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COINCIDENCE AND FIXED POINT THEOREMS OF
INTUITIONISTIC FUZZY MAPPINGS WITH APPLICATIONS

AKBAR AZAM, REHANA TABASSUM AND MALIHA RASHID

ABSTRACT. The purpose of this paper is to prove some new common fixed
point and coincidence point theorems for a pair of intuitionistic fuzzy mappings
on a complete metric linear space in association with the Hausdorff metric as
well as doo metric on the family of intuitionistic fuzzy sets (IF'S). Moreover, as
an application, in function space C [a,b], an existence of coincidence theorem
for a family of nonlinear integral equations has been established. Some illus-
trative examples which demonstrate the validity of the hypothesis and novelty
of our main results are presented

1. INTRODUCTION

Fixed point theory plays an increasingly important role in the study of nonlinear
phenomena. Indeed fixed point techniques have been applied in several fields such
as biology, economics, engineering, non-linear programming and theory of differen-
tial equations etc., (see, [9, 15]). All results in this area are based on the Banach’s
contraction principle introduced in 1922, which provides the existence, uniqueness
and sequence of successive approximations converging to a solution of the prob-
lem. The Banach’s contraction principle has number of generalizations in many
directions (see, [2, 6, 13, 14, 19]). In 1976, Jungck [18] generalized the Banach’s
contraction principle by using commuting mappings and also extended the idea of
weakly commuting mappings. Furthermore, Kikawa and Suzuki gave generalization
to improve the work of Suzuki [19] and the Nadler fixed point theorem [22].

On the other hand, several kind of difficulties, arise in dealing with the uncertainties
and imprecision in given data in various situations. Then ”fuzzy set theory” initi-
ated by Zadeh [28] in 1965, is considered as an important tool to solve the problems
of uncertainties and ambiguities. Fuzzy logic has been applied in many fields, from
control theory to artificial intelligence. Moreover, the concept of fuzzy mapping
was firstly, introduced by Heilpern [16] who proved a fixed point theorem for fuzzy
contraction mapping which is fuzzy extension of Banach’s contraction principle in
metric linear space. Afterwards, the result of Heilpern [16] was extended by more
than a few authors (see, [2, 6, 7, 8, 21, 24]) to obtain the existence of fixed points
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and common fixed point of fuzzy mappings in complete metric spaces.

In 1986, the concept of an intuitionistic fuzzy set (IFS) was put forward by
Atanassov [3] with the help of t-norm and t-conorm, which can be viewed as an
extension of fuzzy set. Intuitionistic fuzzy sets not only define the degree of mem-
bership of an element, but also characterize the degree of non-membership. It
would be better to deal with the imprecise and uncertain information than fuzzy
sets. (IF'S) has much attention due to its significance to remove the vagueness or
uncertainty in decision making.

(IFS) is a tool in modeling real life problems such as psychological investigation,
career determination etc. Recently, a progressive development has been made
in the study of intuitionistic fuzzy sets by many researchers, such as Atanassov
(see, [3, 4, 5]), Burillo and Bustince (see, [10, 11, 12]), Hur et al. [17], Ra et al.
[23], etc. In 2012, shen et al. [26] introduced the concept of intuitionistc fuzzy
mapping on nonempty set and studied some operations of intuitionistic fuzzy map-
ping to develop a soft algebra and proposed a relationship with the intuitionistic
fuzzy relation.

In this paper, some new common intuitionistic fuzzy fixed point theorems as well as
coincidence theorem for a pair of intuitionistic fuzzy mappings in a complete metric
linear space X with (a, 8) — cut set of an intuitionistic fuzzy set (see, [4, 25]) have
been established. As an application, an existence theorem for approximate solution
of family of nonlinear integral equations in function space C [a, ] is presented.
Our results can be viewed as significant refinement and improvement of previously
known results (see, [2, 3, 4, 5, 6, 7, 8, 10, 11, 16, 18, 20, 21, 24, 25, 26, 28]) to in-
tuitionistic fuzzy mapping in association with («, 8) — cut set of an intuitionistic
fuzzy set. To the best of our knowledge, there is no result in the literature so
for concerning with the study of common fixed point, coincidence point and even
fixed point for a pair of intuitionistic fuzzy mappings in complete metric linear
spaces with applications. Therefore, our work will open the research activity in
new direction in the field of fixed point theory.

2. PRELIMINARIES

For the reader’s convenience, some definitions and results which has been men-
tioned in [1, 2, 3, 4, 5, 8, 16, 20, 21, 22] are recalled. In the following it is assumed
that (X, d) is a complete metric space and (V,d) a complete metric linear space,
then

2% = {A: Ais a subset of X},
C (2X) = {A € 2% : A is nonempty and compact} ,
CB (2%) = {4 € 2% : A is nonempty closed and bounded} .
For A, Be CB (2X)
d(@,A) = inf d(2,).

d(A,B)=inf d(z,y).

reA,yeB
Thus, the Hausdorff metric H on CB (2X ) is defined as

H(A,B) = max{supd(a,B) ,supd(A,b)} .
a€A beB
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A fuzzy set in X is a function with domain X and values in [0, 1], IX is the family
of all fuzzy sets in X. If A is a fuzzy set and = € X, then the function value A (z)
is called the grade of membership of = in A.

If Ais a fuzzy set then o — level set of A is denoted by [A]  and is defined as

e

4], ={z: A(z) > a} if a €(0,1],

Ay =Te: A(@) > 0,

A- {x LA (2) rnaxA(y)}.

yeX

A fuzzy set A in a metric linear space V, is said to be an approximate quantity if

and only if [A] , is compact and convex in V for each a € [0,1] and supA (z) = 1.
zeV

For A, B € I*, then A C B implies A (z) < B () for each z € X. If there exists
an « € [0,1] such that [A4],, [B], € C (2%), then define

A, B) = inf d(z,y),
Pa (A, B) pe ™o m (z,y)

[

D (A, B) = H ([4],,,[B],)
p(A,B) = Sgppoc (A7B) )

ds (A, B) =sup D,, (A, B) .

It is observed from [16], p, is a non-decreasing function of «, d, is a metric on
C (2%) and the completeness of (X,d) implies that (C (2%), H) and (C (X),dwo)
are complete.

Moreover,

(X.d) = (CB(2%) ,H) = (E(X),dw),

are isometric embedding by means of © — {z} (crisp set) and A — x 4 respectively.
Let X be an arbitrary set, Y a metric space. A mapping 7' is called fuzzy mapping
if T is a mapping from X into I (see, [16]). A fuzzy mapping T is a fuzzy subset
on X x Y with membership function 7' (x) (y). The function value T (z) (y) is the
grade of membership of y in T (x). An element z* € X is called a fuzzy fixed point
of a fuzzy mapping T : X — I~ if there exists o € (0,1] such that z* € [Tz*],
(see, [7]). An element x* is known as a fixed point of T if for all € X such that
T (z*) (z*) > T (z*) (x) (see, [2]). Moreover, z* is an Heilpern fixed point of T if
{z*} C Tx* (see, [16]).

Lemma 2.1 [22] Let A and B be nonempty closed and bounded subsets of a
metric space (X, d) and if a € A, then

d(a,B) < H(A,B).

Lemma 2.2 [22] Let A and B be nonempty closed and bounded subsets of a
metric space (X,d) and 0 < € € R. Then for a € A, there exists b € B such that

d(a,b) < H (A, B) + .

Lemma 2.3 [27] Let A and B be nonempty closed and bounded subsets of a
metric space (X,d), with H (A, B) < e. Then for each a € A, there exists b € B
such that d (a,b) < e.
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3. INTUITIONISTIC FUZZY FIXED POINTS OF INTUITIONISTIC FUZZY MAPPINGS

In this section, («, 5) — cut set of (IFS) which is generalization of o — level set
is presented. Furthermore, common intuitionistic fuzzy fixed points for a pair of
intuitionistic fuzzy mappings by using Hausdorff metric on intuitionistic fuzzy sets
are studied. Some definitions, lemmas and notations relative to intuitionistic fuzzy
sets are presented to illustrate our approach.

Definition 3.1 [3] Let X be a universal set and A is an Intuitionistic fuzzy set
which is defined as:

A={re X :(us(x),va(2))}
with gy : X — [0,1] and v4 : X — [0, 1] denote the degree of membership and the
degree of non-membership of each element x to set A respectively such that

0 < pa@) +vae <1 for all z € X.

Definition 3.2 [5] Let A is an intuitionistic fuzzy set and x € X, then a — level

set of an intuitionistic fuzzy set A is denoted by [A],, and is defined as:

A, ={reX:py(z) >aandva(z) <1—a},if a€l0,1].
A generalized version of @ — level set of an intuitionistic fuzzy set A is instigated
in [4, 23].
Definition 3.3 [4, 25] Let L = {(«,8) : a+ 5 < 1;, € (0,1] x [0,1)} and A
isan IFS on X, then («, 8) — cut set of A is defined as:
A ={r € X 1 py(r) > aand vy () < B}

Definition 3.4 [26] Let X be an arbitrary set, Y be a metric space. A mapping
S: X — (IFS)Y is called intuitionistic fuzzy mapping.

Definition 3.5. A point 2* € X is called intuitionistic fuzzy fixed point of an
intuitionistic fuzzy mapping S : X — (IFS)™, if there exists (o, 8) € (0,1] x [0,1)
such that z* € [Sz*], 4

Definition 3.6. A point z* € X is said to be a fixed point of an intuitionistic
fuzzy mapping S : X — (IFS)X,

if (g0 (T7) > pgeey (7) and v(ger) (27) < V(g (7) forall z € X.

Definition 3.7. An intuitionistic fuzzy set A in a metric linear space V' is said
to be an approximate quantity if and only if [A]( a,p) i compact and convex in V
for each («, ) € (0,1] x [0,1) with

sup pt4 () =1 and inf v4 (z) = 0.
zeV zeV
Any crisp set A can be represented as an intuitionistic fuzzy set by its intuitionistic

characteristic function (I'4, ®4) defined as

1 ifeed
FA(”“")—{ 0 ifzgA

and
0 fzeA

‘I’A(”:):{l if z ¢ A.

A
Remark 3.8. If A is an intuitionistic fuzzy set, then A is defined as:

A
A= {xEX:uA (x) :rynezg)((uA(y) and v4 () :géi)r(luA (y)}
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In the following, some sub-collections of (IFS)™ and (IFS)" are defined as:
W (V)= {A € (IFS)V : A is an approximate quantity in V} ,
L(X)= {A c(IFS) :AeC (2X)}7
M (X) = {A € (IFS)* : [A] , 4 € C (2¥), for cach (a,8) € (0,1] x [0, 1)},
N (X) = {A € (IFS)* : [A] , 5 € OB (2), for each (a, ) € (0,1] x [0, 1)} ,
R(X) = {A € (IFS)* : [A] , 4 € C (2%) , for some (a,8) € (0,1] x [0, 1)},
G (X) = {A € (IFS)™ : [A], 5 € OB (2¥), for some (o, B) € (0,1] x [0, 1)}.
(See, [4]). Let A, B € (IFS)™, then A C B implies that
pia (z) < pg (z) and v, (z) > vp (z) for cach z € X.
If there exists (a, 8) € (0,1] x [0,1) such that [A], 4, [B,. 5 € C (2%), define

Plap) (A, B) = inf d(,y),
(a,8) ( ) we[A](aﬁ)Jle[B](uﬁ) ( )

D(a,ﬁ) (A7B) =H ([A](a”@) ) [B}(a’ﬁ)) ;
p (Aa B) = (Sug) P(a,B) (Aa B) 5

doo (A, B) = sup D, ) (A, B).
(e.8)

Lemma 3.9. If (V,d) is a complete metric linear space, S : V. — W (V) is
an intuitionistic fuzzy mapping and vy € V. Then there exists v; € V such that
{v1} C Swy.

Proof. Forn € ZT,[Sv] is a non-increasing sequence of nonempty
compact subsets of V.

This implies that

Nnez+ [SUO] oom_1 7& ¢
T Toon (T )

Let

V1 € Npez+ [S’Uo] von 1 R
where

n 99n — 1

S = ceV: > d < — ).
| WO](#>71039’2"+11>) {”1 pswy (1) 2 5y and Vs, () = gg, 6y 1)}

It follows that

) 99 1
- < <land0< < - ’
o % < gy, (vy) <land0< VS, (vy) < 100(n+1) 100n(n+1)

This implies that

HSu, (v1) =1 and vgy, (v;) = 0.
Thus, {vi} C Svp.
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Lemma 3.10. Let (X,d) be a metric space, 2* € X and S : X — (IFS)™
is an intuitionistic fuzzy mapping such that g’(x) eC (2X) for all z € X. Then
T* € gm*

if and only if pg,.« (%) > pg,~ (x) and vy« () < vgy« (z) for all x € X,

A
where §S: X — CB (2X ) is a mapping induced by an intuitionistic fuzzy mapping
S and is defined as follows:

A
So(0)= {1 € X s () = magens, () and vs, () = g ()

Proof. For z* € X, assume that
Pgpr (%) > g () and vgyes (2%) <vgys (z) for all z € X

if and only if pg,« () = max pg,- (x) and vgy« () = minvg,- (x).
zeX zeX

This completes the proof.
Theorem 3.11. If A, B: X — (IFS)X and for x € X, there exists (a,ﬁ)A(x),

(a,ﬂ)B)(?) € (0,1] x [0,1) such that [Az], 5) () [BZ](ap),@) € CB (2%) for all
T,y E

H ([A2] a5y o)+ By ) S ad(@,9) +bd (f (A2} 0 )00
—i—cd( (@.8) 5 (y ) (1)

d( (y [BY)a.p),, (y))

+ (aB
1+d(x,y)

and
d (. [4] o 5), ) ed (1, 1BY)(w.) )
1+d(z,y) 1+d(z,y)

where a, b, ¢, e are non negative real numbers with a + b+ ¢+ e < 1. Thus, there
exists z € X such that

c—+

<1, b+

<1, (2)

2 € [A2]a,),(2) N B2(a,) ) -
Proof. Here the following three possible cases are considered:
(1) a+b=0;
(i1) a + ¢ = 0;

(#5i) a+b#0,a+c#0.

Case (7): If a +b = 0. Let ‘2’ be an arbitrary, but fixed element of X, then for
z € X, there exists (a, ), € (0,1] x [0,1) such that [Asc](aﬁ)A(x) is nonempty
closed and bounded subset of X. Let y € [Ax](aﬂ)A(w) and u € [By](a,ﬁ)g(y)' Then
by lemma (2.1), we obtain

d (y [By](oaﬁ)g(y)) <H ([Axha,ﬁ>,4<z> v [Byha,ﬁ)B(y)) :
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By inequality (1) and using a + b = 0, we have

d(z,[Az] 5 (o
e (”31 +z<(£f( >) d(y, [By](aﬁ)B(y)) <0.

1—c—

Thus, one of inequalities (2) gives

d (ya [By](a)[j)B(y)> S 0.
It implies that
Y€ [BYlap -
Now

d (y [Ay]<a,B>A(y>) <H ([Ayka,m(y) : [By]<a,ﬁ>3(y>> :
Again inequality (1) implies that

(1-b)d (y [Ay](a,B)A(y)) < o (y [By]m,ﬁ)B(y))

ed (y, [A?/ha,mA(y)) d (y [B?/]<a,ﬁ>3<y>)
1+d(y,y)

+

This implies that
d (yv [Ay](a7B)A(y)> <0,
so
v € [AYlap) )
Hence,
Y € (400,54 ) N [BYNep) 500

Case (ii) : If a+c = 0. For 2 € X, there exists (o, ) , (,y € (0,1]x[0, 1) such that
[A:E](aﬂ)A(x) is nonempty closed and bounded subset of X. Let y € [Ax](a,B)A(x)
and u € [By](aﬁ)B(y) .
Again by Lemma (2.1) and using a + ¢ = 0, we obtain

ed (y, [By](aﬁ)B(y))

_h_ < 0.
L=b | (0 i, w) O

It implies that
d (u, [Au](a,B)A(u)) <0.

Thus,

u € [AU](Q,B)A(u).
Similarly,

u € [Bul(a,p),,(u) -
Hence,

u € [Aula,5) 0 VB (0,6) ) -
Case (#i1): if a+b#0; a+c#0.

Let
N a+c a+b
max =1.
1—-b—e) ' \1l—c—ce n
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Thus, by a +¢, a+b # 0 and a + b+ c+ e < 1, it implies that 0 < n < 1.
Take xyp € X, then by hypothesis, there exists (a,ﬂ)A(xO) € (0,1] x [0,1) such
that [A:co]( ,B) 4 (z0) is nonempty closed and bounded subset of X. For simplicity,
(,8) , (zo) 18 denoted by (a1,B;). Let 1 € [Axo],, 5 and for this zy, there
exists (o, 3),(,,) € (0,1] x [0,1) such that [Bxl](aﬁ)B(ml) € CB(2¥). Replace
(a,8) (21) Py (@2,B). Then by lemma (2.2), there exists z2 € [Ba1],, 4, such
that

d(zy,m) < H ([Axo](al,gl) ; [Bxl](a2752)>
+n(l—c—e), 3)

d($2,x3) S H ([AxQ](a37ﬁS) 9 [Bxl](oQ’Bz))

+n?2(1—b—e). (4)
Continuing this process, a sequence {z, } of elements of X can be generated as:
Tok+1 = [szk}(a%ﬂﬁ%ﬂ)’ k=0,1,2,...,
Togi2 = [B$2k+1]( k=0,1,2,...,

a2k+2562k+2)7

such that

d (x2k+1’ x2k+2) < H ([A$2k](0t2k+1752k+1) ’ [Bm2k+1](a2k+2;/82k+2))
(1 —c—e), ()

d(Tok+2, Tok43) < H ([Ax2k+2](a2k+37,32k+3) ’ [Bx2k+1](a2k+2;/62k+2))
(1 —b—e). (6)
Using inequalities (1) and (3), we obtain

d(z1,m3) < ad(xo,xl)—l—bd(xo,[Axo](ahﬁlO+cd(m1,[Bx1](a27ﬁ2))

o 1) B 1)

l—c—e).
+ T4 d (20,1 +n(l—c—e)
The above inequality implies that
a+b
d <———d .
(w1,22) < (I—c—e) (w0, 21) +1

Using inequalities (1) and (4), we have

d(zo,23) < ad(xe,z1)+bd (x27 [Axg](asﬁg)) +cd (ml, [Bxl](o%ﬁz))

ed (mQ’ [AIQ](a3a53)) d (1’1, [Bxl](az’BQ))

(1—-b—e).
+ 1+d(1‘27l‘1) tn ( 6)
Thus,
a—+c
d(IL’Q,zg) S <:Hb—e> d($17x2) +7]2

< nd(21,22) + 07
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This implies that

nd (xp—1,zn) + 0"

n [nd (xn—2, 1) +1"] + 1"
n2d (p_o,Tn_1) + 20"

ngd (Tp—3,Tn—2) + 30"

d (J?n, xn—i—l)

VAN VARRVARNVAN

It follows that for each n =1,2,...,
d (.’L’n, l‘n-&-l) < Wnd (x07 1‘1) + ”ﬁn
Therefore, for each positive integer m, n (n > m), we have

d<xm,xn) S d($m7$m+1) +d(xm+1axm+2)+~'+d(xn7171'n)

n—1 n—1
> wd(wo, ) + Y g’
j=m j=m

m

1-n

IN

d(xo,x1) + Sp—1 — Sm—1, where S, = Zjﬁj-

j=1

IN

This implies that
d (X, ) — 0 as m, n — oo.
n—1
From Cauchy’s root test that Z jn’ is convergent because n < 1. Thus, {z,} is a
j=m
Cauchy sequence in X. since X is a complete metric space, then there exists z € X
such that z,, — z.
Now by lemma (2.1), we have

d (Z [AZ]<a,ﬁ>A<z>> d(z,220) +d (@m [AZ]<a,B>A<z>)
< d(z,a0m) + H ([Bxgn,l](a%ﬂ%)  [Az] (aﬂ)A(Z)) . (7)
Thus, from inequalities (1) and (7), we obtain

(1 _p_ cd(@an—1,22n)
1 —+ d (Z, l‘gn_l)

IN

) d (z, [Az}(aﬁ)A(Z)) < d(z,22n) + ad (2, T2n—-1)
+ed (Tan—1, Tan) -
For n — oo, we get
A (2147 (0 ), ) <0
So,
2 € (Ao, () -
In a similar way, it can be proved that

€ [B2l(a,8) (=) -

Hence,

PSS [AZ](a,ﬁ)A(Z) N [BZ](a,ﬁ)B(z) :



COINCIDENCE AND FIXED POINTS OF INTUITIONISTIC FUZZY MAPPINGS 65

Corollary 3.12 [6] If A, B : X — I¥ and for z € X, there exists aa (z),
agp (z) € (0,1] such that [Az], ., [Bz],, ) € CB (2%). Ifforall z, y € X

H ([A2]4 0 BYlapy) < ad(e,y) +bd (.40l ) ) +ed (5, [Byla )

ed (2,14), ) 4 (4 Bty

+ 1+d(x,y)

and

ed (x7 [Ax]aA(I)> ed (y, [By}as(y))
1+d(z,y) 1+d(z,y)

Where a, b, ¢, e are non negative real numbers with a +b+ ¢+ e < 1. Thus, there
exists z € X such that

c+

<1, b+ <1

2 € [Ada ), (5 N B2 (ap),0
Example 3.13. Let X = [0,1] and metric d : X X X — R is defined by

d(z,y) = |x —y|, whenever z, y € X and (a1,;), (a2,8,) € (0,1] x [0,1). A,
B:X — (IFS)™ are intuitionistic fuzzy mappings
Case (7) : If x = 0, then we have
1 ift=0
tao (1) = 3 1f0<t< 5%
0 ift> 150,
0 ift=0
Va0 ( : if0<t< g
1 ift> 5
and
1 ift=0
g (t +oifo< t < 5
0 ift> 140,
0 ift=0
VBO % lf 0< t < 100
If we take (o, 8) , () = = (e, B) ,(0)» then it is observed that
[thl 5= [Bohl o = {0}
Case(i): If 2 # 0, then we have
a1 Hfo< t< %
G jfzcp<E
— 1 20 =>t> 13
Hae ) =9 a2
0 if z<t< 0,
0 if0< t< 4%
B itz <t < =
. (1) = i 14
vaz (1) 2 1f$ Ctea

if x§t<oo
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66
and

Q9 if 0 < t<£
22 fEL<t<E
— 6 22 >bt> 1y

#e (1) R ifE<t<uz

0 if z<t< 0,

0 fo< t< g

B jpz <p<z

VBa (t)z ﬁ6 '1 w1s =Y =14

By ifzx<t<oo.
This implies that
T T
[AIZ’](Q ﬁl) = |:0, ﬁi| and [Bx](% BQ) = |:0, ﬂi| .

Tl’T ’76
Thus,
Az,Bx € R(X) C G (X).
Therefore,
0 ifr=y
H ([Aff](a,ﬁ)A(x) ) [Byha,ﬂ)g(y)) = { E3 if 4 y.

Hence, all the conditions of Theorem (3.11) are satisfied for a = 1—10, b= %, C= 5o
e= L
4. FIXED POINTS OF INTUITIONISTIC FUZZY MAPPINGS
In this section, common fixed point results for a pair of intuitionistic fuzzy map-

pings are presented.
Theorem 4.1. If A, B: X — (IFS)™ be such that

AA
Az, Bx € CB (2X) .
Forall z, y € X,
AA A A
H <A:c, By) < ad(z,y)+bd <9:, Am) + cd (y,By>

A A
ed <x, Am) d (y, By)
1+d(z,y)
where a, b, ¢, e are non negative real numbers with a + b+ c+e < 1 and

A A
ed <:c, Az> ed (y, By>
1+d(z,y) 1+d(z,y)

Thus, there exists an element z* € X such that
Poan (2%) > pia- (2) and vp,~ (27) <wvp.« (z) for all z € X.

+

Y

c+ <1, b+ <1

Proof. Assuming,

max p, () = M minv 4z () = o1,
and
max fig, (t) = A2 minvg, (t) = oa.

teX teX
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Thus, for all z, y € X,

A A
Az = [Az],, ,,) and By = [By]

A2,02)

and

H ([Ax](/\l’gl) ) [By](,\2,02)) < ad(z,y)+bd (x, [Al‘](,\l,gl)) +cd (y, [By}(,\z,@)>

ed (x [Aac]o\lm)) d (y [By](h,m))
1+d(z,y)

+

Also

ed (at, [Asr:](/\hgl)) ed (y, [By]()\z,ag)>
1+d(z,y) 1+d(z,y)

Therefore, by theorem (3.11) there exists z* € X such that

c+ <1, b+ < 1.

2" € [A2%] (3, o) N [BZ ] (ny.00) = 1/4\12* N gz*
Thus, by lemma (3.10) implies that
Pase (27) > pia,- (2) and vz« (2°) <wvaz« (2) forall z € X.
Also

Uy (2°) > pipgs (2) and vpy« (2°) < wvpy« (2) for all z € X.

5. HEILPERN FIXED POINTS OF INTUITIONISTIC FUZZY MAPPINGS

In this section, common fixed point results for a pair of intuitionistic fuzzy map-
pings under a linear metric space with the d.,-metric on intuitionistic fuzzy sets
are established.

Theorem 5.1. If A, B: X — N (X) and for all z, y € X, we obtain

doo(A(x),B(y)) < ad(w,y)+bp(z,A(z))+cply, B (v))

+ep(x, A(z))p(y, B (v))

1+d(z,y)
e (2,4 (x)) (5,8 )
p(z, Az p(y, By
C+€1+d(az,y)<1’ b+61+d(x,y)<1’

where a, b, ¢, e, are non negative real numbers with a +b + ¢+ e < 1. Thus, there
exists a point z € X such that {z} C Az, {z} C Bz.

Proof. Let x € X, then by hypothesis, [Ax](l’o) and [Bx}(l,o) are nonempty
closed and bounded subsets of X.

Thus,
for all z,y €X, D(l,O) (A (LU) , B (y)) <de (A ({E) , B (y)) :
As
[AJ:](LO) - [Ax](a’ﬁ) € CB (QX) for each (a,8) € (0,1] x [0,1),
then

d (:1c7 [Aa:](a’m) <d (x, [Ax](w)) for each (o, ) € (0,1] x [0,1).
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It follows that
P, A@) < d (w47 1))

Similarly,
Py B W) <d (v, 1Bs)1g) -
Moreover,
H ([42] 4,0, Bylo)) = Do (A@), B())
< dw (A(2),B(y))
< ad(z,y)+bd (:v, [Ax]u,o)) +cd (y, [By](LO))
d (x, [Az]u,o)) d (% [By](l,o))
te 1+d(z,y)
and

1+d(z,y) 1+d(z,y)

Thus, by theorem (3.11), there exists z € X such that {z} C Az, {z} C B=.
Theorem 5.2. If A, B:V — W (V) and for each z, y € V, we have

doo(A(z), B(y)) < ad(z,y) + bp(z, A(z)) + cp(y, B(y))
p(z, A(x))p(y, B(y))
1+ d(x,y) ’

where a, b, ¢, e are non negative real numbers with a +b+c+e < 1 and

p(x,A(x)) p(y, B(y))
e o py el 2 g
L+d(z,y) 1+d(z,y)
Thus, there exists z € X such that {2} C Az, {z} C Bz.
Proof. Let x € V, then by lemma (3.9) there exists w € V such that {u} C
A(z). It follows that p(, g) (y,A(x)) = 0 for each (, 3) € (0,1] x [0,1) which
is possible if and only if u € [Am}(Lo)' Similarly, there exists y € V such that

y € [Bx](y ). This implies that

ct+e <1l, b+e

+e

for each z € V, [Az](; o), [Bz](y ) €C (2) forall z, y € X.

The remaining part of this theorem is similar as that of theorem (5.1).
Example 5.3. Let X = {f,g,h},{f},{g},{h} be crisp sets such that [ < g <
h, where f, g, h are non negative real numbers. Defining d : X x X — R as follows:

0 ifz=y

d(z,y) = % ifx#£yand z,y € X\ {g}
Y 1 ifz#yandz,ye X\ {h}
4
7

if x#4yandaxz,ye X\{f}.

Consider a pair of intuitionistic fuzzy mappings A, B : X — (IFS )X, which are
defined as:

1 ift=f
fap () = pag(t) =pap(t) =9 5 ift=g
0 ift=h
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and
0 ift=f
’UAf(t):'UAg(t):VAh(t):{ 3 ift=g
1 ift=h.
Also
1 ift=f
MBf(t): :uBh(t):{ % ift=gyg
0 ift=h,
1 ift=nh
ppy(t) =1 1 ift=g
0 ift=7f
and
0 ift=f
vpr (t) =vpn (t) = { 2 ift=yg
1 ift=h,
0 ift=nh
v () =< 2 ift=g
1 ift=f.
Thus
[Az] 9 = {t:par (t) =1and va, (t) =0}
= {f} forallz e X
and
[Bx]y ) = {t:pp,(t)=1andvp, (t) =0}
{ {ry if a#yg
{h} ifz=g.
Now
H{r}.Ah}) = maX{ sup d (u,{h}), sup d({f},u)}
ue{f} ve{h}
= wax {d(f, ), d(fh) = 2.
Moreover,
H ([A2] 0 Bylno) = Do (A@), B )
{ H{f} . {fH)=0 ify#g
H{f} AnY)=% ify=g.
Thus, fora:b:%,CZ%,e:gandy:g,wchavc
2 < ad(my) + (e A@) + (5, B())
p(z, A(x)p(y, B(y))
te 1+d(x,y)
and
L (@ AE) 1 @ B()

6 1+d(z,y) T30 1+d(zy)

69
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Hence, all the hypothesis of Theorem (5.1) are satisfied to obtain f € [Af] o) N
[Bfl1,0) -

6. COINCIDENCE POINTS OF INTUITIONISTIC FUZZY MAPPINGS

In present section, coincidence theorem for a pair of intuitionistic fuzzy mappings
by introducing the (a, ) — cut set of an (IFS) is obtained. Moreover, as an
application, in function space C'[a,b], an existence theorem for the solution of
nonlinear integral equations with example is studied.

Theorem 6.1. Let X be a nonempty set, (Y,d) be a metric space and A,

B:X— (IFS)Y be a pair of intuitionistic fuzzy mappings. Suppose that for each
z € X, there exists (a,3), (), (@, 8), ) € (0,1] x [0,1) such that [Az:](aﬁ)A(w),

[Bx](a,6),(x) € CB(Y). 2 [AZ] (), (@) . [Bx](4,6),, () a0d . [AZ] (0. 5) , (@)

or x.LeJX [Bx](a,ﬁ)B(z) is complete. If there exists Q € [0,1) such that for all z, y € X

H ([Aﬂ<a,ﬁ>,4<z> v [Ay](a,ﬁ)A(y)) <Qd ([B$]<a,ﬁ>3<x> : [By](a,ﬁ)s(y))' (8)

Then there exists z € X such that [Az](aﬁ)A(z) N [BZ](a,ﬁ)B(Z) # .
Proof. Let zg be an arbitrary but fixed element of X. Suppose that y; €
[Aa:o](aﬁ)A(wo). Since ngJX [Ax](a,B)A(x) - zLeJX [Bx](a’ﬁ)B(w), then there exists some

21 € X such that y; € [Bxl](aﬁ)B(zl) and it implies that
(420 (0. p) , (w0) N [BT1) (0,6 (1) # -
If O =0, then using inequality (8), we obtain
1420 (,5) , (w0) = [A%1](0,8) , (01)
Thus,
y1 € [An(a ), 1) N BT1)(0,8) 1) >
it implies that x; is the coincidence point of A and B. Suppose that 2 # 0 and if
d <[B“70](a,ﬂ>3<wo> : [Bf”l]w,ﬁ),g(wl)) =0,
then conclusion is obtained by using inequality (8),
[421)0,6) , (21) N B0 (0,8) 5 (1) 7 ¢
If
d <[Bm0](aﬂ)3(wo) : [B‘”l](a,B)B(xl)) # 0,
then by inequality (8), we obtain
H ([A20] 0,5, 20y AT ] ), 001) < 9 (B0l 000 B 0100
< Vo ([Bffo](a,a)B(ro) ) [Bxl](a,ﬁ)B(x1)> :

Using Lemma (2.3), there exists ys € [Axl](a,ﬁ)A(xl) such that

A (y1,92) < VO ([Brol o ), o0y BT 0 ) o)) -
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Since Y [AZ] (. 8y, (@) S WY [Bx](o.5),,(2) a0d for ya € [Az1], gy (5,), We may

choose x5 € X such that ys € [Bmz](a,B)B(m) CIf

d <[Bx1](a,,6’)3(ac1) s [BxQ](aﬁ)B(xz)) = 07

then by same argument the conclusion is obtained.
If

4 (1Be1) )y o)+ (BT ) 0 ) 7 0
then again by Lemma (2.3), we may choose y3 € [Ax2](a,ﬁ)4(:r2) such that

A (y2,95) < VU ([B21) ) o) + B2 09) )

Continuing this process, we obtain z,, € X and y,, € [Axnfl](oz,B)A(rn_l)ﬁ[Bx”](a,ﬂ)B(mn)
such that

\/ﬁd ([anil](o‘vﬂ))a(xnfl) ’ [an](awﬁ)B(wn))

<
< \/ﬁd (yn—layn)
<

Qd (Yn—2,Yn-1)
< .. <Q%d(y0,y1).

d (yna yn+1)

Thus, (y,) is a Cauchy sequence in ng [Bw](a,ﬁ)B(m)' Since ng [Bac](aﬁ)B(I) is
complete, then there exists an element u € UX [Bx}(a 8) (@) such that y, — u.
FAS ’

Moreover, u € [Bv](aﬁ)B(v) for some v € X.
Now

d (u [Av](a,m(v))

IN
S
S
<
S
+
S
—
<
S
BN
=
®
=
=
S
SN——

+ H ([A0-1)(0) (o0 1) + AV ), 0)

) + 0 (1Bra-1)(a ), on 1) + BV a0

IN

IN
QU
—~ —~ —
=
5
~— ~— ~ ~

A

Let n — oo, then we have d (u, [A’U](a,ﬁ)A(v)) = 0. It implies that u € [Av](aﬁ)A(v).
Thus,
(A0 a,6),,0) N BV, () 7 -

Furthermore, if xgx [Asc](aﬁ)A(m) is complete with v € ng [Ax](a,ﬁ)A( then same

z)?
conclusion is obtained.

Corollary 6.2 [8] Let X be a nonempty set, (Y,d) be a metric space and A,
B : X — IV be two fuzzy mappings. Suppose that for each x € X there exists
A, () Qp(z) € [0,1) such that [Ax] Bx| y € CB(Y). ng [Az] -

aA(I)
U BZL‘ ) a.Ild. GLJ A.’L‘ ) or g Bm

2EX ap(z aa(z

[0,1) such that for all z, y € X

H ([A.’E]QA(I) ) [Ay]aA(y)) <Qd ([Bx]aB(r) ’ [By]aB(y)> :
Then there exists z € X such that
[AZ}(XA(Z) N [BZ}(XB(Z) 7& d)

aa(x)? [ ap(z

) is complete. If there exists 2 €

ap(z
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Example 6.3. Let X =Y = [0,00). Defining metric d : X x X — R by
d(x,y) = |z —y|, whenever x, y € X and A, p, o, n € (0,1]. Consider a pair of
intuitionistic fuzzy mappings S, T : X — (IF S)Y, which are defined as follows:

ifo< t<3x
if 3z <t <d4dx
if do <t < bz
if br <t <oo,

Hsa (t) =

ifo< t<2z
if 20 <t <4z
ifdx <t <6z
if 6x <t < o0

VSx (t) =

D prel © 0 Cuwsly >

and

if t=5x
if t=6x
if t="7Tzx
otherwise
if t=b5x
if t=6x
if t="Tx
n, otherwise.

Ky (t) =

owjawla Q

EITEREN

Uy (t) =

[N~}

Now defining two intuitionistic fuzzy mappings A, B: X — (IF S)Y

N F{O} =0
Haz = { Hsq z 7é 07
©0y z=0
Vs x#0
and
_ { F{O} xr = 0
My z 7& 07
_ q){o} x=0
Uy z # 0.
If ap@) = %7 ,BA(,U 2 and ag(y) = o, BB(w = 0, then we have
_{ {0} =0
[Ax]mﬂ)m - { [0,42] = #0,
{0y a=0
[Bx](o"ﬁ)g(m) N { {5z} x#0
and

U A6, @) = [0,00) = U B4, -

Thus, for Q = 1, all the conditions of theorem (6.1) are satisfied to obtain
[AO](%@)A(O) N[BO] (4,5 Lo # ¢

An existence theorem for the solution of a class of nonlinear integral equations with
the help of completeness property of function space C'[a,b] by applying theorem
(6.1) is established.
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Theorem 6.4. Let F: R x [a,b] = R and g : R — R be continuous mappings
and up € R. Assume that, for all z € Ca,b] there exists y € C'[a,b] such that
(foy)(t) =up+ f(j [F (2,2 (2))]dz and {(foz)(t):z € Cla,b]} is closed. If L <
—— such that for all z, y € R, t € [a, D]

b—a
|F (t,x) — F(t,y)| < Llg (x) —g (y)l-
Then the integral equation
t

gz (1) =ug —|—/ [F (2,2 (2))]dz,t € [a,b]

has a solution in C'[a,b].
Proof. Let X =Y = Cla,b] and define d : X x X — R by d(x,y) =

m[a%] |z (t) —y (t)|. Assuming U, V, E, H : X — (0,1] be four arbitrary map-
tela,

pings. Suppose that for z € X, we have
t
¥, (t) = uo —|—/ [F (2,2 (2))] dz, telab). (9)

Now defining a pair of intuitionistic fuzzy mappings A, B : X — (IFS )X as follows:

(h) = U (x) if h(t) =1, (¢t) for all t € [a, b
Hax 10 otherwise,
_ 0 if h(t) =, (t) for all t € [a,b]
vaz (h) = { V(x)  otherwise
and
(h) = E (z) if h(t)=g(x(t)) for all t € [a, b
FBz =19 0 otherwise ,
(h) = 0 if h(t) =g (x(t)) forall t € [a,b)
Bz W= |7 (z) otherwise .
If we take o, () = U (2), B, (y) = 0 and o, (o) = E(z), B () = 0. Then we obtain
e [Az] 0 p) @) = e {h€ X :pp, (h)=U(2z) and vag (h) =0}
- mgX {w;E}
and
U Bl = U € X g, () = B () and vp, (h) = 0)

= . X .
Y loewiae)

It follows that UX [Bx](a 8) (@) is complete. Then , by assumption , there exists
(S ’
y € X such that h = g o y. Thus,

= C .
Y A 0 = Y vl € Y B0

Moreover, we have

H ([Ax](a7B)A(;p) ) [Ay](a,ﬁ)A(y)) = tfen[;afg] ‘wx (t) — 1, (t)‘
and

d ([Bx](a,ﬂ)B(z) ) [By](a,@)B(y)) = tren[;aif] lg(z () —gy@®).
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Thus, by using equality (9), we obtain
t

[, () — v, ()] =

— F(zy(2)]dz

IN
HQ\H-@
E
B
S

< /L|g<x<z>>—g<y<z>>|dz

< L suwp |(Ba) ()~ (Bo) 0] || d=
t€la,b] a

< L-a)d(1Be)ius, o [BYl sy ) -

This implies that

H ([Ax](a,ﬁ)A(r) : [Ay](ozﬁ)A(y)) <L(b-a)d ([Bwha,mB(z) v [Byhaﬁmw) :

Thus, for @ = L (b — a), all the hypothesis of theorem (6.1) are satisfied to find a
continuous function w : [a,b] — R such that

[Aw](a,p) , (w) O [BW](a,p) () # -

Hence, w will be solution of integral equation (9).
Example 6.5. Let X = C'[0,b], then integral equation:

t
z7 (t) = ')/7—1—/ (27 (2) + 2] 2dz, t€[0,b], b<1 (10)
0
arise from an initial value problem:
x7 (t)dt + tidt — 728 (t)dx =0, t€[0,b], z(0)=r. (11)
Now for all ¢ € [0, b], we have
(27 + )t = [y" + 2] t| = |t] [2" —y"| <b|2" —y7|.

Then all the conditions of theorem (6.4) are satisfied for L = 1, a = 0 and solution
w is approximated by constructing the iterative sequences as follows:

Tn € Xy Yn € [ATn-1)(0,5), @0 _1) NV [BTnl(a,p) (@0) >

in association with the intuitionistic fuzzy mappings A, B — (IFX )X7 which are
defined as follows:

ay ifh(t) =1, (t) for all t € [0, D]
0 otherwise,

/J/Aa,

Ba ifh(t)=1, () foralltel0,b]
Viaa ( 1 otherwise
and
ap if h(t) =27 (t) for all t € [0,]
0 otherwise ,

KB
Bp ifh(t)=2"(t) forallte[0,b] .
UB 1 otherwise

x
T
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Where (o, ) 4, (o, 8) 5 € (0,1] x [0,1) and

¢
v, () =~" + / [27 (2) + 2°] 2dz for all t € [0,1].
0
Therefore,
[Az] (o5, ={h € X i pa, (h) = aa and va, (h) = Ba} = {¥,},

[B‘T](a,ﬁ)B ={h€X :pg,(h)=apand v, (h)=Pg}={z"}.
Let xq (t) = 0 for all ¢ € [0, b], then

[Axo](a,g)A N [Bxl](a,,@)B = {77[]900} :

Hence,

o= ¢x0(t)=77+/ [0+ 2°%] 2dz
0

This implies that

Now
Yo =y, € [An1] (o5, N[B22 (0 5),
where,

5

t
z
v, (1) = 77+/ [77 + = Jrzg] zdz
0
2 4T 4

t
_ 7 7
= VSt

It follows that

. %
t) = LR
72 (1) <v vy tert 5>
Similarly,
. t . 722 5 7 5
= =+ = d
’Y+/O[’y+’)’2+5+5-7+z}zz
= 77+77i+77£+i+ t° +i
2 24 57 579 5
and
t2 tt T 9 P\ 7
t) = 7 7 T v v .
=3 (£) <7 MR I VIR A o 5>
Also
y4 = 1/)13 (t)
t 2 4 7 9 5
7 7 7% 77 Z z 3
= - —+ = d
! +/0 [7 MR VIR R “]Z ?
= 77+77ﬁ+77£+77 LA
2 2.4 246 579 57911 57 5

75
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and

t4 . t6 tQ N tll t7 t5 %
2 2.4 24.6 579 57911 57 5 '

t2
m4(t)=(’y7+’y7+'y7+’y + +=+=

This implies that

> 2k
v+ Z Gl Gy
1 — k=1
nl;H;O Yn = oo s € [Aw](y 5 N [Bw](y 5) -
+ Z hT5) 2k 13) Zh ) (Zh=1)..5
k=1

Thus,

> 2k
vy Z (2k)(2k—g)(2k—4)...2
w(t) = k=1

>0 2k+5
+Z 2R T5) 2k 3) (2R 1) (Zh=1)..5
k=1

is a solution of integral equation (10).

Conclusion. This paper establishes the common intuitionistic fuzzy fixed point
theorems in connection with the concept of intuitionistic fuzzy set valued mappings
by using (o, 8) —cut of an intuitionistic fuzzy set. As applications, some coincidence
theorems along with the existence theorem for the solution of a class of nonlinear
integral equations have been proved. These results create a new track of research
for fixed point theorists. Moreover, we conclude that the main results of this paper
is an extension of results of [6, 8] to intuitionistic fuzzy mappings in association
with («, 8) — cut of an intuitionistic fuzzy set.
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