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GENERALIZED NADLER-TYPE COINCIDENCE POINT
THEOREMS FOR a-COMPATIBLE MULTI-VALUED
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ABSTRACT. In this paper, the coincidence point problem of Nadler type is
treated for two mappings (one single-valued and one multi-valued) in a metric
space. A generalized (o, 6, f)-contractive condition is assumed, together with
a-completeness of the space, a-continuity of the multi-valued mapping and
a-compatibility of the two mappings. The results are applied to metric spaces
endowed with a graph or with a binary relation.

1. INTRODUCTION

Starting with the celebrated results of Nadler [15], a lot of various fixed and
coincidence point results have been obtained in the last four decades for multi-
valued mappings in metric and other types of spaces.

In 2012, Samet et al. introduced in [I7] a new concept in fixed point prob-
lems under the name od a-admissibility. Further on, several other related notions
were defined and used, such as a-admissibility of multi-valued mappings [14], a-
completeness of metric spaces [3] and a-continuity of multi-valued mappings [13].

On the other hand, Jleli and Samet in [I1], introduced a new type of contractive
conditions in fixed point results, using auxiliary functions usually denoted by 6.
This approach was applied in several other papers, including the recent paper [16]
where fixed point results for a multi-valued mapping were obtained.

In this paper, the coincidence point problem of Nadler type is treated for two
mappings (one single-valued and one multi-valued) in a metric space. A general-
ized («, 8, f)-contractive condition is assumed, together with a-completeness of the
space, a-continuity of the multi-valued mapping and a-compatibility of the two
mappings. Several consequences are derived and an example is presented showing
the usefulness of results. Applications to metric spaces endowed with a graph or
with a binary relation are also given.
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2. PRELIMINARIES

Let (X,d) be a metric space. Throughout the paper we shall use the following
standard notation: N(X) will be the class of all nonempty subsets, CL(X) the
class of all nonempty closed subsets, CB(X) the class of all nonempty closed and
bounded subsets and K (X) the class of all nonempty compact subsets of X. For
any A, B € CL(X), their Pompeiu-Hausdorff distance is defined by

max {Sup d(a, B),sup d(b, A)}, if the maximum exists;
H(A, B) = a€A beB

00, otherwise,

where d(a, B) = inf{d(a,b) : b € B} is the distance from a to B C X.

The concept of a-admissible mapping was introduced by Samet et al. in 2012.
In what follows, we will always assume that the function « : X x X — [0,00) has
transitive property, i.e., a(z,y) > 1 and a(y, z) > 1 imply that a(z,z) > 1.

Definition 2.1. [I7] Let X be a non-empty set and f: X - X and av: X x X —
[0,00) be mappings. f is said to be c-admissible if, for all z,y € X, a(x,y) > 1
implies that o(fx, fy) > 1.

Mohammadi et al. [14] extended this notion to multi-valued mappings. Defini-
tions of a-complete metric spaces and a-continuous multi-valued mappings were
introduced by Hussain et al. [3] and Kutbi et al., [I3] respectively. For more details
on multi-valued contractive mappings and thier fixed point results the reader is
referred to [7]-[10].

Definition 2.2. Let (X,d) be a metric space, T : X — N(X) and o : X x X —
[0,00) be two given mappings.

(1) [@4) The mapping T is said to be a-admissible whenever, for each x € X
and y € Tx with a(z,y) > 1, we have a(y,z) > 1 for all z € Ty.

(2) Bl The metric space (X,d) is said to be a-complete if every Cauchy se-
quence {x,} in X with a(xp, Xpe1) > 1 for all n € N converges in X.

(3) M3] The mapping T : X — CL(X) is called an o-continuous multi-valued

mapping if
lim d(zn,z) =0, a(ry,Tpy1) >1 = lim H(Tz,,Tz)=0.
n—oo n—oo

The notion of a compatible pair of mappings f: X - X and T : X — CB(X)
in the sense of [I2] can be extended as follows

Definition 2.3. Let (X,d) be a metric space and let f : X — X, T : X —
CB(X) and a : X x X — [0,400). The pair (f,T) is said to be a-compatible if
ILm H(fTxn,Tfx,) = 0, for all {x,} such that a(xn,Tpy1) > 1 for allm € N

and lim fz, € M = li_>m Tz, for some M € CB(X) and fTx € CB(X) for all
n o)

n— o0

reX.

Obviously, if (f,T') is a compatible pair (in the sense of [12]), then (f,T) is
also an a-compatible pair, but the converse may not true. The following example
illustrates this fact.
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Example 2.4. Let X = [1,00) and d(z,y) = |x — y|. Assume that f,T and « are
defined by

2z, dfxell,4]
fx_{@‘x, if (4, 00),

1,6 — ) 1,2 1. fr=y=2
TQ?: [ 1) x]v ZfZ‘E[ 5 ]7 and Oé(l',y): 5 zfx y s
2, 2], if (2, 00), 0, otherwise.

Clearly, (f,T) is not compatible, but it is an a-compatible pair. Indeed, let {x,}
be a sequence such that a(xy,xn11) > 1 for alln € N and lim fz, € lim Tz,.
n—oo n—oo

Then, x, = 2 for all n € N. Hence, lim fz, = 4 € [1,4] = lim Tz, and
n—oo

n—oo
Tfx, = [2,8] = fTx,. Again, if we consider the sequence y, = 3 — L, then
lim fy, = lim (6 — 2) =6 € [2,6] = lim Ty, = lim [2,6 — 2]. On the other
n—oo n—oo n—oo n— oo
hand, ILm Tfyn, = [2,12] and ILm fTy, = 1Lm f([2,4] U (4,6 — %D = [4,8] U
(24,36]. Thus, f and T are a-compatible.

In [II], Jleli and Samet introduced a new type of contractive maps and they
established a new fixed point theorem for such maps in the setting of rectangular
metric spaces. Denote by © the set of all functions 6 : (0,00) — (1, 00) satisfying
the following conditions:

0. 0 is nondecreasing;

5. for each sequence {t,,} C (0,00), lim O(t,) =1 if and only if lim ¢, = 0;

n—oo n—oo

fs. there exist r € (0,1) and £ € (0, 00] such that lirél+ 9(';)771 =/.
t—

They proved the following

Theorem 2.5. [I1, Theorem 2.1] Let (X, d) be a complete rectangular metric space
and let f : X — X be a given map. Suppose that there exist 6 € ©1 and k € (0,1)
such that

z,y € X, d(f(2), f(y) # 0= 0(d(f (@), f(v)) < O(d(a,p))".  (21)
Then f has a unique fixed point.

In 2015, Hussain et al. [4] modifying the above class and introducing JS-
contraction, first extended the result of Jleli and Samet, and then they obtained
some generalizations of the Banach contraction principle. They used the set 4 of
all functions 6 : [0,00) — [1, 00) satisfying the following conditions:

0. 6 is nondecreasing and 6(t) = 1 < ¢ = 0;

05. as above;

f3. as above;

04. (a+b) <0(a)f(b) for all a,b > 0.

However, in the paper [6], the authors showed that the results in metric spaces
concerned with JS-contractions in [4] are immediate consequences of known the-
orems. In fact, in [6], Jiang et al. first introduced a new metric D in a given
metric space (X, d), and they proved that (X, D) is complete if and only if (X, d)
is complete. Then they showed that each JS-contraction in (X, d) is certainly a
Cirié contraction in (X, D). Note that they used the condition 6 which we will not
assume in this paper. So, there is no induced metric in this case.
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3. MAIN RESULTS

From now on, we will use the following auxiliary class of real functions, which
is a modification of the ones used by Jleli et al. in [II] and Hussain et al. [4]. We
denote by © the set of all functions 6 : [0,00) — [1,00) satisfying the following
conditions:

0,. 0 is a continuous strictly increasing function;

5. for each sequence {t,} C (0,00), lim 0(t,) =1 if and only if lim ¢, = 0.

n—o00 n—o0

The following basic notion is an extension of the notion of («, 6, k)-contraction,
used for one multi-valued mapping in [I6]. Note that the contractive condition in
the following definition ((a, 8, f)-contraction) is different from the one used in [16].

Definition 3.1. Let (X,d) be a metric space and let f : X — X. A multi-
valued mapping T : X — K(X) is said to be an («, 6, f)-contraction if there exist
a: X xX —[0,00),0c0 and k1,...,ks € (0,1) with Zleki < 1 such that

G(H(T:U, Ty))

< 0(d(fr. 1)) 0(d(f2. 7)) 0(a( . 7)) 0 (LLETD) g py. 7))

(3.1)
for all x,y € X with o(fx, fy) > 1.

Now, we give the first main result in this paper, which can be considered as an
extension to the pair of mappings of Theorem 2.3 [I6]. Note that TX stays for

Upex T

Theorem 3.2. Let (X,d) be an a-complete metric space, f : X — X be an a-
admissible mapping, and let T : X — K(X) be an («,0, f)-contractive mapping
such that TX C fX and (f,T) is an a-compatible pair. Also, suppose that

(S9) T is an a-admissible multi-valued mapping;

(S2) there exist xg,x1 such that fzq € Txg and a(xo,z1) > 1;

(Ss5) T is an a-continuous multi-valued mapping.
Then T and f have a unique coincidence point in X .

Proof. According to the existence of xg and fx1 € Tzg in (S3), we have o fzg, fz1) >
las f: X — X is a-admissible. If 2y = z1, then z( is a coincidence point of (f,T).
Assume that xg # 1. If fz1 € Ty, then z; is a coincidence point of (f,T") and so
we have completed the proof.

Let fxy ¢ Ty, that is, d(fz1,T21) > 0. Since fx; € Txg, so H(Txg,Tx1) >
d(fxq1,Tx1) > 0. It follows from the (a, 8, f)-contractive assumption on T' that
0(d

H(H(Tl‘o,Tl‘l)) < e(d(fl‘o,fl‘l ) .Ifo,TJ?Q)) ( (fl‘l,Tl‘l))

(f
o(WIT0 L)y 4y, 7))

<6(d (f$07f3?1)) (d(fl’o,fxl) o(d (fxl,Txl))
o(WIE0 L)y 11 (1o, 7))

0(d(fo, f1)) " 0(d(fro, fr1))"™0(d(far, Ta1))"™

e(d(fﬂvm fx1) 42- d(fxlvTxl))’f49(H(Tx0,Txo))k5- (3.2)
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Note that d(fl‘o, fxl) > d(fl‘o,T.Z‘o), as f$1 € Tuxy.
If max{d(fxo, fz1),d(fz1,Tx1)} = d(fx1,T21), then we have
1< g(d(f{EhT.’El)) < Q(H(Tiro,TiL'l))
k k k
< H(d(f:cl,Txl)) 19(d(fx1,T:vl)) 29(d(fx1,Tx1)) 3

d(fl‘l,T$1) + d(fxlvT'/L‘l)
2

o( )¥0(H (Tao, Tao))"™,

ie.,
L < 0(d(far, Tar)) < O(d(far, Ta)) T

which is a contradiction. Therefore, max{d(fzo, fz1),d(fz1,Tx1)} = d(fzo, f21)
and from (3.2)), it follows that

O(H (Taxo, T1)) < 0(d(fo, f1))™0(d(fxo, fr1)) ™0 (H (Two, Tar))"™
0(d(fxo, f11)) 0(d(far, f10))".

So,
k1+ko+kg+ks
1< 0(d(fz1,Tx1)) < O(H(Txo, Tx1)) < 0(d(fwo, fz1)) T8 . (3.3)
Since T'xy is compact and TX C fX, there exists y = fxo € Tz such that
d(fxlvfo) :d(fxl,Tl'l)- (34)

From (3.3)) and (3.4), it follows that
ky+kotkatks
1 <0(d(fr1, fz)) < 0(d(fxo, f1)) T

If x1 = 29 or fxs € Ty, then it follows that x5 is a coincidence point of (f,T)
and so we have completed the proof. Therefore, we may assume that x; # x5 and
fxo ¢ Tay. Since fxq € Txg, fxe € Tx1, a(xg,21) > 1 and T is an a-admissible
multi-valued mapping, we have a(fzy, fza) > 1.

Continuing this process, we can construct a sequence {z,} in X such that

fxn # frns € Tay, a(fey, feper) > 1 (3.5)

and
kytkotkytks "

1< 0(d(fan, fonsr)) < 0(d(fro, far)) 5
for all n € NU {0}. This gives us that li_>m O(d(fxn, frnt1)) =1 and so

Jim d(fan, feas) =0 (3.6)

according to the facts about 6.

In order to show that {fx,} is a Cauchy sequence, suppose that it is not. Then
there exists € > 0 such that corresponding to it we can find sequences m; and n;
such that

n; >m; > i and d(fam,,, fo.,) > e (3.7
and n; is the smallest index with the above property. This means that
A(fxm;, frn,—1) <e. (3.8)

From we get
d(fxmi—lvfl'ni—l) S d(fxmi—lafxmi) + d(fl'mmfxn7—1)
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Taking the upper limit as i — oo, and using (3.6]) and (3.8)), we get

lim sup d(fxmi—17 fxm'—l) S €. (39)
i—+00
Similarly,
limsup d(fXm,—1, fan,) < €. (3.10)
1—00

On the other hand, as f is a-admissible and « has the transitive property, from

we have
9<d(f37m7;7 fxm)) = e(d(fxmmemfl»
< 9<H<T.’I,‘mi,1,T$ni71>)
< O(A(frm, 15 F2n,-1)) O(Af 2, -1, T, 1)) 0(d( fn, 1, T, 1)

At L) g 4 1, 3, T, )

< 9<d(fxmi_l7 fxm—l))kle(d(fxmi—la fxmi»kze(d(fxm—l’ fxn«i»ks

Q(M)kw(dwwh fm,))

Now, taking the upper limit as i — oo in the above inequality and using 6, (3.6])—

(3.10)), we have

k3

ks

0(

ks

1<6(e) <o)+t
which is a contradiction.
Thus we have proved that {fx,} is a Cauchy sequence in X. From (3.5) and
the a-completeness of (X, d), there exists * € X such that fx,, — z* as n — oc.
By the a-continuity of multi-valued mapping 7', we have

lim H(Tfx,, Tz*) =0,

n— oo

which implies that
d(fx*, Ta") < lim d(fa, f fanen) + lim d(f farn 2, Ta")

< lim d(fa", f fang) + T H(fTan, Tfanin) + lim H(T [, T2")
< nlLH;OH(fon+1,Tx*) =0.

Therefore, fo* € Ta* and hence (f,T) has a coincidence point. This completes the
proof. ([

Definition 3.3. Let (X,d) be a metric space and let o : X x X — [0,00) be a
function. We say that (X, d) is a-regular if the following condition holds:
if xp — x, where a(xy, Tni1) > 1 for alln € N, then a(z,,x) > 1 for alln € N.

Next, we give the second main result in this paper.

Theorem 3.4. Let (X,d) be an a-complete metric space, f : X — X be a-
admissible, T : X — K(X) be an («, 0, f)-contractive mapping such that TX C fX
and f(X) is closed. Suppose that:

(S1) T is an a-admissible multi-valued mapping;

(S2) there exist xo and x1 € Txg such that a(xg,z1) > 1;

(S%4) (X,d) is a-regular.
Then T and f have a unique coincidence point in X .
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Proof. Following the lines of proof of Theorem [3.2] we know that {z,,} is a Cauchy
sequence in X such that z,—x* as n — oo and
a(fn, frne) 21
for all n € N. Since f(X) is closed and {fz,} C f(X), therefore z* € f(X). Hence,
there exists y* € X such that z* = fy* and
lim d(frp,2") = lim d(fz,, fy*) =
n—oo n—oo
Suppose that d(fy*, Ty*) > 0. Using (3.1)), we have
0(d(fantr, Ty")) < 0(H(Txn, Ty"))
#\\ R k * )k
0(d(fon, fy*)) " 0(d(frn, Tx,)) " 0(d(fy*, Ty"))™
n, T
o( ATy g gy 7, )
* 1\ k
< 0(d(fxn, fy) " 0(d(fn, frain))?0(d(fy" Ty"))"

oMLY g iy )

for all n € N. Letting n — oo in the above inequality, we have

1< 0(d(fy*, Tx*)) < O(d(fy", Ta*))kths,

This implies that 0(d(fy*, Tz*)) = 1. Therefore, we have d(fy*,Tx*) = 0, that is,
fy* € Ty*. This completes the proof. O

We present an example to illustrate Theorem as follows:

Example 3.5. Let X = [0,10) be endowed with the standard metric d(z,y) = |z—y|
forallz,y € X. Define f : X - X, T: X - K(X) anda: X x X = [0,00) by

. {[0, L], ifzeo,2],
o

[%, %x], if x € (2,10),
ki =1, k= fori=2,3,4,5 and 0 : [0,00) — [1,00) by O(t) = e’
Clearly, (X,d) is not a complete metric space.
Let {x,} be such that a(zn,Tnt1) > 1 for all n € N and ILm fen € M =
lim T, for some M € CB(X). So, z, € [0,2] and lim fz, = lim 1z, €
n—oo n—roo

n—oo

lim [O,%xn] = lim T=z,. Hence, x, = 0 for all n € N. Therefore,

n—oo n—oo

li_>m H(fTx,,Tfx,) =0, that is, the pair (f,T) is a-compatible.
Let {x,,} be such that a(zy,xnt1) > 1 for alln € N and lim |z, — 2] = 0.

n,m—oo

So, x, € [0,2] and so lim |z, — x| = 0 for some x € [0,2], that is, (X,d) is
n—oo

«a-complete.
Let a(fx, fy) = 1. Then fx, fy € [0,2]. Now, we have

W= 3=

z, ifzel0,2], oo )_{1, ifz,y €[0,2],
) b

x, ifx € (2,10), %, otherwise,

H(Txz,Ty) =

1 1 7
“r——yl=-d .
s 81/‘ <d(fa, fy)



118 F. GOLKARMANESH, V. PARVANEH, Z. KADELBURG AND S.J. HOSSEINI GHONCHEH

Therefore,
H(H(Tx, Ty)) _ EH(Tm’Ty)eH(Tm,Ty)

7
— ehd(fa, fy)es v

< [ed(fw7fy)ed(f”’fy)]%

E L z,Ta) L L
< [ed(f%fy)ed(f ’fy>] 55 [ed(f:v,Tw)ed(f - >] 53 [ed(fy7Ty)ed(fy’Ty)] 53

d(fz,Ty) 1
2

[e d(fzv2,Ty) e ] 33 I:ed(fnym)ed(fy,Tm)] %

Evidently, T is a-admissible and «-continuous and taking xo = 2,21 = 0 we see
that fx1 = 0 € [0, 1] = Two and a(xo,z1) > 1. Thus, all conditions of Theorem
hold and (f,T) has a unique coincidence point (which is x = 0).

4. CORRESPONDING RESULTS IN METRIC SPACES ENDOWED WITH A GRAPH

Dinevari and Frigon [2] extended to multi-valued mappings the results of Ja-
chymski containing generalizations of Banach’s contraction principle for mappings
on graphic metric spaces [0]. We present here a further extension, applying the
result of the previous section.

Let X be a non-empty set. The set A = {(z,z) : © € X} is called the diagonal of
X x X. Consider a graph G such that V(G) = X (its vertices) and A C E(QG) (its
edges). We will always assume that G has no parallel edges and so we can identify
G with the pair (V(G), E(G)). A single-valued mapping f : X — X is said to
preserve edges if, for each z,y € X with (x,y) € E(G), we have (fz, fy) € E(G).
We will always suppose that the graph G is triangular, i.e., (z,y), (y,z) € E(G),
implies that (z,2) € E(G).

Definition 4.1. [13] Let (X,d) be a metric space endowed with a graph G and
T:X — N(X) be a multi-valued mapping.
(1) The mapping T is said to weakly preserve edges if, for each x € X and
y € Tz with (z,y) € E(G), we have (y,z) € E(G) for all z € Ty.
(2) The space (X,d) is said to be E(G)-complete if every Cauchy sequence
{zn} in X with (X, Tni1) € E(G) for alln € N converges in X.
(3) The mapping T : X — CL(X) is called E(G)-continuous with respect to
(CL(X), H) if, for any x € X and any sequence {x,,} with li_>m d(xp,z) =0
and (Tn, Tny1) € E(G) for alln € N, we have

lim H(Tx,,Tx)=0.
n— oo

Definition 4.2. Let (X,d) be a metric space endowed with a graph G and let

f: X=X andT: X — CB(X). The pair (f,T) is said to be E(GQ)-compatible if

li_>m H(fTzp, Tfx,) =0, for all {z,} such that (zn,znt+1) € E(G) for alln € N

and lim fz, € M = lim Tx, for some M € CB(X) and fTx € CB(X) for all
n—oo n—oo

reX.

Definition 4.3. Let (X,d) be a metric space endowed with a graph G and let

f: X = X. A multi-valued mapping T : X — K(X) is said to be an (E(G),0, f)-
contraction if there exist 6 € © and ki,...,ks € (0,1) with Z?zl ki < 1 such
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that
H(H(Tx, Ty))

6(d(fz, fy))’“&(d(fm,T:v))kze(d(f%Ty))k?’e(w)he(d(fy,Tx))ks

for all (z,y) € E(G).

Theorem 4.4. Let (X, d) be an E(G)-complete metric space, f : X — X preserves
edges, T : X — K(X) be an (E(G), 0, f)-contractive mapping such that TX C fX
and (f,T) is E(G)-compatible. Moreover, suppose that:

(S1) T weakly preserves edges;

(S2) there exist xg,x1 such that fx1 € Txzo and xg,21) € E(G);

(S5) T is an E(G)-continuous multi-valued mapping.
Then T and f have a unique coincidence point in X .

Proof. This result can be obtained from Theorem [3.2] via definition of o : X x X —
[0,00) by

1, if (z,y) € E(G),

o=l e 50
5, otherwise.

This completes the proof. (I

Definition 4.5. [I] Let (X,d) be a metric space endowed with a graph G. We say
that (X, d) is E(G)-regular if the following holds:

if € — x, where (Xy,Tpi1) € E(G) for all n € N, then (z,,x) € E(G) for all
n € N.

Theorem 4.6. Let (X, d) be an E(G)-complete metric space, f : X — X preserves
edges, T : X — K(X) be an (E(G), 0, f)-contraction mapping such that TX C fX
and f(X) is closed. Suppose that:

(S1) T weakly preserves edges;

(S2) there exist xo and x1 € Txg such that (vo,x1) € E(G);

(S%) (X,d) is E(G)-regular.
Then T and f have a unique coincidence point in X .

5. RESULTS IN METRIC SPACES ENDOWED WITH A BINARY RELATION

In this section, we give some coincidence point results on metric spaces endowed
with an arbitrary binary relation, in particular a relation of partial order. In the
sequel, let R be a transitive binary relation over a nonempty set X. A single-valued
mapping f : X — X is said to be R-increasing if, for each z,y € X with z Ry, we
have fz R fy.

Definition 5.1. [I3] Let (X, d) be a metric space and T : X — N(X) be a multi-
valued mapping.

(1) The mapping T is said to be weakly R-increasing if, for each x € X and
y € Tx with xRy, we have yRz for all z € Ty.

(2) The space (X,d) is said to be R-complete if every Cauchy sequence {x,}
in X with x,Rxnr1 for alln € N converges in X.
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(3) The mapping T : X — CL(X) is called R-continuous with respect to
(CL(X), H) if, for any x € X and any sequence {x,} with lim d(z,,z) =
n—oo
0 and x,Rx,11 for allm € N, we have

lim H(Tx,,Tx)=0.

n—oo

Definition 5.2. Let (X,d) be a metric space endowed with a binary relation R
and let f : X = X and T : X — CB(X). The pair (f,T) is said to be R-
compatible if li_>m H(fTxy, Tfx,) =0, for all {z,} with £, Rxy11 for alln € N

and lim fx, € M = lim Tx, for some M € CB(X) and fTx € CB(X) for all
n—oo

n— oo

reX.

Definition 5.3. Let (X,d) be a metric space endowed with a binary relation and
let f: X — X. A multi-valued mapping T : X — K(X) is said to be an (R,0, f)-
contraction if there exist 6 € © and ki,...,ks € (0,1) with Z?Zl ki < 1 such
that

0(H(Tz,Ty))

< 0(d(fz, fy))kle(d(f%Tw))le‘)(d(fy,Ty))k?’@(M

for all x,y € X with fxR fy.

ka &
) 0(d(fy, T2)"

Theorem 5.4. Let (X, d) be an R-complete metric space endowed with a transitive
binary relation R, f : X — X be R-increasing, T : X — K(X) be an (R,0, f)-
contractive mapping such that TX C fX and (f,T) is R-compatible. Suppose that:
(S1) T is a weakly R-increasing multi-valued mapping;
(S2) there exist xg,x1 such that fxq € Txg and xoRxq;
(S3) T is an R-continuous multi-valued mapping.
Then T and f have an unique coincidence point in X .

Definition 5.5. [I] Let (X, d) be a metric space endowed with a binary relation R.
We say that (X, d) is R-regular if the following condition holds:
if x, = x, where v, R xyq1 for alln € N, then x, Rx for all n € N.

Theorem 5.6. Let (X,d) be an R-complete metric space, f : X — X be R-
increasing, T : X — K(X) be an (R, 0, f)-contractive mapping such that TX C fX
and f(X) is closed. Suppose that the following conditions hold:

(S1) T is a weakly R-increasing multi-valued mapping;

(S2) there exist xo and x1 such that (zo,x1) € E(G);

(S%) (X,d) is R-regular.

Then T and f have a unique coincidence point in X.

6. SOME CONSEQUENCES

First of all note that, taking in Theorems and f as the identity mapping
on X, most results of the paper [I6] can be obtained as consequences.

Going back to arbitrary f, taking 6(t) = e‘/z, we have the following corollary of
Theorems 3.2 and B4l

Corollary 6.1. Let (X,d) be an a-complete metric space, f : X — X be contin-
uwous and a-admissible mapping, T : X — K(X) be an a-admissible multi-valued
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mapping and TX C fX. Suppose that there exist vy, x1 € Ty such that fr, € Txg
and oz, z1) > 1, and

VH(Tz,Ty) < kiv/d(fx, fy) + kav/d(fz, Tx) + ks+/d(fy, Ty)

+ k4\/ M +ks/d(fy, Tz)

holds for all x,y € X with a(x,y) > 1, where positive real numbers ki, ..., ks are
such that 0 < Z?Zl ki < 1. Then T and f have a coincidence point in X provided
that: 1. the pair (f,T) is a-compatible and T ia a-continuous, or, 2. fX is closed
and (X,d) is a-regular.

Taking 6(t) = €', we obtain the following result.

Corollary 6.2. Let (X,d) be an a-complete metric space, f: X — X be contin-
uwous and a-admissible mapping, T : X — K(X) be an a-admissible multi-valued
mapping and TX C fX. Suppose that there exist vy, x1 € Txo such that fr1 € Txq
and o(zg,z1) > 1, and
H(Txz, Ty)eH T=Ty)
< kid(fz, fy)ed(fx’fy) + kod(fzx, Tx)ed(f"”’T””) + ksd(fy, Ty)ed(fy’Ty)

ok d(fgc27 Ty) AUy
holds for all x,y € X with o(x,y) > 1, where positive real numbers ki, ..., ks are
such that 0 < Z?:l ki <1. Then T and f have a coincidence point in X provided
that: 1. the pair (f,T) is a-compatible and T ia a-continuous, or, 2. fX is closed
and (X, d) is a-regular.

+ ksd(fy, Tx)ed(fy’Tx)
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