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COMBINATORIAL IMPROVEMENT OF SHANNON
INEQUALITY AND RELATED RESULTS

SAAD IHSAN BUTT, KHURRAM ALI KHAN, DILDA PECARIC, JOSIP PECARIC

ABSTRACT. In this paper, we establish combinatorial improvement of Shannon
inequality using improved Jensen and Popoviciu inequalities. The correspond-
ing results for the Kullback-Leibler distance, Zipf-Mandelbrot Law, Renyi en-
tropy in with respect to Information Theory are studied as application. Finally,
the related inequalities are generalized for Csiszar divergence.

1. Introduction and Preliminary Results

Zipt’s law is one of the basic laws in information science, also it is and very often
used in linguistics. In 1932, George Zipf found that we can count how many times
each word appears in the text. So if we ranked (r) word according to the frequency
of word occurrence (f), the product of these two numbers is a constant (C):

C=rf.

Apart from the use of this law in information science and linguistics, Zipf’s law
is used in economics. This distribution in economics is known as Pareto’s law
which analyze the distribution of the wealthiest members of the community [[7],
p. 125] . These two laws are the same in the mathematical sense, but they are
applied in a different context [[12], p. 294]. In 1966, Benoit Mandelbrot [20]
gave generalization of Zipf’s law, now known as Zipf-Mandelbrot law, which gave
improvement in account for the low-rank words in corpus where k < 100 [24]:

. C
f(ﬁ):m~

When t = 0; we get Zipf’s law.
Forn e N;t>0,s>0and i€ {1,2,...,n}, the Zipf-Mandelbrot law (proba-
bility mass function) is stated as

1
. Gt+D)°
in,t,s) = 1.1
flimt5) = 70 (1)
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where
n

1
H’n,,t,s - ; (k + t)s .

Application of Zipf-Mandelbrot law can be found in linguistics [29] 24], 21], infor-
mation sciences [31] and also is often applicable in ecological field studies [25].

Different scientific disciplines have different interpretation of the law. At this
point, we give interpretation from ecology [21], parameters in can be inter-
preted in the following way: N is the number of species present and the parameters,
q represents the diversity of the environment and s the predictability of the ecosys-
tem, i.e. the average probability of the appearance of a species.

The following improvement of Jensen’s inequality is given in [26]:

Theorem 1.1. Letn € N, I C R, x = (21,...,2,) € I", p = (p1,..,pn) be a
positive n-tuple such that Z?:l p; = 1. Also let f: I — R be a convex function
then

n

FO_piwi) = fan(x,p) < oo < frn(x,P) < o < fra(x,p) = Y pif(zi), (1.2)
=1

i=1
where
k
1 k Z Pi; i
=1
frn(x,p) = o1 Z sz‘j f Jki ;o 1<k<n. (13)
k—1 1<iy<...<ip<n \j=1 Zpij
j=1

If f is a concave function then the inequalities in are reversed.

For the samples with repetition, we have following improvement of the discrete
Jensen’s inequality from [[23], p. 8].

Theorem 1.2. Let f be a convex function defined on an interval I C R, x, p be
positive n-tuples such that >, p; =1 and 1, ...,x, € I. Then

f(Zpixi) <o € for1n(x,P) € fon(x,p) < ... < fia(x,p) = Zpif(l‘i), (1.4)
i=1 i=1

where
k
1 k ‘21 Pi; Ti;
_ =
Jin(P) = e > dovy | Fl = ; k>1. (15)
k=1 1<i<.<ip<n \j=1 Y i,
j=1

If f is a concave function then the inequalities in are reversed.

In 1965, T. Popoviciu introduced a characterization of convex function [30]. In
1976, the inequality of Popoviciu as given by Vasié¢ and Stankovié in [33] can be
written in the following form (see page 173 [27]):

Theorem 1.3. Letn, ke N, n>3,2<k<n-1,[a,f] CR, x=(x1,....,2,) €
[, B]", p = (p1,...,pn) be a positive n-tuple such that >\, p; = 1. Also let
f e, B] = R be a convex function. Then

n_lffl,n(xvp)+ %fn,n(x>p)7 (16)

fk,n(x7 P) S
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where fi n(x,p) defined in (1.3]).
2. SHANONN ENTROPY

Shannon entropy and related measures are increasingly used in molecular ecol-
ogy and population genetics, information theory, dynamical systems and statistical
physics(see [1, 2]. For positive n-tuple p = (p1, ..., p,) such that > 1, p; = 1, the
Shannon entropy is defined by

S(p) = —sz' In p;. (2.1)

It is important to note that Shanon entropy can be given for convex function — Inz
and zInx. We will choose these functions with positive domains to introduce the
Shanon Entropic version of improvement of the Jensen’s inequality and Popoviciu’s
inequality:

Theorem 2.1. Let p := (p1,...,pn) and q := (q1,...,Gn) be two positive n-tuples of
n n
real numbers such that Zpi =1, and Z(h = Q. Then

i=1 i=1
a)

Q= Snn(Pq) > .. > Skn(Pq) > .. > S1n(p,a) =S(p) + > _pilng, (22)

i=1
where S(p) is defined by (2.1) and
k
1 . Z:1 %
Skn(pPra) = ot Z Zpij In J; ; (2.3)
k=1 1<iy<..<ig<n \j=1 >N
j=1

k
Sk,n([’? Q) = ﬁ Z Zpij In
k—1

1<ii <...<ip<n \j=1

k
> qi;
j=1
k
Z Di;
j=1
Proof. Substituting the concave function f(z) =Ilnz and z; = £ (i = 1,...,n) in
Pi
[C2), we get (E2) and in (L) we get @4). 0
Now we give the Shanon Entropic version of Popoviciu’s inequality:
Theorem 2.2. Let p = (p1,...,pn) and q = (¢1,...,qn) be a positive n-tuples of
n n
real numbers such that Y p; =1 and 3 q; = Q. Then the following holds
i=1 i=1

n—k - k—1
e Ing; .
Sk (P1@) 2 (S(p) + ;lez lnqz> +o @ (2.6)

n
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where Sk (P, q) is defined in (2.3).
Proof. Setting substitutions in ([1.6)) with the convex function f = —Inz and points
xi:%, (i=1,...,n), we get (2.16). O

One of the best known distance function used in mathematical statistics [14] 34}
18], information theory [4, [32] and signal processing [13, [19] is Kullback-Leibler
distance. The Kullback-Leibler ditance [16] [I7] between the positive probability
distributions p = (p1, ..., pn) and q = (¢1, ..., ¢n) is defined by

D(p |l q) = E:mm(m> (2.7)

Remark. Replacing p; with g;, f(x) with xlnz (for x € I) and x; with % (for

i=1,...,n) in (1.2), (1.6) and (1.4), we have

a)
0=Dyn(P,q) < ... <Dpp(p,q) < ... <Din(p,q)=D(p| ), (2.8)
where
k
1 Z Di;
Dy (p;q) := o T 2: }:m7 In ; 1<k<n.
k=1 1<iy<..<ip<n \j=1 Z qz]
b)
n—1
1 Pra(pa@) < D(p | @), (2.9)
where Dy, (p,q) is defined above.
(c)
0<...< Dkﬂ’n(p,q) < Dk’n(p,q) <. < Dl,n(paq> = D(p ” q)7 (2'10)
where
i ) Zm
Dy (p,q) == gt Z szj In ; k>1
O 1<ir<...<ip<n \j=1 Z ¢
v

Corollary 2.3. Let p := (p1,...,Pn) be a positive n-tuple of real numbers such that
n

Zpi =1. Then

:1@)
Inn=S5,,(P)>...> SknlP) > ... > S1n(p) =5(p), (2.11)

where S(p) is defined by (2.1) and

1 k k
Skn(P) = o T Z Zpij In | — ’

k=1 1<iy<...<ip<n \j=1 sz‘»
£ J

b)
Inn > .. > Se10(P) > Ska(p) > ... > S1n(p) = S(p), (2.12)



WELL-POSEDNESS FOR PERTURBATIONS OF THE KDV 101

where
_ 1 b k
Sk,n(p) = W Z Zpij In k
k-1  1<i1<..<ipg<n \j=1 >
y J
c)
n—=k k—1
Skn(P,q) = ms(p) t o Inn (2.13)

Proof. Substituting ¢; =1 (i = 1,...,n) in Theorem and respectively. |

Corollary 2.4. Let p := (p1,-..,pn) be a positive n-tuple of real numbers such that
n

Zpi =1. Then
i

=1
a)

0=3S5,n(P:q) > ... > Skn(P:d) > ... 2 510(pP;q) )+ sz Ing; (2.14)

b)
0>...> Ski14(P,q) > Skn(p,a) > ... > S1u(p,a) = S(p) + va: Ing; (2.15)

1=1

¢)

Sen(prq) > "k 5()+zn: Ing; (2.16)
kn\P,q) =2 n—1 p vt Di qi .

Proof. Substituting > ¢, =Q =1((=1,..,n)in Theorem andrespectively.
i=1

Let I CR, x = (z1,...,2s) € I", 9 = (q1, ..., qn) be a positive n-tuple such that
> .4 =Qandlet f: I — R be a convex function then from Theorem we
have

QZQz i fnn X p) ka,n(xap)gSfl,n(xap):$ZQlf(mz)a
=1

(2.17)
where
k
1 ;Qijfij
fk,n(xap): oc™ S An—1 Z Z%J % ;o 1<k<n,
k=1 1<ii<...<ip<n \j=1 Z(Iij
j=1
(2.18)

and form of Theorem [T.2] we have

f(%zﬂhxz) <..< fk+1,n(x, P) < fk,n(x, p) . < fl n x p qu CUZ
- (2.19)
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where
k
1 k Z qi; Ti;
_ j=1
Jim(x,p) = Qo Z 2 s fl=——|; k=1 (2:20)
- 1<i; <...<ipg<n \j=1 Z i,
j=1
Remark. Using the conver function f(z) = xIlnz and z; = % for positive n-tuple
p := (p1,...,Pn) such that Zpi =1, in (2.17), we get (2.2) and in (2.19), we get
i=1
(2.4).

Remark. It is interesting to note that considering convexr function f = xlnx in

n
(1.6) with positive weights q; having Y q; = Q and setting substitutions for points
i=1

n
T; = % with positive p; such that i; pi =1 we get (2.16).

3. RENYI ENTROPY
The Renyi entropy of order « for a > 0, is defined as

1
1—

Ha(p) = — 1H(Z;p?); a#l (3.1)

The limiting case of H,(p) when o — 1 is the Shanonn entropy S(p).
Forn € N, let x = (21, ...,z,) and p = (p1, ..., Pn) be positive n-tuples such that

> i pi = 1. The power means of order r > 1 are defined in [15], as follows:
1

(Enar)’ rro
M, = My (21, oo, Tpi D1y ooy Pr) = izl (3.2)

< II xf’) , r=0.

i=1

Corresponding to (1.3]), the mixed symmetric means are defined in [I5] as follows:
Ms,t (X7 p; k)

k s
1 . .
Cn—l Z pi]' Mts(xil ) "'mikaph ? pzk) ) S # 05
k=1 1< <. . <ip<n \j=1
— 1

k cn—1T
II (Mt(xil y oo Lig 3 Pigs sz)) =t ’ s =0.

1<i1 <...<ip<n

(3.3)
Let s,t € R such that s < ¢, and let x and p be positive n-tuples such that
>t pi=1. Then

M, = M, s(x,p;1) > ... > My o(x,p; k) > ... > M, s(x,p;n) = M, (3.4)

Ms == Ms,t(xap; 1) S S Ms,t(xap;k) S § Ms,t(x,p;n) = Mta (35)
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" n—=k_ kE—-1_,
k)< = A .
MtTS(x,p,k;) S — 1Mt(x,p)—l— — 1M8(x,p), (3.6)
n—=k k—1
s . > s s ) )
M;,(x,p; k) > — 1]\4S(x,p)—|— ] 1M75 (x,p) (3.7)

Corresponding to (1.5]), the mixed symmetric means defined in [I5] are

M, (%, p5 k)

1
s

k
1 £ . .
ContR=T z Z sz M;(I‘il, L3 Pig s "'pik) y S 7é 07
RSl 1< <o <ig<n \J=1

1
k orFE—T
I (Me(Xiyy iy Dig s ---Diy)) V= , s =0.
1< <...<ig<n

(3.8)
For s <t (s,t € R), we have

Mt == Mt,s(xvp; 1) Z Z Mt,s(x7p; k) Z Z Mt,s(xvp;n) 2 Ms (39)
Mg = Mg (x,p;1) < ... < Mgi(x,p3k) < ... < Mg(x,p;n) < M, (3.10)

Theorem 3.1. Let a,t € R such that 0 < o < 1+ t, and p be a positive n-tuple
such that Y, pi = 1. Then
a)

—In(M(p)) = Mpa-1(p;1) < ... < Mya1(pik) <... < Myai(p;n) = Ho(p)

(3.11)
and
Ho(p) = Ma—14(p;1) > ... > Ma_14(Psk) > ... > Ma—14(p;n) = —In(M;(p)),
(3.12)

where Ho(p) is defined in (3.1) and
Mt,a—l([’; k)

t

k a—1
1 1 k 'le?j
i= .
7?111 cr—1 Z Zpij k ’ t¢07 a7£]_’
-1 1<ip<...<ip<n \j=1 > Pij
j=1
k
1 1 k le:;
i= .
T—a 1 Z Zpij In & ) t—O, a# ]-a
= k=1 1< <. <ip<n \j=1 2 pij
=1
! k
L L k Z:lmj Inp;,
< In ST > Yo | exp |t ;i t£0, a=1,
k=1 1<in<..<ixp<n \j=1 2 Dpij
j=1
1 k
Cz—l > Zpij lnpij; t=0,,a=1.

-1 1<i1<...<ip<n j=1

where M} ,_,(p; k) are defined in and M;(p) in (3.2).
(b)
—In(M;(p)) = Mia-1(p;1) < ... S Mya1(p;k) < ... < Mya-1(p;n) < H(p),
(
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and
H(p) = Ma_14(p;1) > ... 2 Ma_14(pik) > ... > Ma—1,4(p;n) > —In(M(p)),
(3.15)
where H,(p) is defined in (3.1)and
My a-1(p; k) t
—iIn| G > > | | = t#0,a#1
L 1< < T<ingn \j=1 > b,
szl
- £
lac71+k1 Z szj J; ; t—O Oé#l
— k—1 1<i1<...<ip<n \j=1 Ep,i
=

k=1 1< <.<ip<n,

k
L L k ,Z_:lpij Inpi;
_Tln CcnTE=T Z ZpZJ exp tr—— ) t#ova:]-v

k
-1 . — —
Cn+k 1 Z Z pZ] lnpi_7‘7 t= 07 o= 1
k=1 1<i<..<ip<nj=1

(c)

n—1 n—=k
—In(——=M/, (p;k) — ——M/(p) | > tHa(p), (3.16)
k—1 k1
and
n—1 _ k—1 _
—in (B i) - M) < - DAL, ()

Pmof Using s=a—1,x; = pZ (z =1,...,n)and applying In in (3.4) and (3.5] . we

get (3.11) and - and in and -, we get (3.14) and 1 D respectlvely

In order to prove the 1nequahtles in (c), we first rearrange inequalities (3.6) and

(3.7) as follows

n—1 n—=k

Mtts( X, P; k) - Mtt(x7 p) < M;(Xa p)a (318)
k—1 k—1
n—1 k-1

s — M} > s . .
n— kMs t(x p; k) n— kMt (X7p) = Ms (X, p) (3 19)

Now using the above mention substitution s = o« — 1, z; = p; (i = 1,...,n) and

applying —In in (3.18) and (3.19)), we get (3.16)) and (3.17) respectively. O

4. Z1PF-MANDELBROT ENTROPY

The probability mass function can be given as in the and H,, + s which may
be thought of as a generalization of a harmonic number. In the formula, 7 is the
rank of the data, and ¢ and s are parameters of the distribution. In the limit as
n approaches infinity, this becomes the Hurwitz zeta function ((s,t). For finite n
and t = 0 the Zipf Mandelbrot law becomes Zipf’s law. For infinite n and ¢t = 0 it
becomes a Zeta distribution.

Let n € {1,2,...}, t >0, s > 0, then Zipf-Mandelbrot entropy can be given as

5 ~=In(i+1)
Z(H,t,s) = n(H, ;). 41
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Consider

pi = f(ism, t,s) = T 1 (4.2)

i+ 1) Hpps)
Now we state our main theorem involving entropy introduced by Mandelbrot
Law:

Theorem 4.1. Letn € {1,2,...},t >0, s >0, and q := (g1, -..,qn) be a positive
n
n-tuple of real numbers such that ZQi = Q. Then

i=1
a)

1 " Ing
InQ=25,,(q)>..>Sknq)>..>5.(q) =ZH,t, - =,
neQ (@) > .. > Sg(a) 1n(@) = Z(H,t,s) + Hoes 2= (i1 1)
(4.3)
where
k
1 k 1 Hn,t,s Z qi
i=1
D DI b prest ) 1) (=) NP
sV E—1 1<iy<...<ig<n \j=1 ‘7 > 1
£ (ij+t)°
Jj=1
b)
Q> . > Ses1n(@) > Sen(@) > oo > Sin(a) = Z(H 1, 8) + — ng;
n n = n = = n = , U, 8 . S
Z o 2 Ok+1,n A kn 1,nd Hos 1(2+t)
(4.5)
where
k
1 k 1 Hn,t,s 21 qij
Senl@) = ——=m 7 D Zm | ———— | (46)
mtsYE—1  1<i1<..<ip<n \j=1 ‘7 St
b (i;+1)
J=1
n n 1
Proof. Since H,, , s = —L theref L L — 1. Usi =
roof. Since H,, 4 2:1 ) erefore 7—— Z; ) sing p () Hoos

in (2:2), we get (3) and from @4) we get (5). O

Theorem 4.2. Consider the assumptions of Mandelbrot law. Let p = (p1,...,pn)
be as defined in (4.2)) and q = (q1, ..., ¢n) be a positive n-tuples of real numbers such

that > ¢; = Q. Then the following holds
i=1

1 n—k 1 «— Ing ) k-1
Sen(—————,q) > Z(H,t,s)+ - + In
. (((Z+t)sH7L,t,s) Y n—1 ( ( ) Hps ; (1 +1)%) n—1 @
(4.7)
where
>
k di;
1 1 1 j=1
Sy, q) = —— . In
o Gy VT gt 2\ G o)

k
k=1 1<iy<..<ip<n \j=1 Z 1

- ~ 50 Hot,s
= ((3+t) Jtys)
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Proof. Substituting this p; in Theorem we get the desired result.

_ 1
T ((i+t)Hnyt,s)
n

Since it is evident to see that > p; = 1. Moreover using above p; in Shanon entropy

=1
(2.1), we get Mandelbrot entropy (4.1)

n

1 1
S()=—pinpi = =3 i M G 0 o)

i=1

n

~1 1 1
= 1
(Hnt,s) g (07 i+ 0 Hups

i=1

-1 - 1
= - | In(1) —sn(i+t) — In(Hps)
o) 2 G ( )
— (Hnlt 3 Z G —:t)s (s In(i +¢) + ln(Hn,t,s>>

=1
s " In(i +t)
- In(Hyys). (4.8
(Hn,t,s) ; (l+t)5 + Il( ,t, ) ( )

O

5. CSISZAR DIVERGENCE

Let f : (0,00) — (0,00) be a convex function, and let p := (p1,...,pn) and
q = (q1,-.-,qn) be positive probability distributions. Then f-divergence functional
is defined (in [5] and [6]) as follows

n
i
If(p,a) = Y aif <)
i=1 i
Their is a lot of literature on Csiszar divergence and related inequalities with their
applications (see [3]-[L1]).

Theorem 5.1. Let p = (p1,...,pn) and q = (q1, ..., qn) be probability distributions
and f: I — R be a convex function. Then

a)
f(1) = Fon(@,p) < ... <Fin(a,p) < ... < Fin(q,p) =If(q,p), (5.1)
where
k
1 k ‘—1%
Fin(q,p) := ot Z Zpij f J; ;o 1<k<n  (52)
k=1 1<iy<...<ip<n \j=1 Zpl
=1
b)
n—1 k—1
Fy. -——f(1) <1 .
n—k k,n(q;p) n_kf( )— f(qap)a (53)
where Fy, ,(q, p) is defined above.
c)

f(1) <. < Frqin(q,p) £ Frn(q,p) < ... < Fin(g,p) = If(q,p), (5.4)
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where
k
1 k ‘21 qi;
_ j=
Fyn(q,p) = onR—1 Z Zpii Il = ;o k>1. (5.5)
k=1 1<in<...<ip<n \j=1 Z Di.
j=1

If f is a concave function then the inequalities in (5.1)), (5.3) and (5.4) are reversed.
Proof. Replace x; with It (i =1,...,n) in (1.2), (1.6) and (1.4). O

Remark. For n € N, t1,t3 € [0,00), s1,82 > 0, let Hpy, 5, = ﬁ and
1 1
Hn So — ;s Th ) i = 5 d i = s
12,82 (i+t2)®2 en using p (Z +t1) 1117171‘,1,51 e (Z +t2) ? n,ta,s2
in (5.1), (5.3) and (5.4), we get
a)
n . S
1 (Z+Q1)(1an s
1) =Fon(a,p) <... < Fra(q,p) <. < : 5 <‘ Taramll B
1) il ) 3 ) i—1 (i+aq) 1Hﬂ7111781 (i+gq2) QHn,qufz
(5.6)
where
Fin(a,p)

k
k > G T Hraye

_ 1 1 j=1 \tgT92 n,42,52 .

T 2 (Z (ij+q1)51Hn,q1,sl> Flz ; 1<k<n

k=1 1<ii<...<ixg<n \j=1 J;W
(5.7)
b)
n—1 k—1 - 1 (i4q1)" Hn g, s
kaq,p _7.]01 < p s f( . 5 e )
n—k ( ) n—k ( ) lzzl (7'+Q1) 1H7l#11751 (Z+Q2) 2Hn,qzysz
(5.8)

where Fi, ,(q,p) is defined above.

¢)

- 1 (i+q)™ H,
- = 1 7,q1,51
fl <..< k+1,2\q, P SFk, q,p <..< . < f( - E )?
W #inlap) () ; (i4q1)" Hng, s, (i + q2)* Hn gy,

(5.9)

where
Fyn(q,p)

1
le (ij+42)°2 Hn qg,s9

k
— 1 1 = .
- Cn+k—1 E (]Zl (ij+Q1)SlHn,ql,sl> f k ) k Z 1

k—1 i ; 1
Isiis...Sipsn (ij+4q1)°T Hn,qy,sq

i=1

Using the concave function f(z) =1nx in (5.6), (5.8) and (5.9)), we have
a)

s n
0 Z Z ka,(qa p) Z Z Z(H7q1a81> - 7i 2 Z (7;+q1)81
,41,51 ;_q

(5.10)

—In (Hn,q2,52 )’

(5.11)
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where
Fy.n(q,p)

k

k Y T A,
1 1 j=1 tiT92 n,42,82 .
= ST > (Z (iﬁql)slHWﬂ) In : 1<k<n.

k
k=1 1<y <. <ip < =1 ———————
<i1<...<ix<n \j jz=:1 T Hnay oy

b)

n—1 s " In(i + g2)
——Fin > Z(H 2 2)
n—Fk k, (qa p) fel ( 7QI781) Hn,ql,sl Z -

n(Hn,qz,w)v (5.13)

where Fi, ,(q,p) is defined above.

- = s " In(i —
0> .. > Frpin(@,p) > Fen(q,p) > . > Z(H, g1, 81)+—— = 92) (1, 00),

Hn7Q1751 i=1 (Z + QI)

where
Fy.n(q,p)

k

1
S D S oy NP N
= Sntk—1 i STH R k ) =
O 1< <z \f21 T e

1
Y aro iR
= (ij+q1)°1 Hn,qq s

(5.15)

Remark. For n € N, q1,q2 € [0,00), 51,52 > 0, let H, g, 5, = ﬁ and
1 1
n,q2,52 (i+q2)°2 (Z + Q1)51Hn,q1’51

n @), @), @) and @0, ve get

D((qlvsl) || (qQ752)) = 7Z(Hv Q1751) +

Then using p; = and q; =

(i + qQ)82 Hn,lh,sz

S92 " IH(Z + QQ)
Hygoor & (it 01)”

+ 1nH”7‘I2732 )

a)
0=Dpn(Pq) <..<Drpn(Pq) <..<Din(p,aq) = D((q1,51) || (g2,52)),

(5.16)
where
Dk,n<p7q)
k
1
) (i‘+f11>slHn,q1,sl
- Hy qq 51101?:11 . Z . (Z (ij‘f’}h)sl) In Jk ! 1 : l<ksn
a1, 1<ii1<...<ip<n \j=1 2 a2 Fngy g
b)
n—1
ﬁDk,n(paq) S D((q1,31) H (qQaSQ))7 (517)

where Dy, ,,(p,q) is defined above.
¢

0< ... < Dps1.2(P,q) € Din(p,q) < ... <Di1,(p,a) =D((q1,51) || (g2,52)),
(5.18)
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where

Dk,n(p7 q)

1
k (i Fa) T H
1 1 =1 Gita mn,q1,51 .
H WelGaas! > > (CFETTO In & ;o k>1.
LS k=1 1< <...<ip<n \Jj=1

1
jgl (i;4+491)°2 Hn qg,s9
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