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FIXED POINT RESULTS ON M-METRIC SPACES

HOSSEIN MONFARED, MAHDI AZHINI, MEHDI ASADI∗

Abstract. In this paper, we establish Matkowski’s fixed point theorem and

Boyd and Wong’s fixed point theorem with covered Ćirić-contractions for M -
metric spaces and our results improve very recent results in the literature. This

work provides partial answer for an open problem which is included in [1] and

we presented examples herein.

1. Introduction and Preliminaries

By introducing partial metric space by Matthews (1994), [7], many fixed point
theorems founded in partial metric spaces. After publishing a paper entitled “be
careful on partial metric fixed point results” by Haghi et al. [5], fixed point ex-
tensions to partial metric spaces could be obtained from the corresponding results
in metric spaces. In 2014 Asadi et al. [1] introduced the M -metric space which
extends p-metric space, by some of certain fixed point theorems obtained therein,
and they have given a theorem that its proof is still open as follows.

Theorem 1.1. Let (X,m) be a complete M -metric space and T : X → X be
mapping satisfying:

∃k ∈ [0,
1

2
) such that m(Tx, Ty) ≤ k(m(x, Ty) +m(y, Tx)) ∀x, y ∈ X.

We present a proof when k ∈ [0,
√
3−1
2 ), also we prove the Matkowski, Boyd and

Wong’s fixed point theorems with covered Ćirić-contractions for M -metric spaces.
An illustrated example is also given and whenever every p-metric and ordinary
metric are m-metric, so automatically all of the related results hold.

Definition 1.2. [7], [10, Definition 1.1] A partial metric on a nonempty set X is
a function p : X ×X → R+ such that for all x, y, z ∈ X:

(p1) p(x, x) = p(y, y) = p(x, y) ⇐⇒ x = y,
(p2) p(x, x) ≤ p(x, y),
(p3) p(x, y) = p(y, x),
(p4) p(x, y) ≤ p(x, z) + p(z, y)− p(z, z).
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A partial metric space is a pair (X, p) such that X is a nonempty set and p is a
partial metric on X.

Now we want to extend the Definition 1.2 as follows:

Definition 1.3. ([1]) Let X be a non empty set. A function m : X ×X → R+ is
called a m-metric if the following conditions are satisfied:

(m1) m(x, x) = m(y, y) = m(x, y) ⇐⇒ x = y,
(m2) mxy ≤ m(x, y),
(m3) m(x, y) = m(y, x),
(m4) (m(x, y)−mxy) ≤ (m(x, z)−mxz) + (m(z, y)−mzy) .

Where
mxy := min{m(x, x),m(y, y)}.

Then the pair (X,m) is called an M -metric space.

The following notation are useful in the sequel.

Mxy := max{m(x, x),m(y, y)}.

Remark. ([1]) For every x, y ∈ X
(1) 0 ≤Mxy +mxy = m(x, x) +m(y, y)
(2) 0 ≤Mxy −mxy = |m(x, x)−m(y, y)|
(3) Mxy −mxy ≤ (Mxz −mxz) + (Mzy −mzy)

In the following example we present an example of a m-metric which is not
p-metric.

Example 1.4. ([1]) Let X = {1, 2, 3}. Define

m(1, 2) = m(2, 1) = m(1, 1) = 8

m(1, 3) = m(3, 1) = m(3, 2) = m(2, 3) = 7 m(2, 2) = 9 m(3, 3) = 5

so m is m-metric but m is not p-metric. Since m(2, 2) 6≤ m(1, 2) means m is
not p-metric. If D(x, y) = m(x, y) −mx,y then m(1, 2) = m1,2 = 8 but it means
D(1, 2) = 0 while 1 6= 2 which means D is not metric.

Example 1.5. ([1]) Let (X, d) be a metric space and φ : [0,∞) → [φ(0),∞) be a
one to one and nondecreasing or strictly increasing mapping with φ(0) is defined,
such that

φ(x+ y) ≤ φ(x) + φ(y)− φ(0), ∀x, y ≥ 0.

Then m(x, y) = φ(d(x, y)) is a m-metric.

Example 1.6. ([1]) Let (X, d) be a metric space. Then m(x, y) = ad(x, y) + b
where a, b > 0 is a m-metric, because put φ(t) = at+ b.

Lemma 1.7. ([1]) Every p-metric is a m-metric.

2. Topology on M-metric space

It is clear that each M -metric m on X generates a T0 topology τm on X. The
set

{Bm(x, ε) : x ∈ X, ε > 0},
where

Bm(x, ε) = {y ∈ X : m(x, y) < mx,y + ε},
for all x ∈ X and ε > 0, forms the base of τm.
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Definition 2.1. ([1]) Let (X,m) be an M -metric space. Then:

(1) A sequence {xn} in an M -metric space (X,m) converges to a point x ∈ X
if

lim
n→∞

(m(xn, x)−mxn,x) = 0. (2.1)

(2) A sequence {xn} in an M -metric space (X,m) is called a m-Cauchy se-
quence if

lim
n,m→∞

(m(xn, xm)−mxn,xm) and lim
n,m→∞

(Mxn,xm −mxn,xm) (2.2)

there exist (and are finite).
(3) An M -metric space (X,m) is said to be complete if every m-Cauchy se-

quence {xn} in X converges, with respect to τm, to a point x ∈ X such
that(

lim
n→∞

(m(xn, x)−mxn,x) = 0 and lim
n→∞

(Mxn,x −mxn,x) = 0
)
.

Lemma 2.2. ([1]) Assume that xn → x and yn → y as n → ∞ in an M -metric
space (X,m). Then

lim
n→∞

(m(xn, yn)−mxn,yn) = m(x, y)−mxy.

From Lemma 2.2 we can deduce the following lemma.

Lemma 2.3. ([1]) Assume that xn → x as n→∞ in an M -metric space (X,m).
Then

lim
n→∞

(m(xn, y)−mxn,y) = m(x, y)−mx,y,

for all y ∈ X.

Lemma 2.4. ([1]) Assume that xn → x and xn → y as n → ∞ in an M -metric
space (X,m). Then m(x, y) = mxy. Further if m(x, x) = m(y, y), then x = y.

Lemma 2.5. ([1]) Let {xn} be a sequence in an M -metric space (X,m), such that

∃r ∈ [0, 1) such that m(xn+1, xn) ≤ rm(xn, xn−1) ∀n ∈ N. (2.3)

Then

(A) limn→∞m(xn, xn−1) = 0
(B) limn→∞m(xn, xn) = 0
(C) limm,n→∞mxmxn = 0
(D) {xn} is a m-Cauchy sequence.

Theorem 2.6. ([1]) Let (X,m) be a complete M -metric space and T : X → X be
mapping satisfying the following condition

∃k ∈ [0, 1) such that m(Tx, Ty) ≤ km(x, y) ∀x, y ∈ X. (2.4)

Then T have unique fixed point.

Theorem 2.7. ([1]) Let (X,m) be a complete M -metric space and T : X → X be
mapping satisfying the following condition

∃k ∈ [0,
1

2
) such that m(Tx, Ty) ≤ k(m(x, Tx) +m(y, Ty)) ∀x, y ∈ X. (2.5)

Then T have unique fixed point.
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3. Main result and fixed point theorems

The next Theorem that is presented by Asadi et al. In [1], is an open problem

we prove it for 0 ≤ k <
√
3−1
2 .

Theorem 3.1. Let (X,m) be a complete M -metric space and T : X → X be
mapping satisfying:

∃k ∈ [0,
1

2
) such that m(Tx, Ty) ≤ k(m(x, Ty) +m(y, Tx)) ∀x, y ∈ X. (3.1)

Then T has unique fixed point.

Now we prove it for k ∈ [0,
√
3−1
2 ).

Theorem 3.2. Let (X,m) be a complete M -metric space and T : X → X be
mapping satisfying:

∃k ∈

[
0,

√
3− 1

2

)
such that m(Tx, Ty) ≤ k(m(x, Ty) +m(y, Tx)) ∀x, y ∈ X.

(3.2)
Then T has unique fixed point.

Proof. Assume that x0 ∈ X and define xn = Tnx0 .
We shall prove that

m(xn, xn+1)→ 0 as n→∞.
At first by (3.2) for all n ∈ N we have,

m(xn, xn) = m(Txn−1, Txn−1) ≤ k(m(xn−1, xn) +m(xn−1, xn))

= 2km(xn−1, xn),

so we get
m(xn, xn) < 2km(xn−1, xn) for all n ∈ N. (3.3)

By (3.2) and (m4) we have,

m(xn, xn+1) = m(Txn−1, Txn) ≤ k(m(xn−1, xn+1) +m(xn, xn))

≤ k(m(xn−1, xn) +m(xn, xn+1)−mxn−1,xn
−mxn,xn+1

+mxn−1,xn+1
+m(xn, xn))

Put
An := m(xn, xn)−mxn−1,xn

−mxn,xn+1
+mxn−1,xn+1

.

Hence we will have six cases:
Case 1:
Let m(xn−1, xn−1) ≤ m(xn, xn) ≤ m(xn+1, xn+1), then

mxn,xn+1 = m(xn, xn), mxn−1,xn = m(xn−1, xn−1) and mxn−1,xn+1 = m(xn−1, xn−1).

Thus
An = 0.

Case 2:
Let m(xn+1, xn+1) ≤ m(xn, xn) ≤ m(xn−1, xn−1), we have,

mxn,xn+1
= m(xn+1, xn+1), mxn−1,xn

= m(xn, xn) and mxn−1,xn+1
= m(xn+1, xn+1).

Thus
An = 0.
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Case 3:
Let m(xn, xn) ≤ m(xn+1, xn+1) ≤ m(xn−1, xn−1), and so

mxn,xn+1 = m(xn, xn), mxn−1,xn = m(xn, xn) and mxn−1,xn+1 = m(xn+1, xn+1).

So we get,
An = m(xn+1, xn+1)−m(xn, xn) ≤ m(xn+1, xn+1).

Case 4:
Let m(xn−1, xn−1) ≤ m(xn+1, xn+1) ≤ m(xn, xn), and

mxn,xn+1
= m(xn+1, xn+1), mxn−1,xn

= m(xn−1, xn−1) and mxn−1,xn+1
= m(xn−1, xn−1).

Hence we have,

An = m(xn, xn)−m(xn+1, xn+1) ≤ m(xn, xn).

Case 5:
Let m(xn, xn) ≤ m(xn−1, xn−1) ≤ m(xn+1, xn+1), and so

mxn,xn+1 = m(xn, xn), mxn−1,xn = m(xn, xn) and mxn−1,xn+1 = m(xn−1, xn−1).

Thus we get,

An = m(xn−1, xn−1)−m(xn, xn) ≤ m(xn+1, xn+1).

Case 6:
Let m(xn+1, xn+1) ≤ m(xn−1, xn−1) ≤ m(xn, xn), and

mxn,xn+1
= m(xn+1, xn+1), mxn−1,xn

= m(xn−1, xn−1) and mxn−1,xn+1
= m(xn−1, xn−1).

An = m(xn, xn)−m(xn+1, xn+1) ≤ m(xn, xn).

Therefore we get

An = 0 ∨An < m(xn, xn) ∨An < m(xn+1, xn+1).

Now if A = 0 we get,

m(xn, xn+1) ≤ k(m(xn−1, xn) +m(xn, xn+1)).

And so,

m(xn, xn+1) ≤ k

1− k
(m(xn−1, xn)).

If An < m(xn, xn) by (3.3) we have

An < 2km(xn−1, xn),

and hence

m(xn, xn+1) ≤ k(m(xn−1, xn) +m(xn, xn+1) + 2km(xn−1, xn)).

And so,

m(xn, xn+1) ≤ k + 2k2

1− k
m(xn−1, xn).

If A < m(xn+1, xn+1) by (3.3) we have

An < 2km(xn, xn+1),

and hence

m(xn, xn+1) ≤ k(m(xn−1, xn) +m(xn, xn+1) + 2km(xn, xn+1)).

And so,

m(xn, xn+1) ≤ k

1− (k + 2k2)
m(xn−1, xn).
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Since k ∈ [0,
√
3−1
2 ) so k

1−k < 1, k+2k2

1−k < 1 and k
1−(k+2k2) < 1, hence by Lemma 2.5,

m(xn, xn+1)→ 0 as n→∞.
By completeness of X, we get xn → x for som x ∈ X. So

m(xn, x)−mxn,x → 0 as n→∞,
and

Mxn,x −mxn,x → 0 as n→∞.
By Lemma 2.5, mxn,x → 0 as n → ∞, so we have m(xn, x) → 0 as n → ∞. By
Remark 1, we have

m(x, x) = 0 = mx,Tx.

Now we prove m(x, Tx) = 0. By (3.2), we get

m(x, Tx) ≤ lim sup
n→∞

(m(x, xn)) + lim sup
n→∞

(m(xn, Tx))

= lim sup
n→∞

(m(xn, Tx))

≤ lim sup
n→∞

[k(m(xn−1, Tx) +m(Txn−1, x))]

≤ lim sup
n→∞

km(xn−1, Tx) + lim sup
n→∞

km(xn, x)

≤ lim sup
n→∞

k[m(xn−1, x)−mxn−1,x +m(x, Tx)−mx,Tx]

≤ km(x, Tx).

So m(x, Tx) = 0.
By (3.2) we have

0 ≤ m(Tx, Tx) ≤ 2km(x, Tx) = 0.

So we have

m(Tx, Tx) = m(x, Tx) = m(x, x),

By (m1), we get Tx = x. Now let x, y ∈ X and x 6= y and both of them are the
fixed points of T , so we have

0 < m(x, y) = m(Tx, Ty) ≤ k(m(x, Ty) +m(y, Tx))

= k(m(x, y) +m(y, x)) = 2km(x, y) < m(x, y),

which is a contradiction. Thus x = y and T has unique fixed point. �

To present the following theorem we define Ψ the set of all ψ : R+ → R+ be an
upper semi continuous function such that for all t > 0, ψ(t) < t and ψ(0) = 0.

Theorem 3.3. Let (X,m) be a complete M -metric space, ψ ∈ Ψ and T : X → X
be a mapping satisfying:

m(Tx, Ty) ≤ ψ(M(x, y)) for all x, y ∈ X, (3.4)

where

M(x, y) := max
{
m(x, y),m(x, Tx),m(y, Ty),m(Tx, y),

m(x, Tx) +m(y, Ty)

2
,
m(x, Ty) +m(Tx, y)

3

}
.

Then T has unique fixed point.
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Proof. Assume that x0 ∈ X and define xn = Tnx0.
We shall prove that

m(xn, xn+1)→ 0 as n→∞.
Now define

mn := m(xn, xn+1).

0 ≤ mn+1 = m(xn+1, xn+2) = m(Txn, Txn+1)

≤ ψ(M(xn, xn+1) < M(xn, xn+1).

But we have,

M(xn, xn+1) = max
{
m(xn, xn+1),m(xn, xn+1),m(xn+1, xn+2),m(xn+1, xn+1),

m(xn, xn+1) +m(xn+1, xn+2)

2
,
m(xn+1, xn+1) +m(xn, xn+2)

3

}
.

And,

m(xn+1, xn+1) +m(xn, xn+2) ≤ m(xn, xn+1) +m(xn+1, xn+2)

+ m(xn+1, xn+1)−mxn,xn+1
−mxn+1,xn+2

+mxn,xn+2
.

And similar to in the proof of Theorem 3.2 we have,

An+1 = m(xn+1, xn+1)−mxn,xn+1 −mxn+1,xn+2 +mxn,xn+2 .

And

An+1 ≤ m(xn+1, xn+1) ∨m(xn+2, xn+2).

On the other hand

m(xn+1, xn+1) = m(Txn, Txn) ≤ ψ(M(xn, xn) < M(xn, xn),

and

M(xn, xn) = max
{
m(xn, xn),m(xn, xn+1),m(xn+1, xn),m(xn, xn+1),

m(xn, xn+1) +m(xn, xn+1)

2
,
m(xn, xn+1) +m(xn, xn+1)

3

}
,

so

M(xn, xn) = max
{
m(xn, xn),m(xn, xn+1)

}
.

If M(xn, xn) = m(xn, xn) we have An+1 = 0, hence let M(xn, xn) = m(xn, xn+1),
therefor

m(xn+1, xn+1) < m(xn, xn+1)

On the other hand,

m(xn+1, xn+1) ≤ m(xn+1, xn+2)+m(xn+1, xn+2)−mxn+1,xn+2
−mxn+1,xn+2

+mxn+1,xn+1
.

(3.5)
If m(xn+1, xn+1) = mxn+1,xn+2 , by (3.5) we have,

m(xn+1, xn+1) ≤ 2m(xn+1, xn+2)−m(xn+1, xn+1)−m(xn+1, xn+1)+m(xn+1, xn+1).

Therefore, for all n ∈ N,

m(xn+1, xn+1) ≤ m(xn+1, xn+2),

and if m(xn+2, xn+2) = mxn+1,xn+2 , by (3.5) we have,

m(xn+1, xn+1) ≤ 2m(xn+1, xn+2)−m(xn+2, xn+2)−m(xn+2, xn+2)+m(xn+1, xn+1).
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Therefore, for all n ∈ N,

m(xn+2, xn+2) ≤ m(xn+1, xn+2),

thus,
m(xn+1, xn+1) ≤ max{m(xn, xn+1),m(xn+1, xn+2)}.

Therefore,

M(xn, xn+1) = max
{
m(xn, xn+1),m(xn+1, xn+2) ,

m(xn, xn+1) +m(xn+1, xn+2)

2

,
m(xn+1, xn+1) +m(xn, xn+2)

3

}
.

Now let, M(xn, xn+1) = m(xn, xn+1), then

0 ≤ mn+1 = m(xn+1, xn+2) = m(Txn, Txn+1) ≤ ψ(m(xn, xn+1) < m(xn, xn+1) = mn.

So {m(xn, xn+1)} is a decreasing and bounded bellow sequence, so mn → m for
some m ∈ [0,∞). If m > 0, then

m = lim
n→∞

mn+1 = lim
n→∞

m(xn+1, xn+2) = lim
n→∞

m(Txn, Txn+1)

≤ lim sup
n→∞

ψ(m(xn, xn+1)) ≤ ψ(m) < m

That is contradiction. Thus m(xn, xn+1)→ 0.
Now let M(xn, xn+1) = m(xn+1, xn+2), so in this case we have, m(xn+1, xn+2) = 0,
because if m(xn+1, xn+2) 6= 0, we have

0 < m(xn+1, xn+2) = m(Txn, Txn+1) ≤ ψ(m(xn+1, xn+2) < m(xn+1, xn+2),

which is contradiction, so for all n ∈ N, m(xn+1, xn+2) = 0, then mn = 0 for all
n ∈ N and so mn → 0 as n→∞.

Now let M(xn, xn+1) = m(xn,xn+1)+m(xn+1,xn+2)
2 , so

0 ≤ mn+1 = m(xn+1, xn+2)

≤ ψ(
m(xn, xn+1) +m(xn+1, xn+2)

2
)

<
m(xn, xn+1) +m(xn+1, xn+2)

2
⇒ mn+1 = m(xn+1, xn+2) < m(xn, xn+1) = mn.

Therefore, m(xn, xn+1) is a sequence which is decreasing and bounded bellow, so
mn → m for some m ∈ [0,∞). If m > 0, then,

m = lim
n→∞

mn+1 = lim
n→∞

m(xn+1, xn+2) = lim
n→∞

m(Txn, Txn+1)

≤ lim sup
n→∞

ψ(
m(xn, xn+1) +m(xn+1, xn+2)

2
) ≤ ψ(

m+m

2
) < m

That is contradiction. Thus m(xn, xn+1)→ 0.

Now let M(xn, xn+1) = m(xn+1,xn+1)+m(xn,xn+2)
3 , so

0 ≤ mn+1 = m(xn+1, xn+2)

≤ ψ(
m(xn+1, xn+1) +m(xn, xn+2)

3
)

<
m(xn, xn+1) +m(xn+1, xn+2) +An+1

3
⇒ mn+1 = m(xn+1, xn+2) < m(xn, xn+1) = mn.
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Therefore, m(xn, xn+1) is a sequence which is decreasing and bounded bellow, so
mn → m for some m ∈ [0,∞). If m > 0, then, for An+1 < m(xn+1, xn+1) <
m(xn, xn+1) or An+1 < m(xn+2, xn+2) < m(xn+1, xn+2) we have

m = lim
n→∞

mn+1 = lim
n→∞

m(xn+1, xn+2) = lim
n→∞

m(Txn, Txn+1)

≤ lim sup
n→∞

ψ(
m(xn, xn+1) +m(xn+1, xn+2) +An+1

3
)

≤ ψ(
m+m+m

3
) < m.

That is contradiction. Thus m(xn, xn+1)→ 0.
We shall prove that {xn} is M -Cauchy. We have

(1) limn→∞m(xn, xn+1) = 0.
(2) 0 ≤ mxn,xn+1

≤ m(xn, xn+1)⇒ limn→∞mxn,xn+1
= 0.

(3) mxn,xn+1 = min{m(xn, xn),m(xn+1, xn+1)} ⇒ limn→∞m(xn, xn) = 0.

On the other hand

mxn,xm = min{m(xn, xn),m(xm, xm)} so, lim
n,m→∞

mxn,xm = 0,

therefore,

lim
n,m→∞

(Mxn,xm
−mxn,xm

) = 0.

We show

lim
n,m→∞

(m(xn, xm)−mxn,xm) = 0.

Define

M∗(x, y) := m(x, y)−mx,y, ∀x, y ∈ X.
If limn,m→∞M∗(xn, xm) 6= 0, so there exist ε > 0 and {lk} ⊂ N such that

M∗(xlk , xnk
) ≥ ε.

suppose that k is the smallest number which satisfies above equation such that

M∗(xlk−1, xnk
) < ε.

Now by (m4) we have

ε ≤M∗(xlk , xnk
) ≤M∗(xlk , xlk−1

) +M∗(xlk−1
, xnk

) < mlk−1 + ε,

Thus

lim
k→∞

M∗(xlk , xnk
) = ε,

which means

lim
k→∞

m(xlk , xnk
)−mxlk

,xnk
= ε.

On the other hand

lim
k→∞

mxlk
,xnk

= 0,

so we have

lim
k→∞

m(xlk , xnk
) = ε.

Now

ε ≤ M∗(xlk , xnk
) ≤M∗(xlk , xlk+1

) +M∗(xlk+1
, xnk+1

) +M∗(xnk+1
, xnk

)

= mlk −mxlk
,xlk+1

+m(xlk+1, xnk+1)−mxlk+1,xnk+1
+mnk

−mxnk
,xnk+1

.
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So by (3.4),

ε ≤ lim sup
k→∞

M∗(xlk , xnk
) ≤ lim sup

k→∞
m(xlk+1, xnk+1) ≤ lim sup

k→∞
ψ(M(xlk , xnk

)),

which

M(xlk , xnk
) = max

{
m(xlk , xnk

),m(xlk , xlk+1),m(xnk
, xnk+1),m(xlk , xnk+1),

m(xlk , xlk+1) +m(xnk
, xnk+1)

2
,
m(xlk , xnk+1) +m(xlk+1, xnk

)

3

}
.

On the other hand, by (m4) we have

m(xlk , xnk+1)−mxlk
,xnk+1

≤ m(xlk , xlk+1)−mxlk
,xlk+1

+ m(xlk+1, xnk+1)−mxlk+1,xnk+1

≤ m(xlk , xlk+1)−mxlk
,xlk+1

+ m(xlk+1, xnk
)−mxlk+1,xnk

+ m(xnk
, xnk+1)−mxnk

,xnk+1 .

Thus

lim sup
k→∞

m(xlk , xnk+1) ≤ lim sup
k→∞

m(xlk+1, xnk
),

similarly

lim sup
k→∞

m(xlk+1, xnk
) ≤ lim sup

k→∞
m(xlk , xnk+1).

Therefore

lim sup
k→∞

m(xlk+1, xnk
) = lim sup

k→∞
m(xlk , xnk+1).

On the other hand

lim sup
k→∞

m(xlk+1, xnk
) ≤ lim sup

k→∞
(m(xlk+1, xlk)−mxlk+1,xlk

+ m(xlk , xnk
)−mxlk

,xnk
+mxlk+1,xnk

)

= 0 + lim
k→∞

m(xlk , xnk
)− 0 + 0 = ε.

So we see

lim
k→∞

M(xlk , xnk
) = ε.

Hence

ε ≤ m(xlk , xnk
) ≤ lim sup

k→∞
ψ(M(xlk , xnk

)) ≤ ψ(ε) < ε,

which is contradiction and then {xn} is M -Cauchy.
So by completeness of X, xn → x for some x ∈ X in τm topology which means

lim
n→∞

(m(xn, x)−mxn,x) = 0.

We have

mxn,x = min{m(xn, xn),m(x, x)}.
So

lim
n→∞

mxn,x = 0,

By Remark 1 m(x, x) = 0 and mx,Tx ≤ m(x, x) = 0 and so

mx,Tx = m(x, x) = 0.
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Now we have

0 ≤ lim sup
n→∞

m(xn+1, Tx) = lim sup
n→∞

m(Txn, Tx) ≤ lim sup
n→∞

ψ(M(xn, Tx)). (3.6)

Also

lim
n→∞

M(xn, x) = max
{

lim sup
n→∞

{
m(xn, x),m(xn, xn+1),m(x, Tx),m(xn+1, x),

m(xn, xn+1) +m(x, Tx)

2
,
m(xn+1, x) +m(xn, Tx)

3

}}
.

On the other hand, by (m4)

m(xn, Tx) ≤ m(xn, x)−mxn,x +m(x, Tx)−mx,Tx +mxn,Tx,

and by mxn,Tx = min{m(xn, xn),m(Tx, Tx)} we have

lim
n→∞

mxn,Tx = 0.

Therefore

lim sup
n→∞

m(xn, Tx) ≤ m(x, Tx).

So

lim
n→∞

M(xn, x) = max
{

0, 0,m(x, Tx), 0,
m(x, Tx)

2
,
m(x, Tx)

3

}
= m(x, Tx).

Thus by (3.6), we get

0 ≤ lim sup
n→∞

m(xn+1, Tx) ≤ lim sup
n→∞

ψ(M(xn, Tx)) = ψ(m(x, Tx)) < m(x, Tx).

Now

m(x, Tx)−mx,Tx ≤ m(x, xn+1) +m(xn+1, Tx) and mx,Tx = 0,

so

m(x, Tx) ≤ lim sup
n→∞

(m(xn+1, x) +m(xn+1, Tx))

≤ lim sup
n→∞

m(xn+1, x) + lim sup
n→∞

m(xn+1, Tx) < m(x, Tx),

which implies that

m(x, Tx) = 0.

Also

0 ≤ m(Tx, Tx) ≤ ψ(M(x, x)) = ψ(0) = 0,

so

m(x, x) = m(Tx, Tx) = m(x, Tx),

thus x = Tx. Now let x, y ∈ X and x 6= y and both of them are the fixed points of
T , so we have

0 < m(x, y) = m(Tx, Ty) ≤ ψ(M(x, y)) < M(x, y)

= max
{
m(x, y),m(x, Tx),m(y, Ty),m(Tx, y),

m(x, Tx) +m(y, Ty)

2
,
m(x, Ty) +m(Tx, y)

3

}
= max

{
m(x, y),m(x, x),m(y, y)

}
= m(x, y).

Since m(x, x) = m(y, y) = 0

m(x, y) < m(x, y)
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which is a contradiction. Thus x = y and T has unique fixed point.

�

Example 3.4. Let X = {0, 14 ,
1
2}, m : X ×X → R+ be defined by m(x, y) = x+y

2

for all x, y ∈ X and ψ : R+ → R+ by ψ(t) = 7
8 t, then ψ ∈ Ψ and (X,m) is a

complete M -metric space. Define T : X → X by

Tx =

{
x2, x = 0, 12 ;
0, x = 1

4 .

We want to show that the condition of Theorem 3.3 holds. Without loss of gener-
ality, we assume that x ≤ y.
To proof we consider some cases. We have

M(x, y) := max
{
m(x, y),m(x, Tx),m(y, Ty),m(Tx, y),

m(x, Tx) +m(y, Ty)

2
,
m(x, Ty) +m(Tx, y)

3

}
.

Thus

M(x, y) = max
{x+ y

2
,
x+ Tx

2
,
y + Ty

2
,
Tx+ y

2
,

x+ Tx+ y + Ty

4
,
x+ Ty + y + Tx

6

}
,

and so

M(x, y) = max
{x+ y

2
,
x+ Tx

2
,
y + Ty

2
,
Tx+ y

2
,
x+ Ty + y + Tx

4

}
,

there are some cases: Case 1: If x = y = 0 the claim is obvious.
Case 2: If x = y = 1

4 , we have

M(
1

4
,

1

4
) = max

{ 1
4 + 1

4

2
,
1
4 + 0

2
,
1
4 + 0

2
,
1
4 + 0

2
,
1
4 + 0 + 1

4 + 0

4

}
=

1

4
.

And

m(Tx, Ty) = m(0, 0) =
0 + 0

2
= 0,

on the other hand

ψ(M(
1

4
,

1

4
)) = ψ(

1

4
) =

7

8

1

4
=

7

32
.

Therefore

m(Tx, Ty) = 0 <
7

32
= ψ(M(x, y)).

Case 3: If x = y = 1
2 , we have

M(
1

2
,

1

2
) = max

{ 1
2 + 1

2

2
,
1
2 + 1

4

2
,
1
2 + 1

4

2
,
1
2 + 1

4

2
,
1
2 + 1

4 + 1
2 + 1

4

4

}
=

1

2
.

And

m(Tx, Ty) = m(
1

4
,

1

4
) =

1
4 + 1

4

2
=

1

4
,
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on the other hand

ψ(M(
1

2
,

1

2
)) = ψ(

1

2
) =

7

8

1

2
=

7

16
.

Then

m(Tx, Ty) =
1

4
<

7

16
= ψ(M(x, y)).

Case 4: If x = 0, y = 1
4 , we get

M(0,
1

4
) = max

{0 + 1
4

2
,

0 + 0

2
,
1
4 + 0

2
,

0 + 1
4

2
,

0 + 0 + 1
4 + 0

4

}
=

1

8
.

And

m(Tx, Ty) = m(0, 0) =
0 + 0

2
= 0,

on the other hand

ψ(M(0,
1

4
)) = ψ(

1

8
) =

7

8

1

8
=

7

64
.

Thus

m(Tx, Ty) = 0 <
7

64
= ψ(M(x, y)).

Case 5: If x = 0, y = 1
2 , we have

M(0,
1

2
) = max

{0 + 1
2

2
,

0 + 0

2
,
1
2 + 1

4

2
,

0 + 1
2

2
,

0 + 1
4 + 1

2 + 0

4

}
=

3

8
.

And

m(Tx, Ty) = m(0,
1

4
) =

0 + 1
4

2
=

1

8
,

on the other hand

ψ(M(0,
1

2
)) = ψ(

3

8
) =

7

8

3

8
=

21

64
.

Then

m(Tx, Ty) =
1

8
<

21

64
= ψ(M(x, y)).

Case 6: If x = 1
4 and y = 1

2 , we get

M(
1

4
,

1

2
) = max

{ 1
4 + 1

2

2
,
1
4 + 0

2
,
1
2 + 1

4

2
,

0 + 1
2

2
,
1
4 + 0 + 1

2 + 1
4

4

}
=

3

8
.

And

m(Tx, Ty) = m(0,
1

4
) =

0 + 1
4

2
=

1

8
,

on the other hand

ψ(M(
1

4
,

1

2
)) = ψ(

3

8
) =

7

8

3

8
=

21

64
.

Thus

m(Tx, Ty) =
1

8
<

21

64
= ψ(M(x, y)).

Therefore all conditions in Theorem 3.3 are satisfied. So T has x0 = 0 as unique
fixed point.

Corollary 3.5. Let (X,m) be a complete M -metric space and ψ : R+ → R+ be an
upper semi continuous function such that for all t > 0, ψ(t) < kt for some k ∈ [0, 12 )
and T be a self mapping on X satisfying

m(Tx, Ty) ≤ ψ(m(x, Tx) +m(y, Ty)) for all x, y ∈ X. (3.7)

Then T has unique fixed point.
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Proof. Fix x0 ∈ X and define xn = Tnx, n ∈ N
m(xn, xn+1) = m(Txn−1, Txn) ≤ ψ(m(xn−1, Txn−1) +m(xn, Txn))

= ψ(m(xn−1, xn) +m(xn, xn+1))

< k(m(xn−1, xn) +m(xn, xn+1))

Similar to the proof of Theorem 2.7., we have m(xn, xn+1)→ 0 and then the proof
is complete. �

Theorem 3.6. Let (X,m) be a complete M -metric space and T : X → X a
mapping satisfies

m(Tx, Ty) ≤ ψ(m(x, y)) for all x, y ∈ X, (3.8)

where ψ : R+ → R+ is non decreasing and satisfying limn→∞ ψn(t) = 0 for all t >
0. Then T has unique fixed point x∗ ∈ X and for each x0 ∈ X, limn→∞ Tnx0 = x∗.

Proof. Fix x0 ∈ X and let xn = Tnx0, for all n ∈ N.
We want to show that

m(xn, xn+1)→ 0.

By (3.8), we have

0 ≤ m(xn, xn+1) = m(Txn−1, Txn)

≤ ψ(m(xn−1, xn)) = ψ(m(Txn−2, Txn−1))

≤ ψ(ψ(m(xn−2, xn−1))) = ψ2(m(xn−2, xn−1))

≤ · · · ≤ ψn(m(x0, x1)).

Since ψ : R+ → R+ is non decreasing, so

0 ≤ lim sup
n→∞

m(xn, xn+1) ≤ lim sup
n→∞

ψn(m(x0, x1)) = 0.

Thus
m(xn, xn+1)→ 0.

We have, ψ(t) < t for all t > 0.
Because if ψ(t) ≥ t we get 0 < t ≤ ψn(t) for all n ∈ N. Thus,

0 < t ≤ lim
n→∞

ψn(t) = 0.

That is a contradiction. So ψ(t) < t.
Similar to the proof of Theorem 3.3, the sequence {xn} is M -Cauchy. Then by
completeness of X, xn → x as n→∞ for some x ∈ X which means,

lim
n→∞

(m(xn, x)−mxn,x) = 0.

But limn→∞mxn,x = 0, so

0 ≤ m(Txn, Tx) ≤ ψ(m(xn, x)) ≤ m(xn, x))→ 0.

Therefore
m(Txn, Tx)→ 0 as n→∞.

The proof of Tx = x and uniqueness of fixed point is similar to Theorem 3.3. �

Now we define

S := {α : R+ → [0, 1) : lim
n→∞

α(tn) = 1⇒ lim
n→∞

tn = 0}
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Example 3.7. Let α : R+ → [0, 1) such that α(x) = 1
1+x . Then clearly α ∈ S.

Theorem 3.8. let (X,m) be a complete M -metric space and α ∈ S such that

m(Tx, Ty) ≤ α(m(x, y))m(x, y) (3.9)

Then T has unique fixed point x ∈ X and for each x0 ∈ X, limn→∞ Tnx0 = x.

Proof. Assume that x0 ∈ X and define xn = Tnx0.
Let

mn := m(xn, xn+1),

we prove

m(xn, xn+1)→ 0.

If there exist n0 ∈ N such that m(xn0
, xn0+1) = 0, then by (3.9)

0 ≤ m(xn0+1, xn0+2) = m(Txn0
, Txn0+1)

≤ α(m(xn0
, xn0+1))m(xn0

, xn0+1) < m(xn0
, xn0+1),

so m(xn0+1, xn0+2) = 0 which means

m(xn, xn+1) = 0 for all n ≥ n0,

and

mn → 0.

Therefore, let

m(xn, xn+1) > 0 for all n ∈ N
At first we show that {mn} is a decreasing sequence in R+,

0 ≤ mn+1 = m(xn+1, xn+2)m(Txn, Txn+1)

≤ α(m(xn, xn+1))m(xn, xn+1)

< m(xn, xn+1) = mn,

so {m(xn, xn+1)} is decreasing and bounded bellow thus, mn → m for m ∈
[0,∞). Let m > 0, then

m(xn+1, xn+2)

m(xn, xn+1)
≤ α(m(xn, xn+1)) < 1.

We have m(xn+1,xn+2)
m(xn,xn+1)

→ 1 as n→∞, so

lim
n→∞

α(m(xn, xn+1)) = 1,

thus m(xn, xn+1)→ 0, which is contradiction. Therefore, m = 0. Then

m(xn, xn+1)→ 0.

Now we prove that {xn} is M -Cauchy. We have

(1) limn→∞m(xn, xn+1) = 0.
(2) 0 ≤ mxn,xn+1 ≤ m(xn, xn+1)⇒ limn→∞mxn,xn+1 = 0.
(3) mxn,xn+1

= min{m(xn, xn),m(xn+1, xn+1)} ⇒ limn→∞m(xn, xn) = 0.
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On the other hand

mxn,xm = min{m(xn, xn),m(xm, xm)} ⇒ lim
n,m→∞

mxn,xm = 0,

so
lim

n,m→∞
(Mxn,xm

−mxn,xm
) = 0.

We show
lim

n,m→∞
(m(xn, xm)−mxn,xm

) = 0.

Suppose that
lim inf
n,m→∞

(m(xn, xm)−mxn,xm) > 0.

By (m4), we have

m(xn, xm) ≤ m(xn, xn+1)−mxn,xn+1 +m(xn+1, xm+1)−mxn+1,xm+1

+ m(xm+1, xm)−mxm+1,xm +mxn,xm

≤ m(xn, xn+1)−mxn,xn+1 + α(m(xn, xm))m(xn, xm)−mxn+1,xm+1

+ m(xm+1, xm)−mxm+1,xm +mxn,xm ,

so

[1− α(m(xn, xm))]m(xn, xm) ≤ m(xn, xn+1)−mxn,xn+1
−mxn+1,xm+1

+ m(xm+1, xm)−mxm+1,xm
+mxn,xm

.

Let

An,m := m(xn, xn+1)−mxn,xn+1
−mxn+1,xm+1

+m(xm+1, xm)−mxm+1,xm
+mxn,xm

,

so limn,m→∞An,m = 0, therefore

m(xn, xm) ≤ 1

[1− α(m(xn, xm))]
An,m,

and then

lim sup
n,m→∞

m(xn, xm) ≤ lim sup
n,m→∞

1

[1− α(m(xn, xm))]
lim

n,m→∞
An,m.

We have

lim sup
n,m→∞

1

[1− α(m(xn, xm))]
=∞,

because if lim supn,m→∞
1

[1−α(m(xn,xm))] be finite, then lim supn,m→∞m(xn, xm) =

0, since limn,m→∞An,m = 0, which is contradiction. So we derive

1− α(m(xn, xm))→ 0 ⇒ α(m(xn, xm))→ 1 as m,n→∞.
Thus

m(xn, xm)→ 0 as m,n→∞,
which is also contradiction.
So {xn} is M -Cauchy. Now by completeness of X, xn → x, for some x ∈ X in τm
topology that means,

lim
n→∞

(m(xn, x)−mxn,x) = 0

But we have limmxn,x = 0 and so by (3.9)

0 ≤ m(Txn, Tx) ≤ α(m(xn, x))m(xn, x) ≤ m(xn, x)→ 0 as n→∞.
Thus

m(Txn, Tx)→ 0 as n→∞.
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On the other hand

0 ≤ mTxn,Tx ≤ m(Txn, Tx)→ 0 as n→∞.
So Txn → Tx in τm topology.
The proof of Tx = x follows as in Theorem 3.3.
Now let x, y ∈ X and x 6= y and both of them are the fixed points of T , so

0 < m(x, y) = m(Tx, Ty) ≤ α(m(x, y))m(x, y)) < m(x, y),

that means
m(x, y) < m(x, y),

that is a contradiction. Thus x = y and T has unique fixed point.
�
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