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COMMON FIXED POINTS OF (¢,9)-CONTRACTION ON G-
METRIC SPACE USING E.A PROPERTY

ABDULLAH, MUHAMMAD SARWAR*, ZEAD MUSTAFA, AND M.M.M. JARADAT

ABSTRACT. The aim of this manuscript is to present a unique common fixed
point theorem for six mappings satisfying (¢, 1)- contraction and E.A property
in the framework of G—metric space. An illustrative example is also given to
justify the established result.

1. INTRODUCTION

Banach contraction mapping principle [3] is one of the pivotal results of analysis.
According to the contraction mapping principle, any mapping T : X — X satisfying

d(Tz, Ty) < kd(z,y) V z,ye X and 0<k<1

must have a unique fixed point. Generalization of the above contraction mapping
principle has been a very active field of research during recent years. Many authors
generalized this principle with different approaches in various spaces.

Yan et al. [9] gave the idea of (¢, )-contraction who extended the results of
Harjani and Sadarangani [4] and some other authors and proved a fixed point
theorem of a contraction mapping in a complete metric space endowed with a
partial order by using altering distance functions. Different authors used (¢, )-
contraction to obtain common fixed point results in different spaces. Some of the
work on (¢, 1)-contraction is given in [2} [6] [8] [10].

In 1996, Jungck [I7] defined a pair of self mappings to be weakly compatible if
they commute at their coincidence points. However, the study of common fixed
point of non-compatible mappings has recently been initiated by Pant ([19]) and
(120).

In 2002, Amari and El Moutawakil [I8] defined a new property called an (E.A)
property which generalized the concept of non-compatible mappings and they proved
some common fixed point theorem.

In 2005, Mustafa and Sims [I3] introduced a new generalization of metric space
by assigning to every triplet (z,y,2) € X x X x X a real number and named it a
G-metric space. In 2008, Mustafa et al. [I4] obtained some fixed point results in
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G-metric space for mappings satisfying different contractive conditions. Shatanawi
[16] proved a fixed point theorem for contractive mappings satisfying ®-maps in
G-metric spaces. After that several fixed point results were proved in these spaces.
Some of these works are noted in [[7], [8], [10], [11], [13], [16], [[21]-[27]] etc].

In the current work we will obtain a unique common fixed point result in G-
metric spaces using (¢, ¥)-contraction and E.A property.

2. PRELIMINARIES
The following definitions and results will be needed in the sequel.

Definition 2.1. [13] A G-metric space is a pair (X, G) where X is a nonempty set
and G is a nonnegative real-valued function defined on X x X x X such that for all
x,y, 2,0 € X, we have

(Gl) G(z,y,2)=0ifx =y =z;
(G2) 0 < G(x,z,y); for all z,y € X, with x # y;
(G3) G(z,z,y) < G(z,y,2), forall x,y,z € X, with z # y;
(G4) G(z,y,2)
(G5) G(z,y,2) < G(z,a,a)+G(a,y,2), for all z,y,z,a € X (rectangle inequal-
ity).

The function G is called a G-metric on X. Note that every G-metric on X

defines a metric dg on X by

G(z,z,y) = Gy, z,x) = ... (symmetry in all three variables);

da(v,y) = G(z,y,y) + G(y, v, x) forall z,y € X.

Example 2.1. [I3] Let (X, d) be a metric space and define G5, Gy : X X X X X —
[07 o0) by
Gs(xa Y, Z) = d(ﬂj, y) + d(y7 Z) + d(zv Z)a
and
Gm(l‘v Y, Z) = maX{d(x, y)’ d(:’/’ Z), d($7 Z)}
forall x,y,z € X. Then (X,Gy) and (X, G,,) are G-metric spaces.

Definition 2.2. [I3] A sequence {x,} in a G-metric space (X,G) is said to con-
verge if there exists x € X such that lim,, ;00 G(x, Ty, Tmm) = 0, and one say that
the sequence {x,} is G-convergent to x. We call x the limit of the sequence {x,}

and write ©,, — = or lim =z, = x.
n— o0

Throughout this paper we mean by N the set of all natural numbers.

Proposition 2.1. [I3] Let (X, G) be G-metric space. Then the following statements
are equivalent.

(1)  {zn} is G-convergent to x.
3) G(xp,zn,z) — 0, as n — oo.
(4) Gap,z,z) =0, asn — oo.
(5)  G(am,zn,x) =0, as m,n — co.
Definition 2.3. [I3] In a G-metric space (X,G), a sequence {x,} is said to be

G-Cauchy if given € > 0, there is N € N such that G(xn, Tm,x;) < €, for all
n,m,l > N. That is G(Tpn, Tm,x;) — 0 as n,m,l — co.

Proposition 2.2. [13] In a G-metric space (X, Q), the following statements are
equivalent.
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(1) The sequence {x,} is G-Cauchy.
(2) For every e > 0, there exists N € N such that G(xy,, Tm,Tm) < €, for all
n,m> N.

Definition 2.4. [13] A G-metric space (X, G) is called symmetric if G(z,y,y) =
G(y,x,x) for all z,y € X, and called nonsymmetric if its not symmetric.

Example 2.2. [I5] Let X = N be the set of all natural numbers, and define
G: X x X xX — R such that for all x,y,z € X:

G(x7y72)207 Zjl;x:y:Z
G(z,y,y) =+, X ifi x <y
Glx,yy)=xz+y+3, iffz>y

Glry,2)=z+y+z ifety#z
and symmetry in all three variables.
Then, (X,G) is G-metric space and non-symmetric. In fact, if x < y, then

Glx,yy)=z+y#z+y+3 =Gy, zz).

Proposition 2.3. [13] Let X be a G-metric space, then the function G(x,y,z) is
jointly continuous in all three of its variables.

Definition 2.5. [13] A G-metric space X is said to be complete if every G-Cauchy
sequence in X is G-convergent in X.

Definition 2.6. [5] A mapping ¥ : [0,00) — [0,00) is called an altering distance
function if the following properties are satisfied:
1. % 1is continuous and non-decreasing.
2. ()=t if and only if t=0.
The set consist of all altering distance functions is denoted by V.
Definition 2.7. [12] Let f and g be self maps of a set X. If w = fx = gx for some

x € X. Then x is called a coincidence point of f and g, and w is called a point of
coincidence of f and g.

The following definition was given by Jungck [17].

Definition 2.8. [T7] Two maps f and g are said to be weakly compatible if they com-
mute at their coincidence points, that is if ¢ is a coincidence point, then f(g(x)) =

9(f(x)).

Definition 2.9. [18] Let S and T be two self mappings of a metric space (X,d).
We say that T and S satisfy the (E.A) property if there exists a sequence {x,} such
that

lim Tz, = lim Sx, =t, for somet € X.

n—oo n—oo

3. MAIN RESULTS

We start this section by presenting the main result.

Theorem 3.1. Let (X,G) be a complete G-metric space and f,g,h, R, S, T : X —
X be self mappings such that

(1) (f,R) and (g,S) satisfy (E.A) property.

(2) F(X)CT(X), 9(X)C R(X) and h(X) C S(X).

(3) R(X) is a closed subspace of X.

(4) (f,R),(g,S) and (h,T) are weakly compatible pairs of mappings.
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(5)
V(G(fz,gy,hz)) < ¢ (M(x,y,2)) — ¢ (M(z,y,2)) Vr,y,2€X, (3.1)
where 1, ¢ € ¥ and
M(z,y, z) = max {G(Rx, Sy, Tz),G(fx,Sy,Tz), G(Rx, gy, Tz),
G(Rz, Sy, hz),G(fx,qy,Tz),G(fz, Sy, hz), G(Rzx, gy, hz)} (3.2)
Then f,g,h, R, S, T have a unique common fized point in X .

Proof. Since the pair (f, R) satisfy (E.A) property, there exists a sequence {x,}
such that

li_}rn fan = 1i_>m Rz, =r1. (3.3)
But f(X) C T(X), so there exists a sequence {z,} C X such that
fxp, =Tz, and lim fz, = lim Tz, = lim Rx, = r. (3.4)
n—oo n—oo n—oo

Since the pair (g, S) satisfy E.A property, there exists a sequence {y,} such that
lim gy, = lim Sy, =rs. (3.5)
n—oo n—oo
But ¢(X) C R(X), so as in the above there exists a sequence {8, } C X such that
9Yn = RB, and lim gy, = lim RSB, = lim Sy, = rs. (3.6)
n—oo n—oo n—oo
Now, we shall show that lim,,_,, hz, = r1. Replacing z,y and z by z,,y, and z,,
respectively, in equation (3.2), we get that
M(zn, Yn, 2n) = max {G(Rxp, Syn, Tzn), G(fTn, Syn, T2n), G(RTpn, gyn, T2n),
G(Rxna SYn, th), G(fl‘n, 9Yn, Tzn)a G(fxnv SYn, hzn)a
G(Rzn, gyn, hzn)} - (3.7)

Taking the limit as n — oo in (3.7)), and using (3.4)), (3.6) and the continuity of G,
we obtain that

lim M(zp,yn,2,) = lIm max{G(Rzn, SYn,Tzn), G(fTn, Syn, Tzy),
n—oo n—o00
G(Rrp, gyn, T2n), G(Rn, SYn, hzn), G(f2n, gyn, T2n),
G(fxnvSynvhzn);G(Rxnvgynvhzn)v}
= ma’X{G(T17T27T1)7G(TlaTQarl)vG(le’rQ;rl)a

G(r1,ra, li_{ﬂ hzn), G(r1,72,71),
G(ri,r2, im hz,),G(r1,re, lim hzn)}
n—oo n— oo

= max{G(rl,rz,nlin;ohzn),G(rl,rg,rl)}
- G(T17T27 ll)m th) (38)

Now, in equation (3.1) replacing x,y and z by z,, ¥y, and z,, respectively, we have

1/J(G(fxn, 9Yn, hzn)) < 7/}(M(33n7 Yn,s Zn)) - ¢(M(In, Yn, Zn)) (3.9)
Letting n — oo in 7 we get

lim ’(/}(G(fxnvgynahzn)) < lim ¢<M($n,yn,zn)) — lim ¢(M(-Tn7ynyzn))7

n—oo n—oQ n—oQ
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which implies by (3.4)), (3.6) and the continuity of G, ¢ and ¢ that

Q/J(G(Tl,TQ,nlLH;Oth)) < 1/}( hm M(mn,yn,zn)) —q/)( lim M(azn,ymzn)). (3.10)

n— oo
Substituting (3.8) into 7 we get
. < . B .
w(G(m,rz,nll_)H;ohzn)) < P(G(ri,re, im hen)) = ¢(Gry,re, lim hz,)),
which implies ¢(G(r1, 7o, lim,, o0 hzn)) = 0, which further gives from the proper-
ties of ¢ that G(ry,7a,lim, oo hzy) = 0, hence lim,_, o hz, =11 = ro. Therefore,

lim fz, = lim Rz, = hm GYn = hm Syn = hm Tz, = lim RB, =1

n—o00 n—o00 n—r00
(3.11)

for some r € X. As R(X) is a closed subspace of X, so Ru = r for some u € X.
Now we shall prove that fu =r. Specifying x = u,y = y, and z = z, in (3.8)) and
(3.2), then taking the limit as n — oo and using (3.11)), we obtain

Hm M(u,yn, zn) = hm max {G(Ru, Syn,Tzn) G(fu,Syn,Tz,), G(Ru, gYn, Tzn),

n—oo
~ max {G<r, 1), GUFusrs 1), Gl 1,1, Gl 1), G fu, v ),
G(fu,r,r), Glrr, r>}
= G(fu,r,r), (3.12)
and

O(G(fu,rr)) = Tim ¢ (G(fu, gyn, hzn))
Jim o) (M(w, yn, 20)) — Hm ¢ (M(u, Yn, 2n))
= ( lim M(u,yn, 2)) = &( lim M(u,yn,2,)). (3.13)
By substituting into , we find that
P(G(fu,rr)) <P(G(fu,r, 7)) = H(G(fu,r, 7).

Thus, ¢(G(fu,r,r)) = 0 which implies from the properties of ¢ that G(fu,r,r) = 0,
and so

IN

fu=r= Ru. (3.14)
Now, we shall prove that hw = Tw =r. As f(X) C T(X), there exists w € X such
that fu = Tw = r. By using a similar argument as above, taking limit as n — oo

in (3.8) and (3.2) after specifying x = u,y = y,, and z = w and using (3.11]), we
obtain that

lim M(u,y,,w) = li_>m max {G(Ru, Sy, Tw), G(fu, Syn, Tw), G(Ru, gy,, Tw),

n—oo
G(Ru, Syn, hw), G(fu, gyn, Tw), G(fu, Syn, hw), G(Ru, gyn, hw)}
= max {G(r,r,r),G(r,r,r),G(r,r,1), G(r,r, hw), G(r,r,7),
G(r,r,hw),G(r,r,hw)}
= G(r,r, hw). (3.15)
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and

(G, hw)) = lim (G(fu, gyn, hw))
Jim (M (u, yn,w)) = lim ¢ (M (u, yn, w))
= ¢( lim M(u,yn,w)) = ¢( lim M(u,yn,w)). (3.16)
Substituting into 7 we find that
Y(G(r, 7, hw)) < $(G(r,r, hw)) = ¢(G(r, r, hw)).
Hence, ¢(G(r,r, hw)) = 0, which implies that G(r,r, hw) = 0, and so

IN

hw =71 =Tuw. (3.17)
Now, we shall prove that gp = Sp = r. Similarly, as h(X) C S(X), there exists
p € X such that hw = Sp = r. Again, by taking z = u,y = p and z = w in (3.1)
and using (3.14]) and (3.17)), we find that
v (G(rgp,7)) = ¥ (G(fu,gp, hw))
< Y (M(u,p,w)) — ¢ (M(u,p,w)), (3.18)
where
M(u,p,w) = max{G(Ru,Sp, Tw),G(fu,Sp, Tw), G(Ru, gp, Tw),
G(Ru, Sp, hw), G(fu, gp, Tw), G(fu, Sp, hw), G(Ru, gp, hw)}
= max{G(r,r,r),G(r,r,r),G(r,gp,7), G(r,r,7),G(r,gp,T),
G(r,r,r),G(r,gp,7)}
= G(r,gp,r). (3.19)
Hence, by substituting (3.19) into (3.18)), we get that
V(G(r,gp,7)) < Y(G(r, gp. 1)) — &(G(r, gp,T)).
Thus, ¢(G(r, gp,r)) = 0, which implies that G(r, gp,r) = 0 and so
gp =r = .5p. (3.20)

Therefore, from (3.14), (3.17) and (3.20), we conclude that r is a point of coinci-
dences of each pair of (f, R), (g,5) and (h,T), that is

fu=Ru=gp=Sp=hw=Tw=r. (3.21)

To this end, we shall show that r is a common fixed point of f,g,h, R,S and
T. From (3.21) and since the functions of the pair (f, R) are weakly compatible
mappings, then

f(fu) = f(r) = f(Ru) = R(fu) = R(r) = f(r) = R(r), (3.22)
which shows that r is a coincidence point of f and R. As above, applying (3.1) for
x=r,y=pand z=w and using (3.21)) and (3.22)), we get that

Y (G(fr,p,w)) Y (G(fr, gp, hw))

S 1/)(M(T,Pa U))) - ¢(M(T,p, U))) (323)
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where
M(r,p,w) = max{G(Rr,Sp, Tw),G(fr,Sp,Tw),G(Rr,gp, Tw),
G(Rr, Sp, hw),G(fr, gp, Tw), G(fr, Sp, hw), G(Rr, gp, hw)}
= max{G(Rr,r,7),G(fr,r,r),G(Rr,r,7),
G(Rr7 T’ r)7 G(f’r’ T7 T)7 G(f’r.) T’ T)7 G(R’r7 r’ ’r)}
= G(fr,rr).
Hence equation ((3.23)) becomes
11[} (G(fr7p7 w)) S 11[} (G(fr7 T, T‘)) - QZS (G(f?", T, T)) )
which yields that ¢(G(fr,r,r)) = 0, which further implies by properties of ¢ that
G(fr,r,r) = 0. Thus fr = r = Rr. That is r is a common fixed point of f and
R. Similarly, using the same steps and procedure as in the case of f and R, we can
prove that gr = Sr = r and hr = Tr = r. Therefore, r is a common fixed point of
f9,h,R,S and T.
Now, we shall prove that the obtained common fixed point is unique. Suppose that

v is another common fixed point of the mappings f, g, h, R, S and T. Then applying
equation (3.1]) for z = r,y = v and z = v, we find that

¥ (G(r,v,v)) = w(G(fT, gu, hv)) < ’l/}(M(?“,’U,U)) — ¢(M(r,v,v)), (3.24)
where
M(r,v,v) = max{G(Rr,Sv,Tv),G(fr,Sv,Tv), G(Rr,gv,Tv),G(Rr,Sv, hv),
G(fr,gv,Tv),G(fr,Sv, hv), G(Rr, gv, hv)}
max {G(r,v,v), G(r,v,v), G(r,v,v), G(r,v,v), G(r,v,v),
G(r,v,v),G(r,v,v)}
= G(r,v,0). (3.25)

So becomes
ZZJ(G(T, v, U)) < ¢(G(T, v, 'U)) - gb(G(?", v, U)),

which yields that qﬁ(G(r, v, v)) = 0. Hence by properties of ¢ we have G(r,v,v) =0
and so 7 = v. Therefore, r is a unique common fixed point of f, g, h, R, S and
T. O

The following result is an immediate consequence of Theorem (3.1) by taking
o(t) = t.

Corollary 3.1. Let (X, G) be a complete G-metric space and f,g,h, R, S, T : X —
X be self mappings such that

(1) (f,R) and (g,S) satisfy (E.A) property.
(2) f(X)CT(X),9(X) S R(X) and h(X) € S(X).
(3) R(X) is a closed subspace of X.
(4) (f,R),(g,S) and (h,T) are weakly compatible pairs of mappings.
( ) ( (fxagy7 hZ)) < w(M(Iaya Z)) - M(xay7 Z) fO’f’ all T,Y,% € X where ¢ is
an altering distance function and
G(Rz, Sy, h2),G(fz,gy,T2),G(fz, Sy, hz), G(Rz, gy, hz)} .

Then f,g,h, R, S and T have a unique common fized point in X.

2
3
4
5
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As in the above corollary, the following results follows from Theorem (3.1)) by
taking ¥ (t) =t
Corollary 3.2. Let (X,G) be a complete G-metric space and f,g,h, R, S, T : X —
X be self mappings such that

(1) (f,R) and (g,S) satisfy E.A property.

(2) f(X)CT(X),9(X)C R(X) and h(X) C S(X).
(3) R(X) is a closed subspace of X.
(4) (f,R),(g,S) and (h,T) are weakly compatible pairs of mappings.

(5) (fx gy, hz) < M(z,y,z) — gb(M(x,y,z)) for all x,y,z € X where ¢ is an
altering distance function and

M(z,y, z) = max{G(Rx, Sy, Tz), G(fx, Sy, Tz), G(Rz, gy, T'z),

Then f,g,h, R, S and T have a unique common fized point in X.

By specifying ¢(t) = t and ¢(t) = £ with k > 1 in Theorem (3.1)), we get the
following corollaries.

Corollary 3.3. Let (X,G) be a complete G-metric space and f,g,h, R, S, T : X —
X be self mappings such that

(1) (f,R) and (g,S) satisfy E.A property.

(2) f(X )CT(X%Q(X)QR(X) and h(X) € S(X).
(3) R(X) is a closed subspace of X.
4) (f, ) (g,5) and (h,T) are weakly compatible pairs of mappings.

(5) (fac gy, hz) < %M(m,y,z) for all x,y,z € X, where k is a positive
integer and

M(z,y,z) = max{G(Rx, Sy, Tz),G(fxz, Sy, Tz), G(Rx, gy, Tz),
G(Rzx,Sy,hz),G(fz,gy,Tz), G(fx,Sy, hz), G(Rx, gy, hz)}.
Then f,g,h, R, S and T have a unique common fized point in X.
By taking f = g and R = S in Theorem , we get the following result.

Corollary 3.4. Let (X,G) be a complete G-metric space and g,h, S, T : X — X
be self mappings such that

(1) (g,S8) satisfy E.A property.

(2) 9(X) CT(X) and h(X) C S(X).
(3) S(X) is a closed subspace of X.
(4) (g9,5) and (h,T) are weakly compatible pairs of mappings.
(5) ( (fax, gy,hz)) < w( (z,y,2 )) — cZ)(M(x,y,z)) for all x,y,z € X where
are altering distance functions and

v, ¢

M(z,y, z) = max {G(Sz, Sy, T'z), G(gz, Sy, Tz), G(Sz, gy, Tz),
G(Sz, Sy, hz), G(gx, gy, T'z), G(gz, Sy, hz), G(Sx, gy, hz)} .
Then g,h,S and T have a unique common fixed point in X.
Example 3.1. Let X = [0,00). Define the function G : X x X x X — [0,00) as
follows:
0, ifx=y=2z
max{xz,y,z}, otherwise,

Gla.p.2) = {
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Then, clearly that (X, G) is a complete G-metric space. Also, define the mappings
f9,h, R, S and T by

x T T
fz= 16 g9(z) 18’ h(z) 20
x T x
R(z) = L S(x) = 3 and T(z) = 3
for all x € X. Further, define ¢(t) = 2t and ¢(t) = L for all t € [0,00). Then

f,9,h, R, S and T have unique common fixed point.

Proof. We will show that the mappings f, g, h, R, S and T satisfy the conditions of
Theorem .

(1) (f.R) and (g,S) satisfy E.A property. In fact, {1} is one of the required
sequence for both pairs.

(2) F(X) C T(X), g(X) € S(X) and h(X) € R(X). In fact, f(X) = g(X) =
S(X)=R(X)=T(X) =1[0,00).

(3) R(X)=[0,00) is a closed subspace of X.

(4) (f,R),(g,S) and (h,T) are weakly compatible pairs of mappings. In fact,
the only coincident point for f and R is 0 and f(R(0)) = R(f(0)) = 0. Similarly
for the other two pairs.

(5) We shall show that the above mappings satisfy the contractive condition in
(3.1)). Note that

r Yy =z
G ) ah = T2 70° 9N
Y(G(fz, gy, hz)) b(max{ ¢, 72> 55)
= 2max{., L, 2}
16" 18" 20
Ty z
= —, = 3.26
S (3.26)
And from ({3.2]),
z Yy z z Y z z z Yy =z
M(z,y,2) = max{ max{, 3’{6i}’ HEXE{]}G’ 3 fs{}lvmﬂax{izl}v 18 6{’£mzx{i47}3’ 50 ) }
maxy g, 18, ¢ 5 MaXy 16, 3, 555 MAX1 Y, 735 55

One can easily see that each element of

{ max{ s, ¥, £}, max{%, {%, £}, max{{, ¥, &} }
max{%, %, %},max{%, %, %},max{%, %, 22—0}

Thus,
M(x,y,z):max{%%,%}
And so,
_ ryzy 1 Ty oz
WM (r,y.2) — (M(2.9,2)) = 2max{T. 5 2} - smax {7,522}
= max{ggx,g,;} (3.27)
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Thus, from (3.26)) and (3.27)), we get that

1/)(G(fx,gy,hz)) = max{%,% i}

A

=

&)
/_/H

(98]
| §
IS
O RS ges}
H/_/

’(/)(M(.T, Y, Z)) - ¢(M($7y’ Z))

Therefore, the self mappings f, g, h, R, S and T satisfies all conditions of Theorem
(3.1), and = = 0 is the unique common fixed point of f, g, h, R, S and T. O
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