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EXTENDED FUZZY b-METRIC SPACES

FAISAR MEHMOOD, RASHID ALI, CRISTIANA IONESCU, TAYYAB KAMRAN

Abstract. In this paper, we introduce the notion of extended fuzzy b-metric

space and prove a Banach-type fixed point theorem, in the setting of this
more general class of fuzzy metric spaces. Our result and notions extend and

generalize the existing results in literature.

1. Introduction and Preliminaries

After the celebrated Banach contraction principle was established, may authors
extended this outstanding result to diverse directions [3, 6, 7, 25]. The work of
Bakhtin [2], Bourbaki [5], and particularly Czerwik [10] motivated many researchers
to expand the theory of fixed points for b-metric spaces. In this regard, Czerwik
[10] introduced a weaker form of the triangle inequality and formally presented
a generalization of metric space by defining a b-metric space and established a
generalization of the famous Banach contraction principle in b-metric spaces. Some
applications of relaxed triangle inequality can be seen in the works presented in [8],
[9], and [12].

Consider a non-empty set X and a real number s ≥ 1. A function db : X ×X →
[0,∞) is called a b-metric [2, 10] on X if for all x, y, z ∈ X, we have:

1) db(x, y) = 0 if and only if x = y;
2) db(x, y) = db(y, x);
2) db(x, z) ≤ s[db(x, y) + db(y, z)].
The triple (X, db, s) is called b-metric space, with coefficient s ≥ 1.
Clearly the notion of a b-metric space is the generalization of the idea of a metric

space. More precisely, if we take s = 1 in the above definition of b-metric space
then it becomes the definition of a metric space.

Examples and fixed point theorems in b-metric spaces can be seen in [1, 4, 18,
22, 23].

Recently, Kamran et al. [17] introduced the notion of an extended b-metric space
and established fixed point theorems in extended b-metric spaces.

The concept of a fuzzy set was introduced by L. A. Zadeh [26] in 1965 to address
the unclear or inexplicit situations in everyday life. By a fuzzy set F in X we mean
a function with a domain X and values in the interval [0, 1]. Using the concept of
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fuzzy set theory, Kramosil and Michálek [19] introduced the concept of fuzzy metric
space which was slightly modified in 1994 by George and Veeramani [13] to obtain a
Hausdorff topology on these spaces. A useful theory of fixed points in fuzzy metric
spaces is established by Grabiec [14], Dey and Saha [11]. Recently, the notion of
fuzzy b-metric spaces is investigated in [16] and [20].

Recall that a commutative and associative binary operation ∗ : [0, 1] × [0, 1] →
[0, 1] is called a triangular norm (t-norm) [21] if a ∗ 1 = a and if a ≤ c and b ≤ d
then a ∗ b ≤ c ∗ d for all a, b, c, d ∈ [0, 1]. The operations ∧, · and ∗L are some
well-known examples of continuous t-norms that are respectively given by a ∧ b =
min{a, b}, a · b = ab and a ∗L b = max{a+ b− 1, 0}.

In this paper, we aim to introduce the notion of an extended fuzzy b-metric space
and establish fuzzy version of Banach fixed point theorem for contraction mappings
in this more general class of fuzzy metric spaces. We start by the following George
and Veeramani [13] definition of a fuzzy metric space.

Definition 1.1 ([13]). A 3-tuple (X,M, ∗) is said to be a fuzzy metric space if X
is an arbitrary set, ∗ is a continuous t-norm and M is a fuzzy set on X×X× [0,∞)
satisfying the following conditions for all x, y, z ∈ X and t, s > 0:

FM1: M(x, y, t) > 0;
FM2: M(x, y, t) = 1 if and only if x = y;
FM3: M(x, y, t) = M(y, x, t);
FM4: M(x, z, t+ s) ≥M(x, y, t) ∗M(y, z, s);
FM5: M(x, y, ·) : [0,∞)→ [0, 1] is continuous.

In [20], Nǎdǎban introduced the idea of a fuzzy b-metric space to generalize the
notion of a fuzzy metric spaces introduced by Kramosil and Michálek [19].

Definition 1.2 ([20]). Let X be a non empty set and b ≥ 1 be a given real number
and ∗ be a continuous t-norm. A fuzzy set M in X × X × [0,∞) is called fuzzy
b-metric on X if for all x, y, z ∈ X, the following conditions hold.

FbM1: M(x, y, 0) = 0;
FbM2: M(x, y, t) = 1,∀ t > 0 if and only if x = y;
FbM3: M(x, y, t) = M(y, x, t);
FbM4: M(x, z, b(t+ s)) ≥M(x, y, t) ∗M(y, z, s) ∀ t, s ≥ 0;
FbM5: If M(x, y, .) : (0,∞) → [0, 1] is left continuous, and limt→∞M(x, y, t) =

1.
The quadruple (X,M, ∗, b) is called a fuzzy b-metric space.

Example 1.1. Let (X, db) be a b-metric space. Define a function by

M : X2 × [0,∞)→ [0, 1], M(x1, x2, t) = exp
(
− db(x1, x2)

t

)
and take the continuous t-norm “∗” as t1 ∗ t2 = t1t2. Then it is easy to see that
(X,M, ∗, b) is a fuzzy b-metric space.

In [14], Grabiec introduced the notion of a Cauchy sequence and that of a com-
plete fuzzy metric space. Both of these definition given by Grabiec are weaker than
that given by George and Veeramani [13]. In this article, following Gregori and
Sapena [15], we use these notions in the sense of Grabiec [14] and respectively call
them a G-Cauchy sequence and a G-complete fuzzy metric space.

Recently, Kamran et. al [17] introduced the following notion of extended b-metric
space:
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Definition 1.3 ([17]). Let X be a non empty set and θ : X × X → [1,∞). A
function dθ : X ×X → [0,∞) is called an extended b-metric if for all x, y, z ∈ X, it
satisfies:

[dθ1] dθ(x, y) = 0⇔ x = y;
[dθ2] dθ(x, y) = dθ(y, x);
[dθ3] dθ(x, z) ≤ θ(x, z)[dθ(x, y) + dθ(y, z)].
The pair (X, dθ) is called an extended b-metric space.

Note that by setting θ(x, y) = s for s ≥ 1, the above definition becomes the
definition of a b-metric space [10].

2. Main Results

Inspired by the work presented in [17], we now introduce the notion of an ex-
tended fuzzy b-metric space following the approach of Grabiec [14].

Definition 2.1. Let X be a non empty set, α : X × X → [1,∞) and ∗ be a
continuous t-norm. A fuzzy set Mα in X × X × [0,∞) is called extended fuzzy
b-metric on X if for all x, y, z ∈ X, the following conditions hold.

[FbMα1] : Mα(x, y, 0) = 0;
[FbMα2] : Mα(x, y, t) = 1,∀ t > 0 if and only if x = y;
[FbMα3] : Mα(x, y, t) = Mα(y, x, t);
[FbMα4] : Mα(x, z, α(x, z)(t+ s)) ≥Mα(x, y, t) ∗Mα(y, z, s) ∀ t, s ≥ 0;
[FbMα5] : Mα(x, y, .) : (0,∞)→ [0, 1] is left continuous.
Then (X,Mα, ∗, α(x, y)) is an extended fuzzy b-metric space.

Setting α(x, y) = b for some b ≥ 1 then Definition 1.2 of a fuzzy b-metric space
becomes a special case of the above definition of extended fuzzy b-metric space.

We now illustrate Definition 2.1 by the following example.

Example 2.1. Let X = {1, 2, 3} and define db : X ×X → R by d(x, y) = (x− y)2.
Then it is easy to see that (X, db) is a b-metric space. Define the mapping

α : X ×X → [1,∞), α(x, y) = 1 + x+ y.

Let Mα : X ×X × [0,∞)→ [0, 1] be given by the rule

Mα(x, y, t) =


t

t+ db(x, y)
, if t > 0

0, if t = 0,

and take the continuous t-norm ∗ = ∧, that is, t1 ∗ t2 = t1 ∧ t2 = min{t1, t2}.
We now show that (X,Mα,∧) is a fuzzy extended b-metric space.
Note that

db(1, 1) = db(2, 2) = db(3, 3) = 0,

db(1, 2) = db(2, 1) = db(2, 3) = d(3, 2) = 1, db(1, 3) = db(3, 1) = 4.

Also,

α(1, 1) = 3, α(2, 2) = 5, α(3, 3) = 7,

α(1, 2) = α(2, 1) = 4, α(2, 3) = α(3, 2) = 6, α(1, 3) = α(3, 1) = 5.

To show that (X,Mα,∧) is an extended fuzzy b-metric space, we remark that the
conditions [FbMα1], [FbMα2], [FbMα3] and [FbMα5] of Definition 2.1 are trivially
true.
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To prove the property [FbMα4] for all x, y ∈ X, first note that

Mα(x, z, α(x, z)(t+ s)) =
α(x, z)(t+ s)

α(x, z)(t+ s) + d(x, z)
.

For x = 1, z = 2,

Mα(1, 2, α(1, 2)(t+s)) =
α(1, 2)(t+ s)

α(1, 2)(t+ s) + d(1, 2)
=

4(t+ s)

4(t+ s) + 1
= 1− 1

4(t+ s) + 1
,

Mα(1, 3, t) =
t

t+ d(1, 3)
=

t

t+ 4
= 1− 4

t+ 4
,

and

Mα(3, 2, s) =
s

s+ d(3, 2)
=

s

s+ 1
= 1− 1

s+ 1
.

Since, for all t, s > 0, starting with the above value of Mα(1, 2, α(1, 2)(t + s)), we
see that

1− 1

4(t+ s) + 1
= 1− 4

16t+ 16s+ 4

> 1− 4

16t+ 4
> 1− 4

t+ 4
.

This shows that
Mα(1, 2, α(1, 2)(t+ s)) > Mα(1, 3, t).

Similarly, it can be shown that

Mα(1, 2, α(1, 2)(t+ s)) > Mα(3, 2, s).

It, therefore, follows that

Mα(1, 2, α(1, 2)(t+ s)) ≥ min{Mα(1, 3, t),Mα(3, 2, s)},
hence

Mα(1, 2, α(1, 2)(t+ s)) ≥Mα(1, 3, t) ∗Mα(3, 2, s).

Similarly, one can show that

Mα(1, 3, α(1, 3)(t+ s)) ≥Mα(1, 2, t) ∗Mα(2, 3, s),

Mα(2, 3, α(2, 3)(t+ s)) ≥Mα(2, 1, t) ∗Mα(1, 3, s).

Hence for all x, y, z ∈ X
Mα(x, z, α(x, z)(t+ s)) ≥Mα(x, y, t) ∗Mα(y, z, s).

Therefore (X,Mα, ∗) is an extended fuzzy b-metric space.

The notions of G-convergent sequence, G-Cauchy sequence and G-completeness
in extended fuzzy b-metric spaces can be generalized naturally as follows:

Definition 2.2. Let (X,Mα, ∗) be an extended fuzzy b-metric space.

(1) A sequence {xn} in X is said to be G-convergent if there exits x ∈ X such
that

lim
n→∞

Mα(xn, x, t) = 1, ∀ t > 0.

(2) A sequence {xn} in X is said to be a G-Cauchy sequence if ∀ r ∈
(0, 1), and ∀ t > 0, then there exists n0 ∈ N such that

Mα(xn, xn+q, t) > 1− r, ∀ n ≥ n0, q > 0.

Or, equivalently, we have lim
n→∞

Mα(xn, xn+q, t) = 1 for t > 0 and q > 0 [14].
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(3) An extended fuzzy b-metric space in which every G-Cauchy sequence is
convergent is called a G-complete fuzzy extended b-metric space.

Now we prove the Banach Contraction Theorem in the setting of extended fuzzy
b-metric space

Theorem 2.1 (Banach Contraction Theorem in fuzzy extended b-metric spaces).
Let (X,Mα, ∗) be a G-complete extended fuzzy b-metric space with the mapping
α : X ×X → [1,∞) such that

lim
t→∞

Mα(x, y, t) = 1. (2.1)

Let g : X → X be a mapping which satisfies the condition

Mα(gx, gy, kt) ≥Mα(x, y, t) ∀ x, y ∈ X, (2.2)

where k ∈ (0, 1). Further, suppose that for an arbitrary a0 ∈ X, and n, q ∈ N, we
have

α(an, an+q) <
1

k
,

where an = gna0. Then g has a unique fixed point.

Proof. We start by an arbitrary a0 ∈ X and generate a sequence {an} by the
iterative process an = gna0, n ∈ N. First, note that for all n, t > 0, by successive
application of the contractive condition (2.2), we have

Mα(an, an+1, kt) = Mα(gan−1, gan, kt) ≥Mα(an−1, an, t) ≥Mα

(
an−2, an−1,

t

k

)
≥

Mα

(
an−3, an−2,

t

k2

)
≥ . . . ≥Mα

(
a0, a1,

t

kn−1

)
.

So, we have

Mα(an, an+1, kt) ≥Mα

(
a0, a1,

t

kn−1

)
(2.3)

For any q ∈ N, writing t = qt
q = t

q + · · ·+ t
q and using [FbMα4] repeatedly,

Mα(an, an+q, t) ≥Mα

(
an, an+1,

t

qα(an, an+q)

)
∗Mα

(
an+1, an+2,

t

qα(an, an+q)α(an+1, an+q)

)
∗Mα

(
an+2, an+3,

t

qα(an, an+q)α(an+1, an+q)α(an+2, an+q)

)
∗ . . . ∗

Mα

(
an+q−1, an+q,

t

qα(an, an+q)α(an+1, an+q)α(an+2, an+q) . . . α(an+q−1, an+q)

)
.

Using (2.3), and [FbMα4] we obtain

Mα(an, an+q, t) ≥Mα

(
a0, a1,

t

qα(an, an+q)kn

)
∗Mα

(
a0, a1,

t

qα(an, an+q)α(an+1, an+q)kn+1

)
∗Mα

(
a0, a1,

t

qα(an, an+q)α(an+1, an+q)α(an+2, an+q)kn+3

)
∗ . . . ∗

Mα

(
a0, a1,

t

qα(an, an+q)α(an+1, an+q)α(an+2, an+q) . . . α(an+q−1, an+q)kn+q−1

)
.
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By the hypothesis of the theorem for all n, q ∈ N we have α(an, an+q)k < 1, and
k ∈ (0, 1). Therefore, together with (2.1) and letting n→∞, we get

lim
n→∞

Mα(an, an+q, t) = 1 ∗ 1 ∗ . . . ∗ 1 = 1.

Hence {an} is Cauchy sequence.
Since (X,Mα, ∗)) is a complete fuzzy extended b-metric space, there exists a ∈ X

such that

lim
n→∞

an = a.

We want to show that a is a fixed point of g.
Using [FbMα4] and (2.1) we get

Mα(ga, a, t) ≥Mα

(
ga, gan,

t

2α(ga, a)

)
∗Mα

(
gan, a,

t

2α(ga, a)

)
≥Mα

(
a, an,

t

2α(ga, a)k

)
∗Mα

(
an+1, an,

t

2α(ga, a)

)
−→ 1 ∗ 1 = 1, as n→∞, from [FbMα2].

This shows that ga = a, that is, a is a fixed point of g.

To prove the uniqueness, assume gb = b for some b ∈ X, then

Mα(b, a, t) = Mα(gb, ga, t)

≥Mα

(
b, a,

t

k

)
= Mα

(
gb, ga,

t

k

)
≥Mα

(
b, a,

t

k2

)
≥ . . . ≥Mα

(
b, a,

t

kn

)
−→ 1 as n→∞.

Thus a = b and this completes the proof. �

Notice that if we take α(x, y) = 1, we get the Banach contraction principle in
fuzzy metric spaces [14] and the special case of [Theorem 3.5 [11]].

Now we give an example to illustrate Theorem 2.1.

Example 2.2. Let X = [0, 1] and Mα(x, y, t) =

(
1

t

)(x−y)2

. It is easy to verify

that (X,Mα, ∗) is a G-complete fuzzy extended b-metric space. Let g : X → X such
that g(x) = 1− x. For all t > 0 and k ∈ (0, 1), we have

Mα(gx, gy, kt) = Mα(1− x, 1− y, kt) =

(
1

kt

)(1−x−1+y)2

=

(
1

kt

)(y−x)2

=

(
1

kt

)(x−y)2

.

Since

k < 1 ⇒ kt < t and
1

kt
>

1

t

⇒
(

1

kt

)(x−y)2

>

(
1

t

)(x−y)2

,
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we obtain

Mα(gx, gy, kt) > Mα(x, y, t).

Also x =
1

2
is a unique fixed point of g and

1

2
∈ [0, 1].

3. Conclusion

Herein, we introduced the notion of extended fuzzy b-metric space and a Banach-
type of fixed point theorem in this new setting. Since our framework is more general
than the class of fuzzy metric spaces, our result and notions extend and generalize
several existing results in the literature.
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