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COINCIDENCE AND FIXED POINT THEOREMS OF

INTUITIONISTIC FUZZY MAPPINGS WITH APPLICATIONS

AKBAR AZAM, REHANA TABASSUM AND MALIHA RASHID

Abstract. The purpose of this paper is to prove some new common fixed

point and coincidence point theorems for a pair of intuitionistic fuzzy mappings
on a complete metric linear space in association with the Hausdorff metric as

well as d∞ metric on the family of intuitionistic fuzzy sets (IFS). Moreover, as

an application, in function space C [a, b], an existence of coincidence theorem
for a family of nonlinear integral equations has been established. Some illus-

trative examples which demonstrate the validity of the hypothesis and novelty

of our main results are presented

1. Introduction

Fixed point theory plays an increasingly important role in the study of nonlinear
phenomena. Indeed fixed point techniques have been applied in several fields such
as biology, economics, engineering, non-linear programming and theory of differen-
tial equations etc., (see, [9, 15]). All results in this area are based on the Banach’s
contraction principle introduced in 1922, which provides the existence, uniqueness
and sequence of successive approximations converging to a solution of the prob-
lem. The Banach’s contraction principle has number of generalizations in many
directions (see, [2, 6, 13, 14, 19]). In 1976, Jungck [18] generalized the Banach’s
contraction principle by using commuting mappings and also extended the idea of
weakly commuting mappings. Furthermore, Kikawa and Suzuki gave generalization
to improve the work of Suzuki [19] and the Nadler fixed point theorem [22].
On the other hand, several kind of difficulties, arise in dealing with the uncertainties
and imprecision in given data in various situations. Then ”fuzzy set theory” initi-
ated by Zadeh [28] in 1965, is considered as an important tool to solve the problems
of uncertainties and ambiguities. Fuzzy logic has been applied in many fields, from
control theory to artificial intelligence. Moreover, the concept of fuzzy mapping
was firstly, introduced by Heilpern [16] who proved a fixed point theorem for fuzzy
contraction mapping which is fuzzy extension of Banach’s contraction principle in
metric linear space. Afterwards, the result of Heilpern [16] was extended by more
than a few authors (see, [2, 6, 7, 8, 21, 24]) to obtain the existence of fixed points
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and common fixed point of fuzzy mappings in complete metric spaces.
In 1986, the concept of an intuitionistic fuzzy set (IFS) was put forward by
Atanassov [3] with the help of t-norm and t-conorm, which can be viewed as an
extension of fuzzy set. Intuitionistic fuzzy sets not only define the degree of mem-
bership of an element, but also characterize the degree of non-membership. It
would be better to deal with the imprecise and uncertain information than fuzzy
sets. (IFS) has much attention due to its significance to remove the vagueness or
uncertainty in decision making.
(IFS) is a tool in modeling real life problems such as psychological investigation,
career determination etc. Recently, a progressive development has been made
in the study of intuitionistic fuzzy sets by many researchers, such as Atanassov
(see, [3, 4, 5]), Burillo and Bustince (see, [10, 11, 12]), Hur et al. [17], Ra et al.
[23], etc. In 2012, shen et al. [26] introduced the concept of intuitionistc fuzzy
mapping on nonempty set and studied some operations of intuitionistic fuzzy map-
ping to develop a soft algebra and proposed a relationship with the intuitionistic
fuzzy relation.
In this paper, some new common intuitionistic fuzzy fixed point theorems as well as
coincidence theorem for a pair of intuitionistic fuzzy mappings in a complete metric
linear space X with (α, β)− cut set of an intuitionistic fuzzy set (see, [4, 25]) have
been established. As an application, an existence theorem for approximate solution
of family of nonlinear integral equations in function space C [a, b] is presented.
Our results can be viewed as significant refinement and improvement of previously
known results (see, [2, 3, 4, 5, 6, 7, 8, 10, 11, 16, 18, 20, 21, 24, 25, 26, 28]) to in-
tuitionistic fuzzy mapping in association with (α, β) − cut set of an intuitionistic
fuzzy set. To the best of our knowledge, there is no result in the literature so
for concerning with the study of common fixed point, coincidence point and even
fixed point for a pair of intuitionistic fuzzy mappings in complete metric linear
spaces with applications. Therefore, our work will open the research activity in
new direction in the field of fixed point theory.

2. Preliminaries

For the reader’s convenience, some definitions and results which has been men-
tioned in [1, 2, 3, 4, 5, 8, 16, 20, 21, 22] are recalled. In the following it is assumed
that (X, d) is a complete metric space and (V, d) a complete metric linear space,
then

2X = {A : A is a subset of X} ,

C
(
2X
)

=
{
A ∈ 2X : A is nonempty and compact

}
,

CB
(
2X
)

=
{
A ∈ 2X : A is nonempty closed and bounded

}
.

For A, B ∈ CB
(
2X
)

d (x,A) = inf
y∈A

d (x, y) ,

d (A,B) = inf
x∈A,y∈B

d (x, y) .

Thus, the Hausdorff metric H on CB
(
2X
)

is defined as

H (A,B) = max

{
sup
a∈A

d (a,B) , sup
b∈B

d (A, b)

}
.
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A fuzzy set in X is a function with domain X and values in [0, 1], IX is the family
of all fuzzy sets in X. If A is a fuzzy set and x ∈ X, then the function value A (x)
is called the grade of membership of x in A.
If A is a fuzzy set then α− level set of A is denoted by [A]α and is defined as

[A]α = {x : A (x) ≥ α} if α ∈ (0, 1] ,

[A]0 = {x : A (x) > 0},
∧
A =

{
x : A (x) = max

y∈X
A (y)

}
.

A fuzzy set A in a metric linear space V , is said to be an approximate quantity if
and only if [A]α is compact and convex in V for each α ∈ [0, 1] and sup

x∈V
A (x) = 1.

For A, B ∈ IX , then A ⊂ B implies A (x) ≤ B (x) for each x ∈ X. If there exists
an α ∈ [0, 1] such that [A]α, [B]α ∈ C

(
2X
)
, then define

pα (A,B) = inf
x∈[A]α,y∈[B]α

d (x, y) ,

Dα (A,B) = H ([A]α , [B]α) ,

p (A,B) = sup
α
pα (A,B) ,

d∞ (A,B) = sup
α
Dα (A,B) .

It is observed from [16], pα is a non-decreasing function of α, d∞ is a metric on
C
(
2X
)

and the completeness of (X, d) implies that
(
C
(
2X
)
, H
)

and (C (X) , d∞)
are complete.
Moreover,

(X, d)→
(
CB

(
2X
)
, H
)
→ (E (X) , d∞) ,

are isometric embedding by means of x→ {x} (crisp set) and A→ χA respectively.
Let X be an arbitrary set, Y a metric space. A mapping T is called fuzzy mapping
if T is a mapping from X into IY (see, [16]) . A fuzzy mapping T is a fuzzy subset
on X × Y with membership function T (x) (y). The function value T (x) (y) is the
grade of membership of y in T (x). An element x∗ ∈ X is called a fuzzy fixed point
of a fuzzy mapping T : X → IX if there exists α ∈ (0, 1] such that x∗ ∈ [Tx∗]α
(see, [7]). An element x∗ is known as a fixed point of T if for all x ∈ X such that
T (x∗) (x∗) ≥ T (x∗) (x) (see, [2]). Moreover, x∗ is an Heilpern fixed point of T if
{x∗} ⊂ Tx∗ (see, [16]).

Lemma 2.1 [22] Let A and B be nonempty closed and bounded subsets of a
metric space (X, d) and if a ∈ A, then

d (a,B) ≤ H (A,B) .

Lemma 2.2 [22] Let A and B be nonempty closed and bounded subsets of a
metric space (X, d) and 0 < ε ∈ R. Then for a ∈ A, there exists b ∈ B such that

d (a, b) ≤ H (A,B) + ε.

Lemma 2.3 [27] Let A and B be nonempty closed and bounded subsets of a
metric space (X, d), with H (A,B) < ε. Then for each a ∈ A, there exists b ∈ B
such that d (a, b) < ε.
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3. Intuitionistic fuzzy fixed points of intuitionistic fuzzy mappings

In this section, (α, β)− cut set of (IFS) which is generalization of α− level set
is presented. Furthermore, common intuitionistic fuzzy fixed points for a pair of
intuitionistic fuzzy mappings by using Hausdorff metric on intuitionistic fuzzy sets
are studied. Some definitions, lemmas and notations relative to intuitionistic fuzzy
sets are presented to illustrate our approach.

Definition 3.1 [3] Let X be a universal set and A is an Intuitionistic fuzzy set
which is defined as:

A = {x ∈ X : 〈µA (x) , νA (x)〉}
with µA : X → [0, 1] and νA : X → [0, 1] denote the degree of membership and the
degree of non-membership of each element x to set A respectively such that

0 ≤ µA(x) + υA(x) ≤ 1 for all x ∈ X.

Definition 3.2 [5] Let A is an intuitionistic fuzzy set and x ∈ X, then α− level
set of an intuitionistic fuzzy set A is denoted by [A]α and is defined as:

[A]α = {x ∈ X : µA (x) ≥ α and υA (x) ≤ 1− α} , if α ∈ [0, 1] .

A generalized version of α− level set of an intuitionistic fuzzy set A is instigated
in [4, 23].

Definition 3.3 [4, 25] Let L = {(α, β) : α+ β ≤ 1;α, β ∈ (0, 1]× [0, 1)} and A
is an IFS on X, then (α, β)− cut set of A is defined as:

A(α,β) = {x ∈ X : µA (x) ≥ α and υA (x) ≤ β} .
Definition 3.4 [26] Let X be an arbitrary set, Y be a metric space. A mapping

S : X → (IFS)
Y

is called intuitionistic fuzzy mapping.
Definition 3.5. A point x∗ ∈ X is called intuitionistic fuzzy fixed point of an

intuitionistic fuzzy mapping S : X → (IFS)
X

, if there exists (α, β) ∈ (0, 1]× [0, 1)
such that x∗ ∈ [Sx∗](α,β) .

Definition 3.6. A point x∗ ∈ X is said to be a fixed point of an intuitionistic

fuzzy mapping S : X → (IFS)
X

,

if µ(Sx∗) (x∗) ≥ µ(Sx∗) (x) and υ(Sx∗) (x∗) ≤ υ(Sx∗) (x) for all x ∈ X.
Definition 3.7. An intuitionistic fuzzy set A in a metric linear space V is said

to be an approximate quantity if and only if [A](α,β) is compact and convex in V

for each (α, β) ∈ (0, 1]× [0, 1) with

sup
x∈V

µA (x) = 1 and inf
x∈V

υA (x) = 0.

Any crisp set A can be represented as an intuitionistic fuzzy set by its intuitionistic
characteristic function (ΓA,ΦA) defined as

ΓA (x) =

{
1 if x ∈ A
0 if x /∈ A

and

ΦA (x) =

{
0 if x ∈ A
1 if x /∈ A.

Remark 3.8. If A is an intuitionistic fuzzy set, then
∧
A is defined as:

∧
A =

{
x ∈ X : µA (x) = max

y∈X
µA (y) and υA (x) = min

y∈X
υA (y)

}
.
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In the following, some sub-collections of (IFS)
X

and (IFS)
V

are defined as:

W (V ) =
{
A ∈ (IFS)

V
: A is an approximate quantity in V

}
,

L (X) =
{
A ∈ (IFS)

X
: Â ∈ C

(
2X
)}
,

M (X) =
{
A ∈ (IFS)

X
: [A](α,β) ∈ C

(
2X
)
, for each (α, β) ∈ (0, 1]× [0, 1)

}
,

N (X) =
{
A ∈ (IFS)

X
: [A](α,β) ∈ CB

(
2X
)
, for each (α, β) ∈ (0, 1]× [0, 1)

}
,

R (X) =
{
A ∈ (IFS)

X
: [A](α,β) ∈ C

(
2X
)
, for some (α, β) ∈ (0, 1]× [0, 1)

}
,

G (X) =
{
A ∈ (IFS)

X
: [A](α,β) ∈ CB

(
2X
)
, for some (α, β) ∈ (0, 1]× [0, 1)

}
.

(See, [4]). Let A, B ∈ (IFS)
X

, then A ⊂ B implies that

µA (x) ≤ µB (x) and υA (x) ≥ υB (x) for each x ∈ X.

If there exists (α, β) ∈ (0, 1]× [0, 1) such that [A](α,β), [B](α,β) ∈ C
(
2X
)
, define

p(α,β) (A,B) = inf
x∈[A](α,β),y∈[B](α,β)

d (x, y) ,

D(α,β) (A,B) = H
(

[A](α,β) , [B](α,β)

)
,

p (A,B) = sup
(α,β)

p(α,β) (A,B) ,

d∞ (A,B) = sup
(α,β)

D(α,β) (A,B) .

Lemma 3.9. If (V, d) is a complete metric linear space, S : V → W (V ) is
an intuitionistic fuzzy mapping and v0 ∈ V . Then there exists v1 ∈ V such that
{v1} ⊂ Sv0.

Proof. For n ∈ Z+, [Sv0]
( n
n+1

, 99n−1
100n(n+1) )

is a non-increasing sequence of nonempty

compact subsets of V .
This implies that

∩n∈Z+ [Sv0]
( n
n+1

, 99n−1
100n(n+1) )

6= φ.

Let

v1 ∈ ∩n∈Z+ [Sv0]
( n
n+1

, 99n−1
100n(n+1) )

,

where

[Sv0]
( n
n+1

, 99n−1
100n(n+1) )

=

{
v1 ∈ V : µSv0 (v1) ≥ n

n+ 1
and υSv0 (v1) ≤ 99n− 1

100n (n+ 1)

}
.

It follows that

1

1 + 1
n

≤ µSv0 (v1) ≤ 1 and 0 ≤ υSv0 (v1) ≤ 99

100 (n+ 1)
− 1

100n (n+ 1)
.

This implies that

µSv0 (v1) = 1 and υSv0 (v1) = 0.

Thus, {v1} ⊂ Sv0.
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Lemma 3.10. Let (X, d) be a metric space, x∗ ∈ X and S : X → (IFS)
X

is an intuitionistic fuzzy mapping such that
∧
S (x) ∈ C

(
2X
)

for all x ∈ X. Then

x∗ ∈
∧
Sx∗

if and only if µSx∗ (x∗) ≥ µSx∗ (x) and νSx∗ (x∗) ≤ νSx∗ (x) for all x ∈ X,

where
∧
S : X → CB

(
2X
)

is a mapping induced by an intuitionistic fuzzy mapping
S and is defined as follows:

∧
Sx (t) =

{
y ∈ X : µSx (y) = max

t∈X
µSx (t) and υSx (y) = min

t∈X
υSx (t)

}
.

Proof. For x∗ ∈ X, assume that

µSx∗ (x∗) ≥ µSx∗ (x) and νSx∗ (x∗) ≤ νSx∗ (x) for all x ∈ X

if and only if µSx∗ (x∗) = max
x∈X

µSx∗ (x) and νSx∗ (x∗) = min
x∈X

νSx∗ (x) .

This completes the proof.

Theorem 3.11. If A, B : X → (IFS)
X

and for x ∈ X, there exists (α, β)
A(x),

(α, β)
B(x) ∈ (0, 1] × [0, 1) such that [Ax](α,β)A(x), [Bx](α,β)B(x) ∈ CB

(
2X
)

for all

x, y ∈ X

H
(

[Ax](α,β)A(x) , [By](α,β)B(y)

)
≤ ad (x, y) + bd

(
x, [Ax](α,β)A(x)

)
+cd

(
y, [By](α,β)B(y)

)
(1)

+
ed
(
x, [Ax](α,β)A(x)

)
d
(
y, [By](α,β)B(y)

)
1 + d (x, y)

and

c+
ed
(
x, [Ax](α,β)A(x)

)
1 + d (x, y)

< 1, b+
ed
(
y, [By](α,β)B(y)

)
1 + d (x, y)

< 1, (2)

where a, b, c, e are non negative real numbers with a+ b+ c+ e < 1. Thus, there
exists z ∈ X such that

z ∈ [Az](α,β)A(z) ∩ [Bz](α,β)B(z) .

Proof. Here the following three possible cases are considered:
(i) a+ b = 0;
(ii) a+ c = 0;
(iii) a+ b 6= 0, a+ c 6= 0.

Case (i): If a+ b = 0. Let ′x′ be an arbitrary, but fixed element of X, then for
x ∈ X, there exists (α, β)

A(x) ∈ (0, 1] × [0, 1) such that [Ax](α,β)A(x) is nonempty

closed and bounded subset of X. Let y ∈ [Ax](α,β)A(x) and u ∈ [By](α,β)B(y). Then

by lemma (2.1), we obtain

d
(
y, [By](α,β)B(y)

)
≤ H

(
[Ax](α,β)A(x) , [By](α,β)B(y)

)
.
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By inequality (1) and using a+ b = 0, we have1− c−
ed
(
x, [Ax](α,β)A(x)

)
1 + d (x, y)

 d(y, [By](α,β)B(y)

)
≤ 0.

Thus, one of inequalities (2) gives

d
(
y, [By](α,β)B(y)

)
≤ 0.

It implies that

y ∈ [By](α,β)B(y) .

Now

d
(
y, [Ay](α,β)A(y)

)
≤ H

(
[Ay](α,β)A(y) , [By](α,β)B(y)

)
.

Again inequality (1) implies that

(1− b) d
(
y, [Ay](α,β)A(y)

)
≤ cd

(
y, [By](α,β)B(y)

)
+
ed
(
y, [Ay](α,β)A(y)

)
d
(
y, [By](α,β)B(y)

)
1 + d (y, y)

.

This implies that

d
(
y, [Ay](α,β)A(y)

)
≤ 0,

so

y ∈ [Ay](α,β)A(y) .

Hence,

y ∈ [Ay](α,β)A(y) ∩ [By](α,β)B(y) .

Case (ii) : If a+c = 0. For x ∈ X, there exists (α, β)
A(x) ∈ (0, 1]×[0, 1) such that

[Ax](α,β)A(x) is nonempty closed and bounded subset of X. Let y ∈ [Ax](α,β)A(x)

and u ∈ [By](α,β)B(y) .

Again by Lemma (2.1) and using a+ c = 0, we obtain1− b−
ed
(
y, [By](α,β)B(y)

)
1 + d (u, y)

 d(u, [Au](α,β)A(u)

)
≤ 0.

It implies that

d
(
u, [Au](α,β)A(u)

)
≤ 0.

Thus,

u ∈ [Au](α,β)A(u).

Similarly,

u ∈ [Bu](α,β)B(u) .

Hence,

u ∈ [Au](α,β)A(u) ∩ [Bu](α,β)B(u) .

Case (iii): if a+ b 6= 0; a+ c 6= 0.
Let

max

{(
a+ c

1− b− e

)
,

(
a+ b

1− c− e

)}
= η.
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Thus, by a + c, a + b 6= 0 and a + b + c + e < 1, it implies that 0 < η < 1.
Take x0 ∈ X, then by hypothesis, there exists (α, β)

A(x0)
∈ (0, 1] × [0, 1) such

that [Ax0](α,β)A(x0)
is nonempty closed and bounded subset of X. For simplicity,

(α, β)
A(x0)

is denoted by (α1, β1) . Let x1 ∈ [Ax0](α1,β1)
and for this x1, there

exists (α, β)
B(x1)

∈ (0, 1] × [0, 1) such that [Bx1](α,β)B(x1)
∈ CB

(
2X
)
. Replace

(α, β)
B(x1)

by (α2, β2). Then by lemma (2.2), there exists x2 ∈ [Bx1](α2,β2)
such

that

d (x1, x2) ≤ H
(

[Ax0](α1,β1)
, [Bx1](α2,β2)

)
+η (1− c− e) , (3)

d (x2, x3) ≤ H
(

[Ax2](α3,β3)
, [Bx1](α2,β2)

)
+η2 (1− b− e) . (4)

Continuing this process, a sequence {xn} of elements of X can be generated as:

x2k+1 = [Ax2k](α2k+1,β2k+1),
k = 0, 1, 2, . . . ,

x2k+2 = [Bx2k+1](α2k+2,β2k+2),
k = 0, 1, 2, . . . ,

such that

d (x2k+1, x2k+2) ≤ H
(

[Ax2k](α2k+1,β2k+1)
, [Bx2k+1](α2k+2,β2k+2)

)
+η2k+1 (1− c− e) , (5)

d (x2k+2, x2k+3) ≤ H
(

[Ax2k+2](α2k+3,β2k+3)
, [Bx2k+1](α2k+2,β2k+2)

)
+η2k+2 (1− b− e) . (6)

Using inequalities (1) and (3), we obtain

d (x1, x2) ≤ ad (x0, x1) + bd
(
x0, [Ax0](α1,β1)

)
+ cd

(
x1, [Bx1](α2,β2)

)
+
ed
(
x0, [Ax0](α1,β1)

)
d
(
x1, [Bx1](α2,β2)

)
1 + d (x0, x1)

+ η (1− c− e) .

The above inequality implies that

d (x1, x2) ≤ a+ b

(1− c− e)
d (x0, x1) + η.

Using inequalities (1) and (4), we have

d (x2, x3) ≤ ad (x2, x1) + bd
(
x2, [Ax2](α3,β3)

)
+ cd

(
x1, [Bx1](α2,β2)

)
+
ed
(
x2, [Ax2](α3,β3)

)
d
(
x1, [Bx1](α2,β2)

)
1 + d (x2, x1)

+ η2 (1− b− e) .

Thus,

d (x2, x3) ≤
(

a+ c

1− b− e

)
d (x1, x2) + η2

≤ ηd (x1, x2) + η2.
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This implies that

d (xn, xn+1) ≤ ηd (xn−1, xn) + ηn

≤ η
[
ηd (xn−2, xn−1) + ηn−1

]
+ ηn

≤ η2d (xn−2, xn−1) + 2ηn

≤ η3d (xn−3, xn−2) + 3ηn.

It follows that for each n = 1, 2, . . . ,

d (xn, xn+1) ≤ ηnd (x0, x1) + nηn.

Therefore, for each positive integer m, n (n > m), we have

d (xm, xn) ≤ d (xm, xm+1) + d (xm+1, xm+2) + ...+ d (xn−1, xn)

≤
n−1∑
j=m

ηjd (x0, x1) +

n−1∑
j=m

jηj

≤ ηm

1− η
d (x0, x1) + Sn−1 − Sm−1, where Sn =

n∑
j=1

jηj .

This implies that

d (xm, xn)→ 0 as m, n→∞.

From Cauchy’s root test that

n−1∑
j=m

jηj is convergent because η < 1. Thus, {xn} is a

Cauchy sequence in X. since X is a complete metric space, then there exists z ∈ X
such that xn → z.
Now by lemma (2.1), we have

d
(
z, [Az](α,β)A(z)

)
≤ d (z, x2n) + d

(
x2n, [Az](α,β)A(z)

)
≤ d (z, x2n) +H

(
[Bx2n−1](α2n,β2n)

, [Az](α,β)A(z)

)
. (7)

Thus, from inequalities (1) and (7), we obtain(
1− b− ed (x2n−1, x2n)

1 + d (z, x2n−1)

)
d
(
z, [Az](α,β)A(z)

)
≤ d (z, x2n) + ad (z, x2n−1)

+cd (x2n−1, x2n) .

For n→∞, we get

d
(
z, [Az](α,β)A(z)

)
≤ 0.

So,

z ∈ [Az](α,β)A(z) .

In a similar way, it can be proved that

z ∈ [Bz](α,β)B(z) .

Hence,

z ∈ [Az](α,β)A(z) ∩ [Bz](α,β)B(z) .
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Corollary 3.12 [6] If A, B : X → IX and for x ∈ X, there exists αA (x),
αB (x) ∈ (0, 1] such that [Ax]αA(x), [Bx]αB(x) ∈ CB

(
2X
)
. If for all x, y ∈ X

H
(

[Ax]αA(x) , [By]αB(y)

)
≤ ad (x, y) + bd

(
x, [Ax]αA(x)

)
+ cd

(
y, [By]αB(y)

)
+
ed
(
x, [Ax]αA(x)

)
d
(
y, [By]αB(y)

)
1 + d (x, y)

and

c+
ed
(
x, [Ax]αA(x)

)
1 + d (x, y)

< 1, b+
ed
(
y, [By]αB(y)

)
1 + d (x, y)

< 1.

Where a, b, c, e are non negative real numbers with a+ b+ c+ e < 1. Thus, there
exists z ∈ X such that

z ∈ [Az](α,β)A(z) ∩ [Bz](α,β)B(z) .

Example 3.13. Let X = [0, 1] and metric d : X × X → R is defined by
d (x, y) = |x− y|, whenever x, y ∈ X and (α1, β1), (α2, β2) ∈ (0, 1] × [0, 1). A,

B : X → (IFS)
X

are intuitionistic fuzzy mappings
Case (i) : If x = 0, then we have

µA0 (t) =

 1 if t = 0
1
3 if 0 < t ≤ 1

150
0 if t > 1

150 ,

υA0 (t) =

 0 if t = 0
1
5 if 0 < t ≤ 1

180
1 if t > 1

180

and

µB0 (t) =

 1 if t = 0
1
6 if 0 < t ≤ 1

140
0 if t > 1

140 ,

νB0 (t) =

 0 if t = 0
1
2 if 0 < t ≤ 1

100
1 if t > 1

100 .

If we take (α, β)
A(0) = (1, 0) = (α, β)

B(0), then it is observed that

[A0](1,0) = [B0](1,0) = {0} .

Case(ii): If x 6= 0, then we have

µAx (t) =


α1 if 0 ≤ t < x

20
α1

4 if x
20 ≤ t ≤

x
14

α1

8 if x16 < t < x
0 if x ≤ t <∞,

υAx (t) =


0 if 0 ≤ t < x

17
β1

4 if x
17 ≤ t ≤

x
14

β1

3 if x12 < t < x
β1 if x ≤ t <∞
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and

µBx (t) =


α2 if 0 ≤ t < x

22
α2

6 if x
22 ≤ t ≤

x
14

α2

10 if x16 < t < x
0 if x ≤ t <∞,

νBx (t) =


0 if 0 ≤ t < x

18
β2

6 if x
18 ≤ t ≤

x
14

β2

5 if x10 < t < x
β2 if x ≤ t <∞ .

This implies that

[Ax](α1
4 ,

β1
4 ) =

[
0,
x

14

]
and [Bx](α2

6 ,
β2
6 ) =

[
0,
x

14

]
.

Thus,
Ax,Bx ∈ R (X) ⊂ G (X) .

Therefore,

H
(

[Ax](α,β)A(x) , [By](α,β)B(y)

)
=

{
0 if x = y∣∣x−y
14

∣∣ if x 6= y.

Hence, all the conditions of Theorem (3.11) are satisfied for a = 1
10 , b = 1

40 , c = 1
60 ,

e = 1
80 .

4. Fixed points of intuitionistic fuzzy mappings

In this section, common fixed point results for a pair of intuitionistic fuzzy map-
pings are presented.

Theorem 4.1. If A, B : X → (IFS)
X

be such that

∧
Ax,

∧
Bx ∈ CB

(
2X
)
.

For all x, y ∈ X,

H

(
∧
Ax,

∧
By

)
≤ ad (x, y) + bd

(
x,
∧
Ax

)
+ cd

(
y,
∧
By

)

+

ed

(
x,
∧
Ax

)
d

(
y,
∧
By

)
1 + d (x, y)

,

where a, b, c, e are non negative real numbers with a+ b+ c+ e < 1 and

c+

ed

(
x,
∧
Ax

)
1 + d (x, y)

< 1, b+

ed

(
y,
∧
By

)
1 + d (x, y)

< 1.

Thus, there exists an element z∗ ∈ X such that

µAz∗ (z∗) ≥ µAz∗ (z) and υBz∗ (z∗) ≤ υBz∗ (z) for all z ∈ X.
Proof. Assuming,

max
t∈X

µAx (t) = λ1 min
t∈X

νAx (t) = σ1,

and

max
t∈X

µBx (t) = λ2 min
t∈X

νBx (t) = σ2.
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Thus, for all x, y ∈ X,

∧
Ax = [Ax](λ1,σ1)

and
∧
By = [By](λ2,σ2)

and

H
(

[Ax](λ1,σ1)
, [By](λ2,σ2)

)
≤ ad (x, y) + bd

(
x, [Ax](λ1,σ1)

)
+ cd

(
y, [By](λ2,σ2)

)
+
ed
(
x, [Ax](λ1,σ1)

)
d
(
y, [By](λ2,σ2)

)
1 + d (x, y)

.

Also

c+
ed
(
x, [Ax](λ1,σ1)

)
1 + d (x, y)

< 1, b+
ed
(
y, [By](λ2,σ2)

)
1 + d (x, y)

< 1.

Therefore, by theorem (3.11) there exists z∗ ∈ X such that

z∗ ∈ [Az∗](λ1,σ1)
∩ [Bz∗](λ2,σ2)

=
∧
Az∗ ∩

∧
Bz∗.

Thus, by lemma (3.10) implies that

µAz∗ (z∗) ≥ µAz∗ (z) and υAz∗ (z∗) ≤ υAz∗ (z) for all z ∈ X.

Also

µBz∗ (z∗) ≥ µBz∗ (z) and υBz∗ (z∗) ≤ υBz∗ (z) for all z ∈ X.

5. Heilpern fixed points of intuitionistic fuzzy mappings

In this section, common fixed point results for a pair of intuitionistic fuzzy map-
pings under a linear metric space with the d∞-metric on intuitionistic fuzzy sets
are established.

Theorem 5.1. If A, B : X → N (X) and for all x, y ∈ X, we obtain

d∞(A (x) , B (y)) ≤ ad(x, y) + bp(x,A (x)) + cp(y,B (y))

+e
p(x,A (x))p(y,B (y))

1 + d(x, y)

and

c+ e
p (x,A (x))

1 + d (x, y)
< 1, b+ e

p (y,B (y))

1 + d (x, y)
< 1,

where a, b, c, e, are non negative real numbers with a+ b+ c+ e < 1. Thus, there
exists a point z ∈ X such that {z} ⊂ Az, {z} ⊂ Bz.

Proof. Let x ∈ X, then by hypothesis, [Ax](1,0) and [Bx](1,0) are nonempty

closed and bounded subsets of X.
Thus,

for all x, y ∈ X, D(1,0) (A (x) , B (y)) ≤ d∞ (A (x) , B (y)) .

As

[Ax](1,0) ⊂ [Ax](α,β) ∈ CB
(
2X
)

for each (α, β) ∈ (0, 1]× [0, 1) ,

then

d
(
x, [Ax](α,β)

)
≤ d

(
x, [Ax](1,0)

)
for each (α, β) ∈ (0, 1]× [0, 1) .
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It follows that

p (x,A (x)) ≤ d
(
x, [Ax](1,0)

)
.

Similarly,

p (y,B (y)) ≤ d
(
y, [By](1,0)

)
.

Moreover,

H
(

[Ax](1,0) , [By](1,0)

)
= D(1,0) (A (x) , B (y))

≤ d∞ (A (x) , B (y))

≤ ad (x, y) + bd
(
x, [Ax](1,0)

)
+ cd

(
y, [By](1,0)

)
+e

d
(
x, [Ax](1,0)

)
d
(
y, [By](1,0)

)
1 + d (x, y)

and

c+ e
d
(
x, [Ax](1,0)

)
1 + d (x, y)

< 1, b+ e
d
(
y, [By](1,0)

)
1 + d (x, y)

< 1.

Thus, by theorem (3.11), there exists z ∈ X such that {z} ⊂ Az, {z} ⊂ Bz.
Theorem 5.2. If A, B : V →W (V ) and for each x, y ∈ V , we have

d∞(A(x), B(y)) ≤ ad(x, y) + bp(x,A(x)) + cp(y,B(y))

+e
p(x,A(x))p(y,B(y))

1 + d(x, y)
,

where a, b, c, e are non negative real numbers with a+ b+ c+ e < 1 and

c+ e
p (x,A (x))

1 + d (x, y)
< 1, b+ e

p (y,B (y))

1 + d (x, y)
< 1.

Thus, there exists z ∈ X such that {z} ⊂ Az, {z} ⊂ Bz.
Proof. Let x ∈ V , then by lemma (3.9) there exists u ∈ V such that {u} ⊂

A (x) . It follows that p(α,β) (y,A (x)) = 0 for each (α, β) ∈ (0, 1] × [0, 1) which
is possible if and only if u ∈ [Ax](1,0) . Similarly, there exists y ∈ V such that

y ∈ [Bx](1,0). This implies that

for each x ∈ V , [Ax](1,0) , [Bx](1,0) ∈ C
(
2V
)

for all x, y ∈ X.

The remaining part of this theorem is similar as that of theorem (5.1) .
Example 5.3. Let X = {f, g, h} , {f} , {g} , {h} be crisp sets such that f < g <

h, where f , g, h are non negative real numbers. Defining d : X×X → R as follows:

d (x, y) =


0 if x = y

5
7 if x 6= y and x, y ∈ X \ {g}
1 if x 6= y and x, y ∈ X \ {h}
4
7 if x 6= y and x, y ∈ X \ {f} .

Consider a pair of intuitionistic fuzzy mappings A, B : X → (IFS)
X

, which are
defined as:

µAf (t) = µAg (t) = µAh (t) =

 1 if t = f
1
4 if t = g
0 if t = h
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and

υAf (t) = υAg (t) = νAh (t) =

 0 if t = f
1
3 if t = g
1 if t = h.

.

Also

µBf (t) = µBh (t) =

 1 if t = f
2
5 if t = g
0 if t = h,

µBg (t) =

 1 if t = h
1
4 if t = g
0 if t = f

and

υBf (t) = υBh (t) =

 0 if t = f
3
5 if t = g
1 if t = h,

υBg (t) =

 0 if t = h
3
4 if t = g
1 if t = f .

Thus

[Ax](1,0) = {t : µAx (t) = 1 and υAx (t) = 0}
= {f} for all x ∈ X

and

[Bx](1,0) = {t : µBx (t) = 1 and υBx (t) = 0}

=

{
{f} if x 6= g
{h} if x = g . .

Now

H ({f} , {h}) = max

{
sup
u∈{f}

d (u, {h}) , sup
v∈{h}

d ({f} , v)

}

= max {d (f, h) , d (f, h)} =
5

7
.

Moreover,

H
(

[Ax](1,0) , [By](1,0)

)
= D(1,0) (A (x) , B (y))

=

{
H ({f} , {f}) = 0 if y 6= g
H ({f} , {h}) = 5

7 if y = g.

Thus, for a = b = 1
30 , c = 1

6 , e = 2
3 and y = g, we have

5

7
< ad (x, y) + bp (x,A (x)) + cp (y,B (y))

+e
p (x,A (x)) p (y,B (y))

1 + d (x, y)

and
1

6
+

2
3p (x,A (x))

1 + d (x, y)
< 1,

1

30
+

2
3p (y,B (y))

1 + d (x, y)
< 1.
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Hence, all the hypothesis of Theorem (5.1) are satisfied to obtain f ∈ [Af ](1,0) ∩
[Bf ](1,0) .

6. Coincidence points of intuitionistic fuzzy mappings

In present section, coincidence theorem for a pair of intuitionistic fuzzy mappings
by introducing the (α, β) − cut set of an (IFS) is obtained. Moreover, as an
application, in function space C [a, b], an existence theorem for the solution of
nonlinear integral equations with example is studied.

Theorem 6.1. Let X be a nonempty set, (Y, d) be a metric space and A,

B : X → (IFS)
Y

be a pair of intuitionistic fuzzy mappings. Suppose that for each
x ∈ X, there exists (α, β)

A(x), (α, β)
B(x) ∈ (0, 1] × [0, 1) such that [Ax](α,β)A(x),

[Bx](α,β)B(x) ∈ CB (Y ). ∪
x∈X

[Ax](α,β)A(x) ⊆ ∪
x∈X

[Bx](α,β)B(x) and ∪
x∈X

[Ax](α,β)A(x)

or ∪
x∈X

[Bx](α,β)B(x) is complete. If there exists Ω ∈ [0, 1) such that for all x, y ∈ X

H
(

[Ax](α,β)A(x) , [Ay](α,β)A(y)

)
≤ Ωd

(
[Bx](α,β)B(x) , [By](α,β)B(y)

)
. (8)

Then there exists z ∈ X such that [Az](α,β)A(z) ∩ [Bz](α,β)B(z) 6= φ.

Proof. Let x0 be an arbitrary but fixed element of X. Suppose that y1 ∈
[Ax0](α,β)A(x0)

. Since ∪
x∈X

[Ax](α,β)A(x) ⊆ ∪
x∈X

[Bx](α,β)B(x), then there exists some

x1 ∈ X such that y1 ∈ [Bx1](α,β)B(x1)
and it implies that

[Ax0](α,β)A(x0)
∩ [Bx1](α,β)B(x1)

6= φ.

If Ω = 0, then using inequality (8), we obtain

[Ax0](α,β)A(x0)
= [Ax1](α,β)A(x1)

.

Thus,

y1 ∈ [Ax1](α,β)A(x1)
∩ [Bx1](α,β)B(x1)

,

it implies that x1 is the coincidence point of A and B. Suppose that Ω 6= 0 and if

d
(

[Bx0](α,β)B(x0)
, [Bx1](α,β)B(x1)

)
= 0,

then conclusion is obtained by using inequality (8),

[Ax1](α,β)A(x1)
∩ [Bx1](α,β)B(x1)

6= φ.

If

d
(

[Bx0](α,β)B(x0)
, [Bx1](α,β)B(x1)

)
6= 0,

then by inequality (8), we obtain

H
(

[Ax0](α,β)A(x0)
, [Ax1](α,β)A(x1)

)
≤ Ωd

(
[Bx0](α,β)B(x0)

, [Bx1](α,β)B(x1)

)
<
√

Ωd
(

[Bx0](α,β)B(x0)
, [Bx1](α,β)B(x1)

)
.

Using Lemma (2.3), there exists y2 ∈ [Ax1](α,β)A(x1)
such that

d (y1, y2) <
√

Ωd
(

[Bx0](α,β)B(x0)
, [Bx1](α,β)B(x1)

)
.
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Since ∪
x∈X

[Ax](α,β)A(x) ⊆ ∪
x∈X

[Bx](α,β)B(x) and for y2 ∈ [Ax1](α,β)A(x1)
, we may

choose x2 ∈ X such that y2 ∈ [Bx2](α,β)B(x2)
. If

d
(

[Bx1](α,β)B(x1)
, [Bx2](α,β)B(x2)

)
= 0,

then by same argument the conclusion is obtained.
If

d
(

[Bx1](α,β)B(x1)
, [Bx2](α,β)B(x2)

)
6= 0,

then again by Lemma (2.3), we may choose y3 ∈ [Ax2](α,β)A(x2)
such that

d (y2, y3) <
√

Ωd
(

[Bx1](α,β)B(x1)
, [Bx2](α,β)B(x2)

)
.

Continuing this process, we obtain xn ∈ X and yn ∈ [Axn−1](α,β)A(xn−1)
∩[Bxn](α,β)B(xn)

such that

d (yn, yn+1) <
√

Ωd
(

[Bxn−1](α,β)B(xn−1)
, [Bxn](α,β)B(xn)

)
<
√

Ωd (yn−1, yn)

< Ωd (yn−2, yn−1)

< ... < Ω
n
2 d (y0, y1) .

Thus, (yn) is a Cauchy sequence in ∪
x∈X

[Bx](α,β)B(x). Since ∪
x∈X

[Bx](α,β)B(x) is

complete, then there exists an element u ∈ ∪
x∈X

[Bx](α,β)B(x) such that yn → u.

Moreover, u ∈ [Bv](α,β)B(v) for some v ∈ X.
Now

d
(
u, [Av](α,β)A(v)

)
≤ d (u, yn) + d

(
yn, [Av](α,β)A(v)

)
≤ d (u, yn) +H

(
[Axn−1](α,β)A(xn−1)

, [Av](α,β)A(v)

)
≤ d (u, yn) + Ωd

(
[Bxn−1](α,β)B(xn−1)

, [Bv](α,β)B(v)

)
< d (u, yn) + Ωd (yn−1, u) .

Let n→∞, then we have d
(
u, [Av](α,β)A(v)

)
= 0. It implies that u ∈ [Av](α,β)A(v).

Thus,

[Av](α,β)A(v) ∩ [Bv](α,β)B(v) 6= φ.

Furthermore, if ∪
x∈X

[Ax](α,β)A(x) is complete with u ∈ ∪
x∈X

[Ax](α,β)A(x), then same

conclusion is obtained.
Corollary 6.2 [8] Let X be a nonempty set, (Y, d) be a metric space and A,

B : X → IY be two fuzzy mappings. Suppose that for each x ∈ X there exists
α
A(x), αB(x) ∈ [0, 1) such that [Ax]αA(x), [Bx]αB(x) ∈ CB (Y ) . ∪

x∈X
[Ax]αA(x) ⊆

∪
x∈X

[Bx]αB(x) and ∪
x∈X

[Ax]αA(x) or ∪
x∈X

[Bx]αB(x) is complete. If there exists Ω ∈
[0, 1) such that for all x, y ∈ X

H
(

[Ax]αA(x) , [Ay]αA(y)

)
≤ Ωd

(
[Bx]αB(x) , [By]αB(y)

)
.

Then there exists z ∈ X such that

[Az]αA(z) ∩ [Bz]αB(z) 6= φ.
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Example 6.3. Let X = Y = [0,∞). Defining metric d : X × X → R by
d (x, y) = |x− y|, whenever x, y ∈ X and λ, ρ, σ, η ∈ (0, 1]. Consider a pair of

intuitionistic fuzzy mappings S, T : X → (IFS)
Y

, which are defined as follows:

µSx (t) =


λ if 0 ≤ t ≤ 3x
λ
2 if 3x < t ≤ 4x
λ
3 if 4x < t ≤ 5x

0 if 5x < t <∞ ,

υSx (t) =


0 if 0 ≤ t ≤ 2x
ρ
4 if 2x < t ≤ 4x
ρ
2 if 4x < t ≤ 6x
ρ if 6x < t <∞

and

µTx (t) =


σ, if t = 5x
σ
3 , if t = 6x
σ
5 , if t = 7x
0, otherwise

υTx (t) =


0, if t = 5x
η
5 , if t = 6x
η
2 , if t = 7x
η, otherwise.

Now defining two intuitionistic fuzzy mappings A, B : X → (IFS)
Y

as:

µAx =

{
Γ{0} x = 0
µSx x 6= 0,

υAx =

{
Φ{0} x = 0
υSx x 6= 0

and

µBx =

{
Γ{0} x = 0
µTx x 6= 0,

υBx =

{
Φ{0} x = 0
υTx x 6= 0.

If αA(x) = λ
2 , βA(x) = ρ

4 and αB(x) = σ, βB(x) = 0, then we have

[Ax](α,β)
A(x)

=

{
{0} x = 0
[0, 4x] x 6= 0,

[Bx](α,β)
B(x)

=

{
{0} x = 0
{5x} x 6= 0

and

∪
x∈X

[Ax](α,β)A(x) = [0,∞) = ∪
x∈X

[Bx](α,β)B(x) .

Thus, for Ω = 4
5 , all the conditions of theorem (6.1) are satisfied to obtain

[A0](α,β)
A(0)
∩ [B0](α,β)

B(0)
6= φ.

An existence theorem for the solution of a class of nonlinear integral equations with
the help of completeness property of function space C [a, b] by applying theorem
(6.1) is established.
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Theorem 6.4. Let F : R × [a, b] → R and g : R → R be continuous mappings
and u0 ∈ R. Assume that, for all x ∈ C [a, b] there exists y ∈ C [a, b] such that

(f ◦ y) (t) = u0 +
∫ t
a

[F (z, x (z))] dz and {(f ◦ x) (t) : x ∈ C [a, b]} is closed. If L <
1
b−a such that for all x, y ∈ R, t ∈ [a, b]

|F (t, x)− F (t, y)| ≤ L |g (x)− g (y)| .
Then the integral equation

g (x (t)) = u0 +

∫ t

a

[F (z, x (z))] dz, t ∈ [a, b]

has a solution in C [a, b] .
Proof. Let X = Y = C [a, b] and define d : X × X → R by d (x, y) =

max
t∈[a,b]

|x (t)− y (t)|. Assuming U , V , E, H : X → (0, 1] be four arbitrary map-

pings. Suppose that for x ∈ X, we have

ψx (t) = u0 +

∫ t

a

[F (z, x (z))] dz, t ∈ [a, b] . (9)

Now defining a pair of intuitionistic fuzzy mappings A, B : X → (IFS)
X

as follows:

µAx (h) =

{
U (x) if h (t) = ψx (t) for all t ∈ [a, b]

0 otherwise,

υAx (h) =

{
0 if h (t) = ψx (t) for all t ∈ [a, b]

V (x) otherwise

and

µBx (h) =

{
E (x) if h (t) = g (x (t)) for all t ∈ [a, b]

0 otherwise ,

υBx (h) =

{
0 if h (t) = g (x (t)) for all t ∈ [a, b]

H (x) otherwise .

If we take α
A(x) = U (x), β

A(x) = 0 and α
B(x) = E (x), β

B(x) = 0. Then we obtain

∪
x∈X

[Ax](α,β)A(x) = ∪
x∈X
{h ∈ X : µAx (h) = U (x) and υAx (h) = 0}

= ∪
x∈X
{ψx}

and

∪
x∈X

[Bx](α,β)B(x) = ∪
x∈X
{h ∈ X : µBx (h) = E (x) and υBx (h) = 0}

= ∪
x∈X
{g ◦ x : x ∈ X} .

It follows that ∪
x∈X

[Bx](α,β)B(x) is complete. Then , by assumption , there exists

y ∈ X such that h = g ◦ y. Thus,

∪
x∈X

[Ax](α,β)A(x) = ∪
x∈X
{ψx} ⊆ ∪

x∈X
[Bx](α,β)B(x) .

Moreover, we have

H
(

[Ax](α,β)A(x) , [Ay](α,β)A(y)

)
= max
t∈[a,b]

∣∣ψx (t)− ψy (t)
∣∣

and

d
(

[Bx](α,β)B(x) , [By](α,β)B(y)

)
= max
t∈[a,b]

|g (x (t))− g (y (t))| .
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Thus, by using equality (9), we obtain∣∣ψx (t)− ψy (t)
∣∣ =

∣∣∣∣∫ t

a

[F (z, x (z))] dz −
∫ t

a

[F (z, y (z))] dz

∣∣∣∣
≤

∫ t

a

|F (z, x (z))− F (z, y (z))| dz

≤
∫ t

a

L |g (x (z))− g (y (z))| dz

≤ L sup
t∈[a,b]

|(Bx) (t)− (By) (t)|
∣∣∣∣∫ t

a

dz

∣∣∣∣
≤ L (b− a) d

(
[Bx](α,β)B(x) , [By](α,β)B(y)

)
.

This implies that

H
(

[Ax](α,β)A(x) , [Ay](α,β)A(y)

)
≤ L (b− a) d

(
[Bx](α,β)B(x) , [By](α,β)B(y)

)
.

Thus, for Ω = L (b− a), all the hypothesis of theorem (6.1) are satisfied to find a
continuous function w : [a, b]→ R such that

[Aw](α,β)A(w) ∩ [Bw](α,β)B(w) 6= φ.

Hence, w will be solution of integral equation (9) .
Example 6.5. Let X = C [0, b], then integral equation:

x7 (t) = γ7 +

∫ t

0

[
x7 (z) + z3

]
zdz, t ∈ [0, b] , b < 1 (10)

arise from an initial value problem:

tx7 (t) dt+ t4dt− 7x6 (t) dx = 0, t ∈ [0, b] , x (0) = γ. (11)

Now for all t ∈ [0, b], we have∣∣[x7 + t3
]
t−
[
y7 + t3

]
t
∣∣ = |t|

∣∣x7 − y7∣∣ ≤ b ∣∣x7 − y7∣∣ .
Then all the conditions of theorem (6.4) are satisfied for L = 1, a = 0 and solution
w is approximated by constructing the iterative sequences as follows:

xn ∈ X, yn ∈ [Axn−1](α,β)A(xn−1)
∩ [Bxn](α,β)B(xn)

,

in association with the intuitionistic fuzzy mappings A, B → (IFX)
X

, which are
defined as follows:

µAx (h) =

{
αA if h (t) = ψx (t) for all t ∈ [0, b]

0 otherwise,

υAx (h) =

{
βA if h (t) = ψx (t) for all t ∈ [0, b]

1 otherwise

and

µBx (h) =

{
αB if h (t) = x7 (t) for all t ∈ [0, b]

0 otherwise ,

υBx (h) =

{
βB if h (t) = x7 (t) for all t ∈ [0, b] .

1 otherwise
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Where (α, β)A, (α, β)B ∈ (0, 1]× [0, 1) and

ψx (t) = γ7 +

∫ t

0

[
x7 (z) + z3

]
zdz for all t ∈ [0, b] .

Therefore,

[Ax](α,β)A
= {h ∈ X : µAx (h) = αA and υAx (h) = βA} = {ψx} ,

[Bx](α,β)B
= {h ∈ X : µBx (h) = αB and υBx (h) = βB} =

{
x7
}
.

Let x0 (t) = 0 for all t ∈ [0, b], then

[Ax0](α,β)A
∩ [Bx1](α,β)B

=
{
ψx0

}
.

Hence,

y1 = ψx0
(t) = γ7 +

∫ t

0

[
0 + z3

]
zdz

= γ7 +
t5

5
.

This implies that

x1 (t) =

(
γ7 +

t5

5

) 1
7

.

Now
y2 = ψx1

∈ [Ax1](α,β)A
∩ [Bx2](α,β)B

,

where,

ψx1
(t) = γ7 +

∫ t

0

[
γ7 +

z5

5
+ z3

]
zdz

= γ7 + γ7
t2

2
+

t7

5.7
+
t5

5
.

It follows that

x2 (t) =

(
γ7 + γ7

t2

2
+

t7

5.7
+
t5

5

) 1
7

.

Similarly,

y3 = ψx2
(t)

= γ7 +

∫ t

0

[
γ7 + γ7

z2

2
+
z5

5
+
z7

5.7
+ z3

]
zdz

= γ7 + γ7
t2

2
+ γ7

t4

2.4
+

t7

5.7
+

t9

5.7.9
+
t5

5
and

x3 (t) =

(
γ7 + γ7

t2

2
+ γ7

t4

2.4
+

t7

5.7
+

t9

5.7.9
+
t5

5

) 1
7

.

Also

y4 = ψx3
(t)

= γ7 +

∫ t

0

[
γ7 + γ7

z2

2
+ γ7

z4

2.4
+
z7

5.7
+

z9

5.7.9
+
z5

5
+ z3

]
zdz

= γ7 + γ7
t2

2
+ γ7

t4

2.4
+ γ7

t6

2.4.6
+

t9

5.7.9
+

t11

5.7.9.11
+

t7

5.7
+
t5

5
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and

x4 (t) =

(
γ7 + γ7

t2

2
+ γ7

t4

2.4
+ γ7

t6

2.4.6
+

t9

5.7.9
+

t11

5.7.9.11
+

t7

5.7
+
t5

5

) 1
7

.

This implies that

lim
n→∞

yn =


γ7 + γ7

∞∑
k=1

t2k

(2k)(2k−2)(2k−4)...2

+

∞∑
k=1

t2k+5

(2k+5)(2k+3)(2k+1)(2k−1)...5

 ∈ [Aw](α,β) ∩ [Bw](α,β) .

Thus,

w (t) =


γ7 + γ7

∞∑
k=1

t2k

(2k)(2k−2)(2k−4)...2

+

∞∑
k=1

t2k+5

(2k+5)(2k+3)(2k+1)(2k−1)...5


1
7

is a solution of integral equation (10) .
Conclusion. This paper establishes the common intuitionistic fuzzy fixed point

theorems in connection with the concept of intuitionistic fuzzy set valued mappings
by using (α, β)−cut of an intuitionistic fuzzy set. As applications, some coincidence
theorems along with the existence theorem for the solution of a class of nonlinear
integral equations have been proved. These results create a new track of research
for fixed point theorists. Moreover, we conclude that the main results of this paper
is an extension of results of [6, 8] to intuitionistic fuzzy mappings in association
with (α, β)− cut of an intuitionistic fuzzy set.

Acknowledgements. The authors are very grateful to the editor and the
referees for their useful comments and suggestions to improve the quality of this
paper .
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