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LOCATIONS AND STABILITY OF THE LIBRATION POINTS IN

THE CR3BP WITH PERTURBATIONS

ABDULLAH A. ANSARI, ZIYAD A. ALHUSSAIN, RABAH KELLIL

Abstract. We have investigated the location and stability of the libration

points in the circular restricted three body problem with the variation of all

masses (primaries as well as infinitesimal body) under the effects of the Cori-
olis and centrifugal forces. We have used the Meshcherskii transformation for

finding equations of motion. We have drawn the liberation points, the time

series, Poincaré surface of sections, the surfaces of motion of the infinitesimal
body and basins of attraction for the different values of the Coriolis and cen-

trifugal forces. Finally we have examined the stability and found that all the

libration points are unstable. An appendix have been introduced at the end
of the paper to give the principal codes used to obtain the different figures of

the document.

1. Introduction

In the last decades, a great number of researchers have been studied the restricted
problem. The restricted problem is that where the two bodies (primaries) are
moving either circular or elliptic around their center of mass and the third body
(infinitesimal) is moving in same plane under the influence of the primaries but
not influencing them. Many researchers have studied the restricted three body
problem and restricted four body problem by considering the different perturbations
as lack of sphericity of the primaries ( oblate or triaxial), photogravitational force,
Pointing-Robretson drag, variable masses, Coriolis and centrifugal force, resonance,
relativistic effects, atmospheric drag, solar wind etc. The Kirkwood gaps in the ring
of the asteroid’s orbit lying between the orbits of Mars and Jupiter are examples
of the perturbation produced by Jupiter on an asteroid. Due to describing the
actual physical situations, it has many applications in scientific research, not only
in the fields of celestial mechanics but also in physics, mathematics and quantum
mechanics. In quantum mechanics a general form of the restricted problem is
formed to solve the Schrodinger equation of helium-like ions.
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The two body problem with variable mass has discussed by Jeans [7]. Meshch-
erskii [8] worked on the mechanics of bodies with variable mass. The existence
and stability of libration points and periodic orbits around the libration points is
discussed by Szebehely [19] in his book ”Theory of Orbits”. Subbarao [20] studied
about the stability of the triangular points of equilibrium in the restricted three
body problem with one of the primaries as oblate. And found that the straight line
solutions are unstable while the triangular solutions are stable for the particular
range of the mass parameter. Bhatnagar [4] studied about the perturbations in the
Coriolis and centrifugal forces on the stability of libration points in the restricted
problem and found that there are no effect of perturbations on the collinear points
and they remain unstable but the range of stability for the equilateral triangular
points increases or decreases with the perturbations. Singh [15, 16, 17, 18] studied
about the effect of small perturbations in the Coriolis and centrifugal forces on
the locations and stability of the equilibrium points in the restricted three body
problem and Robe’s restricted three body problem with the variable mass. Shrivas-
tava [13] evaluated the equilibrium points in the Robe’s restricted problem of three
bodies with effect of perturbations in the Coriolis and centrifugal forces. Murray
[11] explained the motion of system of n-bodies under their mutual gravitational
attraction. The study of the restricted three body problem can help to understand
the dynamical behavior of stellar systems through analytically and numerically. It
always attracts mathematicians and astronomers. Hallan [5, 6] studied the effects
of perturbations in Coriolis and centrifugal forces on the locations, linear stability
and non-linear stability of the equilibrium points in the Robe’s circular restricted
three body problem. And found that the locations of equilibrium points are not
affected by Coriolis force and the range of stability increases or decreases depend-
ing upon the perturbations. Shu [14] investigated the existence of libration points
and their linear stability under the effects of Coriolis and centrifugal forces in the
Robe’s restricted three body problem and found that the linear stability depending
on the parameter K. Raheem [12] studied about the combined effects of perturba-
tions, radiation pressure and oblateness on the stability of equilibrium points in the
restricted three body problem. And observe that the collinear points are unstable
and the range of stability of the triangular points decreases. Zhang [21] studied
about the triangular libration points in photogravitational restricted three body
problem with variable mass. They have used the space time inverse transforma-
tion of Meshcherskii for the linear stability of the triangular points and observe
that the motion around the triangular points are unstable with decreasing mass.
Abouelmagd [2, 3] studied the effect of oblateness in the perturbed restricted three
body problem and also with variable mass. And they found an appropriate ap-
proximation for the locations of out-of-plane equilibrium points in the special case
of a non-isotropic variation of the mass. They determined the elements of periodic
orbits and periodicity around these points under the effects of these perturbations.
Abdullah [1] investigated the stability of the libration points in the photogravita-
tional circular restricted four body problem with variable mass under the effect of
Coriolis and centrifugal forces. He used the Jeans law and Meshcherskii law in the
space time transformations. It is observed that the libration points are depend-
ing only on the centrifugal forces but the stability depends on both the Coriolis
and centrifugal forces. He found at most eight libration points in which three are
asymptotically stable and the other five are unstable. Mittal [10] investigated the
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Figure 1. The Geometry of the Problem.

stability of the Lagrangian solutions for the restricted four-body problem with vari-
able mass. They found at most eight libration points in which two are collinear
and rests are non-collinear and observed that all the libration points are unstable.
On the other hand, Zotos [22,23,24,25] has made a study on the basin of attraction
in both the cases of R3BP and R4BP.

We have studied the locations and stability of the libration points in the circu-
lar restricted three body problem with perturbations in which the masses of the
primaries as well as the mass of the infinitesimal body vary with time. We have
studied our problem in various sections. In the first section, we have introduced the
problem. In the second section, we have evaluated the equations of motion of the
infinitesimal variable mass under the effects of the Coriolis and centrifugal forces.
In the third section, we have done the numerical analysis in which we have shown
the libration points, time series, Poincaré surface of sections, surfaces of motion of
infinitesimal body and basins of attraction for the different values of the parame-
ters. In the fourth section, we have shown the stability of the libration points. And
finally in the fifth section, we have concluded the problem.

Our problem has many applications in this space age particularly in the dynam-
ical behavior of small objects and artificial satellites.

2. Equations of Motion

Let the masses of the primaries be m1 and m2 and the mass of the infinitesimal
body bem, all the masses vary with time. The primaries are revolving in the circular
orbits around their center of mass which is considered as origin. The line joining
these primaries is taken as x-axis and the perpendicular line of x-axis and passing
through the origin is taken as y−axis. The line through the origin and perpendicular
to the plane of motion of the primaries is taken as z-axis. Let us consider the
synodic coordinate system, initially coincide with the inertial coordinate system,
with angular velocity ω about z-axis (Fig1). Following the procedure of Abdullah
[1], we can write the equations of motion of the infinitesimal variable mass in the
circular restricted three body problem under the effect of Coriolis and centrifugal
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forces, when the variation of mass is non-isotropic and originates from one point as
ṁ
m (ẋ− ω αy) + (ẍ− ω̇ α y − 2ω αẏ − ω2β x) = −µ1(x−x1)

r31
− µ2(x−x2)

r32
ṁ
m (ẏ + ω αx) + (ÿ + ω̇ α x+ 2ω αẋ− ω2β y) = −µ1y

r31
− µ2y

r32
ṁ
m ż + z̈ = −µ1z

r31
− µ2z

r32

(2.1)

where, r2
i = (x − xi)2 + y2 + z2, (i = 1, 2), are the distance from the primaries to

the infinitesimal body, µi = mi
m1+m2

, (i = 1, 2),, α and β are the Coriolis and the
centrifugal forces respectively.
Using Meshcherskii transformation given in [8],

x = ξR(t), y = ηR(t), z = ζR(t),
dt

dτ
= R2(t), ri = ρiR(t), ω(t) =

ω0

R2(t)
,

xi = ξiR(t), µ(t) =
µ0

R(t)
, µi(t) =

µi0
R(t)

, µ(t) = µ1(t) + µ2(t),

m =
m0

R(t)
, R(t) =

√
a t2 + 2b t+ c, (i = 1, 2)

where a, b, c, µ0, µ10, µ20,m0 are constants.
ẋ = ξ′+(a t+b)ξ

R(t) ẍ = ξ′′+(a c−b2)ξ
R3(t)

ẏ = η′+(a t+b)η
R(t) ÿ = η′′+(a c−b2)η

R3(t)

ż = ζ′+(a t+b)ζ
R(t) z̈ = ζ′′+(a c−b2)ζ

R3(t)

the system 2.1 becomes
ξ′′ − 2ω0αη

′ − (at+ b)ξ′ = ∂Ω
∂ξ

η′′ + 2ω0αξ
′ − (at+ b)η′ = ∂Ω

∂η

ζ ′′ − (at+ b)ζ ′ = ∂Ω
∂ζ

(2.2)

where,

Ω =
1

2
((at+ b)2 + ω2

0β −∆)(ξ2 + η2 + ζ2)− (a t+ b)αξη +
µ10

ρ1
+
µ20

ρ2
,

ρ2
i = (ξ − ξi)2 + η2 + ζ2,∆ = ac− b2, ξ1 =

−µ20

µ0
ρ12, ξ2 =

µ10

µ0
ρ12.

Prime (′) is the differentiation w.r.to τ . ρ12 is the distance between the primaries.
Taking unit of mass, distance and time at initial time t0 such that

µ0 = G, ρ12 = 1, ω0 = 1, at0 + b = α1(constant)

So that ∆ = 1−k, where k is constant of a particular integral of Gylden-Meshcherskii
problem and consequently G = k. Introducing the mass parameter υ expressed as

µ10

µ0
= 1− υ, µ20

µ0
= υ, 0 < υ ≤ 1

2
,

where υ is the ratio of the mass of the primaries to the total mass of the primaries.
Finally, the system (2.2) becomes

ξ′′ − 2αη′ − α1ξ
′ = ∂Ω

∂ξ

η′′ + 2αξ′ − α1η
′ = ∂Ω

∂η

ζ ′′ − α1ζ
′ = ∂Ω

∂ζ

(2.3)

where, Ω = 1
2 (α2

1 + k − 1 + β)(ξ2 + η2 + ζ2)− αα1ξη + k(1−υ)
ρ1

+ kυ
ρ2
,
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ρ2
i = (ξ − ξi)2 + η2 + ζ2 and ξ1 = −υ, ξ2 = 1− υ.

3. Numerical Analysis

3.1. Libration points. We can find the equilibrium points from the solution of
the equations Ωξ = 0, Ωη = 0, Ωζ = 0, i.e.

(α2
1 + k − 1 + β)ξ − αα1η − k(1−υ)(ξ+υ)

ρ31
− kυ(ξ+υ−1)

ρ32
= 0 (3.1)

(α2
1 + k − 1 + β)η − αα1ξ − k(1−υ)η

ρ31
− kυη

ρ32
= 0 (3.2)

(α2
1 + k − 1 + β)ζ − k(1−υ)ζ

ρ31
− kυζ

ρ32
= 0 (3.3)

We found that in all the previous research papers, the libration points are de-
pending only on the centrifugal forces but in our case it depends on both Coriolis
and centrifugal forces. And we found five libration points in both (ξ, η)-plane (Fig.
2(a)) and (ξ, ζ)-plane (Fig.2(b)) on the other hand in (η, ζ)-plane (Fig.2(c)), we
have just only one. We observed in all cases, that when we increase the values of
Coriolis and centrifugal forces, the libration points are towards the origin.

(1) (ξ, η)-plane, α1 = 0.2, k = 0.4, ν = 0.019 (Fig.2(a)).
(2) (ξ, ζ)-plane, α1 = 0.2, k = 0.4, ν = 0.019 (Fig.2(b)).
(3) (η, ζ)-plane, α1 = 0.2, k = 0.4, ν = 0.019 (Fig.2(c)).
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(a) (b)

(c)

Figure 2. The locations of equilibrium points at α = β =
1(Red), α = β = 1.2(Purple), α = β = 1.4(Black). (a):In ξ − η-
plane, (b):In ξ − ζ-plane, (c): In η − ζ-plane

(a) (b)

Figure 3. Times series α = β = {1(Magneta), 1.2(Green), 1.4(Red).

3.2. Time Series. We have drawn the time series between (τ, ξ) (Fig.3(a)) and
(τ, η) (Fig.3(b)) and we deduce that when we increase the values of Coriolis and
centrifugal forces, these series are shifted by some phase angles. From the pattern
of the series, it is obvious that the orbit will not be periodic.



LOCATIONS AND STABILITY OF THE LIBRATION POINTS IN THE CR3BP WITH PERTURBATIONS137

(a) (b)

Figure 4. Poincaré surfaces of sections for α = β =
{1(Red), 1.2(Black), 1.4(Green).

3.3. Poincaré Surface of Section. We also have drawn the Poincaré surface
of sections for the different values of Coriolis and centrifugal forces in both the
(ξ − ξ′)−plane (Fig.4(a)) and the (η − η′)−plane (Fig.4(b). We found that when
we increase the values of the forces, in the (ξ − ξ′)−plane, the surfaces expand but
in the (η − η′)−plane, the surfaces shrink. We can also draw the Poincaré surface
of sections for the other values of α1 and k.

3.4. Surfaces of motion of infinitesimal body. We have drawn the surfaces of
motion of the infinitesimal body by considering:

(1) equations (3.1),(3.2) at α = β = 1(Fig.5(a)), α = β = 1.2(Fig.5(b)) and
α = β = 1.4(Fig.5(c)),

(2) equations (3.1), (3.3) at α = β = 1(Fig.6(a)), α = β = 1.2(Fig.6(b)) and
α = β = 1.4(Fig.6(c)) and finally

(3) equations (3.2), (3.3) at α = β = 1(Fig.7(a)), α = β = 1.2(Fig.7(b)) and
α = β = 1.4(Fig.7(c)).

We observed that as we increase the values of the coriolis and centrifugal forces,
the surfaces are shrinking.

3.5. Basins of attraction. In this section, we have drawn the basin of attraction
for the circular restricted three body problem by using Newton-Raphson iterative
method for the different values of the perturbation. It is very fast, simple and
accurate computational tool. The iterative algorithm of our problem is given by
the system 

ξn+1 = ξn −
(

ΩξΩηη−ΩηΩξη
ΩξξΩηη−ΩξηΩηξ

)
(ξn,ηn)

ηn+1 = ηn −
(

ΩηΩξξ−ΩξΩηξ
ΩξξΩηη−ΩξηΩηξ

)
(ξn,ηn)

(3.4)

Where ξn, ηn are the values of ξ and η coordinates of the nth step of the Newton-
Raphson iterative process. The initial point (ξ, η) is a member of the basin of
attraction of the root if this point converges rapidly to one of the equilibrium
points. This process stops when the successive approximation converges to an
attractor. For the classification of the equilibrium points on the (ξ, η)−plane, we
used color code, that is we adopt different colors for different equilibrium points
(in Fig.8(a), L1, L2, L3, L4 and L5 represent green, magenta, red, purple and yellow
regions respectively. In Fig.9(a), L1, L2, L3, L4 and L5 represent green, purple, red,
blue and yellow regions respectively. In Fig.10(a), L1, L2, L3, L4 and L5 represent
green, purple, red, blue and yellow regions respectively). In all cases, the basins of
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(a) (b)

(c)

Figure 5. The surface of motion of the infinitesimal body: (a) for
α = β = 1, (b) for α = β = 1.2, (c) for α = β = 1.4.

attraction corresponding to L2, L3, L4 and L5 extend to infinity but it covers finite
area corresponding to L1. These can be clearly visible in zoomed images 8(b),
9(b) and 10(b) of Figures 8(a), 9(a) and 10(a) respectively. In this way we get a
complete view of the basin structures created by the attractors. We have drawn
the basin of attractions for three values (α = β = 1, 1.2, 14.), of the Coriolis and
centrifugal forces respectively (Fig.8(a), Fig.9(a), Fig.10(a)). In these figures, the
black points denote the location of the equilibrium points and blue stars denote the
locations of the primaries. We also observed that when we increase the values of
the perturbation, the basins of attraction are shrinking.

4. Stability of the equilibrium points of the equations

Following the procedure given by Mccuskey [9], we can examine the stability of
the system (2.3). By taking ξ = ξ0 + a, η = η0 + b, ζ = ζ0 + c in system (2.3), we
get 

a′′ − 2α b′ − α1a
′ = a Ω0

ξξ + b Ω0
ξη + c Ω0

ξζ

b′′ + 2α a′ − α1b
′ = a Ω0

ηξ + b Ω0
ηη + c Ω0

ηζ

c′′ − α1c
′ = a Ω0

ζξ + b Ω0
ζη + c Ω0

ζζ

(4.1)
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(a) (b)

(c)

Figure 6. The surface of motion of the infinitesimal body: (a) for
α = β = 1, (b) for α = β = 1.2, (c) for α = β = 1.4.

Where a, b and c are the small displacements of the infinitesimal body from the
libration point. The superscript zero denotes the value at the libration point.

To solve equation (4.1), let a = Aeλτ , b = Beλτ , c = Ceλτ , where A,B and
C are parameters. Substituting these values in equation (4.1) and rearranging, we
get:


A(λ2 − α1λ− Ω0

ξξ)−B(2αλ+ Ω0
ξη)− CΩ0

ξζ = 0

A(2αλ− Ω0
ηξ) +B(λ2 − α1λ− Ω0

ηη)− CΩ0
ηζ = 0

−AΩ0
ζξ −BΩ0

ζη + C(λ2 − α1λ− Ω0
ζζ) = 0.

(4.2)

The equation (4.2), will have a non-trivial solution for A,B and C if

∣∣∣∣∣∣
λ2 − α1λ− Ω0

ξξ −(2αλ+ Ω0
ξη) −Ω0

ξζ

2α λ+ Ω0
ηξ λ2 − α1λ− Ω0

ηη −Ω0
ηζ

−Ω0
ζξ −Ω0

ζη λ2 − α1λ− Ω0
ζζ

∣∣∣∣∣∣ = 0,
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(a) (b)

(c)

Figure 7. The surface of motion of the infinitesimal body: (a) for
α = β = 1, (b) for α = β = 1.2, (c) for α = β = 1.4.

(a) (b)

Figure 8. (a): The basin of attraction at α = β = 1, (b): Zoomed
image near the primaries.
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(a) (b)

Figure 9. (a): The basin of attraction at α = β = 1.2, (b):
Zoomed image near the primaries.

(a) (b)

Figure 10. (a): The basin of attraction at α = β = 1.4, (b):
Zoomed image near the primaries.

which is equivalent to

λ6 − 3α1λ
5 + λ4(4α2 + 3α2

1 − Ω0
ξξ − Ω0

ηη − Ω0
ζζ) + α1λ

3(−4α2 − α2
1 + 2 Ω0

ξξ + 2 Ω0
ηη + 2 Ω0

ζζ)

+λ2((−Ω0
ξη)2 − (Ω0

ξζ)
2 + Ω0

ξξ Ω0
ηη − (Ω0

ηζ)
2 − 4α2Ω0

ζζ + Ω0
ξξΩ

0
ζζ + Ω0

ζζ Ω0
ηη

−α2
1 Ω0

ξξ − α2
1 Ω0

ηη − α2
1 Ω0

ζζ)

+α1λ((Ω0
ξη)2 + (Ω0

ξζ)
2 − Ω0

ξξ Ω0
ηη + (Ω0

ηζ)
2 − Ω0

ξξ Ω0
ζζ − Ω0

ηη Ω0
ζζ)

+((Ω0
ξζ)

2 Ω0
ηη − 2 Ω0

ξη Ω0
ξζ Ω0

ηζ + Ω0
ξξ (Ω0

ηζ)
2 + (Ω0

ξη)2 Ω0
ζζ − Ω0

ξξ Ω0
ηη Ω0

ζζ) = 0,

(4.3)
We have solved the equation (4.3) for the each value of the libration point and found
that in all the cases, λ has complex values and at least one of them has positive
real value. Hence all the libration points are unstable.
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5. Conclusion

We have investigated the location and stability of libration points in the circular
restricted three body problem with variable masses under the effects of Coriolis and
centrifugal forces. We have evaluated the equations of motions when the masses
of the primaries as well as the infinitesimal body vary under the effect of Coriolis
and centrifugal forces, which are different from the classical case by the variation
parameters α1 and k and the Coriolis force α and centrifugal force β. Here we found
five libration points which are depending on both Coriolis and centrifugal force.
This fact is also different from the previous research work because in that case
the libration points are depending only on the centrifugal forces. We have drawn
the libration points for the different three values of the Coriolis and centrifugal
forces in the (ξ, η)-plane (Fig. 2(a)), (ξ, ζ)− plane (Fig.2(b)) and (η, ζ)− plane
(Fig.2(c)). We observed that when we increase these values, the libration points are
towards the origin. We have determined the time series between (τ, ξ) (Fig.3(a))
and (τ, η) (Fig.3(b)) and observed that when we increase these values of forces,
they are shifting by some phase angles in both the series. From the pattern of the
series, it is obvious that the orbit will not be periodic. We have drawn the Poincaré
surface of sections for the different values of Coriolis and centrifugal forces, in
(ξ− ξ′)−plane (Fig.4(a)) and in (η− η′)−plane (Fig.4(b)). When these parameters
increase, we observed that the surfaces of sections are expanding in (ξ − ξ′)−plane
and are shrinking in (η − η′)−plane. We have drawn the surfaces of motion of the
infinitesimal body (see Fig5(a,b,c), Fig6(a,b,c), Fig7(a,b,c)) and observed that as we
increase the values of the coriolis and centrifugal forces, the surfaces are shrinking.
The Newton-Raphson basin of attraction have been studied for different values of
coriolis and centrifugal forces. We observed that when we increase their values,
these basins are shrinking ((Fig.8(a), Fig.8(b)), (Fig.9(a), Fig.9(b)), (Fig.10(a),
Fig.10(b)). Finally we have examined the stability for each libration points and
found that all the libration points are always unstable.

6. appendix

In the numerical analysis section, we have drawn all the graphical works. Here
we need to provide the Mathematica code for the surfaces of motion of infinitesimal
body and the corresponding basins of attraction.

The general data used to obtain our figures are:

Ω = 1
2 (α2

1 + k − 1 + β)(ξ2 + η2 + ζ2)− αα1ξη + (1−υ)k
ρ1

+ υk
ρ2
,

ρ2
i = (ξ − ξi)2 + (η − ηi)2 + ζ2, αγ − β2 = 1 − k and (ξ1, η1) = (−υ, 0),(ξ2, η2) =

(1− υ, 0).

Ω1 = D[Ω, ξ],Ω2 = D[Ω, η], Ω3 = D[Ω, ζ],

Ω11 = D[Ω, ξ, ξ],Ω12 = D[Ω, ξ, η], Ω13 = D[Ω, ξ, ζ],

Ω21 = D[Ω, η, ξ],Ω22 = D[Ω, η, η], Ω23 = D[Ω, η, ζ].

We adopt these data to our choice of constants (k, α1, α, ...).
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(1) Code for figures of the surfaces of motion of infinitesimal body
(fig.(5-7))
ContourP lot3D[{Ω1 == 0,Ω2 == 0} , {ξ,−1.2, 1.2} , {η,−1.2, 1.2} , {ζ,−1.2, 1.2} ,

ColorFunction− > Function[{x, y, z} , Hue[z, 1, 1]], AxesLabel− > {”ξ”, ”η”, ”ζ”} ,
LabelStyle− > Directive[Black, 13, Bold], ImageSize− > 350].

We can get the figures (5 (a), (b), (c)) by changing the values of α and
β accordingly. Similarly, we can get the figures (6 (a), (b), (c)) and (7 (a),
(b), (c)) by taking (Ω1,Ω3) and (Ω2,Ω3) respectively.

(2) Code for figures of Basins of Attraction,(fig.(8-10))
By changing the values of α and β, we get the corresponding figures.
a11 = ξ − ((Ω1Ω22 − Ω2Ω12)/(Ω11Ω22 − Ω12Ω12));

a22 = Simplify[a11/ξ− > t, η− > p];
b11 = η − ((Ω2Ω11 − Ω1Ω12)/(Ω11Ω22 − Ω12Ω12));
b22 = Simplify[b11/ξ− > t, η− > p]
a12 = Compile[{{x,−Real} , {y,−Real} , {n,− Integer}} ,Module[{t, p} , t =
ξ; p = η;Do[{t = a22, p = b22} , {n}]; {t, p}]]
b12 = DensityP lot[a12[ξ, η, 100], {ξ,−4, 4} , {η,−4, 4} , ColorFunction− >

Hue, P lotPoints− > 200]

Acknowledgments. The authors would like to thank the anonymous referees for
their comments that helped us to improve this paper.

References

[1] A. Abduljabar, Stability of the equilibrium points in the photogravitational circular restricted

four body problem with the effect of perturbations and variable mass, Science International
(Lahore), 28, 859- 866, (2016).

[2] E. I. Abouelmagd, A. Mostafa, Out of plane equilibrium points locations and the forbidden

movement regions in the restricted three-body problem with variable mass, Astrophysics Space
Sci. 357, 58, (2015), DOI 10.1007/s10509-015-2294-7.

[3] E. I. Abouelmagd, J.L.G. Guirao, On the perturbed restricted three body problem, Applied

Mathematics and Non-linear sciences, 1, 123-144, (2016).
[4] K. B. Bhatnagar, P. P. Hallan, Effect of perturbations in the Coriolis and centrifugal forces

on the stability of libration points in the restricted problem, Celest. Mech., 18, 105 -112,

(1978).
[5] P. P. Hallan, N. Rana, Effect of perturbations in Coriolis and centrifugal forces on the location

and stability of the equilibrium points in the Robe’s circular restricted three body problem,

Planetary and space science, 49 (??), 957-960, (2001) .
[6] P.P. Hallan, K.B. Magang, Effect of perturbations in Coriolis and centrifugal forces on the

Non-linear stability of equilibrium points in the Robe’s restricted circular three body problem,
Hindawi Publishing Corporation, Advances in Astronomy, Volume (2008), Article ID 425412,
21 pages, doi:10.1155/2008/425412.

[7] J. H. Jeans, Astronomy and Cosmogony, Cambridge University Press, Cambridge, (1928).
[8] I. V. Meshcherskii, Works on the Mechanics of Bodies of Variable Mass, GITTL, Moscow,

(1952).
[9] S. W. Mccuskey, Introduction to Celestial Mechanics, Addison-Wesley, USA, (1963).

[10] A. Mittal, et. al., Stability of libration points in the restricted four-body problem with variable
mass, Astrophysics and space science, 361, 329, (2016), DOI 10.1007/s10509-016-2901-2.

[11] C. D. Murray, D. F. Stanley, Solar System Dynamics, Cambridge University Press, Cam-
bridge, (1999).

[12] A. R. A. Raheem, J. Singh, Combined effects of perturbations, radiation and oblateness on

the stability of equilibrium points in the restricted three body problem, The Astronomical
Journal, 131, 1880-1885, (2006).



144 A.A. ABDULLAH, Z.A ALHUSSAIN, R. KELLIL

[13] A. K. Shrivastava, D. Grain, Effect of perturbation on the location of libration point in the

Robe’s restricted problem of three bodies, Celest. Mech. and Dynamical Astronomy, 51, 67-73,

(1991).
[14] S. Shu, B. Lu, Effect of perturbation of Coriolis and centrifugal forces on the location and

linear stability of the libration points in the Robe’s problem, Chin. Astron. Astrophys. 29,

421-429, (2005).
[15] J. Singh, Effect of perturbations on the location of equilibrium points in the restricted problem

of three bodies with variable mass, Celest. Mech. 32,297-305, (1984).

[16] J. Singh, B. Ishwar, Effect of perturbations on the stability of triangular points in the re-
stricted problem of three bodies with variable mass, Celest. Mech. 35, 201-207, (1985).

[17] J. Singh, Oni Leke, Robe’s restricted three body problem restricted three body problem with

variable masses and perturbing forces, Hindawi Publishing Corporation, ISRN, Astronomy
and Astrophysics, Volume (2013), 8 pages, http://dx.doi.org/10.1155/2013/910354.

[18] J. Singh, A. E. Vincent, Effect of perturbations in the Coriolis and centrifugal forces on
the stability of equilibrium points in the restricted four body problem, Few-Body Syst., 56,

713-723, (2015), DOI 10.1007/s00601-015-1019-3.

[19] V. Szebehely, Theory of Orbits, Academic Press, New York, (1967).
[20] P. V. Subbarao and R. K. Sharma, A note on the stability of the triangular points of equi-

librium in the restricted three body problem, Astron. Astrophys. 43, 381-383, (1975).

[21] M. J. Zhang, C. Y. Zhao, Y. Q. Xiong, On the triangular libration points in photo-
gravitational restricted three body problem with variable mass, Astrophysics Space Sci. 337,

107-113, (2012), DOI 10.1007/s10509- 011-0821-8.

[22] E. E. Zotos, Fractal basins of attraction in the planar circular restricted three body problem
with oblateness and radiation pressure , Astrophys. Space Sci. 181(17) (2016).

[23] E. E. Zotos, Fractal basins boundaries and escape dynamics in a multi-well potential, Non-

linear Dyn. 85 (2016), 1613- 1633.
[24] E. E. Zotos, Investigating the Newton-Raphson basins of attraction in the restricted three

body problem with modified Newtonian gravity, J. Appl. Math. Comput. Oct (2016), 1-19.
[25] E. E. Zotos, Revealing the basins of convergence in the planar equilateral restricted four body

problem, Astrophys. Space Sci. 362(2) (2017).

Abdullah A.Ansari, Ziyad A.Alhussain, Rabah Kellil

College of Science at Al-Zulfi, Majmaah University, KSA.
E-mail address: a.ansari@mu.edu.sa, z.alhussain@mu.edu.sa, r.kellil@mu.edu.sa


	1. Introduction
	2. Equations of Motion
	3. Numerical Analysis
	3.1.  Libration points
	3.2. Time Series
	3.3. Poincaré Surface of Section
	3.4. Surfaces of motion of infinitesimal body
	3.5. Basins of attraction

	4. Stability of the equilibrium points of the equations
	5. Conclusion
	6. appendix
	Acknowledgments

	References

