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COMBINATORIAL IMPROVEMENT OF SHANNON

INEQUALITY AND RELATED RESULTS

SAAD IHSAN BUTT, KHURRAM ALI KHAN, D̄ILDA PEČARIĆ, JOSIP PEČARIĆ

Abstract. In this paper, we establish combinatorial improvement of Shannon

inequality using improved Jensen and Popoviciu inequalities. The correspond-
ing results for the Kullback-Leibler distance, Zipf-Mandelbrot Law, Renyi en-

tropy in with respect to Information Theory are studied as application. Finally,

the related inequalities are generalized for Csiszar divergence.

1. Introduction and Preliminary Results

Zipf’s law is one of the basic laws in information science, also it is and very often
used in linguistics. In 1932, George Zipf found that we can count how many times
each word appears in the text. So if we ranked (r) word according to the frequency
of word occurrence (f), the product of these two numbers is a constant (C):

C = rf.

Apart from the use of this law in information science and linguistics, Zipf’s law
is used in economics. This distribution in economics is known as Pareto’s law
which analyze the distribution of the wealthiest members of the community [[7],
p. 125] . These two laws are the same in the mathematical sense, but they are
applied in a different context [[12], p. 294]. In 1966, Benoit Mandelbrot [20]
gave generalization of Zipf’s law, now known as Zipf-Mandelbrot law, which gave
improvement in account for the low-rank words in corpus where k < 100 [24]:

f(i) =
C

(t+ s)s
.

When t = 0; we get Zipf’s law.
For n ∈ N, t ≥ 0, s > 0 and i ∈ {1, 2, . . . , n}, the Zipf-Mandelbrot law (proba-

bility mass function) is stated as

f(i;n, t, s) =

1
(i+t)s

Hn,t,s
(1.1)
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where

Hn,t,s =

n∑
k=1

1

(k + t)s
.

Application of Zipf-Mandelbrot law can be found in linguistics [29, 24, 21], infor-
mation sciences [31] and also is often applicable in ecological field studies [25].

Different scientific disciplines have different interpretation of the law. At this
point, we give interpretation from ecology [21], parameters in (1.1) can be inter-
preted in the following way: N is the number of species present and the parameters,
q represents the diversity of the environment and s the predictability of the ecosys-
tem, i.e. the average probability of the appearance of a species.

The following improvement of Jensen’s inequality is given in [26]:

Theorem 1.1. Let n ∈ N, I ⊆ R, x = (x1, ..., xn) ∈ In, p = (p1, ..., pn) be a
positive n-tuple such that

∑n
i=1 pi = 1. Also let f : I → R be a convex function

then

f(

n∑
i=1

pixi) = fn,n(x,p) ≤ ... ≤ fk,n(x,p) ≤ ... ≤ f1,n(x,p) =

n∑
i=1

pif(xi), (1.2)

where

fk,n(x,p) :=
1

Cn−1
k−1

∑
1≤i1<...<ik≤n

 k∑
j=1

pij

 f


k∑
j=1

pijxij

k∑
j=1

pij

; 1 ≤ k ≤ n. (1.3)

If f is a concave function then the inequalities in (1.2) are reversed.

For the samples with repetition, we have following improvement of the discrete
Jensen’s inequality from [[23], p. 8].

Theorem 1.2. Let f be a convex function defined on an interval I ⊆ R, x, p be
positive n-tuples such that

∑n
i=1 pi = 1 and x1, ..., xn ∈ I. Then

f(

n∑
i=1

pixi) ≤ ... ≤ f̄k+1,n(x,p) ≤ f̄k,n(x,p) ≤ ... ≤ f̄1,n(x,p) =

n∑
i=1

pif(xi), (1.4)

where

f̄k,n(x,p) =
1

Cn+k−1
k−1

∑
1≤i1≤...≤ik≤n

 k∑
j=1

pij

 f


k∑
j=1

pijxij

k∑
j=1

pij

; k ≥ 1. (1.5)

If f is a concave function then the inequalities in (1.4) are reversed.

In 1965, T. Popoviciu introduced a characterization of convex function [30]. In
1976, the inequality of Popoviciu as given by Vasić and Stanković in [33] can be
written in the following form (see page 173 [27]):

Theorem 1.3. Let n, k ∈ N, n ≥ 3, 2 ≤ k ≤ n − 1, [α, β] ⊂ R, x = (x1, ..., xn) ∈
[α, β]n, p = (p1, ..., pn) be a positive n-tuple such that

∑n
i=1 pi = 1. Also let

f : [α, β]→ R be a convex function. Then

fk,n(x,p) ≤ n− k
n− 1

f1,n(x,p) +
k − 1

n− 1
fn,n(x,p), (1.6)
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where fk,n(x,p) defined in (1.3).

2. Shanonn Entropy

Shannon entropy and related measures are increasingly used in molecular ecol-
ogy and population genetics, information theory, dynamical systems and statistical
physics(see [1, 2]. For positive n-tuple p = (p1, ..., pn) such that

∑n
i=1 pi = 1, the

Shannon entropy is defined by

S(p) = −
n∑
i=1

pi ln pi. (2.1)

It is important to note that Shanon entropy can be given for convex function − lnx
and x lnx. We will choose these functions with positive domains to introduce the
Shanon Entropic version of improvement of the Jensen’s inequality and Popoviciu’s
inequality:

Theorem 2.1. Let p := (p1, ..., pn) and q := (q1, ..., qn) be two positive n-tuples of

real numbers such that

n∑
i=1

pi = 1, and

n∑
i=1

qi = Q. Then

a)

lnQ = Sn,n(p,q) ≥ ... ≥ Sk,n(p,q) ≥ ... ≥ S1,n(p,q) = S(p) +

n∑
i=1

pi ln qi, (2.2)

where S(p) is defined by (2.1) and

Sk,n(p,q) =
1

Cn−1
k−1

∑
1≤i1<...<ik≤n

 k∑
j=1

pij

 ln


k∑
j=1

qij

k∑
j=1

pij

, (2.3)

b)

lnQ ≥ ... ≥ S̄k+1,n(p,q) ≥ S̄k,n(p,q) ≥ ... ≥ S̄1,n(p,q) = S(p) +

n∑
i=1

pi ln qi,

(2.4)
where

S̄k,n(p;q) =
1

Cn+k−1
k−1

∑
1≤i1≤...≤ik≤n

 k∑
j=1

pij

 ln


k∑
j=1

qij

k∑
j=1

pij

. (2.5)

Proof. Substituting the concave function f(x) = lnx and xi = qi
pi

(i = 1, ..., n) in

(1.2), we get (2.2) and in (1.4) we get (2.4). �

Now we give the Shanon Entropic version of Popoviciu’s inequality:

Theorem 2.2. Let p = (p1, ..., pn) and q = (q1, ..., qn) be a positive n-tuples of

real numbers such that
n∑
i=1

pi = 1 and
n∑
i=1

qi = Q. Then the following holds

Sk,n(p,q) ≥ n− k
n− 1

(
S(p) +

n∑
i=1

pi ln qi

)
+
k − 1

n− 1
lnQ (2.6)
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where Sk,n(p,q) is defined in (2.3).

Proof. Setting substitutions in (1.6) with the convex function f = − lnx and points
xi = qi

pi
, (i = 1, ..., n), we get (2.16). �

One of the best known distance function used in mathematical statistics [14, 34,
18], information theory [4, 32] and signal processing [13, 19] is Kullback-Leibler
distance. The Kullback-Leibler ditance [16, 17] between the positive probability
distributions p = (p1, ..., pn) and q = (q1, ..., qn) is defined by

D(p ‖ q) =

n∑
i=1

pi ln

(
pi
qi

)
. (2.7)

Remark. Replacing pi with qi, f(x) with x lnx (for x ∈ I) and xi with pi
qi

(for

i = 1, . . . , n) in (1.2), (1.6) and (1.4), we have
a)

0 = Dn,n(p,q) ≤ ... ≤ Dk,n(p,q) ≤ ... ≤ D1,n(p,q) = D(p ‖ q), (2.8)

where

Dk,n(p,q) :=
1

Cn−1
k−1

∑
1≤i1<...<ik≤n

 k∑
j=1

pij

 ln


k∑
j=1

pij

k∑
j=1

qij

; 1 ≤ k ≤ n.

b)
n− 1

k − 1
Dk,n(p,q) ≤ D(p ‖ q), (2.9)

where Dk,n(p,q) is defined above.
(c)

0 ≤ ... ≤ D̄k+1,n(p,q) ≤ D̄k,n(p,q) ≤ ... ≤ D̄1,n(p,q) = D(p ‖ q), (2.10)

where

D̄k,n(p,q) :=
1

Cn+k−1
k−1

∑
1≤i1≤...≤ik≤n

 k∑
j=1

pij

 ln


k∑
j=1

pij

k∑
j=1

qij

; k ≥ 1.

Corollary 2.3. Let p := (p1, ..., pn) be a positive n-tuple of real numbers such that
n∑
i=1

pi = 1. Then

a)
lnn = Sn,n(p) ≥ ... ≥ Sk,n(p) ≥ ... ≥ S1,n(p) = S(p), (2.11)

where S(p) is defined by (2.1) and

Sk,n(p) =
1

Cn−1
k−1

∑
1≤i1<...<ik≤n

 k∑
j=1

pij

 ln

 k
k∑
j=1

pij

,
b)

lnn ≥ ... ≥ S̄k+1,n(p) ≥ S̄k,n(p) ≥ ... ≥ S̄1,n(p) = S(p), (2.12)
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where

S̄k,n(p) =
1

Cn+k−1
k−1

∑
1≤i1≤...≤ik≤n

 k∑
j=1

pij

 ln

 k
k∑
j=1

pij

.
c)

Sk,n(p,q) ≥ n− k
n− 1

S(p) +
k − 1

n− 1
lnn (2.13)

Proof. Substituting qi = 1 (i = 1, ..., n) in Theorem 2.1 and 2.2 respectively. �

Corollary 2.4. Let p := (p1, ..., pn) be a positive n-tuple of real numbers such that
n∑
i=1

pi = 1. Then

a)

0 = Sn,n(p,q) ≥ ... ≥ Sk,n(p,q) ≥ ... ≥ S1,n(p,q) = S(p) +

n∑
i=1

pi ln qi (2.14)

b)

0 ≥ ... ≥ S̄k+1,n(p,q) ≥ S̄k,n(p,q) ≥ ... ≥ S̄1,n(p,q) = S(p) +

n∑
i=1

pi ln qi (2.15)

c)

Sk,n(p,q) ≥ n− k
n− 1

(
S(p) +

n∑
i=1

pi ln qi

)
(2.16)

Proof. Substituting
n∑
i=1

qi = Q = 1 (i = 1, ..., n) in Theorem 2.1 and 2.2 respectively.

�

Let I ⊆ R, x = (x1, ..., xn) ∈ In, q = (q1, ..., qn) be a positive n-tuple such that∑n
i=1 qi = Q and let f : I → R be a convex function then from Theorem 1.1, we

have

f(
1

Q

n∑
i=1

qixi) = fn,n(x,p) ≤ ... ≤ fk,n(x,p) ≤ ... ≤ f1,n(x,p) =
1

Q

n∑
i=1

qif(xi),

(2.17)
where

fk,n(x,p) :=
1

QCn−1
k−1

∑
1≤i1<...<ik≤n

 k∑
j=1

qij

 f


k∑
j=1

qijxij

k∑
j=1

qij

; 1 ≤ k ≤ n,

(2.18)
and form of Theorem 1.2, we have

f(
1

Q

n∑
i=1

qixi) ≤ ... ≤ f̄k+1,n(x,p) ≤ f̄k,n(x,p) ≤ ... ≤ f̄1,n(x,p) =
1

Q

n∑
i=1

qif(xi),

(2.19)
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where

f̄k,n(x,p) =
1

QCn+k−1
k−1

∑
1≤i1≤...≤ik≤n

 k∑
j=1

qij

 f


k∑
j=1

qijxij

k∑
j=1

qij

; k ≥ 1. (2.20)

Remark. Using the convex function f(x) = x lnx and xi = pi
qi

for positive n-tuple

p := (p1, ..., pn) such that

n∑
i=1

pi = 1, in (2.17), we get (2.2) and in (2.19), we get

(2.4).

Remark. It is interesting to note that considering convex function f = x lnx in

(1.6) with positive weights qi having
n∑
i=1

qi = Q and setting substitutions for points

xi = pi
qi

with positive pi such that
n∑
i=1

pi = 1 we get (2.16).

3. Renyi entropy

The Renyi entropy of order α for α ≥ 0, is defined as

Hα(p) =
1

1− α
ln(

n∑
i=1

pαi ); α 6= 1. (3.1)

The limiting case of Hα(p) when α→ 1 is the Shanonn entropy S(p).
For n ∈ N, let x = (x1, ..., xn) and p = (p1, ..., pn) be positive n-tuples such that∑n
i=1 pi = 1. The power means of order r ≥ 1 are defined in [15], as follows:

Mr = Mr (x1, ..., xn; p1, ..., pn) =


(

n∑
i=1

pix
r
i

) 1
r

, r 6= 0;(
n

Π
i=1

xpii

)
, r = 0.

(3.2)

Corresponding to (1.3), the mixed symmetric means are defined in [15] as follows:

Ms,t(x,p; k)

=



(
1

Cn−1
k−1

∑
1≤i1<...<ik≤n

(
k∑
j=1

pij

)
Ms
t (xi1 , ...xik ; pi1 , ...pik)

) 1
s

, s 6= 0; Π
1≤i1<...<ik≤n

(Mt(xi1 , ...xik ; pi1 , ...pik))

(
k∑
j=1

pij

)
1

C
n−1
k−1

, s = 0.

(3.3)
Let s, t ∈ R such that s ≤ t, and let x and p be positive n-tuples such that∑n
i=1 pi = 1. Then

Mt = Mt,s(x,p; 1) ≥ ... ≥Mt,s(x,p; k) ≥ ... ≥Mt,s(x,p;n) = Ms (3.4)

Ms = Ms,t(x,p; 1) ≤ ... ≤Ms,t(x,p; k) ≤ ... ≤Ms,t(x,p;n) = Mt, (3.5)



WELL-POSEDNESS FOR PERTURBATIONS OF THE KDV 103

M t
t,s(x,p; k) ≤ n− k

n− 1
M t
t (x,p) +

k − 1

n− 1
M t
s(x,p), (3.6)

Ms
s,t(x,p; k) ≥ n− k

n− 1
Ms
s (x,p) +

k − 1

n− 1
Ms
t (x,p). (3.7)

Corresponding to (1.5), the mixed symmetric means defined in [15] are

M̄s,t(x,p; k)

=



(
1

Cn+k−1
k−1

∑
1≤i1≤...≤ik≤n

(
k∑
j=1

pij

)
Ms
t (xi1 , ...xik ; pi1 , ...pik)

) 1
s

, s 6= 0; Π
1≤i1≤...≤ik≤n

(Mt(xi1 , ...xik ; pi1 , ...pik))

(
k∑
j=1

pij

)
1

C
n+k−1
k−1

, s = 0.

(3.8)
For s ≤ t (s, t ∈ R), we have

Mt = M̄t,s(x,p; 1) ≥ ... ≥ M̄t,s(x,p; k) ≥ ... ≥ M̄t,s(x,p;n) ≥Ms (3.9)

Ms = M̄s,t(x,p; 1) ≤ ... ≤ M̄s,t(x,p; k) ≤ ... ≤ M̄s,t(x,p;n) ≤Mt (3.10)

Theorem 3.1. Let α, t ∈ R such that 0 ≤ α ≤ 1 + t, and p be a positive n-tuple
such that

∑n
i=1 pi = 1. Then

a)

− ln(Mt(p)) =Mt,α−1(p; 1) ≤ ... ≤Mt,α−1(p; k) ≤ ... ≤Mt,α−1(p;n) = Hα(p)
(3.11)

and

Hα(p) =Mα−1,t(p; 1) ≥ ... ≥Mα−1,t(p; k) ≥ ... ≥Mα−1,t(p;n) = − ln(Mt(p)),
(3.12)

where Hα(p) is defined in (3.1)and

Mt,α−1(p; k)

=



− 1
t ln

 1
Cn−1
k−1

∑
1≤i1<...<ik≤n

(
k∑
j=1

pij

) k∑
j=1

pα
ij

k∑
j=1

pij


t

α−1
; t 6= 0, α 6= 1,

1
1−α

1
Cn−1
k−1

∑
1≤i1<...<ik≤n

(
k∑
j=1

pij

)
ln

 k∑
j=1

pα
ij

k∑
j=1

pij

; t = 0, α 6= 1,

−1
t ln

 1
Cn−1
k−1

∑
1≤i1<...<ik≤n

(
k∑
j=1

pij

)
exp

t k∑
j=1

pij ln pij

k∑
j=1

pij

 ; t 6= 0 , α = 1,

−1
Cn−1
k−1

∑
1≤i1<...<ik≤n

k∑
j=1

pij ln pij ; t = 0, α = 1.

(3.13)
where Mt

t,α−1(p; k) are defined in (3.13) and Mt(p) in (3.2).
(b)

− ln(Mt(p)) = M̄t,α−1(p; 1) ≤ ... ≤ M̄t,α−1(p; k) ≤ ... ≤ M̄t,α−1(p;n) ≤ H(p),
(3.14)
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and

H(p) = M̄α−1,t(p; 1) ≥ ... ≥ M̄α−1,t(p; k) ≥ ... ≥ M̄α−1,t(p;n) ≥ − ln(Mt(p)),
(3.15)

where Hα(p) is defined in (3.1)and

M̄t,α−1(p; k)

=



− 1
t ln

 1

Cn+k−1
k−1

∑
1≤i1≤...≤ik≤n

(
k∑
j=1

pij

) k∑
j=1

pα
ij

k∑
j=1

pij


t

α−1
; t 6= 0, α 6= 1,

1
1−α

1

Cn+k−1
k−1

∑
1≤i1≤...≤ik≤n

(
k∑
j=1

pij

)
ln

 k∑
j=1

pα
ij

k∑
j=1

pij

; t = 0, α 6= 1,

−1
t ln

 1

Cn+k−1
k−1

∑
1≤i1≤...≤ik≤n

(
k∑
j=1

pij

)
exp

t k∑
j=1

pij ln pij

k∑
j=1

pij

 ; t 6= 0 , α = 1,

−1

Cn+k−1
k−1

∑
1≤i1≤...≤ik≤n

k∑
j=1

pij ln pij ; t = 0, α = 1.

(c)

− ln

(
n− 1

k − 1
M t
t,α−1(p; k)− n− k

k − 1
M t
t (p)

)
≥ tHα(p), (3.16)

and

− ln

(
n− 1

n− k
Mα−1
α−1,t(p; k)− k − 1

n− k
Mα−1
t (p)

)
≤ (α− 1)Hα(p). (3.17)

Proof. Using s = α−1, xi = pi (i = 1, ..., n) and applying − ln in (3.4) and (3.5), we
get (3.11) and (3.12) and in (3.9) and (3.10), we get (3.14) and (3.15) respectively.
In order to prove the inequalities in (c), we first rearrange inequalities (3.6) and
(3.7) as follows

n− 1

k − 1
M t
t,s(x,p; k)− n− k

k − 1
M t
t (x,p) ≤M t

s(x,p), (3.18)

n− 1

n− k
Ms
s,t(x,p; k)− k − 1

n− k
Ms
t (x,p) ≥Ms

s (x,p). (3.19)

Now using the above mention substitution s = α − 1, xi = pi (i = 1, ..., n) and
applying − ln in (3.18) and (3.19), we get (3.16) and (3.17) respectively. �

4. Zipf-Mandelbrot entropy

The probability mass function can be given as in the (1.1) and Hn,t,s which may
be thought of as a generalization of a harmonic number. In the formula, i is the
rank of the data, and t and s are parameters of the distribution. In the limit as
n approaches infinity, this becomes the Hurwitz zeta function ζ(s, t). For finite n
and t = 0 the Zipf Mandelbrot law becomes Zipf’s law. For infinite n and t = 0 it
becomes a Zeta distribution.
Let n ∈ {1, 2, . . .}, t ≥ 0, s > 0, then Zipf-Mandelbrot entropy can be given as
:

Z(H, t, s) =
s

Hn,t,s

n∑
i=1

ln(i+ t)

(i+ t)s
+ ln(Hn,t,s). (4.1)
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Consider

pi = f(i;n, t, s) =
1

((i+ t)sHn,t,s)
. (4.2)

Now we state our main theorem involving entropy introduced by Mandelbrot
Law:

Theorem 4.1. Let n ∈ {1, 2, . . .}, t ≥ 0, s > 0, and q := (q1, ..., qn) be a positive

n-tuple of real numbers such that

n∑
i=1

qi = Q. Then

a)

lnQ = Sn,n(q) ≥ ... ≥ Sk,n(q) ≥ ... ≥ S1,n(q) = Z(H, t, s) +
1

Hn,t,s

n∑
i=1

ln qi
(i+ t)

s ,

(4.3)
where

Sk,n(q) =
1

Hn,t,sC
n−1
k−1

∑
1≤i1<...<ik≤n

 k∑
j=1

1

(ij + t)
s

 ln


Hn,t,s

k∑
j=1

qij

k∑
j=1

1
(ij+t)

s

. (4.4)

b)

lnQ ≥ ... ≥ S̄k+1,n(q) ≥ S̄k,n(q) ≥ ... ≥ S̄1,n(q) = Z(H, t, s) +
1

Hn,t,s

n∑
i=1

ln qi
(i+ t)

s ,

(4.5)
where

S̄k,n(q) =
1

Hn,t,sC
n+k−1
k−1

∑
1≤i1≤...≤ik≤n

 k∑
j=1

1

(ij + t)
s

 ln


Hn,t,s

k∑
j=1

qij

k∑
j=1

1
(ij+t)

s

. (4.6)

Proof. SinceHn,q,s =
n∑
i=1

1
(i+q)s , therefore 1

Hn,q,s

n∑
i=1

1
(i+q)s = 1. Using pi =

1

(i+ q)
s
Hn,q,s

in (2.2), we get (4.3) and from (2.4) we get (4.5). �

Theorem 4.2. Consider the assumptions of Mandelbrot law. Let p = (p1, ..., pn)
be as defined in (4.2) and q = (q1, ..., qn) be a positive n-tuples of real numbers such

that
n∑
i=1

qi = Q. Then the following holds

Sk,n(
1

((i+ t)sHn,t,s)
,q) ≥ n− k

n− 1

(
Z(H, t, s) +

1

Hn,t,s

n∑
i=1

ln qi
(i+ t)s)

)
+
k − 1

n− 1
lnQ

(4.7)
where

Sk,n(
1

((i+ t)sHn,t,s)
,q) =

1

Cn−1
k−1

∑
1≤i1<...<ik≤n

 k∑
j=1

1

((ij + t)sHn,t,s)

 ln


k∑
j=1

qij

k∑
j=1

1
((ij+t)sHn,t,s)

.
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Proof. Substituting this pi = 1
((i+t)sHn,t,s)

in Theorem 2.2, we get the desired result.

Since it is evident to see that
n∑
i=1

pi = 1. Moreover using above pi in Shanon entropy

(2.1), we get Mandelbrot entropy(4.1)

S(p) = −pi ln pi = −
n∑
i=1

1

((i+ t)sHn,t,s)
ln

1

((i+ t)sHn,t,s)

=
−1

(Hn,t,s)

n∑
i=1

1

(i+ t)s
ln

1

(i+ t)sHn,t,s

=
−1

(Hn,t,s)

n∑
i=1

1

(i+ t)s

(
ln(1)− s ln(i+ t)− ln(Hn,t,s)

)

=
1

(Hn,t,s)

n∑
i=1

1

(i+ t)s

(
s ln(i+ t) + ln(Hn,t,s)

)

=
s

(Hn,t,s)

n∑
i=1

ln(i+ t)

(i+ t)s
+ ln(Hn,t,s). (4.8)

�

5. Csiszár divergence

Let f : (0,∞) → (0,∞) be a convex function, and let p := (p1, ..., pn) and
q := (q1, ..., qn) be positive probability distributions. Then f -divergence functional
is defined (in [5] and [6]) as follows

If (p,q) =

n∑
i=1

qif

(
pi
qi

)
.

Their is a lot of literature on Csiszár divergence and related inequalities with their
applications (see [3]-[11]).

Theorem 5.1. Let p = (p1, ..., pn) and q = (q1, ..., qn) be probability distributions
and f : I → R be a convex function. Then

a)

f(1) = Fn,n(q,p) ≤ ... ≤ Fk,n(q,p) ≤ ... ≤ F1,n(q,p) = If (q,p), (5.1)

where

Fk,n(q,p) :=
1

Cn−1
k−1

∑
1≤i1<...<ik≤n

 k∑
j=1

pij

 f


k∑
j=1

qij

k∑
j=1

pij

; 1 ≤ k ≤ n. (5.2)

b)
n− 1

n− k
Fk,n(q,p)− k − 1

n− k
f(1) ≤ If (q,p), (5.3)

where Fk,n(q,p) is defined above.
c)

f(1) ≤ ... ≤ F̄k+1,n(q,p) ≤ F̄k,n(q,p) ≤ ... ≤ F̄1,n(q,p) = If (q,p), (5.4)
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where

F̄k,n(q,p) =
1

Cn+k−1
k−1

∑
1≤i1≤...≤ik≤n

 k∑
j=1

pij

 f


k∑
j=1

qij

k∑
j=1

pij

; k ≥ 1. (5.5)

If f is a concave function then the inequalities in (5.1), (5.3) and (5.4) are reversed.

Proof. Replace xi with qi
pi

(i = 1, . . . , n) in (1.2), (1.6) and (1.4). �

Remark. For n ∈ N, t1, t2 ∈ [0,∞), s1, s2 > 0, let Hn,t1,s1 = 1
(i+t1)s1 and

Hn,t2,s2 = 1
(i+t2)s2 . Then using pi =

1

(i+ t1)
s1Hn,t1,s1

and qi =
1

(i+ t2)
s2Hn,t2,s2

in (5.1), (5.3) and (5.4), we get
a)

f(1) = Fn,n(q,p) ≤ ... ≤ Fk,n(q,p) ≤ ... ≤
n∑
i=1

1

(i+ q1)
s1Hn,q1,s1

f

(
(i+ q1)

s1Hn,q1,s1

(i+ q2)
s2Hn,q2,s2

)
,

(5.6)
where

Fk,n(q,p)

= 1
Cn−1
k−1

∑
1≤i1<...<ik≤n

(
k∑
j=1

1
(ij+q1)s1Hn,q1,s1

)
f

 k∑
j=1

1
(ij+q2)s2Hn,q2,s2

k∑
j=1

1
(ij+q1)s1Hn,q1,s1

; 1 ≤ k ≤ n.

(5.7)
b)

n− 1

n− k
Fk,n(q,p)− k − 1

n− k
f(1) ≤

n∑
i=1

1

(i+ q1)
s1Hn,q1,s1

f

(
(i+ q1)

s1Hn,q1,s1

(i+ q2)
s2Hn,q2,s2

)
,

(5.8)
where Fk,n(q,p) is defined above.
c)

f(1) ≤ ... ≤ F̄k+1,n(q,p) ≤ F̄k,n(q,p) ≤ ... ≤
n∑
i=1

1

(i+ q1)
s1Hn,q1,s1

f

(
(i+ q1)

s1Hn,q1,s1

(i+ q2)
s2Hn,q2,s2

)
,

(5.9)
where

F̄k,n(q,p)

= 1

Cn+k−1
k−1

∑
1≤i1≤...≤ik≤n

(
k∑
j=1

1
(ij+q1)s1Hn,q1,s1

)
f

 k∑
j=1

1
(ij+q2)s2Hn,q2,s2

k∑
j=1

1
(ij+q1)s1Hn,q1,s1

; k ≥ 1.

(5.10)
Using the concave function f(x) = lnx in (5.6), (5.8) and (5.9), we have

a)

0 ≥ ... ≥ Fk,n(q,p) ≥ ... ≥ Z(H, q1, s1)− s2

Hn,q1,s1

n∑
i=1

ln(i+ q2)

(i+ q1)
s1 − ln (Hn,q2,s2),

(5.11)
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where

Fk,n(q,p)

= 1
Cn−1
k−1

∑
1≤i1<...<ik≤n

(
k∑
j=1

1
(ij+q1)s1Hn,q1,s1

)
ln

 k∑
j=1

1
(ij+q2)s2Hn,q2,s2

k∑
j=1

1
(ij+q1)s1Hn,q1,s1

; 1 ≤ k ≤ n.

(5.12)
b)

n− 1

n− k
Fk,n(q,p) ≥ Z(H, q1, s1)− s2

Hn,q1,s1

n∑
i=1

ln(i+ q2)

(i+ q1)
s1 − ln (Hn,q2,s2), (5.13)

where Fk,n(q,p) is defined above.

c)

0 ≥ ... ≥ F̄k+1,n(q,p) ≥ F̄k,n(q,p) ≥ ... ≥ Z(H, q1, s1)+
s2

Hn,q1,s1

n∑
i=1

ln(i− q2)

(i+ q1)
s1 − ln (Hn,q2,s2),

(5.14)
where

F̄k,n(q,p)

= 1

Cn+k−1
k−1

∑
1≤i1≤...≤ik≤n

(
k∑
j=1

1
(ij+q1)s1Hn,q1,s1

)
ln

 k∑
j=1

1
(ij+q2)s2Hn,q2,s2

k∑
j=1

1
(ij+q1)s1Hn,q1,s1

; k ≥ 1.

(5.15)

Remark. For n ∈ N, q1, q2 ∈ [0,∞), s1, s2 > 0, let Hn,q1,s1 = 1
(i+q1)s1 and

Hn,q2,s2 = 1
(i+q2)s2 . Then using pi =

1

(i+ q1)
s1Hn,q1,s1

and qi =
1

(i+ q2)
s2Hn,q2,s2

in (2.7), (2.8), (2.9) and (2.10), we get

D((q1, s1) ‖ (q2, s2)) = −Z(H, q1, s1) +
s2

Hn,q1,s1

n∑
i=1

ln(i+ q2)

(i+ q1)
s1 + lnHn,q2,s2 ,

a)

0 = Dn,n(p,q) ≤ ... ≤ Dk,n(p,q) ≤ ... ≤ D1,n(p,q) = D((q1, s1) ‖ (q2, s2)),
(5.16)

where

Dk,n(p,q)

= 1
Hn,q1,s1C

n−1
k−1

∑
1≤i1<...<ik≤n

(
k∑
j=1

1
(ij+q1)s1

)
ln

 k∑
j=1

1
(ij+q1)s1Hn,q1,s1

k∑
j=1

1
(ii+q2)s2Hn,q2,s2

; 1 ≤ k ≤ n.

b)
n− 1

k − 1
Dk,n(p,q) ≤ D((q1, s1) ‖ (q2, s2)), (5.17)

where Dk,n(p,q) is defined above.
c)

0 ≤ ... ≤ D̄k+1,n(p,q) ≤ D̄k,n(p,q) ≤ ... ≤ D̄1,n(p,q) = D((q1, s1) ‖ (q2, s2)),
(5.18)
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where

D̄k,n(p,q)

= 1

Hn,q1,s1C
n+k−1
k−1

∑
1≤i1≤...≤ik≤n

(
k∑
j=1

1
(ij+q1)s1

)
ln

 k∑
j=1

1
(ij+q1)s1Hn,q1,s1

k∑
j=1

1
(ii+q1)s2Hn,q2,s2

; k ≥ 1.
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[33] P. M. Vasić, Lj. R. Stanković, Some inequalities for convex functions, Math. Balkanica. 6 44

(1976) 281–288, .

[34] E. Wedrowska Application of Kullback-Leibler Relative Entropy for Studies on the Diver-
gence of Household Expenditures Structures, Olsztyn Economic Journal. 6 (2011) 133-142.

Saad Ihsan Butt

Department of Mathematics, COMSATS, Institute of Information Technology, Lahore,

Pakistan
E-mail address: saadihsanbutt@gmail.com

Khuram Ali Khan
Department of Mathematics, University of Sargodha, Sargodha 40100, Pakistan

E-mail address: khuramsms@gmail.com

D̄ilda Pečarić
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