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GENERALIZED NADLER-TYPE COINCIDENCE POINT

THEOREMS FOR α-COMPATIBLE MULTI-VALUED

CONTRACTIVE MAPPINGS

F. GOLKARMANESH1, V. PARVANEH2,∗, Z. KADELBURG3 AND S.J. HOSSEINI
GHONCHEH4

Abstract. In this paper, the coincidence point problem of Nadler type is
treated for two mappings (one single-valued and one multi-valued) in a metric

space. A generalized (α, θ, f)-contractive condition is assumed, together with

α-completeness of the space, α-continuity of the multi-valued mapping and
α-compatibility of the two mappings. The results are applied to metric spaces

endowed with a graph or with a binary relation.

1. Introduction

Starting with the celebrated results of Nadler [15], a lot of various fixed and
coincidence point results have been obtained in the last four decades for multi-
valued mappings in metric and other types of spaces.

In 2012, Samet et al. introduced in [17] a new concept in fixed point prob-
lems under the name od α-admissibility. Further on, several other related notions
were defined and used, such as α-admissibility of multi-valued mappings [14], α-
completeness of metric spaces [3] and α-continuity of multi-valued mappings [13].

On the other hand, Jleli and Samet in [11], introduced a new type of contractive
conditions in fixed point results, using auxiliary functions usually denoted by θ.
This approach was applied in several other papers, including the recent paper [16]
where fixed point results for a multi-valued mapping were obtained.

In this paper, the coincidence point problem of Nadler type is treated for two
mappings (one single-valued and one multi-valued) in a metric space. A general-
ized (α, θ, f)-contractive condition is assumed, together with α-completeness of the
space, α-continuity of the multi-valued mapping and α-compatibility of the two
mappings. Several consequences are derived and an example is presented showing
the usefulness of results. Applications to metric spaces endowed with a graph or
with a binary relation are also given.
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2. Preliminaries

Let (X, d) be a metric space. Throughout the paper we shall use the following
standard notation: N(X) will be the class of all nonempty subsets, CL(X) the
class of all nonempty closed subsets, CB(X) the class of all nonempty closed and
bounded subsets and K(X) the class of all nonempty compact subsets of X. For
any A,B ∈ CL(X), their Pompeiu-Hausdorff distance is defined by

H(A,B) =

max
{

sup
a∈A

d(a,B), sup
b∈B

d(b, A)
}
, if the maximum exists;

∞, otherwise,

where d(a,B) = inf{d(a, b) : b ∈ B} is the distance from a to B ⊆ X.
The concept of α-admissible mapping was introduced by Samet et al. in 2012.

In what follows, we will always assume that the function α : X ×X → [0,∞) has
transitive property, i.e., α(x, y) ≥ 1 and α(y, z) ≥ 1 imply that α(x, z) ≥ 1.

Definition 2.1. [17] Let X be a non-empty set and f : X → X and α : X ×X →
[0,∞) be mappings. f is said to be α-admissible if, for all x, y ∈ X, α(x, y) ≥ 1
implies that α(fx, fy) ≥ 1.

Mohammadi et al. [14] extended this notion to multi-valued mappings. Defini-
tions of α-complete metric spaces and α-continuous multi-valued mappings were
introduced by Hussain et al. [3] and Kutbi et al., [13] respectively. For more details
on multi-valued contractive mappings and thier fixed point results the reader is
referred to [7]-[10].

Definition 2.2. Let (X, d) be a metric space, T : X → N(X) and α : X ×X →
[0,∞) be two given mappings.

(1) [14] The mapping T is said to be α-admissible whenever, for each x ∈ X
and y ∈ Tx with α(x, y) ≥ 1, we have α(y, z) ≥ 1 for all z ∈ Ty.

(2) [3] The metric space (X, d) is said to be α-complete if every Cauchy se-
quence {xn} in X with α(xn, xn+1) ≥ 1 for all n ∈ N converges in X.

(3) [13] The mapping T : X → CL(X) is called an α-continuous multi-valued
mapping if

lim
n→∞

d(xn, x) = 0, α(xn, xn+1) ≥ 1 =⇒ lim
n→∞

H(Txn, Tx) = 0.

The notion of a compatible pair of mappings f : X → X and T : X → CB(X)
in the sense of [12] can be extended as follows

Definition 2.3. Let (X, d) be a metric space and let f : X → X, T : X →
CB(X) and α : X × X → [0,+∞). The pair (f, T ) is said to be α-compatible if
lim
n→∞

H(fTxn, Tfxn) = 0, for all {xn} such that α(xn, xn+1) ≥ 1 for all n ∈ N
and lim

n→∞
fxn ∈ M = lim

n→∞
Txn for some M ∈ CB(X) and fTx ∈ CB(X) for all

x ∈ X.

Obviously, if (f, T ) is a compatible pair (in the sense of [12]), then (f, T ) is
also an α-compatible pair, but the converse may not true. The following example
illustrates this fact.
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Example 2.4. Let X = [1,∞) and d(x, y) = |x− y|. Assume that f, T and α are
defined by

fx =

{
2x, if x ∈ [1, 4],

6x, if (4,∞),

Tx =

{
[1, 6− x], if x ∈ [1, 2],

[2, 2x], if (2,∞),
and α(x, y) =

{
1, if x = y = 2,

0, otherwise.

Clearly, (f, T ) is not compatible, but it is an α-compatible pair. Indeed, let {xn}
be a sequence such that α(xn, xn+1) ≥ 1 for all n ∈ N and lim

n→∞
fxn ∈ lim

n→∞
Txn.

Then, xn = 2 for all n ∈ N. Hence, lim
n→∞

fxn = 4 ∈ [1, 4] = lim
n→∞

Txn and

Tfxn = [2, 8] = fTxn. Again, if we consider the sequence yn = 3 − 1
n , then

lim
n→∞

fyn = lim
n→∞

(6 − 2
n ) = 6 ∈ [2, 6] = lim

n→∞
Tyn = lim

n→∞
[2, 6 − 2

n ]. On the other

hand, lim
n→∞

Tfyn = [2, 12] and lim
n→∞

fTyn = lim
n→∞

f([2, 4] ∪ (4, 6 − 2
n ]) = [4, 8] ∪

(24, 36]. Thus, f and T are α-compatible.

In [11], Jleli and Samet introduced a new type of contractive maps and they
established a new fixed point theorem for such maps in the setting of rectangular
metric spaces. Denote by Θ1 the set of all functions θ : (0,∞)→ (1,∞) satisfying
the following conditions:
θ′1. θ is nondecreasing;
θ2. for each sequence {tn} ⊆ (0,∞), lim

n→∞
θ(tn) = 1 if and only if lim

n→∞
tn = 0;

θ3. there exist r ∈ (0, 1) and ` ∈ (0,∞] such that lim
t→0+

θ(t)−1
tr = `.

They proved the following

Theorem 2.5. [11, Theorem 2.1] Let (X, d) be a complete rectangular metric space
and let f : X → X be a given map. Suppose that there exist θ ∈ Θ1 and k ∈ (0, 1)
such that

x, y ∈ X, d(f(x), f(y)) 6= 0⇒ θ
(
d(f(x), f(y)

)
≤ θ
(
d(x, y)

)k
. (2.1)

Then f has a unique fixed point.

In 2015, Hussain et al. [4] modifying the above class and introducing JS-
contraction, first extended the result of Jleli and Samet, and then they obtained
some generalizations of the Banach contraction principle. They used the set Θ2 of
all functions θ : [0,∞)→ [1,∞) satisfying the following conditions:
θ′′1 . θ is nondecreasing and θ(t) = 1⇔ t = 0;
θ2. as above;
θ3. as above;
θ4. θ(a+ b) ≤ θ(a)θ(b) for all a, b > 0.
However, in the paper [6], the authors showed that the results in metric spaces

concerned with JS-contractions in [4] are immediate consequences of known the-
orems. In fact, in [6], Jiang et al. first introduced a new metric D in a given
metric space (X, d), and they proved that (X,D) is complete if and only if (X, d)
is complete. Then they showed that each JS-contraction in (X, d) is certainly a

Ćirić contraction in (X,D). Note that they used the condition θ4 which we will not
assume in this paper. So, there is no induced metric in this case.
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3. Main results

From now on, we will use the following auxiliary class of real functions, which
is a modification of the ones used by Jleli et al. in [11] and Hussain et al. [4]. We
denote by Θ the set of all functions θ : [0,∞) → [1,∞) satisfying the following
conditions:
θ1. θ is a continuous strictly increasing function;
θ2. for each sequence {tn} ⊆ (0,∞), lim

n→∞
θ(tn) = 1 if and only if lim

n→∞
tn = 0.

The following basic notion is an extension of the notion of (α, θ, k)-contraction,
used for one multi-valued mapping in [16]. Note that the contractive condition in
the following definition ((α, θ, f)-contraction) is different from the one used in [16].

Definition 3.1. Let (X, d) be a metric space and let f : X → X. A multi-
valued mapping T : X → K(X) is said to be an (α, θ, f)-contraction if there exist

α : X ×X → [0,∞), θ ∈ Θ and k1, . . . , k5 ∈ (0, 1) with
∑5
i=1 ki < 1 such that

θ
(
H(Tx, Ty)

)
≤ θ
(
d(fx, fy)

)k1
θ
(
d(fx, Tx)

)k2
θ
(
d(fy, Ty)

)k3
θ
(d(fx, Ty)

2

)k4
θ
(
d(fy, Tx)

)k5
(3.1)

for all x, y ∈ X with α(fx, fy) ≥ 1.

Now, we give the first main result in this paper, which can be considered as an
extension to the pair of mappings of Theorem 2.3 [16]. Note that TX stays for⋃
x∈X Tx.

Theorem 3.2. Let (X, d) be an α-complete metric space, f : X → X be an α-
admissible mapping, and let T : X → K(X) be an (α, θ, f)-contractive mapping
such that TX ⊆ fX and (f, T ) is an α-compatible pair. Also, suppose that

(S2) T is an α-admissible multi-valued mapping;
(S2) there exist x0, x1 such that fx1 ∈ Tx0 and α(x0, x1) ≥ 1;
(S3) T is an α-continuous multi-valued mapping.

Then T and f have a unique coincidence point in X.

Proof. According to the existence of x0 and fx1 ∈ Tx0 in (S2), we have α(fx0, fx1) ≥
1 as f : X → X is α-admissible. If x0 = x1, then x0 is a coincidence point of (f, T ).
Assume that x0 6= x1. If fx1 ∈ Tx1, then x1 is a coincidence point of (f, T ) and so
we have completed the proof.

Let fx1 /∈ Tx1, that is, d(fx1, Tx1) > 0. Since fx1 ∈ Tx0, so H(Tx0, Tx1) ≥
d(fx1, Tx1) > 0. It follows from the (α, θ, f)-contractive assumption on T that

θ(H(Tx0, Tx1)) ≤ θ
(
d(fx0, fx1)

)k1
θ
(
d(fx0, Tx0)

)k2
θ
(
d(fx1, Tx1)

)k3
θ
(d(fx0, Tx1)

2

)k4
θ
(
d(fx1, Tx0)

)k5
≤ θ
(
d(fx0, fx1)

)k1
θ
(
d(fx0, fx1)

)k2
θ
(
d(fx1, Tx1)

)k3
θ
(d(fx0, Tx1)

2

)k4
θ
(
H(Tx0, Tx0)

)k5
≤ θ
(
d(fx0, fx1)

)k1
θ
(
d(fx0, fx1)

)k2
θ
(
d(fx1, Tx1)

)k3
θ
(d(fx0, fx1) + d(fx1, Tx1)

2

)k4
θ
(
H(Tx0, Tx0)

)k5
. (3.2)
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Note that d(fx0, fx1) ≥ d(fx0, Tx0), as fx1 ∈ Tx0.
If max{d(fx0, fx1), d(fx1, Tx1)} = d(fx1, Tx1), then we have

1 < θ(d(fx1, Tx1)) ≤ θ(H(Tx0, Tx1))

≤ θ
(
d(fx1, Tx1)

)k1
θ
(
d(fx1, Tx1)

)k2
θ
(
d(fx1, Tx1)

)k3
θ
(d(fx1, Tx1) + d(fx1, Tx1)

2

)k4
θ
(
H(Tx0, Tx0)

)k5
,

i.e.,

1 < θ(d(fx1, Tx1)) ≤ θ
(
d(fx1, Tx1)

)k1+k2+k3+k4
,

which is a contradiction. Therefore, max{d(fx0, fx1), d(fx1, Tx1)} = d(fx0, fx1)
and from (3.2), it follows that

θ(H(Tx0, Tx1)) ≤ θ
(
d(fx0, fx1)

)k1
θ
(
d(fx0, fx1)

)k2
θ
(
H(Tx0, Tx1)

)k3
θ
(
d(fx0, fx1)

)k4
θ
(
d(fx1, fx0)

)k5
.

So,

1 < θ(d(fx1, Tx1)) ≤ θ(H(Tx0, Tx1)) ≤ θ(d(fx0, fx1))
k1+k2+k4+k5

1−k3 . (3.3)

Since Tx1 is compact and TX ⊆ fX, there exists y = fx2 ∈ Tx1 such that

d(fx1, fx2) = d(fx1, Tx1). (3.4)

From (3.3) and (3.4), it follows that

1 < θ(d(fx1, fx2)) ≤ θ(d(fx0, fx1))
k1+k2+k4+k5

1−k3 .

If x1 = x2 or fx2 ∈ Tx2, then it follows that x2 is a coincidence point of (f, T )
and so we have completed the proof. Therefore, we may assume that x1 6= x2 and
fx2 /∈ Tx2. Since fx1 ∈ Tx0, fx2 ∈ Tx1, α(x0, x1) ≥ 1 and T is an α-admissible
multi-valued mapping, we have α(fx1, fx2) ≥ 1.

Continuing this process, we can construct a sequence {xn} in X such that

fxn 6= fxn+1 ∈ Txn, α(fxn, fxn+1) ≥ 1 (3.5)

and

1 < θ(d(fxn, fxn+1)) ≤ θ(d(fx0, fx1))(
k1+k2+k4+k5

1−k3
)n

for all n ∈ N ∪ {0}. This gives us that lim
n→∞

θ(d(fxn, fxn+1)) = 1 and so

lim
n→∞

d(fxn, fxn+1) = 0 (3.6)

according to the facts about θ.
In order to show that {fxn} is a Cauchy sequence, suppose that it is not. Then

there exists ε > 0 such that corresponding to it we can find sequences mi and ni
such that

ni > mi > i and d(fxmi
, fxni

) ≥ ε. (3.7)

and ni is the smallest index with the above property. This means that

d(fxmi , fxni−1) < ε. (3.8)

From (3.7) we get

d(fxmi−1, fxni−1) ≤ d(fxmi−1, fxmi
) + d(fxmi

, fxni−1).
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Taking the upper limit as i→∞, and using (3.6) and (3.8), we get

lim sup
i→∞

d(fxmi−1, fxni−1) ≤ ε. (3.9)

Similarly,
lim sup
i→∞

d(fxmi−1, fxni) ≤ ε. (3.10)

On the other hand, as f is α-admissible and α has the transitive property, from
(3.1) we have

θ
(
d(fxmi

, fxni
)
)

= θ
(
d(fxmi

, Txni−1)
)

≤ θ
(
H(Txmi−1, Txni−1)

)
≤ θ
(
d(fxmi−1, fxni−1)

)k1
θ
(
d(fxmi−1, Txmi−1)

)k2
θ
(
d(fxni−1, Txni−1)

)k3
θ
(d(fxmi−1, Txni−1)

2

)k4
θ
(
d(fxni−1, Txmi−1)

)k5
≤ θ
(
d(fxmi−1, fxni−1)

)k1
θ
(
d(fxmi−1, fxmi)

)k2
θ
(
d(fxni−1, fxni)

)k3
θ
(d(fxmi−1, fxni

)

2

)k4
θ
(
d(fxni−1, fxmi

)
)k5

.

Now, taking the upper limit as i→∞ in the above inequality and using θ1, (3.6)–
(3.10), we have

1 < θ
(
ε
)
≤ θ
(
ε
)k1+k4+k5

,

which is a contradiction.
Thus we have proved that {fxn} is a Cauchy sequence in X. From (3.5) and

the α-completeness of (X, d), there exists x∗ ∈ X such that fxn → x∗ as n→∞.
By the α-continuity of multi-valued mapping T , we have

lim
n→∞

H(Tfxn, Tx
∗) = 0,

which implies that

d(fx∗, Tx∗) ≤ lim
n→∞

d(fx∗, ffxn+1) + lim
n→∞

d(ffxn+1, Tx
∗)

≤ lim
n→∞

d(fx∗, ffxn+1) + lim
n→∞

H(fTxn, Tfxn+1) + lim
n→∞

H(Tfxn+1, Tx
∗)

≤ lim
n→∞

H(Tfxn+1, Tx
∗) = 0.

Therefore, fx∗ ∈ Tx∗ and hence (f, T ) has a coincidence point. This completes the
proof. �

Definition 3.3. Let (X, d) be a metric space and let α : X × X → [0,∞) be a
function. We say that (X, d) is α-regular if the following condition holds:

if xn → x, where α(xn, xn+1) ≥ 1 for all n ∈ N, then α(xn, x) ≥ 1 for all n ∈ N.

Next, we give the second main result in this paper.

Theorem 3.4. Let (X, d) be an α-complete metric space, f : X → X be α-
admissible, T : X → K(X) be an (α, θ, f)-contractive mapping such that TX ⊆ fX
and f(X) is closed. Suppose that:

(S1) T is an α-admissible multi-valued mapping;
(S2) there exist x0 and x1 ∈ Tx0 such that α(x0, x1) ≥ 1;
(S′3) (X, d) is α-regular.

Then T and f have a unique coincidence point in X.
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Proof. Following the lines of proof of Theorem 3.2, we know that {xn} is a Cauchy
sequence in X such that xn→x∗ as n→∞ and

α(fxn, fxn+1) ≥ 1

for all n ∈ N. Since f(X) is closed and {fxn} ⊆ f(X), therefore x∗ ∈ f(X). Hence,
there exists y∗ ∈ X such that x∗ = fy∗ and

lim
n→∞

d(fxn, x
∗) = lim

n→∞
d(fxn, fy

∗) = 0.

Suppose that d(fy∗, Ty∗) > 0. Using (3.1), we have

θ(d(fxn+1, Ty
∗)) ≤ θ(H(Txn, T y

∗))

≤ θ
(
d(fxn, fy

∗)
)k1

θ
(
d(fxn, Txn)

)k2
θ
(
d(fy∗, Ty∗)

)k3
θ
(d(fxn, T y

∗)

2

)k4
θ
(
d(fy∗, Txn)

)k5
≤ θ
(
d(fxn, fy

∗)
)k1

θ
(
d(fxn, fxn+1)

)k2
θ
(
d(fy∗, T y∗)

)k3
θ
(d(fxn, T y

∗)

2

)k4
θ
(
d(fy∗, fxn+1)

)k5
for all n ∈ N. Letting n→∞ in the above inequality, we have

1 < θ(d(fy∗, Tx∗)) ≤ θ(d(fy∗, Tx∗))k3+k4 .

This implies that θ(d(fy∗, Tx∗)) = 1. Therefore, we have d(fy∗, Tx∗) = 0, that is,
fy∗ ∈ Ty∗. This completes the proof. �

We present an example to illustrate Theorem 3.2 as follows:

Example 3.5. Let X = [0, 10) be endowed with the standard metric d(x, y) = |x−y|
for all x, y ∈ X. Define f : X → X, T : X → K(X) and α : X ×X → [0,∞) by

Tx =

{[
0, 18x

]
, if x ∈ [0, 2],[

2
3 ,

1
4x
]
, if x ∈ (2, 10),

fx =

{
1
7x, if x ∈ [0, 2],
1
3x, if x ∈ (2, 10),

α(x, y) =

{
1, if x, y ∈ [0, 2],
1
4 , otherwise,

k1 = 7
8 , ki = 1

33 for i = 2, 3, 4, 5 and θ : [0,∞)→ [1,∞) by θ(t) = ete
t

.
Clearly, (X, d) is not a complete metric space.
Let {xn} be such that α(xn, xn+1) ≥ 1 for all n ∈ N and lim

n→∞
fxn ∈ M =

lim
n→∞

Txn for some M ∈ CB(X). So, xn ∈ [0, 2] and lim
n→∞

fxn = lim
n→∞

1
7xn ∈

lim
n→∞

[
0, 18xn

]
= lim

n→∞
Txn. Hence, xn = 0 for all n ∈ N. Therefore,

lim
n→∞

H(fTxn, T fxn) = 0, that is, the pair (f, T ) is α-compatible.

Let {xn} be such that α(xn, xn+1) ≥ 1 for all n ∈ N and lim
n,m→∞

|xn − xm| = 0.

So, xn ∈ [0, 2] and so lim
n→∞

|xn − x| = 0 for some x ∈ [0, 2], that is, (X, d) is

α-complete.
Let α(fx, fy) = 1. Then fx, fy ∈ [0, 2]. Now, we have

H(Tx, Ty) =

∣∣∣∣18x− 1

8
y

∣∣∣∣ =
7

8
d(fx, fy).
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Therefore,

θ(H(Tx, Ty)) = eH(Tx,Ty)eH(Tx,Ty)

= e
7
8d(fx,fy)e

7
8
d(fx,fy)

≤
[
ed(fx,fy)e

d(fx,fy)] 7
8

≤
[
ed(fx,fy)e

d(fx,fy)] 1
33
[
ed(fx,Tx)e

d(fx,Tx)] 1
33
[
ed(fy,Ty)e

d(fy,Ty)] 1
33[

e
d(fx,Ty)

2 e
d(fx,Ty)

2
] 1

33
[
ed(fy,Tx)e

d(fy,Tx)] 1
33 .

Evidently, T is α-admissible and α-continuous and taking x0 = 2, x1 = 0 we see
that fx1 = 0 ∈ [0, 14 ] = Tx0 and α(x0, x1) ≥ 1. Thus, all conditions of Theorem
3.2 hold and (f, T ) has a unique coincidence point (which is x = 0).

4. Corresponding results in metric spaces endowed with a graph

Dinevari and Frigon [2] extended to multi-valued mappings the results of Ja-
chymski containing generalizations of Banach’s contraction principle for mappings
on graphic metric spaces [5]. We present here a further extension, applying the
result of the previous section.

Let X be a non-empty set. The set ∆ = {(x, x) : x ∈ X} is called the diagonal of
X ×X. Consider a graph G such that V (G) = X (its vertices) and ∆ ⊆ E(G) (its
edges). We will always assume that G has no parallel edges and so we can identify
G with the pair (V (G), E(G)). A single-valued mapping f : X → X is said to
preserve edges if, for each x, y ∈ X with (x, y) ∈ E(G), we have (fx, fy) ∈ E(G).
We will always suppose that the graph G is triangular, i.e., (x, y), (y, z) ∈ E(G),
implies that (x, z) ∈ E(G).

Definition 4.1. [13] Let (X, d) be a metric space endowed with a graph G and
T : X → N(X) be a multi-valued mapping.

(1) The mapping T is said to weakly preserve edges if, for each x ∈ X and
y ∈ Tx with (x, y) ∈ E(G), we have (y, z) ∈ E(G) for all z ∈ Ty.

(2) The space (X, d) is said to be E(G)-complete if every Cauchy sequence
{xn} in X with (xn, xn+1) ∈ E(G) for all n ∈ N converges in X.

(3) The mapping T : X → CL(X) is called E(G)-continuous with respect to
(CL(X), H) if, for any x ∈ X and any sequence {xn} with lim

n→∞
d(xn, x) = 0

and (xn, xn+1) ∈ E(G) for all n ∈ N, we have

lim
n→∞

H(Txn, Tx) = 0.

Definition 4.2. Let (X, d) be a metric space endowed with a graph G and let
f : X → X and T : X → CB(X). The pair (f, T ) is said to be E(G)-compatible if
lim
n→∞

H(fTxn, Tfxn) = 0, for all {xn} such that (xn, xn+1) ∈ E(G) for all n ∈ N
and lim

n→∞
fxn ∈ M = lim

n→∞
Txn for some M ∈ CB(X) and fTx ∈ CB(X) for all

x ∈ X.

Definition 4.3. Let (X, d) be a metric space endowed with a graph G and let
f : X → X. A multi-valued mapping T : X → K(X) is said to be an (E(G), θ, f)-

contraction if there exist θ ∈ Θ and k1, . . . , k5 ∈ (0, 1) with
∑5
i=1 ki < 1 such
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that

θ
(
H(Tx, Ty)

)
≤ θ
(
d(fx, fy)

)k1
θ
(
d(fx, Tx)

)k2
θ
(
d(fy, Ty)

)k3
θ
(d(fx, Ty)

2

)k4
θ
(
d(fy, Tx)

)k5
for all (x, y) ∈ E(G).

Theorem 4.4. Let (X, d) be an E(G)-complete metric space, f : X → X preserves
edges, T : X → K(X) be an (E(G), θ, f)-contractive mapping such that TX ⊆ fX
and (f, T ) is E(G)-compatible. Moreover, suppose that:

(S1) T weakly preserves edges;
(S2) there exist x0, x1 such that fx1 ∈ Tx0 and x0, x1) ∈ E(G);
(S3) T is an E(G)-continuous multi-valued mapping.

Then T and f have a unique coincidence point in X.

Proof. This result can be obtained from Theorem 3.2 via definition of α : X×X →
[0,∞) by

α(x, y) =

{
1, if (x, y) ∈ E(G),
1
2 , otherwise.

This completes the proof. �

Definition 4.5. [1] Let (X, d) be a metric space endowed with a graph G. We say
that (X, d) is E(G)-regular if the following holds:

if xn → x, where (xn, xn+1) ∈ E(G) for all n ∈ N, then (xn, x) ∈ E(G) for all
n ∈ N.

Theorem 4.6. Let (X, d) be an E(G)-complete metric space, f : X → X preserves
edges, T : X → K(X) be an (E(G), θ, f)-contraction mapping such that TX ⊆ fX
and f(X) is closed. Suppose that:

(S1) T weakly preserves edges;
(S2) there exist x0 and x1 ∈ Tx0 such that (x0, x1) ∈ E(G);
(S′3) (X, d) is E(G)-regular.

Then T and f have a unique coincidence point in X.

5. Results in metric spaces endowed with a binary relation

In this section, we give some coincidence point results on metric spaces endowed
with an arbitrary binary relation, in particular a relation of partial order. In the
sequel, let R be a transitive binary relation over a nonempty set X. A single-valued
mapping f : X → X is said to be R-increasing if, for each x, y ∈ X with xR y, we
have fxR fy.

Definition 5.1. [13] Let (X, d) be a metric space and T : X → N(X) be a multi-
valued mapping.

(1) The mapping T is said to be weakly R-increasing if, for each x ∈ X and
y ∈ Tx with xRy, we have yRz for all z ∈ Ty.

(2) The space (X, d) is said to be R-complete if every Cauchy sequence {xn}
in X with xnRxn+1 for all n ∈ N converges in X.
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(3) The mapping T : X → CL(X) is called R-continuous with respect to
(CL(X), H) if, for any x ∈ X and any sequence {xn} with lim

n→∞
d(xn, x) =

0 and xnRxn+1 for all n ∈ N, we have

lim
n→∞

H(Txn, Tx) = 0.

Definition 5.2. Let (X, d) be a metric space endowed with a binary relation R
and let f : X → X and T : X → CB(X). The pair (f, T ) is said to be R-
compatible if lim

n→∞
H(fTxn, Tfxn) = 0, for all {xn} with xnRxn+1 for all n ∈ N

and lim
n→∞

fxn ∈ M = lim
n→∞

Txn for some M ∈ CB(X) and fTx ∈ CB(X) for all

x ∈ X.

Definition 5.3. Let (X, d) be a metric space endowed with a binary relation and
let f : X → X. A multi-valued mapping T : X → K(X) is said to be an (R, θ, f)-

contraction if there exist θ ∈ Θ and k1, . . . , k5 ∈ (0, 1) with
∑5
i=1 ki < 1 such

that

θ
(
H(Tx, Ty)

)
≤ θ
(
d(fx, fy)

)k1
θ
(
d(fx, Tx)

)k2
θ
(
d(fy, Ty)

)k3
θ
(d(fx, Ty)

2

)k4
θ
(
d(fy, Tx)

)k5
for all x, y ∈ X with fxR fy.

Theorem 5.4. Let (X, d) be an R-complete metric space endowed with a transitive
binary relation R, f : X → X be R-increasing, T : X → K(X) be an (R, θ, f)-
contractive mapping such that TX ⊆ fX and (f, T ) is R-compatible. Suppose that:

(S1) T is a weakly R-increasing multi-valued mapping;
(S2) there exist x0, x1 such that fx1 ∈ Tx0 and x0Rx1;
(S3) T is an R-continuous multi-valued mapping.

Then T and f have an unique coincidence point in X.

Definition 5.5. [1] Let (X, d) be a metric space endowed with a binary relation R.
We say that (X, d) is R-regular if the following condition holds:

if xn → x, where xnRxn+1 for all n ∈ N, then xnRx for all n ∈ N.

Theorem 5.6. Let (X, d) be an R-complete metric space, f : X → X be R-
increasing, T : X → K(X) be an (R, θ, f)-contractive mapping such that TX ⊆ fX
and f(X) is closed. Suppose that the following conditions hold:

(S1) T is a weakly R-increasing multi-valued mapping;
(S2) there exist x0 and x1 such that (x0, x1) ∈ E(G);
(S′3) (X, d) is R-regular.

Then T and f have a unique coincidence point in X.

6. Some consequences

First of all note that, taking in Theorems 3.2 and 3.4 f as the identity mapping
on X, most results of the paper [16] can be obtained as consequences.

Going back to arbitrary f , taking θ(t) = e
√
t, we have the following corollary of

Theorems 3.2 and 3.4.

Corollary 6.1. Let (X, d) be an α-complete metric space, f : X → X be contin-
uous and α-admissible mapping, T : X → K(X) be an α-admissible multi-valued
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mapping and TX ⊆ fX. Suppose that there exist x0, x1 ∈ Tx0 such that fx1 ∈ Tx0
and α(x0, x1) ≥ 1, and√

H(Tx, Ty) ≤ k1
√
d(fx, fy) + k2

√
d(fx, Tx) + k3

√
d(fy, Ty)

+ k4

√
d(fx, Ty)

2
+ k5

√
d(fy, Tx)

holds for all x, y ∈ X with α(x, y) ≥ 1, where positive real numbers k1, . . . , k5 are

such that 0 <
∑5
i=1 ki < 1. Then T and f have a coincidence point in X provided

that: 1. the pair (f, T ) is α-compatible and T ia α-continuous, or, 2. fX is closed
and (X, d) is α-regular.

Taking θ(t) = ete
t

, we obtain the following result.

Corollary 6.2. Let (X, d) be an α-complete metric space, f : X → X be contin-
uous and α-admissible mapping, T : X → K(X) be an α-admissible multi-valued
mapping and TX ⊆ fX. Suppose that there exist x0, x1 ∈ Tx0 such that fx1 ∈ Tx0
and α(x0, x1) ≥ 1, and

H(Tx, Ty)eH(Tx,Ty)

≤ k1d(fx, fy)ed(fx,fy) + k2d(fx, Tx)ed(fx,Tx) + k3d(fy, Ty)ed(fy,Ty)

+ k4
d(fx, Ty)

2
e

d(fx,Ty)
2 + k5d(fy, Tx)ed(fy,Tx)

holds for all x, y ∈ X with α(x, y) ≥ 1, where positive real numbers k1, . . . , k5 are

such that 0 <
∑5
i=1 ki < 1. Then T and f have a coincidence point in X provided

that: 1. the pair (f, T ) is α-compatible and T ia α-continuous, or, 2. fX is closed
and (X, d) is α-regular.
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