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COMMON FIXED POINT THEOREM FOR GENERALIZED
-ORDER RATIONAL CONTRACTION WITH APPLICATION

MUHAMMAD NAZAM, ADRIAN GHIURA, MUHAMMAD ARSHAD

ABSTRACT. In this paper, we bring into use the concept of generalized b-order
rational contraction mapping. We manifest a common fixed point theorem
for self mappings complying with a generalized b-order rational contractive
condition in ordered complete b-metric spaces. An example is dispensed to
elucidate this result. We employ our result to show the existence of a solution
of system of differential equations.

1. INTRODUCTION

In 1989, Bakhtin [4] instigated the concept of b-metric space, however, Czerwik
[5] initiated study of fixed point of self mappings in b-metric spaces and proved an
analogue of Banach’s fixed point theorem. Since then, a large number of researchers
have presented remarkable fixed point results for various classes of single-valued and
multi-valued operators in b-metric spaces: see for example, Al et al. [2] 3], Kamran
et al. [II], Khan et al. [15], Kir and Kiziltunc [I6], Parvaneh et al. [20], Roshan
et al. [23], Shatanawi et al. [26]. Khamsi and Hussain [14] obtained some results
on KKM mappings in cone b-metric spaces. Recently, Jovanoviéet al. [I0], Hussain
and Huang [7, [§] have dealt with spaces of this kind, although under different names
(in the spaces called metric-type) and obtained (common) fixed point results.

Motivated by Jovanovié et al. [I0], Nieto et al. [18] and Zabihi et al.[27], in this
paper, we evince some common fixed point theorems for two mappings satisfying
a generalized b-order contractive condition in the setting of a partially ordered
complete b-metric space. The presented results extend very recent results obtained
by Zabihi et al. [27]. We also discuss the application of our result to show the
existence of a solution to system of differential equation.

2. PRELIMINARIES

We bring back into reader’s mind some definitions and properties of b-metric.
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Definition 2.1 ([5]). Let M be a nonempty set and s > 1 be a real number. A
function dp : M x M — [0,00) is said to be a b-metric if for all ry,7r9,73 € M, we
have

(dpl) r1 =1y if and only if dp(r1,72) = 0,

(db2) db(’l"l, 7’2) = db(’r’g, 7’1),

(dp3) dp(ri,73) < s[dp(ri,m2) + dp(re,r3)].
In this case, the triplet (M, dp, s) is called a b-metric space (with coefficient s > 1).

Definition allows us to remark that b-metric space is effectually more general
than metric space. Metric space is a particular case of b-metric space (when s = 1).
The following example describes the significance of a b-metric.

Example 2.1. Let (M,d) be a metric space and dy(0, p) = (d(0,p))", r > 1is a
real number. Then dj, is b-metric space with s = 2"~1. Apparently, (dy1) and (dp2)
of Definition [2.1] are satisfied. If 1 < r < oo, then the convexity of the function

f(8) =67 (0 > 0) implies
JHEINT 1,
ST <« 2
( 2 ) <50+
that gives (j +1)" < 277 1(j” +1"). Thus, for all 6, p,c € M, we have

dy(0,0) = (d(0,0))" (d(0, p) +d(p, o))"
2771 [(d(0, )" + (d(p, 0))"] = 277" db (0, p) + db(p, )] -
Therefore, dy(0,p) < s[dy(0,p) + dp(p, )] where s = 2771 which shows that

(M, dp) is a b-metric gpace. Nevertheless, if (M, d) is a metric space, then (M, dp, s)
may not be a metric space. Indeed, if M = R and d(8, p) = |0 — p| (a usual metric),

then dy (0, p) = [d(6, p)]? does not define a metric on M.

<
<

Further, for more notions such as convergence, completeness, Cauchy sequence in
the setting of b-metric spaces, the reader is referred to Aghajani et al. [I], Czervik
[B], Amini-Harandi [6], Karapinar and Yuce [12], Huang et al. [7], Hussain et al.
[8, @], Jovanovié¢ et al. [10], Khamsi and Hussain [I4], Latif et al. [I7], Parvaneh et
al. [20], Radenovi¢ and Kadelburg [21], Roshan et al. [23] 24], Singh and Prasad
[25], Zabihi and Razani [27].

Definition 2.2 ([23]). A quadruplet (M, =<,dy,s) is called a partially ordered b-
metric space if (M, <) is a partially ordered set and dj, is a b-metric on M.

Definition 2.3 ([24]). Let (M, <) be a partially ordered set and let 7' be a mapping
on M.

(1) elements r1,79 € M are called comparable if r; < 79 or 79 < rq;

(2) a subset K of M is said to be well ordered if every two elements of K are
comparable;

(3) T is called increasing mapping w.r.t. < if r1 < 7o implies T'(r1) =< T(rq);

(4) an ordered b-metric space (M, =<, dp) is said to have sequential limit compar-
ison property if for every non-decreasing sequence (non-increasing sequence)
rn in M such that r,, — r the inequality r, < r(r < r,) holds.

Fixed points results in partially ordered metric spaces were firstly obtained by
Ran and Reurings [22] and then by Nieto and Lépez [18], [19]. Afterwards, many
authors obtained numerous interesting results in ordered metric spaces as well as
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in ordered b-metric spaces: Aghajani et al [I], Hussain et al. [9], Latif et al. [I7],
Radenovi¢ and Kadelburg [21], Roshan et al. [23].

Let us denote by F the class of all functions §: [0,00) — [0, %) satisfying the
following condition:

1
B(tn) > — as n — oo implies ¢, — 0, as n — oo. (2.1)
s

Recently, in [27], the authors proved the following:

Theorem 2.1 ([27]). Let (M, =) be a partially ordered set and suppose that there
exists a b-metric d, on M such that (M,dy,s) is a complete b-metric space with
s>1. Let f : M — M be an increasing mapping with respect to < such that there
exists an element rqg € M with rq < frg. Suppose that

sdy (fr, fe) < B(dy (r,e)) M (r,e) + LN (r,e) (2.2)

for all comparable elements r,e € M, where L > 0, and

db (7’, f’f‘) db (6, f@)
= d
M(r,6) = max {ay (), LIS,
N (r,e) =min{dy (r, fr) . dy (r, fe) .dy (e, fr) ,ds (e, fe)} .
If f is continuous, then f has a fixed point. Moreover, the set of fized points of f
is well ordered if and only if f has one and only one fixed point.

Definition 2.4. Let (M, d) be a metric space.

(1) An element o € M is said to be closer to r1 than [ if d(r1,r2) < dy(r1,1).

(2) Let (M, <) be a partially ordered set and 7" a mapping on M. A mapping
T is said to have a noncompetitive farthest property if for r1,r, € M which
are not comparable, there exists I € M which is (a) comparable to r; and
ro (b) I is closer to r1 and re than T'(1).

(3) Let (M, =) be a partially ordered set. Two mappings S,T: M — M are
said to be weakly increasing maps, if S(r) < T'S(r) and T'(r) = ST (r) hold
for all r € M.

Example 2.2. Let M = RT be endowed with the usual order and the usual
topology. Let S, T: M — M be given by

[z ifrelo] [ r ifrel0,1]
S(r) = { r2  ifr € (1,00) and T(r) = { 2r ifr e (1,00)

(2.3)

The mappings S, T are weakly increasing mappings, where T is a discontinuous
mapping.
We initiate the following contractive condition.

Definition 2.5. Let (M, dy, s) be a b-metric space with s > 1. The pair of mappings
S, T: M — M is said to satisfy a generalized b-order rational contractive condition
if for all comparable 1,7 € M and € > 1,

dp (S(r1),T(r2)) < 817./\/[ (r1,m2) + LN (r1,72), (2.4)

where
dy (r1,Sr1) dy (ro, Tra) dy (r1,Sr1) dp (r2, T'ra)
= d
M (r1,72) max{ b (11,72), L+dy(r1,r2) ) 1+dy (Sr1,Trs)
N (r1,72) = min{d, (r1,Sr1) ,dp (r1, Tr2) ,dp (r2, Sr1) ,dp (r2, Tr2)} .
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We denote by Fix(S,T) = {v: v = S(v) = T(v)} the set of common fixed points
of S and T.

Lemma 2.2. Let (M,=,dy,s) be an ordered complete b-metric space and S,T
be weakly increasing self mappings satisfying . Then for all n = 0,1,2,3, ...
dp(r2n, ron+1) = 0 implies dp(rons1,T2n+2) = 0.

Proof. Let rg € M be an initial point and take ry = S(rg) and ro = T'(r1), then
by induction we can construct an iterative sequence r, of points in M such a way
that, rop+1 = S(re,) and ro,2 = T(ran+1) where n = 0,1,2,.... Suppose that
dp(ron, ran+1) = 0. We argue by contradiction that dp(ron41,72n+2) > 0, since S,
T are weakly increasing mappings, so, rap41 = ronp42 for all n > 0. From we
have

1
dy (Ton+1, ront2) = dp (S (T2n), T (T2n+41)) < ;M (T2, Ton+t1) + LN (ron, ront1) -

(2.5)
Note that
dy (12, S(r2n)) db (ront1, T (T2n+1))

dp (Ton, Tan+1) ,
_ 14 dp (T2n, Ton+1)

Mranronsa) = WX S(0)) dy (a1, T(Fans 1)
(

14dy (S(ran), T(r2nt1))
dy (7'27“ 7”2n+1) dy (7’2n+1, 7“2n+2)

1+ dy (T2, T2n+1)
dy (Ton, Ton+1) db (T2n+1, Tont2

1+ dy (T2n+1, r2n42)
max {0, dp, (ren+1, ren+2)} = db (T2an+1, T2n+2)

3

dp (T2n7 T2n+1) 5 s

= max

IN

and
B ) d (T2na S(T2n>) , dp (T2n7 T(r2n+1)) ,dp (7"2n+1a S(T2n)) )
N (r2na T2n+1) = min { db (T2n+15 T(r2n+1))

= min {db (Tzn, 7'2n+1) ,dy (Tzn, T2n+2) ,dp (T2n+1, 7’2n+1) ,dp (7’2n+1, 7’2n+2)}
= min {db (7"2n, r2n+1) 5 db (T2na T2n+2) 5 07 db (T2n+17 T27L+2)} = 07

for all n € NU {0}. Due to inequality (2.5)) we have a contradiction.
Hence, dp(r2n+1,T2n+2)) = 0. ]

3. FIXED POINT THEOREMS

In this section, we prove a common fixed point theorem which establishes that
the previous results in [27] are valid under much more general assumptions.

Theorem 3.1. Let (M, =,dy, s) be a complete partially ordered b-metric space with
s > 1. Suppose that S, T: M — M are two weakly increasing maps which satisfy
. Assume that either S, T are continuous or M has a sequential limit com-
parison property. Then S and T have a common fixzed point. Moreover, Fix(S,T)
is well ordered if and only if S, T have one and only one common fixed point.

Proof. Let r, be an iterative sequence as in Lemma We observe that if ro, =
Ton+1, then by Lemma [2.2] 79, = 795,41 = 72,42 implies that

ron = S(ran) = T(ront1) = T(r2,),
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resulting that ro, is a common fixed point of S and 7. Similarly, if rop4+1 = ront2,
then rop41 is a common fixed point of S and 7" and so on. Thus, suppose that
T 7# Tna1 for all n > 0. Since S, T are weakly increasing mappings, we obtain

T = S(TQ) j TS(?"()) = T(?"l) = T9 = T(’I“l) j ST(Tl) = S(TQ) =T3.
Iteratively, we obtain
rg 3T 3Ty X Xy I X1 S0

‘We prove that
db (rna 'rnJrl) S )\db (rnfla Tn) )
for all n > 1, where A € [0, 1). Indeed, since 73,, < ron41 putting in [2.4) ry = ray,
T9 = T'on4+1, We obtain
1
dy (T2n41,T2ng2) = dp (S (120, T(12n41)) < ;M (T2n, Tong1) + LN (r2n, ron1) -
Note that

dp (T2n7 S(TQn)) dy (T2n+17 T(T2n+1))
dp (T2n;T2n41) 5 1+ dy (129, T2ns1)
_ ny ! 2n+
M (7"271’ T2n+1) max dp (T2n7 S(’rzn)) dy (T2n+1, T(T27z+1))
(

14+dp (S(ran), T(r2n41))

3

dp (Ton, Ton+1) db (T2n41, T2n+2)

L+ dp (ron,T2nt1)
dy (7’2n7 7"2n+1) dy (7’2n+1, Ton+42

1+ dy (T2n+1, r2nt2)
max {dy (r2n, T2n+1)  db (T2n+1,T2n+2) }

dp (r2na 7ﬂ2n-‘,—1) 5 ’

= maXx

IN

and
_ . dy (7”2n, S(Tzn)) ,dp (T2n» T(T2n+1)) ,dy (T2n+17 S(TQn)) )

N (T2na T2n+1) = mn { dy (T2n+1a T(T‘Qn+1))
= min{dy (ran,"2n+1) s db (T2n, T2n+2) , b (T2n+1, T2n+1) » db (T2nt15 T2n+2)
= min{dy (ran,"2n+1) s db (T2n, T2n+2) , 0, dp (rant1, T2n+2)} = 0.

Observe that if M (rap,r2n+1) = db (Tan+1, r2nt2), then inequality (2.4) does not
hold, therefore, substituting M (rap, ront1) = dp (T2, Tont1) and N (1o, ront1) =

0 in (2.4)), we obtain

1
dy (T2n+1, Tant2) < ;db (Ton, Toant+1) = Adp (Ton, Tont1) -

Similarly, for rop41,72n42 € M, we have

dy (T2n+27 5(7”2n+2)) dy (T2n+17 T(T2n+1))

1+ dy (rans2, rant1)
dp (ron+2, S(ron+2)) do (T2n+1, T(ron+1))

1+ dy (S(rant2), T(r2n+1))
dpy (T2n+2, T2n+3) db (T2n+1, T2n+2)

1+ dy (ron+2, r2nt1)
dp (ron+2, T2n+3) db (Ton+1, T2n+2

14 dy (ran43, T2n+2)
< max{dp (rant2,T2n+1) , db (T2n+2, T2n+3)

db (T2n+27 r2n+1) 9

b

M(T2n+27r2n+1) = max

dp (Ton+2, T2n+1) 5

)
= max
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and

. dy (T2n+2, S(T2n42)) , db (ront2, T(rans1))
N n , n — n ) ) ) 9
(r2nt2:2n+1) mm{ dp (r2n+1,S(r2n+2)) , db (r2n+1, T(ran+1))

= min{dy (rant2,72n+3) db ("2n+2,T2n+2) » db (T2n+1,T20+3) s db (T2n41, T2n42) }
= min{dy (ren+t2,72n+3) 0, dp (r2n+1,2n+3) , db (T2n41, T2n42)} = 0.

Again observe that if M (rap42,72n+1) = db (Tan+2, r2n+3), then inequality (2.4)
does not hold. As 79,11 < 72,42 and S, T satisfy a generalized b-order rational
contractive condition, therefore, substituting M (ran42, ron+1) = dp (Tont2, Ton+1)
and N (ron42,72n4+1) = 0 in (2.4)), we obtain

1
dy (T2nt2,T2n43) < deb (Ton+1,T2n+2) = Adp (T2n41, Tant2) -
Hence we conclude that
dy (n,ns1) < My (Tn1,70) < XN'dy(r0,71), (3.1)

for all n > 1, where A € [0, 1). Now, for m > n > 0 from (d3), we have

dy(rr,rm) < Sldp(rn, 1) + dp(Tnt1, m))
< Sdb(rn» rn+1) + SZ[db(rner Tni2) + db(rn+2a Tm)]
< 8dp(Try Trg) + 82y (Trg1, Tnaz)
4+ 8 [dp(rns2, Tngs) + dp(rnss, Tm)]
< sdy(rp, rng1) + S dy(Png1, Tng2) + $°dy(Png2, Tnas)
+ o+ ST (Pi—1, )

Using inequality (3.1)) repeatedly, we obtain

dp(Tr, ") < 8N"dy(10,71) + 82N T dy(ro, 1) + s*N"T3dy (10, 71)
+ e SN (rg, )
< sV (T4 sA+ (sA)? 4+ (sA)™ ") dy(ro,m1)
SA™
< .
< 1z S)\db(ro,ﬁ)

Since, A € [0, %) and s > 1, it follows that

lim  dy(ry,rm) =0. (3.2)
n,m—o0o

Hence, {r,} is a b-Cauchy sequence, and since (M,d;) is complete, there exists
u € M such that r,, — v when n — oo. Consequently, r9,, — u, 72,41 — u when
n — oo.

If the functions S, T are continuous, we have

uw= lim rop41 = lim S(re,) =95 ( lim Tgn) = S(u).
n—oo n—oo n—oo

Similarly, v = T'(u) and hence u = T'(u) = S(u) that is u is common fixed point of
S,T.

In the other case, using the assumption that (M, <, d) satisfies the sequential
limit comparison property, we have that « < r,. As S and T satisfy the generalized
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b-order rational contractive condition (2.4)), we have
1
S0 (u;,S(u) < dy (u, r2n42) + dp (S(u), T(r2n1))

1
< dp (u,ront2) + ;M (w,ront1) + LN (u,72n41),  (3.3)

where

d (u r ) dy (U7 S(u)) dy (7‘2n+1, T(T2n+1))
M (u,reny1) = max v L +dy (u, 20 41)
’ nt db (’LL, S(U)) db (T2n+1> T(T2n+1))

1+dp (S(w), T(ront1))
dy (U7 S(U)) dy (T2n+1, 7”2n+2)

dy (u, T2, s
= max bt 7an2) 1+ dp (u,2n+1)
dy (u, S(w)) dp (Ton+1,T2n+2)

L +dy (S(u), r2n12)
< max {dp (ran+1,u), db (Tont1,T2n+2) dp (v, S(u))} (3.4)

9

)

and

N (u,r2n41) = min{dy (u,S(w)),dp (u, T(r2n+1)), dp (r2n+1, S(w))  dp (r2n+1, T(ran+1))}
min {db (u S( )) db (u T2n+2) db (r2n+1,S(u)) 7db (T2n+1,7“2n+2)}. (35)

Now, letting n — oo, from (3.3] . ) and ., we get
;db (1, S(0)) < = dy (0, S(u)),
which implies that u = S(u), similarly v = T'(u). O

Remark. Theorem shows that Fix(S,T) # @. Note that if u,u* € Fix(S,T)
are comparable then u = u* (u is unique), where S, T satisfy the generalized b-
order rational contractive condition. Indeed if u,u* are two comparable elements
of Fix(S,T), from inequality we get

@y (S(), T(*)) < 5 M () + LA (w0,

which implies that dy, (u,u*) < Ldp (u u*) and consequently, u = u*.

< 55
Remark. If u,u* € Fix(S,T) are incomparable and there exists z in M such that
every element in the orbit O7(2) = {2, T(2),T?(2),...} is comparable to u,u*, then
u = u* (u is unique) provided that S and T satisfy the generalized b-order rational
contractive condition.

Proof. Assume that u,u* are two incomparable elements in Fix(S,T") and there
exists an element 2z € M such that every element of Or(z) = {z,T(2),T?(2),...}
is comparable to u,u* and hence to S™(u), S™(u*) for each n > 1. Due to (dp3) we
have

édb(u,u*) < dp(u, T™(2)) + dp(u*, T™(2))
< dp(S™(u), T"(2)) + dp(S™(u*), T"(2))
S SM(S W), TN E) LN (7 (), T (2)
bM(S T W), T ) 4 N (87 (), T (2)) (36)
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where

M (S" ! (w), T (2)) = max 11+

)

M (S"Hu*), T" " (z)) = max ] (Snf}(tc)lbégz—i)(
b u ), u

(

n—1 ne1(.\) _ dy (S" 1 (u), S™(w)) ,dy (S" 1 (w), T"(2)), | _
N (S (u), T (Z)) = mln{ dl; ETn—l(Z), S(u)) ?db IZI(‘WL—l(Z)’Tn(u))) } =0,
nm—1/, % n—1 d nfl(u*%‘sfn(u*) 7d Snil(u*%Tn(z) ’
N (S (u*), T (Z)) = mln{ dZ ET”l(Z), (u*)) ,Zib (;gl(z),T”(z)) ) } =0.

Inequality (3.6]) gives

1
5€

1
Zd ¥ <
s b(u’u)*s

dy (8" (). T (2)) + dy (5" ("), T (2))).

Continuing in a similar way, we obtain

%db(u,u*) < Sig[db (571 (w), T"(2)) + dy (5" ("), 7" (2))]

S ;E[db (Sn_Q(u),Tn_2(Z)) 4 db (Sn_2(u*),Tn_2(Z))]
< Ll ($°). 7)) + dy (). 7))
taking limit as n — oo, we find u = u*. O

Remark. If u,u* € Fix(S,T) are incomparable and the mapping 7" has noncom-

petitive farthest property, then u = u* provided that S and T satisfy the generalized
b-order rational contractive condition.

Proof. Let u,u* € Fix(S,T) be two incomparable elements. By the given assump-
tion there exists an element z € M comparable to u and u* and closer to u and u*
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than T'(z). Thus

L) < dfu )+ dy(ut,2)

< dp(S(u), T(2)) + dp(S(u”), T(2))
1

< 87./\/1 (u,z) + LN (u, 2)
1

+ 87./\/1 (u*,2) + LN (u*, 2)
1

< ;[db (u, z) + dp (u*, 2)],

gives a contradiction. Hence u = u*. (I

We present an example which illustrates significance of Theorem over some
fixed point theorems in b-metric spaces.

Example 3.1. Let M = {1,2,3,4} and define partial order < on M such that
r1 = ro if and only if 7y < 79, where < is usual order on R. Thus, we get

=:={(1,1),(1,2),(1,3),(1,4),(2,2),(2,3),(2,4),(3,3),(3,4),(4,4)} € M x M.
Define the self maps S, T such that

1 2 3 4 1 2 3 4
S:<2 3 3 3) andT:(z 3 3 2)’
then after some calculations we can say that S and T are weakly increasing mappings
on M. Define the function dy : M x M — M by dp(r1,71) = 0, dp(r1,72) = dp(r2,71)
for all m,7re € M, dp(2,3) = 1/5, dp(1,2) = dp(1,3) = dp(1,4) = dp(2,4) = 10 and
dp(3,4) = 5. Observe that (M, dp) is a b-metric space with s = 11/10. Suppose that
L > 0 is an arbitrary real number and € = 3/2. We note that dy,(S(r1),T(r2)) =0
for all (r1,72) € {(1,1),(1,4),(2,2),(2,3),(3,3)}. Also,

(Tl,’l‘g) db(S(T1)7T(T2)) 1/SEM (Tl,T2)+LN(T1,T2)
(1,2) 1/5 (10/1)15 x 10+ L x 0
(1,3) 1/5 (10/11)'° x 10+ L x 0
(2,4) 1/5 (10/1)15 x 10+ L x 0
(3,4) 1/5 (10/11)15 x5+ L x 0

(4,4) 1/5 (10/11)15 x50 + L x 5

Table shows that the contractive condition (2.4) holds for all (r1,r2) €=<. Thus
all the conditions of Theorem [3.1] are satisfied. Moreover, r = 3 is a unique com-
mon fixed point of S and T. On the other hand, for (2,4) or (3,4) the contractive

1
condition dy(S(r1),T(r2)) < kdp(r1,r2) does not hold for 0 < k < =1 and hence [5]
Theorem 2] is not applicable.

We extend Definition 2.5] for all r1, 70 € M as it follows

Definition 3.1. Let (M, dp, s) be a b-metric space with s > 1. The pair of mappings
S, T: M — M is said to satisfy a generalized b-order rational contractive condition
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if for all 71,70 € M and € > 1, the inequality
1
dy (8(r1),T(r2)) < M (ri,m2) + LN (r1,72) (3.7)
holds, where

- db (rl,Srl)db (T‘Q,TT’Q) db (rl,Srl)db (T27TT2)
M (r1,72) —max{db (ri,r2), T+ dy (1, 72) " 1+ dy (Sro, Tra)
N (ri,r2) = min{dy (r1,Sr1),dp (r1,Tr2) ,dp (12, S71) , dp (12, TT2) } -
Theorem 3.2. Let (M,dy,s) be a complete b-metric space with s > 1. Suppose

that S, T: M — M are two self maps satisfying contractive condition (3.7)). Assume
that S and T are continuous. Then S and T have a common fized point.

Proof. The arguments follow the same lines as in proof of Theorem O

4. APPLICATION OF THEOREM

This section contains an existence result which shows the usefulness of Theorem
in establishing the existence of solution to system of differential equations given
below:

2 2
{ (Cllﬁ - ( T t)) te [Oa 1] and { _% =K (t7y(t)) ) te [07 1] (41)
2(0) =z (1) = 0. y(0) =y (1) = 0.
where f,K: [0,1] x C(I) — R are continuous functions. The Green function
associated to (4.1)) is defined by

_ftl-71), 0<t<7<1
G(“)_{ T(1—t), 0<7<t<l
Let C (I) be the space of all continuous function defined on I, where I = [0, 1].
Suppose that
() = ||z~ )?| _ = suplat) — (o)
o te
It is known that (C (I),dp, s) is a complete b-metric space with constant s = 2.
Now, consider the operators S,T: C (I) — C (I) given by

Sa( /GtTf(T.’L‘( ))dr and Ty(t) /Gtr (1,y(7))dr,

for all ¢t € I. Mention that (| - ) has a solution if and only if the operator S and T
have a common fixed point.
The main result is:

Theorem 4.1. Assume that there exist continuous functions f, K: [0,1]xC (I) —
R complying with
64

[F(t(t) = K(ty()]* < - M(a(t).y(®) for all t €1, (4.2)
where
o |z(t) = Sx(t)Ply(t) — Ty(t)|
|l2(t) — y(®)I?, :
M () y(1) = max 3 o guin 2y E;Jﬂ(ﬂt(ﬁ); y(t)[2
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Proof. Tt is well known that z*(-) € C?(I) is a solution of (4.1]) if and only if
z*()eC()isa solutlon of the integral equation (see [13]).

)
Let z(-),y(+) € ). By ({#.2), we get
/ G(t,7) [f (ry2(r)) — K (r,y(r))] dr

2

|Sz(t) — Ty(t)|”

< /Gm\fm( )~ K(ry(r >>|dT]2
< 8/01 G(t,T)\/<;M(x(7'),y(r))>d7']2

_ 2
<

:8 /01 G(tm)\/<515M(m(7),y(7))>d7]
82 (516/\/!(37(7')7y ) (Sﬁé? U Gt r dr] )

Let M(z,y) be defined as in Definition Then it can eabily be proved that
M(z,y) = sup;e; M(z(t),y(t)). Since [, G(t,7)dr = —%5 + § for all t € I, we

2
have <sup [ fol G(t,T)dT} ) = 8%. Taking the supremum over t in the resulted
tel

inequality we find

B(Se.Ty) < = (Mz,y)

s€
1

for all z(-),y(-) € C(I). Therefore all assumptions of Theorem are satisfied
with L > 0. Hence S and T have a common fixed point z*(-) € C(I) that is,
Sz*(t) = Tz*(t) = x*(¢) which shows that system (4.1) have a solution. O
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