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ON ¢-CONTRACTION TYPE COUPLINGS IN PARTIAL
METRIC SPACES

HASSEN AYDI, MOHAMMAD BARAKAT, ABDELBSSET FELHI, HUSEYIN ISIK

ABSTRACT. Recently, Choudhury et al. [18] introduced the concept of a cou-
pling. Based on this concept, the notion of ¢-contractions type couplings on
the class of partial metric spaces is initiated and the existence of strong cou-
pled fixed points is ensured. Our main results generalize and extend the ones
of [I8] to partial metric spaces. We present some concrete examples to support
our obtained results.

1. INTRODUCTION AND PRELIMINARIES

The concept of a partial metric space was first introduced by Matthews [24] in
constructing models in the theory of computation. Matthews [24] extended the
Banach contraction principle [I4] to partial metric spaces. Later, many (common)
fixed point results have been provided, for more details see [2] [3, [4] 8, ©} [T0] 1T, 12,
16l 22, 27, [30, B11, B2] 33, B5]. In the sequel, let N denote the set of nonnegative
integers.

Definition 1.1. A partial metric on a nonempty set X is a functionp: X x X —
[0,00) such that for all x,y,z € X:

(PM1) p(z,z) = p(z,y) =p(y,y) <= v =y;
(PM2) p(z,z) < p(z,y);

(PM3) p(z,y) = p(y,z);
(PM4) p(z,z) +p(y,y) < plz,y) +p(y, 2).

The pair (X, p) is then called a partial metric space.

According to [24], each partial metric p on X generates a Ty topology 7, on X
which has as a basis the family of open p—balls {B,(x,¢) : z € X, ¢ > 0}, where
By(z,e) = {y € X : p(x,y) < p(xz,z) + ¢} for all z € X and € > 0. It follows
that a sequence {z,} in a partial metric space (X, p) converges to a point z € X
if and only if p(z,z) = nlgrolo p(Tn,x). Following [24], a sequence {z,} in a partial

metric space (X,p) is called a Cauchy sequence if lim p(x,,2,,) exists and is
n,m— 00

finite. Furthermore, a partial metric space (X,p) is called to be complete if every
Cauchy sequence {z,} in X converges, with respect to 7,, to a point z € X such
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that p(z,z) = lim p(xy,zy). It is known (see [24]) that if p is a partial metric
n,m-—oo
on X, then the function p® : X x X — R* defined by

p*(z,y) = 2p(x,y) — p(z,x) — p(y,y)
for all z,y € X, is a metric on X.

If a sequence converges in a partial metric space (X, p) with respect to 7,s, then
it converges with respect to 7,.

A sequence {z,} in a partial metric space (X,p) is Cauchy if and only if it is a
Cauchy sequence in the metric space (X, p®). Furthermore, a partial metric space
(X,p) is complete if and only if the metric space (X, p®) is complete. Moreover, if
{zn} is a sequence in a partial metric space (X,p) and € X, one has that

nh_)n;op (Tn,z) =0 & p(x,x) = nh_)rr;op(xn, x) = nﬂlrllrgoop(xn, Tim)-
Also, we have the following lemmas.

Lemma 1.2. Let (X,p) be a partial metric space. We have

(1) if p(z,y) =0, then x =y,

(2) if x #y, then p(z,y) > 0.

Lemma 1.3. Let x,, — x and y,, — y as n — oo in a partial metric space (X, p)
with p(x,2) = p(y,y) = 0. If p(xn,yn) = 0 as n — oo, then z =y.

Proof. By triangle inequality, we have

0 S p(xa y) § P(fﬂm yn)+p($7 xn)+p(ya yn)*p(xna xn)fp(yna yn) S p(l'n; yn)+]9($7 ﬂfn)er(y, yn),

and by taking the limit as n — oo, we get p(z,y) < p(z,z) + p(y,y) = 0. So, by
Lemma|l.2] we have z = y. ([l

The notion of a coupled fixed point was introduced and studied by Opoitsev [28§]
and investigated later by Guo and Lakshmikantham [20].

Definition 1.4. [20, 28] An element (x,y) € X? is called a coupled fized point of
the mapping F : X2 = X if

x=F(z,y) and y= F(y,x).

Later, many coupled fixed point results have been proved, see [1I [6, [7, 13| 17
25, [26], [29] [34].

Definition 1.5. [23] Let A and B be two nonempty subsets of a given set X. Any
function f: X — X is said to be cyclic (with respect to A and B) if f(A) C B and
f(B) C A.

Very recently, Choudhury et al. [I8] introduced the concept of couplings between
two non-empty subsets in a metric space by extending the idea behind a cyclic
mapping.

Definition 1.6. [I8] Let (X, d) be a metric space and let A and B be two non-empty

subsets of X. A coupling with respect to A and B is a function F' : X x X — X
such that F(xz,y) € B and F(y,x) € A whenever x € A and y € B.

The concept of a strong coupled fixed point is as follows.

Definition 1.7. [I9] Let X be a nonempty set. An element (z,y) € X x X is a
strong coupled fized point of the mapping F : X x X — X if (x,y) is a coupled fized
point and x =y, that is, if x = F(x, x).
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The main result in [I§] is given as follows.

Theorem 1.8. [I8] Let A and B be two non-empty closed subsets of a complete
metric space (X,d). Let F: X? — X be such that

d(F(z,y), F(u,v)) < g[d(%U)ﬂLd(y,v)], (1.1)

where x,v € A, y,u € B and k € (0,1). Then ANB # () and F has a unique strong
coupled fized point in AN B.

The mapping F’ satisfying is said a Banach type coupling with respect to A
and B. This paper is devoted to give an answer to an open problem presented by
Choudhury et al. [I8] concerning the investigation of fixed point and related prop-
erties for couplings satisfying other types of inequalities as well (as ¢-contraction
type couplings) in the setting of partial metric spaces.

2. MAIN RESULTS

First, denote by ® be the set of functions ¢ : [0, +00) — [0, +00) satisfying

(i) ¢ is non-decreasing,
(if) @(t) <t for all t > 0,
(iii) 1im+ o(r) < tforallt>0.
r—t

We have the following simple lemma from [5], but useful in the sequel. For the
convenience for readers, we give its proof.

Lemma 2.1. Let ¢ € ® and {u,} be a given sequence such that u, — 0% as
n — 0o. Then ¢(u,) — 07 as n — oo. Also, ¢(0) = 0.

Proof. Let € > 0. Since u, — 07 as n — oo, there exists N € N such that
0<wu, <eforalln>N.
Using (i) and (i), we get
d(un) < ¢(e) < e for all n > N.
Thus we proved that ¢(u,) — 07 as n — co. Also, we have ¢(0) < ¢(1) <L —0

1
n
as n — 0o. O

Now, we introduce the following;:

Definition 2.2. Let A and B be two non-empty subsets of a partial metric space
(X,p).

A coupling F : X? — X is said a ¢-contraction type coupling with respect to A
and B if there exists ¢ € ® such that

p(F(z,y), F(u,v)) < ¢p(max{p(z,u), p(y,v)}), (2.1)
for any x,v € A and y,u € B.

Theorem 2.3. Let A and B be two non-empty closed subsets of a complete partial
metric space (X,p). Let F : X? — X be a ¢-contraction type coupling with respect
to A and B. Then ANB # 0 and F has a unique strong coupled fixed point in
ANB.
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Proof. Let xg € A and yg € B be any two arbitrary elements. Choose
z1 = F(yo,z0) and y1 = F(z0,Y0)-

Mention that 21 € A and y; € B. By repeating this process, we construct two
sequences {z,} and {y,} such that

Tn+1l = F(ynvmn) and Yn+1 = F(xnvyn) for all n € N.
Clearly, x,, € A and y,, € B for all n > 0. Now, by using (2.1)), we have
P(Tnt1:Ynt2) = P(F(Yns Tn) F(Tnt1, Ynt1)) < d(max{p(yn, Tnt1), P(Tn, Ynt+1)}),(2.2)
and
p(yn+1axn+2) = p(F(xn,yn),F(ynH,an)) < ¢(max{p(xmyn+1)ap(yn7xn+1)})-(2-3)
By (2.2) and (2.3), we have
max{p(l‘n—&-h yn+2)7p(yn+17 xn+2)} < qb(max{p(xn, yn+1)a p(yna mn+1)})' (24)
Let A, = max{p(xn, yn+1)7p(yna xn+1)}v then from "
Mat1 < 60W). (2.5)
Suppose that A,, = 0 for some n. It follows that
Tn = Ynt+1 = F(xnayn), Yn = Tp41 = F(ynaxn)
From (2.1, we have
P(Tn,Yn) = P(Ynt1, Tnt1) = p( (@n,Yn), F(Yn, Tn))
P(max{p(zn, Yn), P(Yn,Tn)})
d(p(Tn,Yn))s

which implies that p(x,,y,) = 0, that is 2, = y,. Consequently, =, is a strong
fixed point of F.
Now, suppose that A\, > 0 for all n. From (2.5, we have

At < 6(An) < An. (2.6)

The sequence {\,,} is monotone decreasing, so there exists a > 0 such that

lim A\, =
n—oo
From (2.6)), we have
lim ¢(A,) = a. (2.7)
n—oo

Suppose that a > 0. By 1) and lirn+ o(r) < tforall t > 0, we get
r—t
a = nh—>nolo (;3(/\”) = AJEBfr d)(An) < a,

which is a contradiction. So a = 0, that is,

nlggop(xnayn-&-l) = nlggop(yna xn—‘—l) =0. (28)
Again, by (2.1, we have
p(x’ﬂ+17 yn+1) = p(F(yn7 xn)v F(xna yn)) < ¢(p($n, yn)) (29)

Put 0, = p(xn,yn). From (2.9)), we have
M1 < @(Nn). (2.10)
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If n, = 0 for some p, then z, = y, and so zp+1 = Yp+1. By induction, we have
p(xp,yn) = 0 for all n > p. Thus
lim p(xna yn) =0.
n—oo
Assume that 7, > 0 for all n. From ([2.10)), we have
Mnt1 < (b(nn) < Mn.

So the sequence {n,,} is monotone decreasing. So there exists z > 0 such that

lim 7, = 2.
n—oo

Assume that z > 0. Proceeding similarly by using lim+ o(r) < t forall t > 0, we
r—t

obtain a contradiction. Thus z = 0. In both cases, we get
nlingop(xn,yn) =0. (2.11)
By using and , we obtain
nlLH;op(xn, Tny1) < nli_)rr;o[p(%,yn) + 2(Yn, Tny1)] = 0.
Similarly,
nlijgop(ym Yn+1) < nlgn;o[p(y”’ Tn) + P(Tn, Yn+1)] = 0.
Consequently, we have

lim p(zn, 2p41) = i p(yn, yni1) = 0. (212)

n—roo

Now, we shall show that

lim p(@n, zm) = li_>m P(Yn, ym) = 0. (2.13)

n—oo
We argue by contradiction. Assume there exists € > 0, for which we can find
subsequences of integers {my} and {n;} with ny > my > k such that
max{p(Tn,, Tmy ) P(Yny> Ymi )} > € (2.14)
Further, corresponding to mj we can choose ny in such a way that it is the smallest
integer with ng > my and satisfying (2.14). Then
ma’X{p(mmk’xnk_1)7p(ymk?ynk_1)} <€ (2'15)
Using the triangle inequality and condition (2.1)), we have
p(xnk ) xmk) < p(xnk ) ynk) + p(ynk ) xmk-i-l) + p(mmk-‘rl’ xmk)
= p(xnk , ynk) + p(l‘mk+1; xmk) + p(F(xnkflv ynk71)7 F(ymk ) xmk))
S p(xnk ) ynk) + p(xmk+1a xmk) + QS(maX{p(xnkfh ymk)ap(ynkflv l'mk)})
Again,
p(ynlm ymk) < p(ynk ) xnk) + p(m’ﬂk ’ ymk+1) + p(ymk+17 ymk)
p(ynk ) 'rnk) + p(ymk-‘rla ymk) + p(F(xmk ) ymk)v F(ynk—17 xnk—l))
< p(l‘nk ) ynk) + p(ymk+1, ymk) + ¢(max{p('xmk ) ynk—l)ap(ymk ) xnk—l)})'
We deduce that
max{p(Tny; Tmy, ), P(Yng Ymi )} < P(Tnys Yny,) + mas{ (T, Ty t1)5 P(Ymy > Ymy4+1) }
+ (b(max{p(xmk ) ynk*1)7p(ymk ) xnkfl)})'
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Using (2.14) and (2.15) together with the fact that ¢ is nondecreasing,

e < max{p(Tn,, Tmy ), P(Ynyr Yy )} < P(Tnys Yy ) + max{p(@om,, Ty 1), DY s Yy 41) }
+ d(max{p(Tm,,, Ymy,) + P Yn—1)s PYmis T ) + P( Ty s Ty —1) })
< P(Tngs Yng ) + MAX{D(Trng s Trnge+1) s DY Ymg+1) }
+ O(P(@my s Ymy) + max{p(Ymy s Yni—1) P(@my, Tny—1)})
< P(@nys Yny) + MaX{P(Trnys Ty +1)s DY » Yma+1) } + S0 Ty Ymy,) + €)
Passing to limit as & — oo in the above inequality, and using , and
condition (4i7) on ¢, we obtain

€< klingo A(P(Tmys Ymy,) +€) = lim A(P(Trmy Ymy,) +€) <€,

P(Ymy, »Tmy, ) He—ret

which is a contradiction. So (2.13)) holds. This implies that {z,} and {y,} are
Cauchy sequences in A and B, respectively. Since A and B are closed subsets of
the complete partial metric space (X, p), there exist z € A and y € B such that

plz,2) = lim plan,z) = L p(zn,2m) =0, (2.16)
and
p(y,y) = lim p(yn,y) = n,}érﬁoop(y"’ Ym) = 0. (2.17)

From (2.11)), (2.16]) and (2.17) together with Lemma we get x = y, and then
ANB#0.
Now, we will show that z is a strong coupled fixed point in AN B. From ({2.1)

p(va(xvx)) :p(m7F(x7y)) < p(xvxnﬂ) +p(1‘n+1,F( 7y)) _p(anrhanrl)

< p(@, &ns1) + P(@nt1, F(2,9))
= p(x, Tpt1) + p(F(2,Y), F'(Yn, Tn))
< p(@, zn41) + S(max{p(@, yn), p(y, T5)}).

(2.18)
Since li_>m max{p(z, y,), p(y, )} = 0T, by Lemma , we have

Jim_g(max{p(z,yn), p(y, zn)}) = 07

Passing to limit as n — oo in (2.18)), we obtain p(z, F(z,z)) < 0, so ¢ = F(z,z).
Assume that F has two strong coupled fixed points u, v in ANB, that is, v = F(u, u)
and v = F(v,v) with u,v € AN B. Suppose that u # v, so p(u,v) > 0. By (2.1),
we have

p(u,’l}) = p(F(u,u)7F(U,’lJ)) < qb(p(um)) < p(u,v),

which is a contradiction. This implies that u = v, i.e., the strong coupled fixed
point is unique.
|

We state the following consequences from Theorem [2.3]

Corollary 2.4. Let (X,p) be a complete partial metric space . Let F : X? — X be
such that

p(F(x,y), F(u,v)) < ¢(max{p(z,u), p(y,v)})
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for any x,y,u,v € X, where ¢ € ®. Then F has a unique strong coupled fixed point
in X.

Proof. Tt suffices to consider A = B = X in Theorem [2.3] O

Corollary 2.5. Let A and B be two non-empty closed subsets of a complete partial
metric space (X,p). Let F : X? — X be such that

p(F(z,y), F(u,v)) < kmax{p(z,u),p(y,v)}

for any x,v € A and y,u € B, where k € [0,1). Then AN B # 0 and F has a
unique strong coupled fixed point in AN B.

Proof. We take ¢(t) = kt in Theorem O

Corollary 2.6. Let A and B be two non-empty closed subsets of a complete partial
metric space (X,p). Let F: X? — X be such that

pF (o). Flu)) < o (U020,

for any x,v € A and y,u € B, where ¢ € ®. Then AN B # () and F has a unique
strong coupled fized point in AN B.

Proof. Tt suffices to notice that w < max{p(z,u),p(y,v)}. O

Corollary 2.7. Let A and B be two non-empty closed subsets of a complete partial
metric space (X,p). Let F: X? — X be such that

P(F (2, ), Flu,0)) < & (p(e,0) +plyv),

for any x,v € A and y,u € B, where k € [0,1). Then AN B # 0 and F has a
unique strong coupled fixed point in AN B.

Proof. We take ¢(t) = kt in Corollary O

Considering now the metric version of Theorem we have

Corollary 2.8. Let A and B be two non-empty closed subsets of a complete metric
space (X,d). Let F: X? — X be such that

d(F(z,y), F(u,v)) < p(max{d(z,u),d(y,v)}), (2.19)

for any x,v € A and y,u € B. Then AN B # () and F has a unique strong coupled
fixed point in AN B.

Remark 1. Corollary[2.7 is an extension of Theorem[1.§ to partial metric spaces.
Corollary[2-§ generalized Theorem [1.8.

The following examples illustrate Theorem [2.3] where Theorem [1.§] is not appli-
cable.

Example 2.9. Let X = [0,1] and p(x, y) = max{x,y} for all z,y € X. Consider
the closed subsets A = {0} and B =10,1]. Define F: X x X — X as
ifer <y

{ ifx >y.
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Obviously, F is a coupling with respect to A and B. Consider ¢ : [0,00) — [0,00)

defined by

2

2t, 0<t<1

t — 37 — —_
#) {; t>1.
Mention that ¢ € .
Now, let x,v € A and y,u € B, sox =v =0 and y,u € [0,1]. We distinguish

the following two cases:
Case 1. If y € (0,1], we have

1 2
P(F(w,y). F(u,v)) = p(5,0) = Sy <
Case 2. Ify =0,

p(F(z,y), F(u,v)) = p(0,0) = 0 < ¢p(max{p(z,y), p(u, v)}).
Hence, holds in each case. All hypotheses of Theorem are verified, so F
has a unique strong coupled fixed point, which is 0.
Note that Theorem[1.§ is not applicable. Indeed, taking d the usual metric on X
and forx =v=u=0 and y =1, we have
1

d(F(0,1), F(0,0)) = d(5,0) =

S < 2 maxy, u} = o(max{p(e, w) p(y, )}

w

[d(0,0) + d(1,0)],

w\w
w\w

1

5 >
for each k € ]0,1).

Example 2.10. Let X = [0,00) and p(z,y) = i|x —yl+ % max{z,y} for all z,y €
X. Consider the closed subsets A = {0} and B = [0,1]. Define F : X x X — X
as F(z,y) = 221—21 for all (x,y) € Ax B. Ify =1, we get F(a,y) = % € B and
F(y,z) =0 € A. While, if y =0, then F(z,y) =0= F(y,x) € ANB. Then F is
a coupling with respect to A and B. Consider ¢ : [0,00) — [0,00) defined by

9
t, 0<t<1
t = 10 ’ - -
) {; t>1.

Mention that ¢ € .

Now, let x,v € A and y,u € B, sox =v =0 and y,u € [0,1]. We distinguish
the following two cases.
Case 1. If y,u € [0,1] and u <y we have

2

2
PG ), P o) = p(5,0) = 2 < 22,

w

Since,
Slmax{p(e, w) p(y, 0)}) = dlmax( 5, 2y = T > 2

Case 2. If y,u € [0,1] and y < u, we have

p(F(x,y), F(u,v)) = p(5

Since,
Slmax{p(e, u),ply 0)}) = omax{ 5 2y = T8 > 2 > W pp(a,y), Fu,0))

Hence, holds. All hypotheses of Theorem- are verified, so F' has a unique
strong coupled fixed point, which is 0.
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Note that Theorem is not applicable. Indeed, taking x = v = 0 and u =
0, y =1, we have
1

d(F(0,1), F(0,0)) = d(5,0) =

o |

- g[d(0,0) +d(1,0)],

£

|~

for each k € ]0,1).

3. AN APPLICATION

Consider the following coupled system of functional equations

a(z) = sup {p(z,y) + U (z,y,a (7 (z,9)), B (7 (z,9)))},

(3.1)
B (z) = sup {p(z,y) +U(z,y,B(7 (2,9)), a (7 (z,9)))},
which further can be reformulated as
& (‘T) = Slelg {p (33, y) =+ U (‘Ta Y, (T (33, y)) ) 5 (7_ (l‘, y)))} - 07
! (3.2)

B(z) = sup {p(z,y) +U(z,y,B(1 (2,9)),a(r(z,y))} -0,

where € S and S is a state space, D is a decision space, 7 : S x D — S|
p:SxD =R, U:SxDXxRxR— Rand 6§ > 0. We refer the reader to [2| [15] 2T]
for more details. Here, we discuss the existence of a unique bounded solution to
the coupled system of functional equations that belongs to B(S) x B(S) by
using the obtained results in the previous section.

Let B(S) denote the space of all bounded real-valued functions defined on S and,
for any h € B(S), define ||h|| = sup,cg |h(z)|. It is well known that (B(S),||-||)
endowed with the sup metric d defined by

d(h7 k) = Sup |h(’£) - k(:L‘)|,

zeS
for all h, k € B(S), is a Banach space. Moreover, we can define a partial metric pp
by
pe(h, k) =d(h, k) + 0,

for all A,k € B(S) and 6 > 0. Since (B(S),d) is complete and p%(h, k) = 2d(h, k)
for all h, k € B(S), we infer that (B(S),pg) is a complete partial metric space.
Also, define the operator F' : B(S) x B(S) — B(S) by

(£ (b, k)) (x) = sup {p(z,y) + U (2,9, b (7 (2,9)) k(7 (z,9))} =0, 6>0,

for all (h,k) € B(S) x B(S) and = € S. Obviously, if the functions p and U are
bounded, then F' is well-defined. Here, we discuss the existence of a unique bounded
solution to the coupled system of functional equations by using the obtained
results in the previous section.

Theorem 3.1. Assume that the following conditions are satisfied:

() p:SxD—=RandU : 5 x D xR xR — R are bounded functions;
(i1) there exists ¢ € ® such that for arbitrary points x € S, y € D and
h,k‘,hl,k‘l € R,

|U (1'7 Y, h, k) -U (CU, Y, hy, k1)| < ¢(max {pB(hv hl)va(kv kl)})
Then the system of functional equations has a unique bounded solution.
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Proof. Let A be an arbitrary positive number. Take x € S and (hy, k1), (he, k2) €
B(S) x B(S). Then there exist y1,y2 € D such that

F(hi, k1) () <plx,y1) + U (z,y1,h1 (7 (z,01)) k1 (7 (z,91))) =0+ A, (3.3)
F(ha, k) (z) < p(2,y2) + U (z,y2, ha (7 (2, 92)) k2 (7 (2,92))) =0+ A, (3.4)
F(hy, k1) (@) 2 p(2,y2) + U (2,92, b (7 (2, 92)) k(7 (2,92))),  (3.5)
F(ha, ko) (x) = p(z,y1) + U (z,y1, b2 (7 (2,91)) k2 (7 (2,51))) - (3.6)

Next, by using and , we have
F(hi,k1) (z) — F(h2, ko) (x) < U(z,y1,h1 (7 (2,51)) k1 (7 (2,91)))
U (%, y1,h2 (T (2,91)) k2 (7 (z,91))) — 0 + A
S |U($»y17h1 (T (xvyl))akl (T (xvyl)))
=U (z,y1,ha (T (z,91)) , k2 (T (z,91))) | = O+ A
< ¢(max{pp(hi,h2),pp(ki,k2)}) =0+ A (3.7)
Analogously, by using and , we obtain
F(hg, ko) () — F(h1, k1) () < ¢(max {pp(h1, ha),pp(ki,k2)}) =0+ A (3.8)
Therefore, from and , we deduce
|F'(ha, k1) (2) — F(ho, ko) (z)| < ¢(max {pp(h1, h), pp(k1,k2)}) — 0 + A

The parameter A is arbitrary, so

pB (F(h1, k1), F'(ha, k2)) < ¢(max {pp(h1, h2), pp(k1,k2)}),

for all (h1, k1), (he, k2) € B(S) x B(S). This means that all conditions of Corollary
are satisfied and consequently, F' has a unique strong coupled fixed point. That
is, the equation (3.2)) has a unique bounded solution in B(.S). O

Acknowledgments. The authors would like to thank the anonymous referees for
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