monotonically increasing or constant hazard rates and this is a major
weakness because most real-life systems exhibit bathtub shapes for their H.R.F.s.
Secondly, at least three of the four distributions exhibit constant hazard rates. This
is a very unrealistic feature because there are hardly any real-life systems that have
constant hazard rates. The aim of this work is to introduce a new three parameter
alternative to the EE distribution that overcomes these mentioned drawbacks and
exhibits the monotonically increasing, bathtub and monotonically decreasing shapes
for its H.R.F. .

[6] introduced the EE distribution as a generalization of the standard exponential
distribution. A random variable (R.V.) X is said to have the EE distribution if its
probability density function (P.D.F.) and cumulative distribution function (C.D.F.)
are given by
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respectively. For more detail about properties of EE model see [5], [7], [8], [14] and
Theorem 1.

Theorem 1. Let X ~EE(v, 3) distribution as in (1). The ™" moment of EE model
can be written as
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The " incomplete moment of X, say I, (t), is given by
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where
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is the incomplete gamma function.

The rest of this paper is organized as follows: The new model and its motivation
are presented in Section 2. Section 3 presents useful linear representation. In Sec-
tion 4, we derive some of the mathematical properties of the new distribution. the
method of Maximum likelihood estimation for the model parameters is addressed
in Section 5. In Section 6, the potentiality of the proposed model is illustrated by
means of a two data sets. Finally, Section 7 provides some concluding remarks.

2. THE NEW MODEL AND ITS MOTIVATION

According to [I6] and using ([2) the C.D.F. of the BrXEE can be expressed as
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For v = 1 the BrXEE reduses to BrXE. For § = 1 we have the quasi BrXEE
(new). For v = 8 = 1 we have the quasi BrXE (new). For § = 1 the BrXEE
reduses to Rayleigh EE (REE). For § = v = 1 the BrXEE reduses to Rayleigh
E (RE). The BrXEE can be viewed as a suitable model for fitting the symmet-
ric, unimodal, right skewed data (see Figure 1). The BrXEE distribution has the
monotonically increasing, bathtub, monotonically decreasing and unimodal shapes
for its HR.F.(see Figure 2). It is also shown in this Section that the BrXEE
model can be viewed as a mixture of EE density. The BrXEE lifetime model is
much better than the exponential, the Marshall-Olkin exponential, the Moment
exponential, the Kumaraswamy exponential, the Generalized Marshall-Olkin expo-
nential, the MarshallOlkin the Kumaraswamy exponential, the Beta exponential,
the Kumaraswamy Marshall-Olkin exponential and the BrXE models so the BrXEE
distribution is a good alternative to all these distributions in modeling relief and
survival times (see Section 6). The reliability function (R(z)), hazard rate function
(h(z)), reversed hazard rate function (r(x)) and cumulative hazard rate function
(H(x)) of X are given, respectively, by

0
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Figure 1: Plots of the BrXEE P.D.F.
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Figure 2: Plots of the BrXEE H.R.F.

There are many version of the E distributions can be found such as type I general
exponential exponential ([I1]) Odd Lindley Exponential ([I3] and [12]), the Topp-
Leone Odd Log-Logisticthe exponential ([4]) Logarithmic Burr-Hatke exponential
([15]), the Burr XII exponential ([3]), the extended exponential ([I0]) and extended
odd Frechet exponential ([I7]), among others.

3. LINEAR REPRESENTATION

In this section, we provide a very useful linear representation for the density
function of the BrXEE model. If |s| < 1 and b > 0 is a real non-integer, the power
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series holds
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Applying the well-known power series to the quantity B. Equation @ becomes
oo it o j L pe\7 2L
- -1 D' T (0 1
f(l‘) _ 2975 (1 _efﬁw)"/ 1efﬁx Z ( ) (Z+ ) ( ) [( e ) ]

T — 573
i,j=0 il jIr (0 — i) [1 _ (1 _ e—ﬁz>7} J
c
(7)
Consider the series expansion
ca L@+ k) 4 fas0
=97 =3 1) ®
applying the expansion in to for the to the quantity C, becomes
> )™ i+ 1Y T@OT (2 +k+3
) = w3 CT O kD
i,j,k:OZ'J'k'F O@—DT 25 +3){v[(2j+k+1)+1]}
< V(2 +k+1)+ 1]} e (1 — e fr) DIFHHDHIA
B s rrn e @120 (i@rtrsn o)
This can be written as
_ - . 8) (z>0)
1@ = 3 vis o @ (G20 o) (9)
4,k=0
where ‘ A A
o 20 (=1 T(6)T (2§ + k +3) i(—w (i+ 1)
PR RT (2 +3) (V2 + k+ 1)+ 1]} AT (0—14)
and
(8) (z>0) _ ;
b toserrnay (@)l ((5>0, {w[(2j+k+1)+1]}>0)) = {yI2j+E+1)+1]}

?

Xﬁe—ﬁw (1 _ e—ﬁz>{"/[(2j+k’+1)+1}}*1
is the P.D.F. of the EE model. Equation @ reveals that the P.D.F. of the BrXEE
model can be expressed as a linear mixture of EE density. Accordingly, several
mathematical properties of the new BrXEE model can be obtained by knowing
those of the EE distribution. Similarly, the C.D.F. of the BrXEE model can also

be expressed as a mixture of EE C.D.F.s given by
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where
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is the C.D.F. of the EE model with power parameter {v[(2j + k + 1) + 1]}.

4. MATHEMATICAL AND STATISTICAL PROPERTIES

4.1. Moments and generating function. The r'" ordinary moment of X is given
by

w=B() = [ e

— 00

Then we obtain
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Setting r = 1 in , we have the mean of X. The last integration can be computed
numerically for most parent distributions. Here, we provide two formulae for the
M.G.F. Mx (t) = E (') of X. Clearly, the first one can be derived from equation

(T0) as
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4.2. Incomplete moments. The main applications of the first incomplete mo-
ment refer to the mean deviations and the Bonferroni and Lorenz curves. These
curves are very useful in economics, reliability, demography, insurance and medi-
cine. The s' incomplete moment, say o, (t), of X can be expressed from @ as
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4.3. Probability weighted moments. The probability weighted moment (P.W.M.)
are expectations of certain functions of a R.V. and they can be defined for any R.V.
whose ordinary moments exist. The P.W.M. method can generally be used for es-
timating parameters of a distribution whose inverse form cannot be expressed ex-
plicitly. The (s,r)*") P.W.M. of X following the BrXEE model, say Ps.r» 18 formally
defined by
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4.4. Residual and reversed residual life. The n'® moment of the residual life,
say
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The mean residual life (M.R.L.) function or the life expectation at age t defined by

mit) =E[(xX )] ()]



BURR X EXPONENTIATED EXPONENTIAL DISTRIBUTION 79

which represents the expected additional life length for a unit which is alive at age
t. The M.R.L. of X can be obtained by setting n = 1 in the last equation.

The n'" moment of the reversed residual life, say
n =1,2,...
Mn(t) =E [(t - X) | (é?{gt, t>2)))] ’
uniquely determines F'(z). We obtain
t
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Then, the n'® moment of the reversed residual life of X becomes
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The mean inactivity time (M.I.T.) or mean waiting time (M.W.T.) also called the
mean reversed residual life function can be obtained easily by setting n = 1 in the
above equation.

4.5. Order statistics. Order statistics make their appearance in many areas of
statistical theory and practice. Let Xi,...,X,, be a random sample (R.S.) from
the BrXEE distribution and let X(y),..., X(,) be the corresponding order statistics.
The P.D.F. of i*! order statistic, say X;.,, can be written as

fin @) = ST ; o (@ e, )

where B(,-) is the beta function. Using , in equation we get
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Then, the density function of the BrXEE order statistics is a mixture of EE density.
For example, the moments of X;.,, can be expressed as

F'(l+q) = 2j+k+1)+1]},
E (X! )= —5 SO yiGlekane (14)
w,k,a=0 j=0
where
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5. ESTIMATION

Let x1,...,x, be a R.S. from the BrXEE model with parameters 8, and 3. Let
© =(0,~, 5)T be the 3 x 1 parameter vector. For determining the M.L.E. of O, we
have the log-likelihood function

¢ = ((©)=nlog2+nlogh+nlogy+nlogs — Z Bx; + (v — I)Z log (1 — e~#=1)
i=1

=1

- ~ e - gy N [ (L—efm)
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2
- (1 — e Hf=i)?
(9 ].) ; log 1 exp (]__(:[_eﬁih)’y s

T
the score vector, U (0) = 2£ = (%, g—f;, g—é,) is easily to obtain.

6. APPLICATIONS

The first data set {1.1, 1.4, 1.3, 1.7, 1.9, 1.8, 1.6, 2.2, 1.7, 2.7, 4.1, 1.8, 1.5, 1.2,
1.4, 3, 1.7, 2.3, 1.6, 2} can be called the failure time data: The data represents the

lifetime data relating to relief times (in minutes) of patients receiving an analgesic
(see [9)).

The second data set {0.1, 0.33, 0.44, 0.56, 0.59, 0.72, 0.74, 0.77, 0.92, 0.93, 0.96, 1,
1, 1.02, 1.05, 1.07, 07, 1.08, 1.08, 1.08, 1.09, 1.12, 1.13, 1.15, 1.16, 1.2, 1.21, 1.2,
1.22, 1.24, 1.3, 1.34, 1.36, 1.39, 1.44, 1.46, 1.53, 1.59, 1.6, 1.63, 1.63, 1.68, 1.71,
1.72, 1.76, 1.83, 1.95, 1.96, 1.97, 2.02, 2.13, 2.15, 2.16, 2.22, 2.3, 2.31, 2.4, 2.45,
2.51, 2.53, 2.54, 2.54, 2.78, 2.93, 3.27, 3.42, 3.47, 3.61, 4.02, 4.32, 4.58, 5.55} called
the survival times (in days) of 72 guinea pigs infected with virulent tubercle bacilli,
observed and reported by [2].

The total time test (T.7.T.) plot due to [I] is an important graphical approach to
verify whether the data can be applied to a specific distribution or not. According
to [1], the empirical version of the T.T.T. plot is given by plotting

T (T) _ Z::1 Yi:n + (TL - T)yr:n
— ) = n

n Zi:l Yi:n
against T, where r = 1,...,n and y;.,(i = 1,...,n) are the order statistics of the
sample. [I] showed that the H.R.F. is constant if the T.7.T. plot is graphically

)
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presented as a straight diagonal, the H.R.F. is increasing (or decreasing) if the
T.T.T. plot is concave (or convex). The H.R.F. is U-shaped (bathtub) if the T.7.T.
plot is firstly convex and then concave, if not, the H.R.F. is unimodal. The T.T.T.
plots the two real data sets is presented in Figures 2 and 3. This plot indicates that
the empirical H.R.F.s of the two data sets are increasing.

We shall compare the fits of the BrXEE distribution with those of other com-
petitive models, namely: Exponential (E(3)), Odd Lindley Exponential (OLiE),
Marshall-Olkin Exponential (MOE(«, 5)), Moment Exponential (MomE(3)), The
Logarithmic Burr-Hatke Exponential (Log BrHE(S)), Generalized Marshall-Olkin
Exponential (GMOE(), «, 8)), Beta Exponential (BE(a, b, 3)), Marshall-Olkin Ku-
maraswamy Exponential (MOKwE(«, a, b, 8)), Kumaraswamy Exponential (KwE(a, b, §)),
BrXEE(0, ) and Kumaraswamy Marshall-Olkin Exponential (KwMOE(a, a, b, 3)).

We consider the Cramér-Von Mises and the Anderson-Darling (W*, AX) and the
Kolmogorov-Smirnov (KS) statistic. The W*and A* statistics are given by

1 1 n
* 7 . .
W~ <1+2n) (2n+zj_1wj),

and
" s
AX = Q(n) (n + 72:]71 ]> ,
n
where
wj = [z — (—1+2j5) / (2n)]?,
9 3
am) =1+ anz + anl,
and

aj = (2j — 1)log [z (1 — zn—j+1)],
where z; = F'(y;) and the y;’s values are the ordered observations, moreover, we

consider some other goodness-of-fit measures including the Akaike information cri-
terion (A.I.C.), consistent Akaike information criterion (C.A.I.C.), Hannan-Quinn

information criterion (H.Q.I.C.), Bayesian information criterion (B.I.C.) and —20,
where / is the maximized log-likelihood,

AI.C. = —20 + 2p,
B.I.C.=—20+plog (n),

CAIC. =-20+2pm/(n—p—1),
and
HQ.I.C. = —20 + 2plog [log (n)],

where p is the number of parameters and n is the sample size.
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Table 1: M.L.E.s, S.E.s, C.Ls (in parentheses) values for the relief times data.

Models

Estimates

E(S)

OLIiE(f)

MomE(f)

Log BrHE(f)

MOE(a, 8)

GMOE(\, o, B)

KwE(a, b, 5)

BE(a, b, 5)

MOKWE(«, a, b, 3)

KwMOE(«, a, b, 8)

BrXE(0, )

BrXEE(0, a, )

0.526
(0.117)
(0.29, 0.75)

0.6044
(0.0535)
(0.5, 0.7)

0.950
(0.150)
(0.66, 1.24)

0.5263
(0.118)
(0.43; 0.63)

54.474, 2.316
(35.582), (0.374)
0, 124.21), (1.58, 3.04)

0.519, 89.462, 3.169
(0.256), (66.278), (0.772)
(0.02, 1.02), (0, 219.37), (1.66, 4.68)

83.756, 0.568, 3.330
(42.361), (0.326), (1.188)
(0.73, 166.78), (0, 1.21), (1.00, 5.66)

81.633, 0.542, 3.514
(120.41), (0.327), (1.410)
(0, 317.63), (0, 1.18), (0.75, 6.28)

0.133, 33.232, 0.571, 1.669
(0.332), (57.837), (0.721), (1.814)
(0, 0.78), (0, 146.59), (0, 1.98), (0, 5.22)

8.868, 34.826, 0.299, 4.899
(9.146), (22.312), (0.239), (3.176)
(10.94, 46.79), (0, 78.56), (0, 0.76), (0, 11.12)

1.1635, 0.3207
(0.33), (0.03)
(0.5, 1.82 ), (0.26,0.38)

1.832040%e3, 6.706573xe 2, 6.095987 xe 3
(2.205902xe?), (5.107911xe~3), (1.067908 xe~3)
(31.6, 40.4), (.90,0.91 ), (0.19, 7.2)
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Table 2: A.I.C., BI.C.,, C.AILC., HQ.IC., {A*}, {VV""}7 K.S. and (p-value) for the relief times data.

Models AIC, BIC, CAIC, HQIC, {A*}, {W*} K. and (p-value)

E(B) 67.67, 68.67, 67.89, 67.87, {4.60}, {0.96, } 0.44, (0.004)
OLiE(3) 49.1, 50.1, 49.3, 49.3, {1.3}, {0.22}, 0.85, (6.231e-13)
MomE(3) 54.32, 55.31, 54.54, 54.50, {2.76},{0.53}, 0.32, (0.07)

Log BrHE(/3)
MOE(a, 8)
GMOE(\, o, )
KwE(a, b, 3)
BE(a, b, )
MOKwE(a, a, b, 8)
KwMOExp(a, a, b, 3)
BrXE(6, 8)

BrXEE(6, a, 3)

67.67,68.67,67.89,67.87, {0.62}, {0.105}, 0.44 , (0.0009)
43.51, 45.51, 44.22, 43.90, {0.8}, {0.14}, 0.18, (0.55)
42.75, 45.74, 44.25, 43.34,{0.51}, {0.08}, 0.15, (0.78)
41.78, 44.75, 43.28, 42.32, {0.45}, {0.07}, 0.14, (0.86)
43.48, 46.45, 44.98, 44.02, {0.70}, {0.12}, 0.16, (0.80)
41.58, 45.54, 44.25, 42.30,{0.60}, {0.11}, 0.14, (0.87)
42.8, 46.84, 45.55, 43.60, {1.08}, {0.19}, 0.15, (0.86)

48.1, 50.1, 8.8, 48.5, {1.39}, {0.24}, 0.248, (0.1705)

37.6, 40.6, 39.1, 38.2, {0.23}, {0.041}, 0.11, (0.96)
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Figure 3: Estimated P.D.F, estimated H.R.F., Kaplan-Meier Survival plot and
T.T.T. plot function for the 1) data.
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Table 3: M.L.E.s, S.E.s, C.Is (in parentheses) values for the survival times data.

Models

Estimates

()

OLIiE(B)

MomE(3)

Log BrHE(()

MOE(a, )

GMOE(\, o, B)

KwE(a, b, 5)

BE(a, b, 5)

MOKwE(«, a, b, 8)

KwMOE(«, a, b, )

BrXE(0, )

BrXEE(0, a, )

0.540
(0.063)
(0.42, 0.66)

0.38145
(0.0209)
(0.34, 0.42)

0.925
(0.077)
(0.62, 1.08)

0.54
(0.064)
(0.412, 0.668)

8.778, 1.379
(3.555), (0.193)
(1.81,15.74), (1.00,1.75)

0.179, 47.635, 4.465
(0.070), (44.901), (1.327)
(0.04, 0.32), (0, 135.64), (1.86. 7.07)

3.304, 1.100, 1.037
(1.106), (0.764), (0.614)
(1.13,5.47), (0, 2.59), (0, 2.24)

0.807, 3.461, 1.331
(0.696), (1.003), (0.855)
(0, 2.17), (1.49,5.42), (0, 3.01)

0.008, 2.716, 1.986, 0.099
(0.002), 1.316), (0.784), (0.048)
(0.004,0.01), (0.14, 5.29), (0.449, 3.52), (0, 0.19)

0.373, 3.478, 3.306, 0.299
(0.136), (0.861), (0.779), (1.112)
(0.11, 0.64), (1.79, 5.17), (1.78, 4.83), (0, 2.48)

0.475, 0.2055
(0.06), (0.012)
(0.355, 0.494), (0.18, 0.23)

10.32434073, 0.12313835, 0.01353463
(4.783516713), (0.023254703), (0.006716442)
(0.4, 19.6), (0.077, 0.169,), (0.001, 0.25)
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Table 4: A.I.C., BI.C.,, C.AILC., HQ.I.C., {A*}, {VV""}7 K.S. and (p-value) for survival times data.

Models AIC, BIC, CAIC, HQIC, {A*}, {W*} K. and (p-value)

E(B) 234.63, 236.91, 234.68, 235.54, {6.53}, {1.25}, 0.27, (0.06)
OLiE(3) 229.1, 231.4, 229.2, 230, {1.94}, {0.33}, 0.49, (9.992¢-16)
MomE(3) 210.40, 212.68, 210.45, 211.30, {1.52}, {0.25}, 0.14, (0.13)

Log BrHE(B)
MOE(«, 5)
GMOE(\, a, B)
KwE(a, b, 8)
BE(a, b, 8)
MOKwE(a, a, b, 3)
KwMOE(«, a, b, )
BrXE(6, 3)

BrXEE(6, a, 8)

234.63, 236.9, 234.7, 235.5, {0.71}, {0.115}, 0.28, (2.382¢°)
210.36, 214.92, 210.53, 212.16, {1.18}, {0.17}, 0.10, (0.43)
210.54, 217.38, 210.89, 213.24, {1.02}, {0.16}, 0.09, (0.51)
209.42, 216.24, 209.77, 212.12, {0.74}, {0.11}, 0.09, (0.50)
207.38, 214.22, 207.73, 210.08, {0.98}, {0.15}, 0.11, (0.34)
209.44, 218.56, 210.04, 213.04, {0.79}, {0.12}, 0.10, (0.44)
207.82, 216.94, 208.42, 211.42, {0.61}, {0.11}, 0.09, (0.53)

235.3, 239.9, 235.5, 237.1, {2.9}, {0.52}, 0.22, (0.002)

205.72, 212.55, 206.07, 208.44, {0.597}, {0.0934} ,0.09, (0.58)
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Figure 4: Estimated P.D.F, estimated H.R.F., Kaplan-Meier Survival plot and
T.T.T. plot function for the 2(*® data.

The proposed lifetime model is much better than the E;, MomE, MOE, GMOE,
KwE, BE, MOKE, KMOE models so the new lifetime model is a good alternative
to these models in modeling relief times and survival times data sets.

7. CONCLUDING REMARKS

This work aims to introduce a new version of the Exponentiated Exponential
(EE) model called the Burr X Exponentiated Exponential (BrXEE) distribution.
Some of its statistical properties such as moments, incomplete moments, moment
generating function, mean deviations, the probability weighted moments, order sta-
tistics, moment of residual life and reversed residual life are derived. We considered
the estimation of the unknown parameters of the new distribution from complete
samples only by the method of maximum likelihood. The new distribution is much
better than the exponential, the Marshall-Olkin exponential, the Moment exponen-
tial, the Kumaraswamy exponential, the Generalized Marshall-Olkin exponential,
the MarshallOlkin the Kumaraswamy exponential, the Beta exponential, the Ku-
maraswamy Marshall-Olkin exponential models so the BrXEE distribution is a good
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alternative to all these distributions in modeling relief and survival times. Further
works could be addressed using different methods to estimate the model parame-

ter
Mi

ssuch as moments, weighted least squares, least squares, bootstrap, Cramér-von-
ses, Anderson-Darling, Jackknife, Bayesian analysis, among others, and compare

the estimators based on these methods. As a future work, we may consider the bi-
variate and the multivariate version of the BrXEE via trivariate reduction, the
copula based construction method etc.

(1]
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