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SOME CLASSES OF q-ALPHA STARLIKE AND RELATED

ANALYTIC FUNCTIONS

KHALIDA INAYAT NOOR

Abstract. Using the concept of q-Difference operator, we introduce a new

class of generalized q-alpha starlike functions. We investigate several inter-
esting mapping properties, certain inclusion results and generalized type of

q-Bernardi integral operator for this class. The ideas and technique of this

paper may stimulate further research in this area.

1. Introduction

Let A denote the class of functions f which are analytic in the open unit disc
E = {z : |z| < 1} and are of the form

f(z) = z +

∞∑
n=2

anz
n, (z ∈ E). (1.1)

A function f ∈ A is said to be starlike of order α (0 ≤ α < 1) in E, if it satisfies

<
{
zf ′(z)

f(z)

}
> α (z ∈ E). (1.2)

We denote this class by S∗(α). In particular, for α = 0, we have S∗(0) = S∗, the
class of starlike functions in E.

Let f1, f2 ∈ A. If there exists a function φ(z) with φ(0) = 0, |φ(z)| < 1,
z ∈ E, such that f1(z) = f2(φ(z)), then we say f1(z) is subordinate to f1(z)
with f1(z) ≺ f2(z).

In this paper, we introduce a generalized class of q-alpha starlike functions and
some other related classes by using the concept of the quantum calculus or so called
q-calculus. We should mention here that quantum calculus is not same as quantum
physics but it is usual calculus without using the notion of limits. It has many
applications in various fields of mathematics and physics.
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In geometric function theory, Ismail et al [3] first introduced the class of gener-
alized starlike functions via q-calculus.

We first give some basic definitions and concept details of q-calculus which we
shall use in this paper. For details and recent deveopments, see [2, 6, 10, 11, 12].

For any fixed complex number µ, a set B ⊂ C is called a µ-geometric set, if
µz ∈ B for z ∈ B. Let q ∈ (0, 1) be fixed and a subset B of C, then it contains all
geometric sequences {zqn}∞0 , qz ∈ B, whenever z ∈ B.

Let f be a function (real or complex valued) defined on geometric
set B, |q| 6= 1. The Jackson’s q-derivative and q-integral of f on the set B are,
respectively, given by ([4, 5]).

Dqf(z) =
f(z)− f(zq)

z(1− q)
, (z 6= 0, q ∈ (0, 1)) (1.3)

and ∫ z

0

f(t)dqt = z(1− q)
∞∑
n=0

qnf(zqn), (1.4)

provided that the series converges.

For 0 ∈ B, the q-derivative (1.3) at zero defined by, for |q| < 1

Dqf(z) = lim
n→∞

f(zqn)− f(0)

zqn
, z ∈ B \ {0},

provided the limit exists and does not depend on z.
Also

Dqf(0) = Dq−1f(0), |q| < 1.

We list down some rules for q-derivative.

(1) Dqz
n = 1−qn

1−q z
n−1 = [n]qz

n−1.

(2) Let f and g be defined on a q-geometric set B ⊂ C such that q-derivatives
of f and g exist for all z ∈ B. Then
(a) Dq(af(z)± bg(z)) = aDqf(z)± bDqg(z), a, b ∈ C
(b) Dq(f(z)g(z)) = g(z)Dqf(z)− f(qz)Dqg(z)

(c) Dq

(
f(z)
g(z)

)
=

g(z)Dqf(z)−f(qz)Dqg(z)
g(z)g(qz) =

g(qz)Dqf(z)−f(qz)Dqg(z)
g(z)g(qz)

(d)
∫ b
a
Dqf(ξ)dqξ = f(b)− f(a), a, b ∈ B.

Denote by P (q) the class of analytic functions of the form

p(z) = 1 + c1z + c2z + ... for z ∈ E
and satisfying the condition∣∣∣∣p(z)− 1

1− q

∣∣∣∣ < 1

1− q
, z ∈ E, q ∈ (0, 1).
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It is known [1] that p ∈ P (q) if and only if p(z) ≺ 1+z
1−qz . The transformation

( 1+z
1−qz ) maps |z| = r onto the disc with the center c(r) = ( 1+q2r2

1−q2r2 , 0) and the radius

ρ(r) = (1+q)r
1−q2r2 . This gives us∣∣∣∣p(z)− 1 + q2r2

1− q2r2

∣∣∣∣ ≤ (1 + q)r

1− q2r2
.

For p ∈ P (q), <p(z) > 0. Also

1− r
1 + qr

≤ |p(z)| ≤ 1 + r

1− qr
, (r → 1), q ∈ (0, 1).

Throughout this paper, we shall assume q ∈ (0, 1).
We now define the following.

Definition 1.1. Let f ∈ A. Then f ∈ Cq, if and only if,

Dq(zDqf(z))

Dqf(z)
∈ P (q), z ∈ E.

We note that limq→1− Cq = C, the class of convex univalent functions.
The class S∗q of q-starlike functions can be defined by using Alexander type relation
between Cq and S∗q as:

f ∈ Cq, if and only if, zDqf ∈ S∗q .

That is,

f ∈ S∗q , if and only if,
zDqf

f
∈ P (q), z ∈ E.

Definition 1.2. Let f ∈ A with
f(z)·Dqf(z)

z 6= 0 in E, and let

Jq(α, β, f(z)) =

[
(1− α)

zDqf(z)

f(z)
+

α

(1− β)

{
1− β +

qzDq(Dqf(z))

Dqf(z)

}]
, (1.5)

for α real and − 1
2 ≤ β < 1.

Then f ∈ Bq(α, β), if and only if, Jq(α, β, f) ∈ P (q) for z ∈ E, q ∈ (0, 1).

For any real α and − 1
2 ≤ β < 1, we note that the identity function belongs to

Bq(α, β) so that Bq(α, β) is not empty.

Special Cases:

(1) For q → 1−, Bq(α, 0) is a subclass of A introduced by Mocanu [8]. See also
[7, 9].

(2) limq→1− Bq(α, β) consists entirely of univalent functions, see [14].
(3) Bq(1, 0) = Cq and Bq(0, β) = S∗q

We shall need the following result.

Lemma 1.1. [1]. Let φ(z) be analytic in E with φ(0) = 0 and |φ(z)| < 1 for all
z ∈ E. Then, if |φ(z)| attains its maximum value on the circle |z| = r at a point
z◦ ∈ E, we have

z◦Dqφ(z◦) = kφ(z◦), k ≥ 1.
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2. Main Results

In the following, we establish the relationship between Bq(α, β) and S∗q .

Theorem 2.1. Let f ∈ A. Then f ∈ Bq(α, β), α 6= 0, if and only if, there exists a
function g ∈ Bq(0, β) = S∗q such that

f(z) =

[
m

∫ z

0

tm−1
(
g(t)

t

) 1−β
α

dqt

] 1
m

= z + ..., (2.1)

where m = 1 + (1−α)(1−β)
α .

Proof. Form (2.1), we have

(zDqf(z))(f(z))m−1 = z{m−(
1−β
α )−1}(g(z))

1−β
α . (2.2)

q-Logarithmic differentiation of (2.2) yields

Dq(zDqf(z))

zDqf(z)
+ (m− 1)

Dqf(z)

f(z)
=
m− ( 1−β

α )− 1

z
+

1− β
α
· Dqg(z)

g(z)
.

This implies that

1 +
qzDq(Dqf(z))

Dqf(z)
+ (m− 1)

zDqf(z)

f(z)
=

(
m− (1− β)

α

)
+

(
1− β
α

)
zDqg(z)

g(z)

Substituting for m and with some simple computations, we get

(1− α)
zDqf(z)

f(z)
+

α

1− β

{
1− β +

qzDq(Dqf(z))

Dqf(z)

}
=
zDqg(z)

g(z)
. (2.3)

If the right hand of (2.3) belongs to P (q), so does the left hand side and conversely.
This completes the proof. �

Theorem 2.2. Let f ∈ Bq(α, β). Then the function g :

g(z) = z

(
f(z)

z

)1−α

(Dqf(z))
α

1−β (2.4)

belongs to S∗q for all z ∈ E.

Proof. q-Logarithmic differentiation of (2.4) gives us

Dqg(z)

g(z)
=

1

z
+ (1− α)

Dqf(z)

f(z)
− (1− α)

z
−

( α
1−β )

z
+

αq

1− β
(Dq(Dqf(z)))

Dqf(z)
.

That is, after some simplification, we have

zDqg(z)

g(z)
= (1− α)

zDqf(z)

f(z)
+

α

1− β

(
1− β +

qzDq(Dqf(z))

Df (z)

)
,

and the result follows immediately since f ∈ Bq(α, β). �

Theorem 2.3. Let Jq(α, β, f(z)) be defined by (1.5) and let

<{Jaα(α, 0, f(z))− 1

1 + q
} > 0, α > 0, z ∈ E.

Then

zDqf(z)

f(z)
≺ 1

1− qz
, z ∈ E.
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That is, f is q-starlike in E.

Proof. We define the function φ(z) by

zDqf(z)

f(z)
=

1

1− qφ(z)
. (2.5)

For f ∈ A and given by (1.1), we have

zDqf(z) = z + a2
1− q2

1− q
z2 + a3

1− q3

1− q
z3 + ...

So φ(z) is well defined and analytic in E with

zDqf(z)

f(z)

∣∣∣∣
z=0

= 1 =
1

1− qφ(0)
⇒ φ(0) = 0.

We want to show that |φ(z)| < 1 for all z ∈ E. We assume to contrary, then there
exists a z◦ ∈ E such that |φ(z◦)| = 1.

Now, by definition, relation (2.5), q-logarithemic differentiation and some simple
computation, we get

(1− α)
zDqf(z)

f(z)
+ α

(
1 +

qzDq(Dqf(z))

Dqf(z)

)
=

{[
1

1− qφ(z)

]
+

αq

1− β

[
zDqφ(z)

1− qφ(z)

]
+ α

}
. (2.6)

Let φ(z◦) = eiθ, 0 ≤ θ ≤ 2π. Then, using Lemma 1.1, we have, for k ≥ 1,

<{Jq(α, 0, f(z◦))} =
1− q cos θ

1− 2q cos θ + q2
+ αkq

(
cos θ − q

1− 2q cos θ + q2

)
.

At θ = π, we have

<
{
Jq(α, 0, f(z◦))−

1

1 + q

}
= − αkq

(1 + q)
< 0,

and this is a contradiction to the given hypothesis. Hence |φ(z)| < 1 for all z ∈ E.
This implies that

zDqf(z)
f(z) ≺ 1

1−qz and the proof is complete. �

We have the following special case.

Corollary 2.1. Let f ∈ Bq(1, 0). Then
zDqf(z)
f(z) ≺ 1

1−qz for all z ∈ E. That is,

<
{

1 +
qzDq(Dqf(z))

Dqf(z)

}
>

1

1 + q
⇒ <

{
zD − qf(z)

f(z)

}
>

1

1 + q
, for z ∈ E.

Theorem 2.4. Bq(α, 0) ⊂ Bq(α1, 0), 0 < α1 < α.

Proof. Let f ∈ Bq(α, 0). Then

(1− α1)
zDqf(z)

f(z)
+ α1

[
1 +

qzDq(Dqf(z))

Dqf(z)

]
=

(
1− α1

α

)
zDqf(z)

f(z)
+
α1

α

[
(1− α)

zDqf(z)

f(z)

]
+ α

(
1 +

qzDq(Dqf(z))

Dqf(z)

)
=

α1

α
p1(z) +

(
1− α1

α

)
p2(z)

= p(z),
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where

p1(z) =

[
(1− α)

zDqf(z)

f(z)
+ α

(
1 +

qzDq(Dqf(z))

Dqf(z)

)]
∈ P (q)

and

p2(z) =
zDqf(z)

f(z)
∈ P (q), by Theorem 2.3.

Since P (q) is a convex set, p(z) ∈ P (q) and this proves that f ∈ Bq(α1, 0).
Inclusion result is thus established. �

3. Some q-Integral Operators

The q-Bernadi integral operator is defined as follows.

Let f ∈ A. Then LB : A → A is said to be q-Bernadi operator LB(f) = Fγ ,
where f(z) is given by (1.1) and

Fγ(z) =
[1 + γ]q
zγ

∫ z

0

tγ−1f(t)dqt =

∞∑
n=1

(
[1 + γ]q
[n+ γ]q

)
anz

n, (3.1)

for γ = 0, 1, 2, 3, ..., and [γ1]q = 1−qγ1
1−q .

For γ = 0, we have q-Alexandar operator and, with γ = 1 in (3.1), we define q-Libra
operator as

F1(z) =
[2]q
z

∫ z

0

f(t)dqt =

∞∑
n=1

(
[2]q(1− q)
1− qn+1

)
anz

n.

We note that radius of convergence of
∑∞
n=1

(
[2]q(1−q)
1−qn+1

)
anz

n and
∑∞
n=1

(
[1+γ]q
[n+γ]q

)
anz

n

is q for 0 < q < 1 and we have

lim
q→1−

Fγ(z) =

∞∑
n=1

(
1 + γ

n+ γ

)
anz

n =

[ ∞∑
n=1

(
1 + γ

n+ γ

)
zn
]
∗ f(z),

where ∗ denotes convolution (Hadamard product), and it is known[13] that

ψγ =

∞∑
n=1

( 1 + γ

n+ γ

)
zn

is convex for z ∈ E.

We now prove:

Theorem 3.1. Let Fγ(f) be defined by (3.1) and let <[Jq(0, β, f(z))] > 1
1+q > 0.

Then

<
[zDqFγ(z)

Fγ(z)

]
>

1

1 + q
, for z ∈ E.

That is,

f ∈ Bq(0, β) implies Fγ ∈ S∗q in E.
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Proof. To prove this result, we shall essentially follows the similar techniques used
in Theorem 2.3.
Let

zDqFγ(z)

Fγ(z)
= H(z) =

1

1− qφ(z)
. (3.2)

We note that φ(0) = 0 and φ(z) is analytic in E. We want to show that |φ(z)| < 1
for all z ∈ E.

Assume to the contrary. Then there exists a z◦ ∈ E such that |φ(z◦)| = 1. From
(3.1), (3.2) and with some computations, we have

zDqf(z)

f(z)
= H(z) +

zDqH(z)

H(z) + qγ [γ]q
,

and

<
[
zDqf(z)

f(z)
− 1

1 + q

]
= <

[
H(z) +

zDqH(z)

H(z) + qγ [γ]q
− 1

1 + q

]
> 0, for z ∈ E. (3.3)

q-lograithmic differentiating (3.2) and with

γq = qγ [γ]q, q1 =
log q−1

1− q
,

we get

H(z) +
zDqH(z)

H(z) + γq
=

1

1− qφ(z)
+

qq1zDqφ(z)

(1− qφ(z))[(1 + γq)− qγqφ(z)]
. (3.4)

For z◦ ∈ E, |φ(z◦)| = 1, we note that

lim
z→z◦

Dqφ(z) = Dqφ(z◦)

= lim
z→z◦

φ(z)− φ(z◦)

z − z◦
= φ′(z◦).

From (3.4) and Lemma 1.1, we have

<
[
H(z◦) +

z◦DqH(z◦)

H(z◦) + γq

]
= <

[
1

1− qeiθ
+

kqq1e
iθ

(1− qeiθ)[(1 + γq)− qγqeiθ]
.

With some simple computations and taking θ = π, we have

<
{
H(z◦) +

z◦DqH(z◦)

H(z◦) + γq
− 1

1 + q

}
= − kqq1

(1 + q)|(1 + γq)− qγqeiπ|2
,

which is a contradiction and hence |φ(z)| < 1 for all z ∈ E. Hence

H(z) =
zDqFγ(z)

Fγ(z)
≺ 1

1− qz
.

This implies <[
zDqFγ(z)
Fγ(z)

] > 1
1+q > 0, and Fγ ∈ Bq(0, β) in E. This completes the

proof. �

Theorem 3.2. Let f, g ∈ B(0, β) = S∗q , and for m = 1, 2, 3, ..., let

K(z) =
m+ 1

gm(z)

∫ z

0

tm−1f(t)dqt. (3.5)



q-ALPHA STARLIKE 31

Then K ∈ S∗q for

|z| < γq = −Q1 +
√
Q2

1 + 4Q2

2Q2
,

where Q1 = mq +m+ q + 1, Q2 = mq2 +mq − q.

To prove this result, we need the following result.

Lemma 3.1. Let N and T be analytic in E, N(0) = T (0) = 0 and let T (z) ∈ S∗q ,
z ∈ E. Then

<
{
DqN(z)

DqT (z)

}
>

1

1 + q
implies

N(z)

T (z)
≺ 1

1− qz
,

that is, N(z)
T (z) ∈ P (q) in E.

Proof. Let N(z)
T (z) = 1

1−qφ(z) , φ(z) is analytic in E and φ(0) = 0. We need to show

that |φ(z)| < 1. Proceeding as before, we assume on the contrary. Then there is
z◦ ∈ E such that |φ(z◦)| = 1.
We have N(z) = T (z)

(
1

1−qφ(z)
)

and q-differentiation gives us

DqN(z) = Dq

[
T (z) · 1

1− qφ(z)

]
= [DqT (z)]

(
1

1− qφ(z)

)
+ T (z)

[
Dq ·

1

1− qφ(zq)

]
= [DqT (z)]

(
1

1− qφ(z)

)
+ T (z)

[
q2Dqφ(z)

(1− qφ(zq))2

]
= [DqT (z)]

[
1

1− qφ(z)
+

T (z)

DqT (z)

[
q2Dqφ(z)

(1− qφ(zq))2

]
.

This gives us

DqN(z)

DqT (z)
=

1

1− qφ(z)
+ h(z◦) ·

q2Dqφ(z)

(1− qφ(zq))2
,

where h◦(z) = 1
h(z) , h(z) =

zDqT (z)
T (z) ∈ P (q). So <h◦(z) > 0, and using

Lemma 1.1, we get

<
{
DqN(z◦)

DqT (z◦)

}
= <

[
1

1− qφ(z◦)
+

{
h(z◦) ·

kq2Dqφ(z◦)

(1− qφ(z◦q))2

}]
.

Taking φ(z◦) = eiθ and θ = π, and with some simplification, we have

<
{DqN(z◦)

DqT (z◦)
− 1

1 + q

}
< 0,

which is a contradiction. Thus |φ(z)| < 1 for all z ∈ E.
This completes the proof.

We now proceed to prove Theorem 3.2. We can write (3.5) as

(K(z))(g(z))m = (m+ 1)J(z), J(z) =

∫ z

0

tm−1f(t)dqt. (3.6)
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Differentiating (3.6) q-logarithmically, we obtain

zDqK(z)

K(z)
=

zDqJ(z)

J(z)
−mzDqg(z)

g(z)

= m+
zDqJ(z)−mJ(z)

J(z)
−mzDqg(z)

g(z)
(3.7)

It can easily be verified that J(z) is m-valent q-starlike in E.
Let

N(z)

T (z)
=
zDqJ(z)−mJ(z)

J(z)
,

with T (z) = J(z) and N(z) = zDqJ(z)−mJ(z).

We note that N(0) = T (0) = 0. Using Lemma 3.1, it follows that N(z)
T (z) ∈ P (q).

Thus, from (3.7), we have

zDqK(z)

K(z)
= m+ h(z)−mp(z), h, p ∈ P (q),

and

<
{
zDqK(z)

K(z)

}
≥ m+

1− r
1 + qr

−m 1 + r

1− qr

=
(mq2 +mq − q)r2 + (mq +m+ q + 1)r − 1

1− q2r2

=
T (q, r)

1− q2r2
.

Since T (q, 0) = −1 < 0, T (q, 1) = mq2 + 2mq +m > 0, so rq ∈ (0, 1) exists and

rq =
−(mq +m+ q + 1) +

√
(mq +m+ q + 1)2 + 4(mq2 +mq − q)

2(mq2 +mq − q)
This completes the proof. �

As a special case, for q → 1−, f, g ∈ S∗ and K ∈ S∗( 1
2 ) for

|z| < r1 = −
(m+ 1) +

√
(m+ 1)2 + (2m− 1)

(2m− 1)
.

When q → 1−and m = 1, then

r = −2 +
√

5.

Theorem 3.3. Let, for σ > 0,

G(z) =

{
(1 + σ)

∫ z

0

(f(t))σ
(
g(t)

t

)
dqt

} 1
1+σ

(3.8)

and let f, g ∈ Bq(0, β). Then G ∈ Bq( 1
1+σ , 0) in E.

Proof. From (3.8), we have

Dq(G(z))σ+1 = (1 + σ)(f(z))σ
(
g(z)

z

)
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This gives us

[(σ + 1)Gσ(z)DqG(z)] = (1 + σ)fσ(z)

(
g(z)

z

)
,

and q-logarithmic differentiation of both sides yields

σ
zDqG(z)

G(z)
+
Dq(zDqG(z))

DqG(z)
= σ

zDqf(z)

f(z)
+
zDqg(z)

g(z)
.

That is

σ

1 + σ

zDqG(z)

G(z)
+

1

1 + σ

Dq(zDqG(z))

DqG(z)
=

σ

1 + σ
p1(z) +

1

1 + σ
p2(z), (3.9)

where p1, p2 ∈ P (q) and, since P (q) is a convex set, the right hand side of (3.9)
belongs to P (q). This proves that G ∈ Bq( 1

1+σ , 0) in E. �
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