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ON φ-CONTRACTION TYPE COUPLINGS IN PARTIAL

METRIC SPACES

HASSEN AYDI, MOHAMMAD BARAKAT, ABDELBSSET FELHI, HÜSEYİN IŞIK

Abstract. Recently, Choudhury et al. [18] introduced the concept of a cou-

pling. Based on this concept, the notion of φ-contractions type couplings on

the class of partial metric spaces is initiated and the existence of strong cou-
pled fixed points is ensured. Our main results generalize and extend the ones

of [18] to partial metric spaces. We present some concrete examples to support

our obtained results.

1. Introduction and Preliminaries

The concept of a partial metric space was first introduced by Matthews [24] in
constructing models in the theory of computation. Matthews [24] extended the
Banach contraction principle [14] to partial metric spaces. Later, many (common)
fixed point results have been provided, for more details see [2, 3, 4, 8, 9, 10, 11, 12,
16, 22, 27, 30, 31, 32, 33, 35]. In the sequel, let N denote the set of nonnegative
integers.

Definition 1.1. A partial metric on a nonempty set X is a function p : X ×X →
[0,∞) such that for all x, y, z ∈ X:

(PM1) p(x, x) = p(x, y) = p(y, y)⇐⇒ x = y;
(PM2) p(x, x) ≤ p(x, y);
(PM3) p(x, y) = p(y, x);
(PM4) p(x, z) + p(y, y) ≤ p(x, y) + p(y, z).

The pair (X, p) is then called a partial metric space.

According to [24], each partial metric p on X generates a T0 topology τp on X
which has as a basis the family of open p−balls {Bp(x, ε) : x ∈ X, ε > 0}, where
Bp(x, ε) = {y ∈ X : p(x, y) < p(x, x) + ε} for all x ∈ X and ε > 0. It follows
that a sequence {xn} in a partial metric space (X, p) converges to a point x ∈ X
if and only if p(x, x) = lim

n→∞
p(xn, x). Following [24], a sequence {xn} in a partial

metric space (X, p) is called a Cauchy sequence if lim
n,m→∞

p(xn, xm) exists and is

finite. Furthermore, a partial metric space (X, p) is called to be complete if every
Cauchy sequence {xn} in X converges, with respect to τp, to a point x ∈ X such
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that p(x, x) = lim
n,m→∞

p(xn, xm). It is known (see [24]) that if p is a partial metric

on X, then the function ps : X ×X → R+ defined by

ps(x, y) = 2p(x, y)− p(x, x)− p(y, y)

for all x, y ∈ X, is a metric on X.
If a sequence converges in a partial metric space (X, p) with respect to τps , then

it converges with respect to τp.
A sequence {xn} in a partial metric space (X, p) is Cauchy if and only if it is a

Cauchy sequence in the metric space (X, ps). Furthermore, a partial metric space
(X, p) is complete if and only if the metric space (X, ps) is complete. Moreover, if
{xn} is a sequence in a partial metric space (X, p) and x ∈ X, one has that

lim
n→∞

ps(xn, x) = 0⇔ p(x, x) = lim
n→∞

p(xn, x) = lim
n,m→∞

p(xn, xm).

Also, we have the following lemmas.

Lemma 1.2. Let (X, p) be a partial metric space. We have
(1) if p(x, y) = 0, then x = y,
(2) if x 6= y, then p(x, y) > 0.

Lemma 1.3. Let xn → x and yn → y as n → ∞ in a partial metric space (X, p)
with p(x, x) = p(y, y) = 0. If p(xn, yn)→ 0 as n→∞, then x = y.

Proof. By triangle inequality, we have

0 ≤ p(x, y) ≤ p(xn, yn)+p(x, xn)+p(y, yn)−p(xn, xn)−p(yn, yn) ≤ p(xn, yn)+p(x, xn)+p(y, yn),

and by taking the limit as n → ∞, we get p(x, y) ≤ p(x, x) + p(y, y) = 0. So, by
Lemma 1.2, we have x = y. �

The notion of a coupled fixed point was introduced and studied by Opoitsev [28]
and investigated later by Guo and Lakshmikantham [20].

Definition 1.4. [20, 28] An element (x, y) ∈ X2 is called a coupled fixed point of
the mapping F : X2 → X if

x = F (x, y) and y = F (y, x).

Later, many coupled fixed point results have been proved, see [1, 6, 7, 13, 17,
25, 26, 29, 34].

Definition 1.5. [23] Let A and B be two nonempty subsets of a given set X. Any
function f : X → X is said to be cyclic (with respect to A and B) if f(A) ⊂ B and
f(B) ⊂ A.

Very recently, Choudhury et al. [18] introduced the concept of couplings between
two non-empty subsets in a metric space by extending the idea behind a cyclic
mapping.

Definition 1.6. [18] Let (X, d) be a metric space and let A and B be two non-empty
subsets of X. A coupling with respect to A and B is a function F : X × X → X
such that F (x, y) ∈ B and F (y, x) ∈ A whenever x ∈ A and y ∈ B.

The concept of a strong coupled fixed point is as follows.

Definition 1.7. [19] Let X be a nonempty set. An element (x, y) ∈ X × X is a
strong coupled fixed point of the mapping F : X×X → X if (x, y) is a coupled fixed
point and x = y, that is, if x = F (x, x).
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The main result in [18] is given as follows.

Theorem 1.8. [18] Let A and B be two non-empty closed subsets of a complete
metric space (X, d). Let F : X2 → X be such that

d(F (x, y), F (u, v)) ≤ k

2
[d(x, u) + d(y, v)], (1.1)

where x, v ∈ A, y, u ∈ B and k ∈ (0, 1). Then A∩B 6= ∅ and F has a unique strong
coupled fixed point in A ∩B.

The mapping F satisfying (1.1) is said a Banach type coupling with respect to A
and B. This paper is devoted to give an answer to an open problem presented by
Choudhury et al. [18] concerning the investigation of fixed point and related prop-
erties for couplings satisfying other types of inequalities as well (as φ-contraction
type couplings) in the setting of partial metric spaces.

2. Main results

First, denote by Φ be the set of functions φ : [0,+∞)→ [0,+∞) satisfying

(i) φ is non-decreasing,
(ii) φ(t) < t for all t > 0,
(iii) lim

r→t+
φ(r) < t for all t > 0.

We have the following simple lemma from [5], but useful in the sequel. For the
convenience for readers, we give its proof.

Lemma 2.1. Let φ ∈ Φ and {un} be a given sequence such that un → 0+ as
n→∞. Then φ(un)→ 0+ as n→∞. Also, φ(0) = 0.

Proof. Let ε > 0. Since un → 0+ as n→∞, there exists N ∈ N such that

0 ≤ un < ε for all n ≥ N.

Using (i) and (ii), we get

φ(un) ≤ φ(ε) < ε for all n ≥ N.

Thus we proved that φ(un)→ 0+ as n→∞. Also, we have φ(0) ≤ φ( 1
n ) < 1

n → 0
as n→∞. �

Now, we introduce the following:

Definition 2.2. Let A and B be two non-empty subsets of a partial metric space
(X, p).
A coupling F : X2 → X is said a φ-contraction type coupling with respect to A
and B if there exists φ ∈ Φ such that

p(F (x, y), F (u, v)) ≤ φ(max{p(x, u), p(y, v)}), (2.1)

for any x, v ∈ A and y, u ∈ B.

Theorem 2.3. Let A and B be two non-empty closed subsets of a complete partial
metric space (X, p). Let F : X2 → X be a φ-contraction type coupling with respect
to A and B. Then A ∩ B 6= ∅ and F has a unique strong coupled fixed point in
A ∩B.
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Proof. Let x0 ∈ A and y0 ∈ B be any two arbitrary elements. Choose

x1 = F (y0, x0) and y1 = F (x0, y0).

Mention that x1 ∈ A and y1 ∈ B. By repeating this process, we construct two
sequences {xn} and {yn} such that

xn+1 = F (yn, xn) and yn+1 = F (xn, yn) for all n ∈ N.
Clearly, xn ∈ A and yn ∈ B for all n ≥ 0. Now, by using (2.1), we have

p(xn+1, yn+2) = p(F (yn, xn), F (xn+1, yn+1)) ≤ φ(max{p(yn, xn+1), p(xn, yn+1)}),(2.2)

and

p(yn+1, xn+2) = p(F (xn, yn), F (yn+1, xn+1)) ≤ φ(max{p(xn, yn+1), p(yn, xn+1)}).(2.3)

By (2.2) and (2.3), we have

max{p(xn+1, yn+2), p(yn+1, xn+2)} ≤ φ(max{p(xn, yn+1), p(yn, xn+1)}). (2.4)

Let λn = max{p(xn, yn+1), p(yn, xn+1)}, then from (2.4)

λn+1 ≤ φ(λn). (2.5)

Suppose that λn = 0 for some n. It follows that

xn = yn+1 = F (xn, yn), yn = xn+1 = F (yn, xn).

From (2.1), we have

p(xn, yn) = p(yn+1, xn+1) = p(F (xn, yn), F (yn, xn))

≤ φ(max{p(xn, yn), p(yn, xn)})
= φ(p(xn, yn)),

which implies that p(xn, yn) = 0, that is xn = yn. Consequently, xn is a strong
fixed point of F .
Now, suppose that λn > 0 for all n. From (2.5), we have

λn+1 ≤ φ(λn) < λn. (2.6)

The sequence {λn} is monotone decreasing, so there exists a ≥ 0 such that

lim
n→∞

λn = a+.

From (2.6), we have

lim
n→∞

φ(λn) = a. (2.7)

Suppose that a > 0. By (2.7) and lim
r→t+

φ(r) < t for all t > 0, we get

a = lim
n→∞

φ(λn) = lim
λn→a+

φ(λn) < a,

which is a contradiction. So a = 0, that is,

lim
n→∞

p(xn, yn+1) = lim
n→∞

p(yn, xn+1) = 0. (2.8)

Again, by (2.1), we have

p(xn+1, yn+1) = p(F (yn, xn), F (xn, yn)) ≤ φ(p(xn, yn)). (2.9)

Put ηn = p(xn, yn). From (2.9), we have

ηn+1 ≤ φ(ηn). (2.10)
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If ηp = 0 for some p, then xp = yp and so xp+1 = yp+1. By induction, we have
p(xn, yn) = 0 for all n ≥ p. Thus

lim
n→∞

p(xn, yn) = 0.

Assume that ηn > 0 for all n. From (2.10), we have

ηn+1 ≤ φ(ηn) < ηn.

So the sequence {ηn} is monotone decreasing. So there exists z ≥ 0 such that

lim
n→∞

ηn = z+.

Assume that z > 0. Proceeding similarly by using lim
r→t+

φ(r) < t for all t > 0, we

obtain a contradiction. Thus z = 0. In both cases, we get

lim
n→∞

p(xn, yn) = 0. (2.11)

By using (2.8) and (2.11), we obtain

lim
n→∞

p(xn, xn+1) ≤ lim
n→∞

[p(xn, yn) + p(yn, xn+1)] = 0.

Similarly,

lim
n→∞

p(yn, yn+1) ≤ lim
n→∞

[p(yn, xn) + p(xn, yn+1)] = 0.

Consequently, we have

lim
n→∞

p(xn, xn+1) = lim
n→∞

p(yn, yn+1) = 0. (2.12)

Now, we shall show that

lim
n→∞

p(xn, xm) = lim
n→∞

p(yn, ym) = 0. (2.13)

We argue by contradiction. Assume there exists ε > 0, for which we can find
subsequences of integers {mk} and {nk} with nk > mk > k such that

max{p(xnk
, xmk

), p(ynk
, ymk

)} ≥ ε. (2.14)

Further, corresponding to mk we can choose nk in such a way that it is the smallest
integer with nk > mk and satisfying (2.14). Then

max{p(xmk
, xnk−1), p(ymk

, ynk−1)} < ε. (2.15)

Using the triangle inequality and condition (2.1), we have

p(xnk
, xmk

) ≤ p(xnk
, ynk

) + p(ynk
, xmk+1) + p(xmk+1, xmk

)

= p(xnk
, ynk

) + p(xmk+1, xmk
) + p(F (xnk−1, ynk−1), F (ymk

, xmk
))

≤ p(xnk
, ynk

) + p(xmk+1, xmk
) + φ(max{p(xnk−1, ymk

), p(ynk−1, xmk
)}).

Again,

p(ynk
, ymk

) ≤ p(ynk
, xnk

) + p(xnk
, ymk+1) + p(ymk+1, ymk

)

= p(ynk
, xnk

) + p(ymk+1, ymk
) + p(F (xmk

, ymk
), F (ynk−1, xnk−1))

≤ p(xnk
, ynk

) + p(ymk+1, ymk
) + φ(max{p(xmk

, ynk−1), p(ymk
, xnk−1)}).

We deduce that

max{p(xnk
, xmk

), p(ynk
, ymk

)} ≤ p(xnk
, ynk

) + max{p(xmk
, xmk+1), p(ymk

, ymk+1)}
+ φ(max{p(xmk

, ynk−1), p(ymk
, xnk−1)}).
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Using (2.14) and (2.15) together with the fact that φ is nondecreasing,

ε ≤ max{p(xnk
, xmk

), p(ynk
, ymk

)} ≤ p(xnk
, ynk

) + max{p(xmk
, xmk+1), p(ymk

, ymk+1)}
+ φ(max{p(xmk

, ymk
) + p(ymk

, ynk−1), p(ymk
, xmk

) + p(xmk
, xnk−1)})

≤ p(xnk
, ynk

) + max{p(xmk
, xmk+1), p(ymk

, ymk+1)}
+ φ(p(xmk

, ymk
) + max{p(ymk

, ynk−1), p(xmk
, xnk−1)})

< p(xnk
, ynk

) + max{p(xmk
, xmk+1), p(ymk

, ymk+1)}+ φ(p(xmk
, ymk

) + ε)

Passing to limit as k → ∞ in the above inequality, and using (2.11), (2.12) and
condition (iii) on φ, we obtain

ε ≤ lim
k→∞

φ(p(xmk
, ymk

) + ε) = lim
p(ymk

,xmk
)+ε→ε+

φ(p(xmk
, ymk

) + ε) < ε,

which is a contradiction. So (2.13) holds. This implies that {xn} and {yn} are
Cauchy sequences in A and B, respectively. Since A and B are closed subsets of
the complete partial metric space (X, p), there exist x ∈ A and y ∈ B such that

p(x, x) = lim
n→∞

p(xn, x) = lim
n,m→∞

p(xn, xm) = 0, (2.16)

and

p(y, y) = lim
n→∞

p(yn, y) = lim
n,m→∞

p(yn, ym) = 0. (2.17)

From (2.11), (2.16) and (2.17) together with Lemma 1.3, we get x = y, and then
A ∩B 6= ∅.

Now, we will show that x is a strong coupled fixed point in A ∩B. From (2.1)

p(x, F (x, x)) = p(x, F (x, y)) ≤ p(x, xn+1) + p(xn+1, F (x, y))− p(xn+1, xn+1)

≤ p(x, xn+1) + p(xn+1, F (x, y))

= p(x, xn+1) + p(F (x, y), F (yn, xn))

≤ p(x, xn+1) + φ(max{p(x, yn), p(y, xn)}).
(2.18)

Since lim
n→∞

max{p(x, yn), p(y, xn)} = 0+, by Lemma 2.1, we have

lim
n→∞

φ(max{p(x, yn), p(y, xn)}) = 0+.

Passing to limit as n → ∞ in (2.18), we obtain p(x, F (x, x)) ≤ 0, so x = F (x, x).
Assume that F has two strong coupled fixed points u, v in A∩B, that is, u = F (u, u)
and v = F (v, v) with u, v ∈ A ∩ B. Suppose that u 6= v, so p(u, v) > 0. By (2.1),
we have

p(u, v) = p(F (u, u), F (v, v)) ≤ φ(p(u, v)) < p(u, v),

which is a contradiction. This implies that u = v, i.e., the strong coupled fixed
point is unique.

�

We state the following consequences from Theorem 2.3.

Corollary 2.4. Let (X, p) be a complete partial metric space . Let F : X2 → X be
such that

p(F (x, y), F (u, v)) ≤ φ(max{p(x, u), p(y, v)})
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for any x, y, u, v ∈ X, where φ ∈ Φ. Then F has a unique strong coupled fixed point
in X.

Proof. It suffices to consider A = B = X in Theorem 2.3. �

Corollary 2.5. Let A and B be two non-empty closed subsets of a complete partial
metric space (X, p). Let F : X2 → X be such that

p(F (x, y), F (u, v)) ≤ kmax{p(x, u), p(y, v)}

for any x, v ∈ A and y, u ∈ B, where k ∈ [0, 1). Then A ∩ B 6= ∅ and F has a
unique strong coupled fixed point in A ∩B.

Proof. We take φ(t) = kt in Theorem 2.3. �

Corollary 2.6. Let A and B be two non-empty closed subsets of a complete partial
metric space (X, p). Let F : X2 → X be such that

p(F (x, y), F (u, v)) ≤ φ
(
p(x, u) + p(y, v)

2

)
,

for any x, v ∈ A and y, u ∈ B, where φ ∈ Φ. Then A ∩ B 6= ∅ and F has a unique
strong coupled fixed point in A ∩B.

Proof. It suffices to notice that p(x,u)+p(y,v)
2 ≤ max{p(x, u), p(y, v)}. �

Corollary 2.7. Let A and B be two non-empty closed subsets of a complete partial
metric space (X, p). Let F : X2 → X be such that

p(F (x, y), F (u, v)) ≤ k

2
(p(x, u) + p(y, v)),

for any x, v ∈ A and y, u ∈ B, where k ∈ [0, 1). Then A ∩ B 6= ∅ and F has a
unique strong coupled fixed point in A ∩B.

Proof. We take φ(t) = kt in Corollary 2.6. �

Considering now the metric version of Theorem 2.3, we have

Corollary 2.8. Let A and B be two non-empty closed subsets of a complete metric
space (X, d). Let F : X2 → X be such that

d(F (x, y), F (u, v)) ≤ φ(max{d(x, u), d(y, v)}), (2.19)

for any x, v ∈ A and y, u ∈ B. Then A∩B 6= ∅ and F has a unique strong coupled
fixed point in A ∩B.

Remark 1. Corollary 2.7 is an extension of Theorem 1.8 to partial metric spaces.
Corollary 2.8 generalized Theorem 1.8.

The following examples illustrate Theorem 2.3 where Theorem 1.8 is not appli-
cable.

Example 2.9. Let X = [0, 1] and p(x, y) = max{x, y} for all x, y ∈ X. Consider
the closed subsets A = {0} and B = [0, 1]. Define F : X ×X → X as

F (x, y) =

{
y−x

2 if x < y

0 if x ≥ y.
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Obviously, F is a coupling with respect to A and B. Consider φ : [0,∞) → [0,∞)
defined by

φ(t) =

{
2
3 t, 0 ≤ t ≤ 1
1
2 , t > 1.

Mention that φ ∈ Φ.
Now, let x, v ∈ A and y, u ∈ B, so x = v = 0 and y, u ∈ [0, 1]. We distinguish

the following two cases:
Case 1. If y ∈ (0, 1], we have

p(F (x, y), F (u, v)) = p(
y

2
, 0) =

1

2
y ≤ 2

3
y ≤ 2

3
max{y, u} = φ(max{p(x, u), p(y, v)}).

Case 2. If y = 0,

p(F (x, y), F (u, v)) = p(0, 0) = 0 ≤ φ(max{p(x, y), p(u, v)}).
Hence, (2.1) holds in each case. All hypotheses of Theorem 2.3 are verified, so F
has a unique strong coupled fixed point, which is 0.

Note that Theorem 1.8 is not applicable. Indeed, taking d the usual metric on X
and for x = v = u = 0 and y = 1, we have

d(F (0, 1), F (0, 0)) = d(
1

2
, 0) =

1

2
>
k

2
=
k

2
[d(0, 0) + d(1, 0)],

for each k ∈ [0, 1).

Example 2.10. Let X = [0,∞) and p(x, y) = 1
4 |x− y|+

1
2 max{x, y} for all x, y ∈

X. Consider the closed subsets A = {0} and B = [0, 1]. Define F : X × X → X

as F (x, y) = y2

2+x for all (x, y) ∈ A × B. If y = 1, we get F (x, y) = 1
2 ∈ B and

F (y, x) = 0 ∈ A. While, if y = 0, then F (x, y) = 0 = F (y, x) ∈ A ∩ B. Then F is
a coupling with respect to A and B. Consider φ : [0,∞)→ [0,∞) defined by

φ(t) =

{
9
10 t, 0 ≤ t ≤ 1
t
3 , t > 1.

Mention that φ ∈ Φ.
Now, let x, v ∈ A and y, u ∈ B, so x = v = 0 and y, u ∈ [0, 1]. We distinguish

the following two cases.
Case 1. If y, u ∈ [0, 1] and u ≤ y we have

p(F (x, y), F (u, v)) = p(
y2

2
, 0) =

3y2

8
≤ 3y

8
.

Since,

φ(max{p(x, u), p(y, v)}) = φ(max{3u

4
,

3y

4
}) =

27y

40
≥ 3y

8
≥ p(F (x, y), F (u, v)).

Case 2. If y, u ∈ [0, 1] and y ≤ u, we have

p(F (x, y), F (u, v)) = p(
y2

2
, 0) =

3y2

8
≤ 3y

8
.

Since,

φ(max{p(x, u), p(y, v)}) = φ(max{3u

4
,

3y

4
}) =

27u

40
≥ 27y

40
≥ 3y

8
≥ p(F (x, y), F (u, v)).

Hence, (2.1) holds. All hypotheses of Theorem 2.3 are verified, so F has a unique
strong coupled fixed point, which is 0.
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Note that Theorem 1.8 is not applicable. Indeed, taking x = v = 0 and u =
0, y = 1, we have

d(F (0, 1), F (0, 0)) = d(
1

2
, 0) =

1

2
�
k

2
=
k

2
[d(0, 0) + d(1, 0)],

for each k ∈ [0, 1).

3. An Application

Consider the following coupled system of functional equations

α (x) = sup
y∈D
{p (x, y) + U (x, y, α (τ (x, y)) , β (τ (x, y)))} ,

β (x) = sup
y∈D
{p (x, y) + U (x, y, β (τ (x, y)) , α (τ (x, y)))} ,

(3.1)

which further can be reformulated as

α (x) = sup
y∈D
{p (x, y) + U (x, y, α (τ (x, y)) , β (τ (x, y)))} − θ,

β (x) = sup
y∈D
{p (x, y) + U (x, y, β (τ (x, y)) , α (τ (x, y)))} − θ,

(3.2)

where x ∈ S and S is a state space, D is a decision space, τ : S × D → S,
p : S×D → R, U : S×D×R×R→ R and θ > 0. We refer the reader to [2, 15, 21]
for more details. Here, we discuss the existence of a unique bounded solution to
the coupled system of functional equations (3.2) that belongs to B(S) × B(S) by
using the obtained results in the previous section.

Let B(S) denote the space of all bounded real-valued functions defined on S and,
for any h ∈ B(S), define ‖h‖ = supx∈S |h(x)|. It is well known that (B(S), ‖·‖)
endowed with the sup metric d defined by

d(h, k) = sup
x∈S
|h(x)− k(x)|,

for all h, k ∈ B(S), is a Banach space. Moreover, we can define a partial metric pB
by

pB(h, k) = d(h, k) + θ,

for all h, k ∈ B(S) and θ > 0. Since (B(S), d) is complete and psB(h, k) = 2d(h, k)
for all h, k ∈ B(S), we infer that (B(S), pB) is a complete partial metric space.
Also, define the operator F : B(S)×B(S)→ B(S) by

(F (h, k)) (x) = sup
y∈D
{p (x, y) + U (x, y, h (τ (x, y)) , k (τ (x, y)))} − θ, θ > 0,

for all (h, k) ∈ B(S) × B(S) and x ∈ S. Obviously, if the functions p and U are
bounded, then F is well-defined. Here, we discuss the existence of a unique bounded
solution to the coupled system of functional equations (3.2) by using the obtained
results in the previous section.

Theorem 3.1. Assume that the following conditions are satisfied:

(i) p : S ×D → R and U : S ×D × R× R→ R are bounded functions;
(ii) there exists φ ∈ Φ such that for arbitrary points x ∈ S, y ∈ D and

h, k, h1, k1 ∈ R,

|U (x, y, h, k)− U (x, y, h1, k1)| ≤ φ(max {pB(h, h1), pB(k, k1)}).
Then the system of functional equations (3.2) has a unique bounded solution.
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Proof. Let λ be an arbitrary positive number. Take x ∈ S and (h1, k1), (h2, k2) ∈
B(S)×B(S). Then there exist y1, y2 ∈ D such that

F (h1, k1) (x) < p (x, y1) + U (x, y1, h1 (τ (x, y1)) , k1 (τ (x, y1)))− θ + λ, (3.3)

F (h2, k2) (x) < p (x, y2) + U (x, y2, h2 (τ (x, y2)) , k2 (τ (x, y2)))− θ + λ, (3.4)

F (h1, k1) (x) ≥ p (x, y2) + U (x, y2, h1 (τ (x, y2)) , k1 (τ (x, y2))) , (3.5)

F (h2, k2) (x) ≥ p (x, y1) + U (x, y1, h2 (τ (x, y1)) , k2 (τ (x, y1))) . (3.6)

Next, by using (3.3) and (3.6), we have

F (h1, k1) (x)− F (h2, k2) (x) < U (x, y1, h1 (τ (x, y1)) , k1 (τ (x, y1)))

−U (x, y1, h2 (τ (x, y1)) , k2 (τ (x, y1)))− θ + λ

≤ |U (x, y1, h1 (τ (x, y1)) , k1 (τ (x, y1)))

−U (x, y1, h2 (τ (x, y1)) , k2 (τ (x, y1))) | − θ + λ

≤ φ(max {pB(h1, h2), pB(k1, k2)})− θ + λ. (3.7)

Analogously, by using (3.4) and (3.5), we obtain

F (h2, k2) (x)− F (h1, k1) (x) < φ(max {pB(h1, h2), pB(k1, k2)})− θ + λ. (3.8)

Therefore, from (3.7) and (3.8), we deduce

|F (h1, k1) (x)− F (h2, k2)(x)| < φ(max {pB(h1, h2), pB(k1, k2)})− θ + λ.

The parameter λ is arbitrary, so

pB (F (h1, k1), F (h2, k2)) ≤ φ(max {pB(h1, h2), pB(k1, k2)}),
for all (h1, k1) , (h2, k2) ∈ B(S)×B(S). This means that all conditions of Corollary
2.4 are satisfied and consequently, F has a unique strong coupled fixed point. That
is, the equation (3.2) has a unique bounded solution in B(S). �
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