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EXTENDED POISSON-BURR XII DISTRIBUTION

RANIA H. M. ABDELKHALEK

Abstract. The main goal of this work is to introduce a new compound con-
tinuous distribution with a strong physical motivations and applications via
compounding the zero truncated Poisson distribution and a new other continu-
ous distribution called the Burr X Burr XII distribution. Some of its properties
are derived. We assess the performance of the new distribution with respect
to sample size n, the assessment was based on a simulation study. Four ap-
plications are provided to illustrate the importance and applicability of the
new model. The developed model is better than the other nine versions of
competitive models.

1. Introduction and physical motivation

A special attention has been devoted to one of the twelve models introduced by
[5] denoted by type XII. The cumulative distribution function (CDF) of Burr type
XII (BXII) is given as

G
(a;b)
BXII(x) = 1�

1

(1 + xa)
b
; (1)

both a and b are shape parameters. The corresponding probability density function
(PDF) is given by

g
(a;b)
BXII(x) = ab

xa�1

(1 + xa)
1+b

: (2)

For more detailes about the BXII model see see [5], [6] and [7], [8] and [13]. Follow-
ing [14], we introduce a new model called the Burr X Burr XII (BXBXII) model
de�ned by the CDF given by

H
(�;a;b)
BXBXII(x)=

�
1� exp

�
�
h
(1 + xa)

b � 1
i2���

; (3)

where � > 0 is a shape parameter. Assume having a system of N independent
functioning subsystems at a given time where N has zero truncated Poisson (ZTP)
distribution with parameter �. The probability mass function (PMF) of N is for-
mulated as follows

p
(�)
ZTP (N = n) j(n=1;2;:::) = [exp (��)�n] = fn! [� exp (��) + 1]g : (4)
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2 RANIA H. M. ABDELKHALEK (2018)

Note that for ZTP random variable (r.v.), the expected value E(N j�) and the
variance V ar(N j�) are, respectively, given by

E(N j�) = �= [� exp (��) + 1] ;

and

V ar(N j�) = �+ �2

[� exp (��) + 1] �
�2

[� exp (��) + 1]2
:

Suppose that the failure time of each subsystem has the BXBXII. Let Yi denote
the failure time of the ith subsystem and let

X = minfY1; Y2; � � � ; YNg or X = maxfY1; Y2; � � � ; YNg

Then the conditional CDF of X given N is

F (x j N) = 1� Pr (X > x j N) = 1�
h
1�H(�;a;b)

BXBXII(x)
iN
:

Therefore, the unconditional CDF of the PBXBXII CDF can be expressed as

F
(�;�;a;b)
PBXBXII(x) =

1� exp
"
��

�
1� exp

�
�
h
(1 + xa)

b � 1
i2���#

� exp (��) + 1 ; (5)

with the corresponding PDF as

f
(�;�;a;b)
PBXBXII(x) =

2��abxa�1 (1 + xa)
2b�1

h
1� (1 + xa)�b

i
[� exp (��) + 1] exp

�h
(1 + xa)

b � 1
i2�

� exp
"
��

�
1� exp

�
�
h
(1 + xa)

b � 1
i2���#

�
�
1� exp

�
�
h
(1 + xa)

b � 1
i2����1

: (6)

The hazard rate function (HRF) can be calculated by f (�;�;a;b)PBXBXII(x)=
h
1� F (�;�;a;b)PBXBXII(x)

i
:
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Table 1: Sub-models of the PBXBXII model.

� � a b Reduced model CDF Author

1 PBX Lomax (PBX Pareto type II)
1�exp

�
��

�
1�exp

n
�[(1+x)b�1]

2
o���

� exp (��)+1 New

1 PBX log-logistic (PBXLL)
1�exp

h
��(1�expf�[(1+xa)�1]2g)�

i
� exp (��)+1 New

1 P Rayleigh BXII (PRBXII)
1�exp

h
��

�
1�exp

n
�[(1+xa)b�1]

2
o�i

� exp (��)+1 New

1 1 PR Lomax (PR Pareto type II)
1�exp

h
��

�
1�exp

n
�[(1+x)b�1]

2
o�i

� exp (��)+1 New

1 1 PRLL
1�exp[��(1�expf�[(1+xa)�1]2g)]

� exp (��)+1 New

1 1 1 Quasi P Rayleigh
1�expf��[1�exp(�x2)]g

� exp (��)+1 New

The PBXBXII density may be right-skewed, unimodal and symmetric whereas the
PBXBXII HRF can be unimodal; unimodal then bathtub; increasing; unimodal
then increasing (see Figure 1). We are also motivated to introduce the PBXBXII
distribution as it contains at least �ve new lifetime models as illustrated in Table
1.

Figure 1: PDFs and HRFs plots for the PBXBXII model.

This work is organized as follows: In Section 2, we derive some new properties of
the PBXBXII model. The maximum likelihood method is addressed in Section 3.
Simulation studies are presented in Section 4. In Section 5, the potentiality of the
proposed family is illustrated by means of four real data sets. Section 6 gives some
concluding remarks.
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4 RANIA H. M. ABDELKHALEK (2018)

2. Mathematical properties

2.1. Useful expansions. Using the power series
1X

�1=0

� �12
�1!

= exp (�2) ;

the PDF in (6) can be written as

f
(�;�;a;b)
PBXBXII(x) =

1X
h=0

2��1+hab (�1)h

h! [� exp (��) + 1]

exp

�
�
h
(1 + xa)

b � 1
i2�

h
1� (1 + xa)�b

i
�xa�1 (1 + xa)2b�1

�
1� exp

�
�
h
(1 + xa)

b � 1
i2���(h+1)�1

:(7)

Considering the following power series holds

(1� �2)�1�1 =
1X
i=0

(��2)i � (�1)
i! � (�1 � i)

j (j�2j < 1 and �1 > 0 is a realnon-integer) : (8)

Upon applying (8) to (7) we have

f
(�;�;a;b)
PBXBXII(x) =

1X
h;i=0

2� abxa�1 (1 + xa)
2b�1

h
1� (1 + xa)�b

i
� exp (��) + 1

��
1+h (�1)h+i � (� (h+ 1))
i! � (� (h+ 1)� i) exp

�
� (i+ 1)

h
(1 + xa)

b � 1
i2�

:(9)

Via applying the power series to the term exp

�
� (i+ 1)

h
(1 + xa)

b � 1
i2�

; Equa.

(9) becomes

f
(�;�;a;b)
PBXBXII(x) =

1X
h;i;j=0

2��1+hab (�1)h+i+j (i+ 1)j � (� (h+ 1))
i! j! (1� e��) � (� (h+ 1)� i)

xa�1 (1 + xa)
�b�1

h
1� (1 + xa)�b

i2j+1
(1 + xa)

�b(2j+3) : (10)

Then, Equa. (10) becomes

f
(�;�;a;b)
PBXBXII(x) =

1X
h;i;j;k=0

2��1+h (�1)h+i+j (i+ 1)j

i! j!k! [� exp (��) + 1]
� (� (h+ 1)) � (3 + 2j + k)

� (� (h+ 1)� i) � (2j + 3)

abxa�1 (1 + xa)
�b�1

h
1� (1 + xa)�b

i2j+k+1
: (11)

Applying (8) to (11), then Equa. (11) becomes

f
(�;�;a;b)
PBXBXII(x) =

1X
r=0

�r g
(a;(1+r)b)
BXII (x); (12)
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where

�r =
(�1)r

(1 + r)!� (2j + k + 2� r)

�
1X

j;k=0

2��1+h (�1)j � (3 + 2j + k) � (2j + k + 2)
j!k! [� exp (��) + 1] � (2j + 3)

�
1X

h;i=0

(�1)h+i � (� (h+ 1)) (i+ 1)j

i! � (� (h+ 1)� i) ;

and g(a;(1+r)b)BXII (x) is the BXII density with parameters a and (1 + r) b. Similarly,
the CDF of the PBXBXII can also be expressed as

F
(�;�;a;b)
PBXBXII(x) =

1X
r=0

�r G
(a;(1+r)b)
BXII (x);

where G(a;(1+r)b)BXII (x) is the BXII CDF with parameters a and (1 + r) b.

2.2. Quantile and random number generation. The quantile function (QF)
of X; where X �PBXBXII(�; �; a; b); is obtained by inverting (5) as

Q (u) =

8><>:
241�

0@1 +(� ln"1� �� ln f1� u [� exp (��) + 1]g
�

� 1
�

#) 1
2

1A35
1
b

� 1

9>=>;
1
a

;

simulating the PBXBXII r.v. is straightforward. If U is a uniform variate on the
unit interval (0; 1); then the r.v. X = Q (U) follows (5).

2.3. Moments. The rth ordinary moment of X, say �0r, follows from (12) as

�0n = E (X
n) =

1X
r=0

�r (1 + r) bB
�
(1 + r) b� n

a
; 1 +

n

a

�
j[n<(1+r)ab]; (13)

setting n = 1 in (13) gives the mean of X. The nth incomplete moment of X is
de�ned by mn(t) =

R t
�1 x

r f(x)dx. Depending on Equa. (13), the nth incomplete
moment of X becomes

mn(t) =
1X
r=0

�r (1 + r) bB
�
ta; (1 + r) b� n

a
; 1 +

n

a

�
j[n<(1+r)ab];

where

B(a; b) =

Z 1

0

xa�1 (1 + x)�(a+b)dx

and

B(t; a; b) =

Z t

0

xa�1 (1 + x)�(a+b)dx

are the beta and the incomplete beta functions of the second type, respectively.
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2.4. The moment generating function (MGF). The MGF of X, say MX (t) =
E [exp (tX)], can be obtained via (12)

MX (t;�; �; a; b) =
1X
r=0

�r MX (t; a; (1 + r) b) ;

where MX (t; a; (1 + r) b) is the MGF of the BXII distribution with parameters
a, (1 + r) b. Recently, [11] derived a simple representation for MGF of the three-
parameter BXII distribution. Similarly another representation for the MGF, say
MX (t;�; �; a; b), of the PBXBXII(�; �; a; b) model. 8 t < 0, we can write

MX (t; a; b) = ab

Z 1

0

ya�1 (1 + ya)
�(1+b)

exp (yt) dy:

Next, we require the Meijer G function de�ned by

G
(m;n)
(p;q)

�
xj a1; :::; ap
b1; :::; bq

�
=

1

2�i

Z
L

24
Qm

j=1 �(bj+t)Qp
j=n+1 �(aj+t)

�
Qn

j=1 �(1�aj�t)Qp
j=m+1 �(1�bj�t)

x�tdt

35 ;
where i =

p
�1 is the complex unit and L denotes an integration path (see [9]).

The Meijer G-function contains as particular cases many integrals with elementary
and special functions (see [12]). We now assume that a = m=b, where m and b are
positive integers. This condition is not restrictive since every positive real number
can be approximated by a rational number. We have the following result

I
�
p; �;

m

b
; v
�
j10 =

Z 1

0

exp (�px)x�
�
1 + x

m
�

�v
dx;

which holds for m and k positive integers, � > �1 and p > 0 (see [12]), then

I
�
p; �;

m

b
; v
�
j10 = �

�
p; �;

m

b
; v
�
G
(b;b+m)
(b+m;b)

�
mm

pm
j 4 (m;��) ;4 (b; v + 1)4 (b; 0)

�
;

where

�
�
p; �;

m

b
; v
�
=

b�vm�+ 1
2

(2�)
m�1
2 p�+1

��1 (�v)

and

4 (�1; �2) =
1

�1
�2;

1

�1
(�2 + 1) ; :::;

1

�1
(�2 + �1) :

then

MX (t; a; b) j(t<0) = m
h
I
�
�t; m

b
� 1; m

b
;�b� 1

�i
:

Hence, the mgf of X can be expressed as

MX (t;�; �; a; b) = m
1X
r=0

�r

�
I

�
�t; m

(1 + r) b
� 1; m

(1 + r) b
;� (1 + r) b� 1

��
:
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3. Parameter estimation

Consider the estimation of the unknown parameters (�; �; a; b) of the PBXBXII
model from the complete samples by maximum likelihood (ML) method. Suppose
that x1; � � � ; xn be a random sample from the PBXBXII model with parameter
vector � =(�; �; a; b)|. The log-likelihood function (`n(�)) for � is given by

`n(�) = n log 2 + n log � + n log �+ n log a+ n log b� n log [� exp (��) + 1]

+ (a� 1)
nX
i=1

log xi + (2b� 1)
nX
i=1

log si +
nX
i=1

log
�
1� s�bi

�
��

nX
i=1

(1� zi)� +
nX
i=1

log zi + (� � 1)
nX
i=1

log (1� zi) ;

where

si = 1 + x
a
i and zi = exp

h
�
�
sbi � 1

�2i
:

The function `n(�) can be maximized numerically via SASor R or Ox program. The

components of the score vector, U (�) = @`
@� =

�
@`n(�)
@� ; @`n(�)@� ; @`n(�)@a ; @`n(�)@b

�|
are

easily to be derived.

4. Simulation studies

In this Section, the PBXBXII model is simulated via taking n = 20; 50; 150; 500
and 1; 000: For each sample size, the ML method is used to evaluate the parameters
of the new distribution using the optim function of the R software. Then, we repeat
this process N = 10; 000 times and compute the averages of the estimates (AEs)
and mean squared errors (MSEs). Table 2 gives all simulation results. The values in
Table 2 indicate that the MSEs of (estimators b�;b�;ba and bb ) decay toward zero when
n increases for all settings of �; �; a and b, as expected. The AEs of the parameters
tend to be closer to the true parameter values ( � = 2:5; � = 1:5; a = 2; b = 0:5
) when n increases. This fact supports that the asymptotic normal distribution
provides an adequate approximation to the �nite sample distribution of the MLEs.
Table 2 gives the AEs and MSEs based on N = 10000 simulations.
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8 RANIA H. M. ABDELKHALEK (2018)

Table 2: AEs and MSEs based on N = 10; 000 simulations.

n � AEs MSEs

20 � 2.8741420 0.2345601

� 1.2553191 0.1892929

a 1.7948443 0.1951769

b 0.7789101 0.1878913

50 � 2.6754913 0.1780469

� 1.4572631 0.1916569

a 1.8913896 0.1115671

b 0.7041199 0.2281064

150 � 2.5703482 0.1001691

� 1.4801941 0.0711201

a 1.9919043 0.1058103

b 0.6198101 0.2087610

500 � 2.5293468 0.0481701

� 1.5104284 0.0043944

a 1.9997938 0.0025431

b 0.5093788 0.1132019

1000 � 2.5000604 0.0005062

� 1.5001821 0.0001261

a 2.0003211 0.0004159

b 0.5000319 0.0071791
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5. Modeling real data

Four real data applications are provided to illustrate the importance, poten-
tiality and �exibility of the PBXBXII model. According to these data, we com-
pare the PBXBXII distribution with BXII, Marshall-Olkin BXII (MOBXII), Topp
Leone BXII (TLBXII), Zografos-Balakrishnan BXII (ZBBXII), Five Parameters
beta BXII (FBBXII), BBXII, B exponentiated BXII (BEBXII), Five Parameters
Kumaraswamy BXII (FKwBXII) and KwBXII distributions given in [15], [16], [2]
and [3].

Data Set I {0.98, 5.56, 2.83, 3.68, 2.00, 3.51, 0.85, 1.61, 3.28, 2.95, 5.08, 0.39, 1.57,
3.19, 4.90, 2.74, 2.73, 2.50, 3.60, 3.11, 2.93, 2.85, 2.77, 2.76, 1.73, 2.48, 3.22, 3.70,
3.27, 2.87, 1.47, 3.11, 4.42, 2.81, 3.15, 1.92, 1.84, 1.22, 2.17, 1.61, 2.12, 3.09, 2.97,
4.20, 2.35, 1.41, 1.59, 1.12, 1.69, 2.79, 1.89, 1.87, 3.39, 3.33, 2.55, 3.68, 3.19, 1.71,
1.25, 4.70, 2.88, 3.68, 1.08, 3.22, 3.75, 2.96, 2.55, 2.59, 2.97, 1.57, 2.17, 4.38, 2.03,
2.82, 2.53, 3.31, 2.38, 1.36, 0.81, 1.17, 1.84, 12.40, 3.15, 2.67,3.31, 2.81, 2.56, 2.17,
4.91, 1.59, 1.18, 2.48, 2.03, 1.69, 2.43, 3.39, 3.56, 0.80, 2.05, 3.65}called breaking
stress data. This data set consists of 100 observations of breaking stress of carbon
�bres (in Gba) given by [10]. Data Set II {0.1, 0.33, 1.08, 1.08, 1.08, 0.44, 0.56,
0.59, 0.72, 0.74, 0.77, 2.54, 2.78, 2.93, 3.27, 3.42, 0.92, 0.93, 0.96, 1, 1, 1.02, 1.05,
1.07, 07, 1.09, 1.12, 1.13, 1.15, 1.36, 1.39, 1.44, 1.83, 1.95, 1.96, 1.97, 2.02, 1.16,
1.2, 1.21, 1.22, 1.22, 1.24, 1.3, 1.34, 2.13, 1.46, 1.53, 1.59, 1.6, 1.63, 1.63, 1.68,
1.71, 1.72, 1.76, 2.15, 2.16, 2.22, 2.3, 2.31, 2.4, 2.45, 2.51, 2.53, 2.54, 3.47, 3.61,
4.02, 4.32, 4.58, 5.55}called survival times. In this application, we work with the
survival times (in days) of 72 guinea pigs infected with virulent tubercle bacilli,
originally observed and reported by [4]. Data Set III {5.9, 20.4, 13.3, 8.5, 21.6,
14.9, 16.2, 17.2, 7.8, 6.1, 9.2, 10.2, 9.6, 18.5, 5.1,6.7, 17, 9.2, 26.2, 21.9,16.7, 21.3,
35.4, 14.3, 8.6, 9.7, 39.2, 35.7, 15.7, 9.7, 10, 4.1, 36, 8.5, 8, 8.5, 10.6, 19.1, 20.5, 7.1,
7.7, 18.1, 16.5, 8.4, 11, 11.6, 11.9, 5.2, 6.8, 11.9, 7, 8.6,12.5, 10.3, 11.2, 6.1, 8.9, 7.1,
10.8} called taxes revenue data. The actual taxes revenue data (in 1000 million
Egyptian pounds). Data set IV {65, 56, 26, 22, 1, 1, 5, 65, 16, 22, 3, 4, 2, 3, 56,
65, 17, 7, 156, 8, 4, 3, 30, 4, 100, 134, 16, 108, 121, 4, 39, 143, 43} called leukaemia
data. This real data set gives the survival times, in weeks, of 33 patients su¤ering
from acute Myelogeneous Leukaemia.

The total time test (TTT ) plot (see [1]) for the four real data sets is presented in
Figure 2. This plot indicates that the empirical HRFs of data sets I, II and III are
increasing and bathtub for data set IV.
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Data I Data II

Data III Data IV
Figure 2: TTT plots.
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We consider the following goodness-of-�t statistics: the Akaike information
criterion (AIC), Bayesian information criterion (BIC), Hannan-Quinn information

criterion (HQIC), consistent Akaike information criterion (CAIC), where

AIC = �2`
�b��+ 2k;BIC = �2`�b��+ k log (n) ;

HQIC = �2`
�b��+ 2k log [log (n)] and

CAIC = �2`
�b��+ 2kn= (n� k � 1) ;

where k is the number of parameters, n is the sample size, �2`
�b�� is the

maximized log-likelihood. Generally, the smaller these statistics are, the better
the �t. Based on the values in Tables 4, 6, 8 and 10 and Figure 3, 4, 5 and 6 the
PBXBXII model provides the best �ts as compared to other extensions of the
BXII model in the four applications with small values for BIC, AIC, CAIC and

HQIC.
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12 RANIA H. M. ABDELKHALEK (2018)

Table 3: MLEs, standard errors, con�dence interval for the data set I.
Model Estimates

BXII(�; �) 5.941, 0.187
(1.279) , (0.044)

(3.43,8.45), (0.10,0.27)

MOBXII (�; �; 
) 1.192, 4.834, 838.73
(0.952), (4.896), (229.34)

(0, 3.06), (0, 14.43), (389.22,1288.24)

TLBXII(�; �; 
) 1.350, 1.061, 13.728
(0.378), (0.384), (8.400)

(0.61, 2.09), (0.31,1.81), (0, 30.19)

KwBXII (�; �; �; �) 48.103 ,79.516 ,0.351 ,2.730
(19.348), (58.186), (0.098), (1.077)

(10.18,86.03), (0,193.56), (0.16,0.54), (0.62,4.84)

BBXII(�; �; �; �) 359.683, 260.097, 0.175, 1.123
(57.941), (132.213), (0.013), (0.243)

(246.1,473.2), (0.96,519.2), (0.14,0.20), (0.65,1.6)

BEBXII(�; �; �; �; 
) 0.381, 11.949, 0.937, 33.402, 1.705
(0.078), (4.635), (0.267), (6.287),(0.478)

(0.23,0.53) ,(2.86,21), (0.41,1.5), (21,45), (0.8,2.6)

FBBXII(�; �; �; �; 
) 0.421, 0.834, 6.111, 1.674, 3.450
(0.011), (0.943), (2.314), (0.226), (1.957)

(0.4,0.44), (0. 2.7), (1.57, 10.7), (1.23, 2.1), (0, 7)

FKwBXII(�; �; �; �; 
) 0.542, 4.223, 5.313, 0.411, 4.152
(0.137), (1.882), (2.318), (0.497), (1.995)

(0.3, 0.8), (0.53,7.9), (0.9,9), (0, 1.7), (0.2,8)

ZBBXII(�; �; �) 123.101, 0.368, 139.247
(243.011), (0.343), (318.546)
(0, 599.40), (0, 1.04), (0, 763.59)

PBXBXII(�; �; �; �) �1.3498, 1.100, 1.741, 0.403
(1.178), (1.104), (1.678), (0.378)
(�3.7, 1.01), (0,3.3), (0,5.1), (0,1.4)
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Table 4: AIC, BIC, CAIC and HQIC values for the data set I.
Model AIC, BIC, CAIC, HQIC

BXII 382.94, 388.15, 383.06, 385.05

MOBXII 305.78, 313.61, 306.03, 308.96

TLBXII 323.52, 331.35, 323.77, 326.70

KwBXII 303.76, 314.20, 304.18, 308.00

BBXII 305.64, 316.06, 306.06, 309.85

BEBXII 305.82, 318.84, 306.46, 311.09

FBBXII 304.26, 317.31, 304.89, 309.56

FKwBXII 305.50, 318.55, 306.14, 310.80

ZBBXII 302.96, 310.78, 303.21, 306.13

PBXBXII 290.6, 301.05, 291.05, 294.8
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Figure 3: Estimated PDF, P-P plot, estimated HRF,
estimated CDF and Kaplan-Meier survival plot for data set I.
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Table 5: MLEs, standard errors, con�dence interval for the data set II.
Model Estimates

BXII(�; �) 3.102, 0.465
(0.538), (0.077)

(2.05,4.16), (0.31,0.62)

MOBXII(�; �; 
) 2.259,1.533, 6.760
(0.864), (0.907), (4.587)

(0.57,3.95), (0,3.31), (0, 15.75)

TLBXII(�; �; 
) 2.393,0.458,1.796
(0.907), (0.244),(0.915)

(0.62,4.17),(0, 0.94),(0.002,3.59)

KwBXII (�; �; �; �) 14.105,7.424, 0.525, 2.274
(10.805), (11.850), (0.279),(0.990)

(0, 35.28), (0.30.65), (0, 1.07),(0.33, 4.21)

BBXII(�; �; �; �) 2.555, 6.058,1.800,0.294,
(1.859), (10.391), (0.955),(0.466)

(0, 6.28), (0, 26.42), (0, 3.67),(0, 1.21)

BEBXII(�; �; �; �; 
) 1.876,2.991, 1.780, 1.341, 0.572
(0.094), (1.731), (0.702), (0.816), (0.325)

(1.7,2.06), (0, 6.4), (0.40, 3.2), (0, 2.9), (0, 1.21)

FBBXII(�; �; �; �; 
) 0.621, 0.549,3.838, 1.381, 1.665
(0.541), (1.011), (2.785), (2.312), (0.436)

(0, 1.7), (0, 2.5), (0, 9.3), (0, 5.9), (0.8, 4.5)

FKwBXII(�; �; �; �; 
) 0.558,0.308, 3.999, 2.131, 1.475
(0.442), (0.314), (2.082), (1.833), (0.361)

(0, 1.4), (0, 0.9), (0, 3.1), (0, 5.7), (0.76, 2.2)

PBXBXII(�; �; �; �) �4.717, 16.9, 0.19, 1.6
(1.716), (0.0001),(0.0001), (0.0001)

(�8.1,�1.3), (16.89, 16.0002), (0.1898, 0.1902), (1.5998, 1.6002)
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Table 6: AIC, BIC, CAIC and HQIC values for the data set II.
Model AIC, BIC, CAIC, HQIC

BXII 209.60, 214.15, 209.77, 211.40

MOBXII 209.74, 216.56, 210.09, 212.44

TLBXII 211.80, 218.63, 212.15, 214.52

KwBXII 208.76, 217.86, 209.36, 212.38

BBXII 210.44, 219.54, 211.03, 214.06

BEBXII 212.10, 223.50, 213.00, 216.60

FBBXII 206.80, 218.20, 207.71, 211.30

FKwBXII 206.50, 217.90, 207.41, 211.00

PBXBXII 205.1, 214.2, 205.6, 208.7
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Figure 4: Estimated PDF, P-P plot, estimated HRF, estimated CDF
and Kaplan-Meier survival plot for data set II.
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Table 7: MLEs, standard errors, con�dence interval for the data set III.
Model Estimates

BXII(�; �) 5.615, 0.072
(15.048), (0.194)
(0, 35.11), (0, 0.45)

MOBXII(�; �; 
) 8.017, 0.419, 70.359
(22.083), (0.312), (63.831)

(0, 51.29), (0, 1.03), (0, 195.47)

TLBXII(�; �; 
) 91.320, 0.012, 141.073
(15.071), (0.002), (70.028)

(61.78,120.86) (0.008, 0.02) (3.82,278.33)

KwBXII (�; �; �; �) 18.130, 6.857, 10.694, 0.081
(3.689), (1.035), (1.166), (0.012)

(10.89,25.36), (4.83,8.89), (8.41,12.98), (0.06,0.10)

BBXII(�; �; �; �) 26.725, 9.756, 27.364, 0.020
(9.465), (2.781), (12.351), (0.007)

(8.17,45.27), (4.31,15.21), (3.16,51.57), (0.006,0.03)

BEBXII(�; �; �; �; 
) 2.924, 2.911, 3.270, 12.486, 0.371
(0.564), (0.549), (1.251), (6.938), (0.788)

(1.82,4.03), (1.83,3.99), (0.82,5.72), (0, 26.08), (0, 1.92)

FBBXII(�; �; �; �; 
) 30.441, 0.584, 1.089, 5.166, 7.862
(91.745), (1.064), (1.021), (8.268), (15.036)

(0, 210.26), (0, 2.67), (0, 3.09), (0, 21.37), (0, 37.33)

FKwBXII(�; �; �; �; 
) 12.878, 1.225, 1.665, 1.411, 3.732
(3.442), (0.131), (0.034), (0.088), (1.172)

(6.13,19.62), (0.97,1.48), (1.56,1.73), (1.24,1.58), (1.43,6.03)

PBXBXII(�; �; �; �; 
) �38.7, 99.6, 0.109, 1.645
53.89, 170.1, 0.04, 0.201

(�146.48, 69.8), (0,439,8), (0.029,189), (1.245, 2.045)
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Table 8: AIC, BIC, CAIC and HQIC values for the data set III.
Model AIC, BIC, CAIC, HQIC

BXII 518.46, 522.62, 518.67, 520.08

MOBXII 387.22, 389.38, 387.66, 389.68

TLBXII 385.94, 392.18, 386.38, 388.40

KwBXII 385.58, 393.90, 386.32, 388.86

BBXII 385.56, 394.10, 386.30, 389.10

BEBXII 387.04, 397.42, 388.17, 391.09

FBBXII 386.74, 397.14, 387.87, 390.84

FKwBXII 386.96, 397.36, 388.09, 391.06

PBXBXII 384.56, 392.87, 385.3, 387.8
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Figure 5: Estimated PDF, P-P plot, estimated HRF, estimated CDF
and Kaplan-Meier survival plot for data set III.
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Table 9: MLEs, standard errors, con�dence interval for the data set IV.
Model Estimates

BXII(�; �) 58.711,0.006
(42.382), (0.004)

(0, 141.78), (0, 0.01)

MOBXII(�; �; 
) 11.838, 0.078, 12.251
(4.368), (0.013), (7.770)

(0, 141.78), (0, 0.01), (0, 27.48)

TLBXII(�; �; 
) 0.281, 1.882 ,50.215
(0.288), (2.402), (176.50)

(0, 0.85), (0, 6.59), (0, 396.16)

KwBXII(�; �; �; �) 9.201, 36.428, 0.242,0.941
(10.060), (35.650), (0.167), (1.045)

(0, 28.912), (0, 106.30), (0, 0.57), (0, 2.99)

BBXII(�; �; �; �) 96.104, 52.121, 0.104, 1.227
(41.201), (33.490), (0.023), (0.326)

(15.4,176.8),(0, 117.8), (0.6, 0.15), (0.59,1.9)

BEBXII(�; �; �; �; 
) 0.087, 5.007, 1.561, 31.270, 0.318
(0.077), (3.851), (0.012), (12.940), (0.034)

(0, 0.3), (0, 12.6), (1.5, 1.6), (5.9, 56.6), (0.3,0.4)

FBBXII(�; �; �; �; 
) 15.194, 32.048, 0.233, 0.581, 21.855
(11.58), (9.867), (0.091), (0.067), (35.548)

(0, 37.8), (12.7,51.4), (0.05,0.4), (0.45,0.7), (0, 91.5)

FKwBXII(�; �; �; �; 
) 14.732, 15.285, 0.293, 0.839, 0.034
(12.390), (18.868), (0.215), (0.854), (0.075)

(0, 39.02), (0, 52.27), (0, 0.71), (0, 2.51), (0, 0.18)

ZBBXII(�; �; �; 
) 41.973,0.157, 44.263
(38.787),(0.082), (47.648)

(0, 117.99),(0, 0.32,) (0, 137.65)

PBXBXII(�; �; �; �) �3.4, 0.25, 6.28, 0.031
(0.0001), (0.0001), (9.5), (0.05)

(�3.4002, �3.3998), (.2498, 0.2502), (0, 25.3),(0, .13)
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Table 10: AIC, BIC, CAIC and HQIC values for the data set IV.
Model AIC, BIC, CAIC, HQIC

BXII 328.20, 331.19, 328.60, 329.19

MOBXII 315.54, 320.01, 316.37, 317.04

TLBXII 316.26, 320.73, 317.09, 317.76

KwBXII 317.36, 323.30, 318.79, 319.34

BBXII 316.46, 322.45, 317.89, 318.47

BEBXII 317.58, 325.06, 319.80, 320.09

FBBXII 317.86, 325.34, 320.08, 320.36

FKwBXII 317.76, 325.21, 319.98, 320.26

ZBBXII 313.86, 318.35, 314.39, 315.36

PBXBXII 312.23, 318.2, 313.7, 314.2
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Figure 6: Estimated PDF, P-P plot, estimated HRF, estimated CDF
and Kaplan-Meier survival plot for data set IV.
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6. Conclusions

In this paper, a new proposed model is introduced with a strong physical moti-
vations and applications via compounding the zero truncated Poisson distribution
and the Burr X Burr XII distribution. Some of its properties are derived and ex-
amined. Four applications are provided with detailes to illustrate the importance
of the new model. The method of maximum likelihood is used to estimate the
unknown parameters. It is proved that the new model provide an adequate �ts as
compared to other related models based on the four applications with small values
for AIC, BIC, CAIC and HQIC. Extended Poisson-Burr XII distribution is much
better than the other nine compititive models, Burr XII, Topp Leone Burr XII,
Kumaraswamy Burr XII, Marshall�Olkin BXII, beta Burr XII, beta exponentiated
Burr XII, Five parameter beta Burr XII, Five parameter Kumaraswamy Burr XII
and Zografos-Balakrishnan Burr XII models by modeling the four data sets.
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