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SOME FIXED AND COMMON FIXED POINT RESULTS FOR

MULTI-VALUED F -G-CONTRACTIONS IN METRIC SPACES

ENDOWED WITH A GRAPH

BABAK MOHAMMADI1, FARHAN GOLKARMANESH2,∗ AND VAHID PARVANEH3

Abstract. We extend some fixed point results for multi-valued F -contractions
to multi-valued F -G-contractions. Motivated by the recent work of Ahmad et

al. [Fixed point theory Appl., (2015) 2015:80] we define a new class of func-
tions M(S, T ) for two multi-valued mappings S and T and prove some fixed

and common fixed point results for multi-valued F -G-contractions of Hardy-

Rogers type.

1. Introduction

For a metric space (X, d), let CB(X) be the class of all nonempty closed and
bounded subsets of X and K(X) be the class of all nonempty compact subsets of
X. For any A,B ∈ CB(X), let the mapping H : CB(X) × CB(X) → R+ ∪ {∞}
be defined by

H(A,B) =

 max
{

sup
a∈A

d(a,B), sup
b∈B

d(b, A)
}
, if the maximum exists;

∞, otherwise,

be the generalized Pompeiu-Hausdorff metric induced by d, where d(a,B) = inf{d(a, b) :
b ∈ B} is the distance from a to B ⊆ X.

In 1969, Nadler [12] extended the Banach’s contraction principle as follows:

Theorem 1.1. [12] Let (X, d) be a complete metric space and let T : X → CB(X)
be a multi-valued mapping such that

H(Tx, Ty) ≤ kd(x, y) (1.1)

for all x, y ∈ X, where k ∈ [0, 1). Then T has at least one fixed point.

Combining the fixed point theory and graph theory is well known in literature
[13]. Recently, this field has attracted some mathematician [14]–[18]. Later on,
in 2012, Wardowski [9] gave a new generalization of Banach contraction called
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F -contraction. After that, many authors have given several extensions of War-
dowski’s result (see for example [3], [4], [5], [6], [8], [10]). Recently, Sgroi et al. [7]
studied fixed point results for multi-valued F -contractions of Hardy-Rogers type.
Acar et al. [1] proved the existence of fixed point for generalized multi-valued F -
contractions, but they did this only for the compact valued mappings. Ahmad et
al. [1] introduced a new concept of functions M(S, T ) for two self-mappings S, T
on a metric space (X, d), and presented some fixed and common fixed point re-
sults for F -contractions of Hardy-Rogers type. They also proved the existence of
fixed point for multi-valued F -contractions of Hardy-Rogers type. In 2014, Batra
et al. [4] studied F -contractions endowed with a graph. On the other hand, in
2014 and 2016, Piri and Kumam proved existence of fixed point for F -contractions
by using a weaker condition for the contraction function F with respect to the old
results. In this paper, by combining the main idea of the above mentioned results
we give some new fixed and common fixed point results for multi-valued gener-
alized F -G-contractions and multi-valued F -G-contractions of Hardy-Rogers type
on a complete metric space endowed with a graph. In fact, we introduce a local
contraction for some known results for multi-valued F -contractions in literature,
particularly, in [7], [1] and [2].

In a sequel, we recall some definitions and results which will be used in this
article. Throughout this paper, N, R and R+ stand for the set of all natural
numbers, real numbers and positive real numbers, respectively. F represents the
collection of all functions F : R+ → R satisfying the following conditions:

(F1) F is strictly increasing,
(F2) For each sequence {αn} in (0,+∞), lim

n→∞
αn = 0 if and only if lim

n→∞
F (αn) =

−∞,
(F3) There exists k ∈ (0, 1) such that lim

α→0+
αkF (α) = 0.

Definition 1.2. [9] Let (X, d) be a complete metric space. A mapping T : X → X
is said to be an F -contraction if there exist τ ∈ R+ and F ∈ F such that for all
x, y ∈ X,

d(Tx, Ty) > 0 =⇒ τ + F (d(Tx, Ty)) ≤ F (d(x, y)). (1.2)

Example 1.3. [9] The functions F : R+ → R defined by

(1) F (α) = lnα,
(2) F (α) = lnα+ α,
(3) F (α) = −1√

α
,

(4) F (α) = ln(α2 + α),

belong to F .

In 2012, Wardowski introduced a new proper generalization of Banach contrac-
tion as follows.

Theorem 1.4. [9] Let (X, d) be a complete metric space and let T : X → X be a
F -contraction. Then T has a unique fixed point z in X and for any point x ∈ X
the sequence {Tnx} converges to z.

In 2014, Wardowski and Van Dung [10] introduced F -weak contractions as fol-
lows:
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Definition 1.5. Let (X, d) be a complete metric space. A mapping T : X → X is
said to be a F -weak contraction if there exist τ ∈ R+ and F ∈ F such that for all
x, y ∈ X,

d(Tx, Ty) > 0 =⇒ τ + F (d(Tx, Ty)) ≤ F (M(x, y)), (1.3)

where

M(x, y) = max{d(x, y), d(x, Tx), d(y, Ty),
d(x, Ty) + d(y, Tx)

2
}.

Then, they proved the existence of fixed point for such mappings as follows which
generalized the main result of [9].

Theorem 1.6. [10] Let (X, d) be a complete metric space and let T : X → X be
an F -weak contraction. If T or F is continuous, then T has a unique fixed point z
in X and for any point x ∈ X the sequence {Tnx} converges to z.

In the same year, Piri and Kumam replacing the condition (F2) with

(F2′) : inf F = −∞
and (F3) with

(F3′) : F is continuous

proved existence of fixed point for F -contractions and F -Suzuki contractions([8]).
Let Fw be the collection of all functions F : R+ → R satisfying conditions (F1) and
(F3) and Fw be the collection of all functions F : R+ → R satisfying conditions
(F1) and (F3′). In 2016, Piri and Kumam [11] restricted the conditions of F and
introduced modified generalized F -contractions of type (A) and (B) as follows:

Definition 1.7. Let (X, d) be a metric space. A mapping T : X → X is said to
be a modified generalized F -contraction of type (A) (type (B), respectively), if there
exist τ ∈ R+ and F ∈ Fw (F ∈ Fw) such that for all x, y ∈ X,

d(Tx, Ty) > 0 =⇒ τ + F (d(Tx, Ty)) ≤ F (MT (x, y)), (1.4)

where

MT (x, y) = max

{
d(x, y), d(x,Ty)+d(y,Tx)2 , d(T

2x,x)+d(T 2x,Ty)
2 , d(T 2x, Tx)

, d(T 2x, y), d(T 2x, Ty) + d(x, Tx), d(Tx, y) + d(y, Ty)

}
.

Piri and Kumam proved the existence and uniqueness of fixed point for modi-
fied generalized F -contraction of both type (A) and type (B). In 2013, Sgroi and
Vetro [7] proved the existence and uniqueness of fixed point for multi-valued F -
contractions of Hardy-Rogers type as follows.

Theorem 1.8. [7] Let (X, d) be a complete metric space and let T : X → CB(X).
Assume that there exist τ ∈ R+ and F ∈ F such that

τ + F (d(Tx, Ty)) ≤ F (αd(x, y) + βd(x, Tx) + γd(y, Ty) + δd(x, Ty) + Ld(y, Tx))(1.5)

for all x, y ∈ X with Tx 6= Ty, where α, β, γ, δ, L ≥ 0, α + β + γ + 2δ = 1 and
γ 6= 1. Then T has a fixed point.

In 2014, Acar et al. [1] defined multi-valued generalized F -contractions as fol-
lows:
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Definition 1.9. Let (X, d) be a metric space and T : X → CB(X). Then, T is
said to be a multi-valued generalized F -contraction if there exist τ ∈ R+ and F ∈ F
such that for all x, y ∈ X,

H(Tx, Ty) > 0 =⇒ τ + F (H(Tx, Ty)) ≤ F (M(x, y)), (1.6)

where

M(x, y) = max

{
d(x, y), d(x, Tx), d(y, Ty),

d(x, Ty) + d(y, Tx)

2

}
.

Then, Acar et al. proved the following result.

Theorem 1.10. [1] Let (X, d) be a complete metric space and let T : X → K(X)
be a multi-valued generalized F -contraction. If T or F is continuous, then T has a
fixed point.

In 2015, Ahmad et al. defined a new class of functions M(S, T ) as follows:

Definition 1.11. [2] For a metric space (X, d) and two self-mappings S, T : X → X
we denote by M(S, T ) the collection of all functions λ : X ×X → [0, 1) such that
λ(TSx, y) ≤ λ(x, y) and λ(x, STy) ≤ λ(x, y) for all x, y ∈ X.

Then, they proved the common fixed point following result for two mappings.

Theorem 1.12. [2] Let (X, d) be a complete metric space and let S, T : X → X be
two self-mappings. If there exist τ ∈ R+ and functions λ, µ, γ, δ, L ∈M(S, T ) such
that for all x, y ∈ X,

(a) λ(x, y) + µ(x, y) + γ(x, y) + 2L(x, y) = 1, γ(x, y) 6= 1,
λ(x, y) + µ(x, y) + γ(x, y) + 2δ(x, y) = 1, γ(x, y) 6= 1,

(b) d(Sx, Ty) > 0 implies

τ + F (d(Sx, Ty)) ≤ F (λ(x, y)d(x, y) + µ(x, y)d(x, Sx) + γ(x, y)d(y, Ty)
+δ(x, y)d(x, Ty) + L(x, y)d(y, Sx)),

where F ∈ F . Further, S and T have a common fixed point.

Then, they established the following multi-valued fixed point result as a gener-
alization of Sgroi and Vetro [7] to Suzuki type F -contractions.

Theorem 1.13. [2] Let (X, d) be a complete metric space and let T : X → CB(X).
Assume that there exist τ ∈ R+ and a right continuous function F ∈ F such that
λd(x, Tx) ≤ d(x, y) implies

2τ + F (H(Tx, Ty)) ≤ F (a1d(x, y) + a2d(x, Tx) + a3d(y, Ty)
+a4d(x, Ty) + a5d(y, Tx)),

for all x, y ∈ X with Tx 6= Ty, where ai ≥ 0, (i = 1, 2, 3, 4, 5), a1+a2+a3+2a4 = 1
and a4 6= 1 and 1−a3−a4

1+a1−a4+a5 = λ < 1. Then T has a fixed point.

Consider a directed graph G on a metric space (X, d) and let ∆ = {(x, x) : x ∈
X}. Denote by V (G) the set of all vertices and E(G) the set of all edges of G.
Let E(G) contains the set of all loops, that is, E(G) ⊇ ∆. Assume that G has no
parallel edges. So, we can identify G with the pair (V (G), E(G)). The graph G
can be considered as a weighted graph in the sense that the distance between two
points x, y ∈ X be considered as the weight of edge (x, y) ∈ E(G).

The aim of this paper is to prove some fixed and common fixed point results
for multi-valued F -contractions on a metric space endowed with a graph. In fact,
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we are going to prove existence of fixed point for only a locally contraction called
F -G-contractions. Our results generalize, improve and unify the main results of
Sgroi et al., Acar et al. and Ahmad et al..

2. Main results

Let (X, d) be a complete metric space, G be a directed graph on X and T : X →
CB(X). We say that T is a multi-valued generalized F -G-contraction, whenever

(a) if x ∈ X, y ∈ Tx and (x, y) ∈ E(G), then (y, z) ∈ E(G) for all z ∈ Ty,
(b) there exist τ ∈ R+ and a right continuous function F ∈ Fw such that for

all x, y ∈ X with (x, y) ∈ E(G), we have

H(Tx, Ty) > 0 =⇒ 2τ + F (H(Tx, Ty)) ≤ F (M(x, y)), (2.1)

where

M(x, y) = max{d(x, y), d(x, Tx), d(y, Ty),
d(x, Ty) + d(y, Tx)

2
}.

Definition 2.1. A multi-valued mapping T : X → CB(X) is orbitally continuous
if for any sequence {xn} in X which xn+1 ∈ Txn for all n and xn → x, then
Txn → Tx as n→∞.

Definition 2.2. A mapping T : X → CB(X) is G-continuous if for any sequence
{xn} in X which (xn, xn+1) ∈ E(G) for all n and xn → x, then Txn → Tx as
n→∞.

Definition 2.3. A mapping T : X → CB(X) is orbitally G-continuous if for
any sequence {xn} in X which xn+1 ∈ Txn and (xn, xn+1) ∈ E(G) for all n and
xn → x, then Txn → Tx as n→∞.

Clearly we have the following relations:

(C1) Continuity⇒ G-continuity⇒ orbitally G-continuity,
(C2) Continuity⇒ orbitally continuity⇒ orbitally G-continuity.

Theorem 2.4. Let (X, d) be a complete metric space and let T : X → CB(X).
Assume that the following assertions hold:

(1) T is a multi-valued generalized F -G-contraction,
(2) there exist x0 ∈ X and x1 ∈ Tx0 such that (x0, x1) ∈ E(G),
(3) T is orbitally G-continuous.

Then T has a fixed point.

Proof. If x1 ∈ Tx1, then we have nothing to prove. Let x1 /∈ Tx1. Then Tx0 6= Tx1
and since (x0, x1) ∈ E(G), so

τ + F (d(x1, Tx1)) < 2τ + F (H(Tx0, Tx1))
≤ F (M(x0, x1))

= F (max{d(x0, x1), d(x0, Tx0), d(x1, Tx1), d(x0,Tx1)+d(x1,Tx0)
2 })

≤ F (max{d(x0, x1), d(x1, Tx1)}).

In the case where max{d(x0, x1), d(x1, Tx1)} = d(x1, Tx1), we have τ+F (d(x1, Tx1)) <
F (d(x1, Tx1)), which is a contradiction. But if max{d(x0, x1), d(x1, Tx1)} = d(x0, x1),
then we have

τ + F (d(x1, Tx1)) < F (d(x0, x1)).
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Since F is right continuous, from this inequality, we can conclude that there exists
x2 ∈ Tx1 such that

τ + F (d(x1, x2)) < F (d(x0, x1))

(In fact, suppose to the contrary that, τ+F (d(x1, y)) ≥ F (d(x0, x1)) for all y ∈ Tx1.
Choose a sequence {yn} in Tx1 such that d(x1, Tx1) = lim

n→∞
d(x1, yn). Then, from

the right continuity of F , we have τ + F (d(x1, Tx1)) ≥ F (d(x0, x1)), which is a
contradiction). Now since T is a multi-valued generalized F -G-contraction, we will
have (x1, x2) ∈ E(G). Continuing this process, we obtain a sequence {xn} in X
such that xn+1 ∈ Txn, (xn, xn+1) ∈ E(G) and

τ + F (d(xn, xn+1)) < F (d(xn−1, xn)), (2.2)

for all n ≥ 1. Therefore d(xn, xn+1) < d(xn−1, xn) for all n ≥ 1. Put γn =
d(xn, xn+1). Then {γn} is strictly increasing and so there exists L ≥ 0 such that
γn → L. If L > 0, then

F (L) < F (γn) < F (γn−1)− τ < ... < F (γ0)− nτ → −∞,
which is a contradiction. So, L = 0. Then for any n ∈ N, we have γn

k(F (γn) −
F (γ0)) ≤ −γnknτ < 0. Thus, lim

n→∞
γn

kn = 0. So, there exists N ∈ N such that

γn ≤ 1

n
1
k

for all n ≥ N . Now for any m,n ∈ N with m > n, we have

d(xn, xm) ≤
m−1∑
i=n

d(xi, xi+1) =

m−1∑
i=n

γi ≤
m−1∑
i=n

1

i
1
k

.

Since the last term of the above inequality tends to zero as m,n→∞, so we have
d(xn, xm)→ 0 as m,n→∞. This means that {xn} is a Cauchy sequence. Suppose
xn → z. Since T is orbitally G-continuous, hence Txn → Tz. Therefore

d(z, Tz) = lim
n→∞

d(xn+1, T z) ≤ lim
n→∞

H(Txn, T z) = 0.

Since Tz is closed, we conclude that z ∈ Tz. �

Example 2.5. Let X =
{
xn = n(n+1)

2 | n = 1, 2, · · ·
}
∪ {0}, d(x, y) = |x− y| and

Tx =

{ {0}, x = 0,
{x1}, x = x1,
{x1, x2, ..., xn−1}, x = xn, n ≥ 2.

Define a graph G on X by V (G) = X and E(G) = {(x, y)| x = y, or, x = xn, y =
xm, m < n}. Then, For any (x, y) ∈ E(G) with Tx 6= Ty, we have two cases:

Case 1: x = xn, n ≥ 2 and y = x1. In this case, we have

H(Tx, Ty) = H({x1, x2, ..., xn−1}, {x1}) = |xn−1 − 1|
and M(x, y) = |xn − 1|. Now,

H(Txn,Tx1)
M(xn,x1)

eH(Txn,Tx1)−M(xn,x1) = xn−1−1
xn−1 exn−1−xn

=
n(n−1)

2 −1
n(n+1)

2 −1
e−n

< e−1.

Case 2: x = xn, y = xm, n > m > 1. In this case we have

H(Tx, Ty) =
n(n− 1)

2
− m(m− 1)

2
=

(n−m)(n+m− 1)

2
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and M(x, y) ≥ |xn − xm| = n(n+1)
2 − m(m+1)

2 = (n−m)(n+m+1)
2 . Now

H(Txn,Txm)
M(xn,xm) eH(Txn,Txm)−M(xn,xm) ≤ n+m−1

n+m+1e
−(n−m)

< e−1.

It is easy to see that if x ∈ X, y ∈ Tx and (x, y) ∈ E(G), then (y, z) ∈ E(G) for
all z ∈ Ty. So, T is a multi-valued generalized F -G-contraction with respect to the
function F (α) = lnα + α. So, by Theorem 2.4, T has a fixed point. Now, taking
x = 0, y = x1. Then, H(T0, T1) = H({0}, {1}) = 1, M(x, y) = 1 and

H(T0, T1)

M(0, 1)
eH(T0,T1)−M(0,1) = 1e0 = 1 ≥ e−t,

for any t > 0. So, T is not a multi-valued generalized F -contraction and so we
can’t apply Theorem 2.2 in Acar et al. [1] in this example.

As an application of Theorem 2.4, we give the following Suzuki-Wardowski type
fixed point result.

Theorem 2.6. Let (X, d) be a complete metric space and let T : X → CB(X).
Assume that there exist τ ∈ R+ and a right continuous function F ∈ Fw such that
for all x, y ∈ X with H(Tx, Ty) > 0 we have

d(x, Tx) ≤ d(x, y) =⇒ 2τ + F (H(Tx, Ty)) ≤ F (M(x, y)), (2.3)

where

M(x, y) = max{d(x, y), d(x, Tx), d(y, Ty),
d(x, Ty) + d(y, Tx)

2
}.

If T is orbitally continuous, then T has a fixed point.

Proof. Define a graph G on X by V (G) = X and E(G) = {(x, y)| d(x, Tx) ≤
d(x, y)}. Choose arbitrary points x0 ∈ X and x1 ∈ Tx0. Now, since d(x0, Tx0) ≤
d(x0, x1), so, (x0, x1) ∈ E(G). Let x ∈ X, y ∈ Tx, (x, y) ∈ E(G) and z ∈ Ty.
Then, obviously, d(y, Ty) ≤ d(y, z) and so (y, z) ∈ E(G). By the definition of G,
T is a multi-valued generalized F -G-contraction. Since any orbitally continuous
mapping is orbitally G-continuous, so by Theorem 2.4, T has a fixed point. �

We say that a multi-valued mapping T : X → CB(X) is an F -G-contraction of
Hardy-Rogers type, whenever

(a) if x ∈ X, y ∈ Tx and (x, y) ∈ E(G), then (y, z) ∈ E(G) for all z ∈ Ty,
(b) there exist τ ∈ R+ and a right continuous function F ∈ Fw such that for

all x, y ∈ X with (x, y) ∈ E(G), we have

2τ + F (H(Tx, Ty)) ≤ F (a1d(x, y) + a2d(x, Tx) + a3d(y, Ty)
+a4d(x, Ty) + a5d(y, Tx)),

(2.4)

for all x, y ∈ X with Tx 6= Ty, where ai ≥ 0, i = 1, 2, 3, 4, 5, a1 + a2 + a3 +
2a4 = 1.

Now we give a fixed point result for multi-valued F -G-contractions of Hardy-
Rogers type.

Theorem 2.7. Let (X, d) be a complete metric space, G be a graph on X and
T : X → CB(X). Assume that the following assertions hold:

(1) T is a multi-valued F -G-contraction of Hardy-Rogers type,
(2) there exist x0 ∈ X and x1 ∈ Tx0 such that (x0, x1) ∈ E(G),
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(3) for any sequence {xn} in X with (xn, xn+1) ∈ E(G) for all n, xn → z and
xn 6= z for all n, we have (xn, z) ∈ E(G) for all n.

Then T has a fixed point.

Proof. If x1 ∈ Tx1, then we have nothing to prove. Let x1 /∈ Tx1. Then Tx0 6= Tx1
and since (x0, x1) ∈ E(G), so

τ + F (d(x1, Tx1)) < 2τ + F (H(Tx0, Tx1))
≤ F (a1d(x0, x1) + a2d(x0, Tx0) + a3d(x1, Tx1)

+a4d(x0, Tx1) + a5d(x1, Tx0))
≤ F ((a1 + a2 + a4)d(x0, x1) + (a3 + a4)d(x1, Tx1)).

Since F is right continuous, from this inequality, we can conclude that there exists
x2 ∈ Tx1 such that

τ + F (d(x1, x2)) < F ((a1 + a2 + a4)d(x0, x1) + (a3 + a4)d(x1, Tx1))
≤ F ((a1 + a2 + a4)d(x0, x1) + (a3 + a4)d(x1, x2)).

Therefore d(x1, x2) < (a1 +a2 +a4)d(x0, x1)+(a3 +a4)d(x1, x2) and so d(x1, x2) <
a1+a2+a4
1−a3−a4 d(x0, x1) = d(x0, x1). Thus τ + F (d(x1, x2)) < F (d(x0, x1)). Now, since

T is a multi-valued F -G-contraction of Hardy-Rogers type, we will have (x1, x2) ∈
E(G). Continuing this process, we obtain a sequence {xn} in X such that xn+1 ∈
Txn, (xn, xn+1) ∈ E(G) and

τ + F (d(xn, xn+1)) < F (d(xn−1, xn)),

for all n ≥ 1. As in the proof of Theorem 2.4, {xn} is a Cauchy sequence. Suppose
that xn → z. Then by condition (3), (xn, z) ∈ E(G) for all n ≥ 1. We consider two
cases

case 1: There exists a subsequence {xnk
} such that Txnk

= Tz for all k ∈ N.
In this case,

d(z, Tz) = lim d(xnk+1, T z) ≤ limH(Txnk
, T z) = 0.

case 2: There exists a natural number N such that Txn 6= Tz for all n ≥ N . In
this case,

2τ + F (H(Txn, T z))
≤ F (a1d(xn, z) + a2d(xn, Txn) + a3d(z, Tz) + a4d(xn, T z) + a5d(z, Txn)).

(2.5)
Thus,

d(xn+1, T z))
≤ H(Txn, T z)) ≤ a1d(xn, z) + a2d(xn, Txn) + a3d(z, Tz) + a4d(xn, T z) + a5d(z, Txn).

(2.6)
Tending n to ∞, we obtain d(z, Tz) ≤ (a3 + a4)d(z, Tz). This implies d(z, Tz) = 0
and so z ∈ Tz. �

Immediate consequences of the Theorem 2.7 are as follows:

Theorem 2.8. Let (X, d,�) be an ordered complete metric space and let T : X →
CB(X). Assume that the following assertions hold:

(1) for any x ∈ X and y ∈ Tx which x and y are comparable, then y and z are
comparable for any z ∈ Ty.
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(2) there exist τ ∈ R+ and a right continuous function F ∈ Fw such that for
all x, y ∈ X for which x and y are comparable, (2.4) holds.

(3) there exist x0 ∈ X and x1 ∈ Tx0 such that x0 and x1 are comparable.
(4) for any sequence {xn} in X which xn and xn+1 are comparable for all n,

xn → x and xn 6= x, we have xn and x are comparable for all n.

Then T has a fixed point.

Theorem 2.9. Let (X, d) be a complete metric space and let T : X → CB(X).
Assume that for some point x∗ ∈ X the following assertions hold:

(1) for any x ∈ X and y ∈ Tx which x∗ ∈ Tx∩ Ty, then x∗ ∈ Ty ∩ Tz for any
z ∈ Ty.

(2) there exist τ ∈ R+ and a right continuous function F ∈ Fw such that for
all x, y ∈ X which x∗ ∈ Tx ∩ Ty, (2.4) holds.

(3) there exist x0 ∈ X and x1 ∈ Tx0 such that x∗ ∈ Tx0 ∩ Tx1.
(4) for any sequence {xn} in X which x∗ ∈ Txn ∩ Txn+1 for all n, xn → x

and xn 6= x, we have x∗ ∈ Txn ∩ Tx for all n.

Then T has a fixed point.

Here, we define a new set of functions M(S, T ) for two multi-valued mappings
S, T : X → CB(X) as follows.

Definition 2.10. For a metric space (X, d) and two multi-valued mappings S, T :
X → CB(X) we denote by M(S, T ) the collection of all functions λ : X×X → [0, 1)
such that for any u ∈ X

(1) x ∈ X, y ∈ Sx and z ∈ Ty =⇒ λ(z, u) ≤ λ(x, u),
(2) x ∈ X, y ∈ Tx and z ∈ Sy =⇒ λ(u, z) ≤ λ(u, x).

Now, we give the following common fixed point result.

Theorem 2.11. Let (X, d) be a complete metric space, G be a graph on X and
S, T : X → CB(X) be two multi-valued mappings. Let there exist τ ∈ R+, a right
continuous function F ∈ Fw and λ, µ, γ, δ, L ∈ M(S, T ) such that for all x, y ∈ X
with (x, y) ∈ E(G), we have

(a) λ(x, y) + µ(x, y) + γ(x, y) + 2L(x, y) = 1, γ(x, y) 6= 1,
λ(x, y) + µ(x, y) + γ(x, y) + 2δ(x, y) = 1, γ(x, y) 6= 1,

(b) (u, v) ∈ E(G) for all u ∈ Sx and v ∈ Ty.
(c) Sx 6= Ty implies

2τ + F (H(Sx, Ty)) ≤ F (λ(x, y)d(x, y) + µ(x, y)d(x, Sx) + γ(x, y)d(y, Ty)
+δ(x, y)d(x, Ty) + L(x, y)d(y, Sx)).

Moreover, let the following assertions hold:

(1) there exist x0 ∈ X and x1 ∈ Sx0 such that (x0, x1) ∈ E(G),
(2) G is symmetric, that is, (x, y) ∈ E(G) =⇒ (y, x) ∈ E(G).
(3) for any sequence {xn} in X with (xn, xn+1) ∈ E(G) for all n, xn → z and

xn 6= z for all n, we have (xn, z) ∈ E(G) for all n.

Then S and T have a common fixed point.
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Proof. Let us firstly show that any fixed point of T is a fixed point of S. To see
this, let x ∈ Tx and x /∈ Sx. Then, Sx 6= Tx and so

τ + F (d(x, Sx)) < 2τ + F (H(Sx, Tx))
≤ F

(
λ(x, x)d(x, x) + µ(x, x)d(x, Sx) + γ(x, x)d(x, Tx)

+δ(x, x)d(x, Tx) + L(x, x)d(x, Sx)
)

= F
(
µ(x, x)d(x, Sx) + L(x, x)d(x, Sx)

)
.

The above inequality implies d(x, Sx) < [µ(x, x) + L(x, x)]d(x, Sx), which is a
contradiction. So, x ∈ Sx. Similarly, we can show that any fixed point of S is a
fixed point of T . If x1 ∈ Tx1, then we have nothing to prove. Let x1 /∈ Tx1. Then
Tx0 6= Tx1 and since (x0, x1) ∈ E(G), so

τ + F (d(x1, Tx1)) < 2τ + F (H(Sx0, Tx1))
≤ F

(
λ(x0, x1)d(x0, x1) + µ(x0, x1)d(x0, Sx0) + γ(x0, x1)d(x1, Tx1)

+δ(x0, x1)d(x0, Tx1) + L(x0, x1)d(x1, Sx0)
)

≤ F
(
(λ(x0, x1) + µ(x0, x1) + δ(x0, x1))d(x0, x1)

+(γ(x0, x1) + δ(x0, x1))d(x1, Tx1)
)
.

Since F is right continuous, from the above inequality, we can conclude that there
exists x2 ∈ Tx1 such that

τ + F (d(x1, x2)) < F
(
(λ(x0, x1) + µ(x0, x1) + δ(x0, x1))d(x0, x1)

+(γ(x0, x1) + δ(x0, x1))d(x1, Tx1)
)

≤ F
(
(λ(x0, x1) + µ(x0, x1) + δ(x0, x1))d(x0, x1)

+(γ(x0, x1) + δ(x0, x1))d(x1, x2)
)
,

(2.7)

which implies

d(x1, x2) < (λ(x0, x1) + µ(x0, x1) + δ(x0, x1))d(x0, x1)
+(γ(x0, x1) + δ(x0, x1))d(x1, x2).

Thus,

d(x1, x2) <
λ(x0, x1) + µ(x0, x1) + δ(x0, x1)

1− γ(x0, x1)− δ(x0, x1)
d(x0, x1) = d(x0, x1). (2.8)

From (2.7) and (2.8), we conclude that τ + F (d(x1, x2)) < F (d(x0, x1)). From
hypothesis (b), we have (x1, x2) ∈ E(G). If x2 ∈ Sx2, then we have nothing to
prove. Let x2 /∈ Sx2. Then Sx2 6= Tx1 and since (x2, x1) ∈ E(G), so

τ + F
(
d(x2, Sx2)

)
< 2τ + F

(
H(Sx2, Tx1)

)
≤ F

(
λ(x2, x1)d(x2, x1) + µ(x2, x1)d(x2, Sx2) + γ(x2, x1)d(x1, Tx1)

+δ(x2, x1)d(x2, Tx1) + L(x2, x1)d(x1, Sx2)
)

≤ F
(
λ(x0, x1)d(x2, x1) + µ(x0, x1)d(x2, Sx2) + γ(x0, x1)d(x1, Tx1)

+δ(x0, x1)d(x2, Tx1) + L(x0, x1)d(x1, Sx2)
)

≤ F
(
(λ(x0, x1) + γ(x0, x1) + L(x0, x1))d(x1, x2)

+(µ(x0, x1) + L(x0, x1))d(x2, Sx2)
)
.

From the above inequality, there exists x3 ∈ Sx2 such that

τ + F (d(x2, x3)) < F ((λ(x0, x1) + γ(x0, x1) + L(x0, x1))d(x1, x2)
+(µ(x0, x1) + L(x0, x1))d(x2, Sx2))

≤ F ((λ(x0, x1) + γ(x0, x1) + L(x0, x1))d(x1, x2)
+(µ(x0, x1) + L(x0, x1))d(x2, x3)),

(2.9)
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which implies

d(x2, x3) < (λ(x0, x1) + γ(x0, x1) + L(x0, x1))d(x1, x2)
+(µ(x0, x1) + L(x0, x1))d(x2, x3)).

Thus,

d(x2, x3) <
λ(x0, x1) + γ(x0, x1) + L(x0, x1)

1− µ(x0, x1)− L(x0, x1)
d(x1, x2) = d(x1, x2). (2.10)

From (2.9) and (2.10), we conclude that τ+F (d(x2, x3)) < F (d(x1, x2)). Continuing
this process, we obtain a sequence {xn} in X such that

x2n+1 ∈ Sx2n, x2n+2 ∈ Tx2n+1, (xn, xn+1) ∈ E(G),

and

τ + F (d(xn, xn+1)) < F (d(xn−1, xn)),

for all n ∈ N. So, as in Theorem 2.4, {xn} is a Cauchy sequence. Suppose that
xn → z. Then by condition (3), (xn, z) ∈ E(G) for all n ≥ 1. We consider two
cases:
Case 1: There exists a subsequence {xnk

} such that Sz = Tx2nk+1 for all k ∈ N.
In this case,

d(z, Sz) = lim
k→∞

d(x2nk+2, Sz) ≤ lim
k→∞

H(Tx2nk+1, Sz) = 0.

Case 2: There exists a natural number N such that Sz 6= Tx2n+1 for all n ≥ N .
In this case,

2τ + F
(
d(x2n+2, Sz)

)
≤ 2τ + F

(
H(Sz, Tx2n+1)

)
≤ F

(
λ(z, x2n+1)d(z, x2n+1) + µ(z, x2n+1)d(z, Sz)

+γ(z, x2n+1)d(x2n+1, Tx2n+1) + δ(z, x2n+1)d(z, Tx2n+1)
+L(z, x2n+1)d(x2n+1, Sz)

)
.

Thus,

d(x2n+2, Sz) ≤ λ(z, x1)d(z, x2n+1) + µ(z, x1)d(z, Sz) + γ(z, x1)d(x2n+1, x2n+2)
+δ(z, x1)d(z, x2n+2) + L(z, x1)d(x2n+1, Sz)

If n tends to ∞, we obtain that d(z, Sz) ≤ (µ(z, x1) +L(z, x1))d(z, Sz). Therefore,
we get d(z, Sz) = 0 and so z ∈ Sz. Since any fixed point of S is a fixed point of T ,
so z is a common fixed point of S and T . �

Corollary 2.12. Let (X, d) be a complete metric space and S, T : X → CB(X)
be two multi-valued mappings. Let there exist τ ∈ R+, a right continuous function
F ∈ Fw and functions λ, µ, γ, δ, L ∈M(S, T ) such that for all x, y ∈ X,

(a) λ(x, y) + µ(x, y) + γ(x, y) + 2L(x, y) = 1, γ(x, y) 6= 1,
λ(x, y) + µ(x, y) + γ(x, y) + 2δ(x, y) = 1, γ(x, y) 6= 1,

(b) Sx 6= Ty implies

2τ + F
(
H(Sx, Ty)) ≤ F (λ(x, y)d(x, y) + µ(x, y)d(x, Sx) + γ(x, y)d(y, Ty)

+δ(x, y)d(x, Ty) + L(x, y)d(y, Sx)
)
.

Then S and T have a common fixed point.

Proof. Define a graph G on X by V (G) = X and E(G) = X × X and apply
Theorem 2.11. �
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3. Conclusion

In this paper, we extended some fixed point results from multi-valued F -contractions
to multi-valued F -G-contractions. We defined a new class of functions M(S, T ) for
two multi-valued mappings S, T and proved some fixed and common fixed point
results for multi-valued F -G-contractions of Hardy-Rogers type by using a weaker
condition on F . Our results generalize, improve and unify the main results of Sgroi
et al. [7], Acar et al. [1] and Ahmad et al. [2].
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