
Journal of Mathematical Analysis

ISSN: 2217-3412, URL: www.ilirias.com/jma

Volume 8 Issue 4 (2017), Pages 147-155.

A SOLUTION OF THE NEW CAPUTO-FABRIZIO FRACTIONAL

KDV EQUATION VIA STABILITY

H. AYDI, H.R. MARASI∗, H. PIRI, A. TALEBI

Abstract. The new fractional derivative, which has no singular kernel, was
recently introduced by Caputo and Fabrizio. In this paper, we consider the
nonlinear KdV equation with the new fractional derivative and we study the
existence of a solution by using H-stability of an iteration procedure. Numer-
ical simulations are also reported to show H-stability of presented algorithm.

1. Introduction

The concept of a derivative is used to describe the rate of change of a given
function and so we can use it to model the systems occurring in real world phenom-
ena. Due to the complexity of problems in engineering and scientific disciplines, the
definition of integer order derivative extended to the concept of fractional deriva-
tive [1-4]. Compared with integer order, a significant feature of a fractional order
differential operator is its nonlocal behavior. In other words, the future state of a
process described by fractional derivative depends on its current state as well as its
past states. Therefore, by making use of differential equations of arbitrary order,
one can describe the memory and hereditary properties of various important ma-
terials and systems. So, in recent years fractional differential equations have been
paid of great interest and there appeared new areas for applications of initial and
boundary value problems of such equations. Started by Riemann-Liouville frac-
tional derivative, some new definitions for derivative of arbitrary order have been
updated. Recently, the new Caputo-Fabrizio fractional derivative, with no singular
kernel, was proposed in [4], and further studied in [9]. Caputo-Fabrizio fractional
derivative has many significant properties such as its ability in describing matter
heterogeneities and configurations with different scales. The existence of solutions
for nonlinear differential equations has been studied using the techniques of non-
linear analysis such as fixed point results [12, 13, 14, 15] and stability [18, 9].
In most differential equations, one can not obtain exact solutions. So various kinds
of approximation methods such as asymptotic [3, 5] , analytical and numerical
methods were used to solve such equations. Variational iteration method, which
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has been found by many authors, is a powerful tool for solving various types of dif-
ferential and integral equations ([10],[11]). In this paper, we consider the fractional
Korteweg-de Vries equation (KdV for short) via the new fractional derivative of
Caputo-Fabrizio. We will show the H-stability of a variational iteration method
for solving this equation.

2. Preliminaries

In the following, we provide some basic concepts and definitions in connec-
tion with the new Caputo-Fabrizio derivative. Caputo and Fabrizio proposed
the following fractional derivative for a function f belongs to the Sobolev space

H1(a, b) = {f(x), a < x < b,
∫ b

a
f2(x)dx < ∞,

∫ b

a
(f)

′2
(x)dx < ∞}.

Definition. For a function f ∈ H1(a, b), the Caputo-Fabrizio derivative of frac-

tional order α ∈ [0, 1] is defined as

Dα
t (f(t)) = (

M(α)

1− α
)

∫ t

a

f
′

(x) exp[−α
t− x

1− α
]dx, (2.1)

where M(α) is a normalization function under the conditions M(0) = M(1) = 1
[4]. But, if a certain function does not satisfy in the restriction f ∈ H1(a, b), then
its fractional derivative is redefined as

Dα
t (f(t)) =

αM(α)

1− α

∫ t

a

(f(t)− f(x)) exp[−α
t− x

1− α
]dx. (2.2)

Clearly, as mentioned in [4], if one chooses σ = 1−α
α

∈ [0,∞] and α = 1
1+σ

∈ [0, 1],
then the Caputo-Fabrizio definition becomes

Dα
t (f(t)) =

N(σ)

σ

∫ t

a

f ′(x) exp[−
t− x

σ
]dx, N(0) = N(∞) = 1, (2.3)

where

lim
σ→0

exp[−
t− x

σ
] = δ(x− t). (2.4)

For n ≥ 1 and α ∈ [0, 1], the fractional derivative of order (n+ α) is defined by

D
(α+n)
t (f(t)) = D

(α)
t (D

(n)
t f(t)). (2.5)

Definition. The fractional arbitrary order integral of a function f ∈ H1(a, b) is

defined as follows

Itα(f(t)) =
2(1− α)

(2− α)M(α)
f(t) +

2α

(2− α)M(α)

∫ t

0

f(s)ds. t ≥ 0. (2.6)

In view of the above definition, it is clear that the αth Caputo-Fabrizio derivative
is average between f and its one order integral. Therefore,

2(1− α)

(2− α)M(α)
+

2α

(2− α)M(α)
= 1. (2.7)

So, we arrived to prove that

M(α) =
2

2− α
, 0 ≤ α ≤ 1.
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By virtue of this formula, Losada and Nieto [7] remarked that Caputo-Fabrizio
fractional derivative can redefined as

Dα
t (f(t)) =

1

1− α

∫ t

a

f ′(x) exp[−α
t− x

1− α
]dx. (2.8)

Applying the Laplace transform to (2.8), one has

L[Dα
t (f(t))] =

sL(f(t))− f(0)

s+ α(1 − s)
, (2.9)

so

L[Dα+1
t (f(t))] =

sL(f(t))− sf(0)− f ′(0)

s+ α(1 − s)
. (2.10)

In a general form

L[Dα+1
t (f(t))] =

sn+1L(f(t))− snf(0)− sn−1f ′(0)− · · · − f (n)(0)

s+ α(1 − s)
. (2.11)

Similar to the Laplace transform Sumudu transform is an integral transform which
is defined by the following formula

F (u) = S[f(t);u] =
1

u

∫
∞

0

e−( t

u
)f(t)dt.

Atangana [8] proved that the Sumudu transform of the Caputo-Fabrizio fractional
derivative of f(t) is obtained as

S(Dα
t (f(t))) = M(α)

S(f(t))− f(0)

1− α+ αs
, (2.12)

and in a general form

S(Dα
t ) =

M(α)

1− α+ αs
(
S(f(t))

sn
−

n∑
k=0

fk(0)

sn−k
). (2.13)

Now, we proceed to prove the following theorem.

Theorem 2.1. Let f be defined and be continuous on an open set in (t, x, u)-space.
The solution of the equation

Dα
t u(x, t) = f(t, x, u), (2.14)

involving the condition

u(x, 0) = u0,

satisfies the following integral equation

u(x, t) = u0 +
1− α

M(α)
f(t, x, u) +

α

M(α)

∫ t

0

f(t, x, u)du. (2.15)

Proof. Taking the Sumudu transform on both sides of (2.14) and using (2.12), we
deduce

M(α)
S(u(x, t)) − u0

1− α+ αs
= S(f(x, t, u)),

or

u(x, t) = u0 + S−1{
1− α+ αs

M(α)
S(f(x, t, u))}.
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By the following property of Sumudu transform

S−1[sS(y(t))] =

∫ t

0

y(s)ds, (2.16)

we get

u(x, t) = u0 +
1− α

M(α)
f(x, t, u) +

α

M(α)

∫ t

0

f(x, t, u)du,

which completes the proof. �

Now, we provide the definition of H− stability, which we will use in the study
of existence of a solution of fractional KdV equation. Let (X, ‖.‖) be a Banach
space and H : X → X . Let xn+1 = f(H,xn) be an iteration procedure such that
its fixed point set F (t) is nonempty and {xn} converges to a point q ∈ F (t). For a
bounded sequence {yn} in X , let εn = ‖yn+1 − f(H, yn)‖. The iteration procedure
is said to be H-stable if

lim
n→∞

εn = 0,

yields

lim
n→∞

yn = q.

Particularly, if the above holds for the Picard iteration xn+1 = Hxn, we say that
the Picard iteration is H−stable.

The following result of Qing and Rhoades [17] is useful in the sequel.

Theorem 2.2. [17] Let for all x, y ∈ X the following relation holds for T : X → X

‖Tx− Ty‖ ≤ L‖x− Tx‖+ l‖x− y‖,

where L ≥ 0 and 0 ≤ l < 1. Suppose that T has a fixed point. Then T is Picard

T -stable.

3. KdV equation with Caputo-Fabrizio derivative

Let us consider the nonlinearKdV equation with time fractional Caputo-Fabrizio
derivative of the form

Dα
t (u(x, t)) = 6uux − uxxx, 0 < α < 1, 0 < t ≤ T, a ≤ x ≤ b, (3.1)

under the initial condition

u(x, 0) = g(x).

Applying the Sumudu transform on both sides of (3.1) and taking into account
(2.12), we calculate

M(α)
S(u(x, t)) − u(x, 0)

1− α+ αs
= S{6u

∂u

∂x
−

∂3u

∂x3
}, (3.2)

or

S(u(x, t)) = u(x, 0) +
1− α+ αs

M(α)
S{6u

∂u

∂x
−

∂3u

∂x3
}. (3.3)

Using the inverse Sumudu transform, we get

u(x, t) = u(x, 0) + S−1{
1− α+ αs

M(α)
S{6u

∂u

∂x
−

∂3u

∂x3
}}. (3.4)
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By virtue of (2.16), we arrive to

u(x, t) = u(x, 0) +
(1− α)

M(α)
(6u

∂u

∂x
−

∂3u

∂x3
) +

α

M(α)

∫ t

0

(6u
∂u

∂x
−

∂3u

∂x3
)ds. (3.5)

This leads to the following iteration formula

u(x, 0) = u0,

un+1(x, t) = u0 +
(1− α)

M(α)
(6un

∂un

∂x
−

∂3un

∂x3
) +

α

M(α)

∫ t

0

(6un

∂un

∂x
−

∂3un

∂x3
)ds.

(3.6)

The solution of (3.1) is as follows

u(x, t) = lim
n→∞

un(x, t).

In view of (3.6) and according to the variational iteration method, we can construct
the following correction functional

un+1(x, t) = un(x, 0) +
(1− α)

M(α)
(6un

∂ūn

∂x
−

∂3un

∂x3
) +

α

M(α)

∫ t

0

(6un

∂ūn

∂x
−

∂3un

∂x3
)ds,

where 1+(α−1)s
sM(α) is Lagrange multiplier and ūn is considered as a restricted variation,

i.e. δūn = 0. In the sequel, we show that the nonlinear mapping H defined by

H(un(x, t)) = un+1(x, t) (3.7)

= un(x, 0) +
(1− α)

M(α)
(6un

∂un

∂x
−

∂3un

∂x3
) +

α

M(α)

∫ t

0

(6un

∂un

∂x
−

∂3un

∂x3
)ds,

is Picard H-stable in L2(a, b). For this purpose, we concentrate here on the Ba-
nach space X of bounded Lipschitz functions where the second derivative operator
possesses the Lipschitz condition. Let us show first that H has a fixed point, for
m,n ∈ N , we have

‖H(un(x, t)) −H(um(x, t))‖ = ‖(un(x, t) − um(x, t)) (3.8)

+
(1 − α)

M(α)
{(6un

∂un

∂x
− 6um

∂um

∂x
)− (

∂3un

∂x3
−

∂3um

∂x3
)}

+
α

M(α)

∫ t

0

{(6un

∂un

∂x
− 6um

∂um

∂x
)− (

∂3un

∂x3
−

∂3um

∂x3
)}ds‖.

So

‖H(un(x, t))−H(um(x, t))‖ ≤ ‖(un(x, t)− um(x, t))‖ (3.9)

+‖
(1− α)

M(α)
{(6un

∂un

∂x
− 6um

∂um

∂x
)− (

∂3un

∂x3
−

∂3um

∂x3
)}‖

+‖
α

M(α)

∫ t

0

{(6un

∂un

∂x
− 6um

∂um

∂x
)− (

∂3un

∂x3
−

∂3um

∂x3
)}ds‖.

With the assumptions on X , from Lipschitz condition on second derivative, it is
easy to see that there are constants β1, β2 and β3 such that

‖
∂3un

∂x3
−

∂3um

∂x3
‖ ≤ β1β2β3‖un(x, t) − um(x, t)‖. (3.10)
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Also, considering an − bn = (a− b)
∑n−1

j=0
k!

j!(k−j)!a
jbk−j−1 we have

‖ uk+1
n (x, t)−uk+1

m (x, t) ‖≤‖

k∑
j=0

k!

j!(k − j)!
(un(x, t))

j(um(x, t))k−j−1 ‖‖ un(x, t)−um(x, t) ‖,

and since un(x, t) and um(x, t) are bounded functions, ‖ un(x, t) ‖≤ E, ‖ um(x, t) ‖≤
F , one can deduce

‖
∂u2

n

∂x
−

∂u2
m

∂x
‖ ≤ β(E + F )‖un(x, t)− um(x, t)‖, (3.11)

where β is a constant. Substituting these inequalities into the right-hand side of
(3.9), we get

‖H(un(x, t)) −H(um(x, t))‖ ≤ ‖un(x, t)− um(x, t)‖ (3.12)

+
(3− 3α+ αT )(E + F )β

M(α)
‖un(x, t)− um(x, t)‖

−
(1− α+ αT )β1β2β3

M(α)
‖un(x, t) − um(x, t)‖.

Therefore

‖H(un(x, t)) −H(um(x, t))‖ ≤ (3.13)

(1 +
(3 − 3α+ αT )(E + F )β

M(α)
−

(1 − α+ αT )β1β2β3

M(α)
)‖un(x, t) − um(x, t)‖.

The main result of this section is the following theorem providing a solution of
(3.7).

Theorem 3.1. Consider the iteration formula

H(un(x, t)) = un+1(x, t)

= un(x, 0) +
(1− α)

M(α)
(6un

∂un

∂x
−

∂3un

∂x3
) +

α

M(α)

∫ t

0

(6un

∂un

∂x
−

∂3un

∂x3
)ds.

The nonlinear map is Picard H-stable with respect to the norm of L2(a, b) if

(1 +
(3− 3α+ αT )(E + F )β

M(α)
−

(1− α+ αT )β1β2β3

M(α)
) < 1. (3.14)

Proof. In view of the above calculations, (3.14) implies that H has a fixed point.
Also, putting

L = 0, and l = 1 +
(3 − 3α+ αT )(E + F )β

M(α)
−

(1 − α+ αT )β1β2β3

M(α)
,

shows that all conditions of Theorem 2.2 are satisfied. Therefore, the nonlinear
map is Picard H-stable. �
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4. Illustrative example

To demonstrate the validity and efficiency of propounded iteration procedure,
we consider the equation (3.1) with the initial condition

u(x, 0) =
−k2

2
sech2[

k

2
x], (4.1)

such that h and k are constants. The exact solution of the problem is [19]

u(x, t) =
−k2

2
sech2[

k

2
(x− k2t)].

Following the technique, the numerical solutions are presented in Figures 1 and 2.

-3 -2 -1 0 1 2 3

-1.0
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-0.6

-0.4

-0.2

0.0

Figure 1. The behavior of the exact(dashed line) and numerical
solutions(solid line) of problem (3.1)-(4.1).
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Figure 2. Numerical simulation of (3.1) with initial condition (4.1).
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5. Conclusion

Fractional differential equations appear naturally in various fields of science and
engineering. The newly fractional derivative proposed by Caputo and Fabrizio has
many applications such as in describing matter heterogeneities and configurations
with different scales and in the learning of the macroscopic behavior of some mate-
rials. In this paper, using useful existing properties, we have proved a new existence
result for fractional differential equations with a new fractional derivative and then
studied the H-stability of a variational iteration method for solving a fractional
KdV equation with a Caputo-Fabrizio fractional derivative.

Acknowledgments. The authors would like to thank the anonymous referee for
his/her comments that helped us improve this article.
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