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FIXED POINT RESULTS ON M-METRIC SPACES

HOSSEIN MONFARED, MAHDI AZHINI, MEHDI ASADI*

ABSTRACT. In this paper, we establish Matkowski’s fixed point theorem and
Boyd and Wong’s fixed point theorem with covered Cirié-contractions for M-
metric spaces and our results improve very recent results in the literature. This
work provides partial answer for an open problem which is included in [I] and
we presented examples herein.

1. INTRODUCTION AND PRELIMINARIES

By introducing partial metric space by Matthews (1994), [7], many fixed point
theorems founded in partial metric spaces. After publishing a paper entitled “be
careful on partial metric fixed point results” by Haghi et al. [5], fixed point ex-
tensions to partial metric spaces could be obtained from the corresponding results
in metric spaces. In 2014 Asadi et al. [I] introduced the M-metric space which
extends p-metric space, by some of certain fixed point theorems obtained therein,
and they have given a theorem that its proof is still open as follows.

Theorem 1.1. Let (X,m) be a complete M-metric space and T : X — X be
mapping satisfying:

1
k€ [0, 5) such that m(Tx,Ty) < k(m(z,Ty) + m(y,Tx)) Vz,y € X.

We present a proof when k € [0, \/52*1 ), also we prove the Matkowski, Boyd and

Wong’s fixed point theorems with covered Ciri¢-contractions for M-metric spaces.
An illustrated example is also given and whenever every p-metric and ordinary
metric are m-metric, so automatically all of the related results hold.

Definition 1.2. [7], [10, Definition 1.1] A partial metric on a nonempty set X is
a function p: X x X — RT such that for all x,y,z € X:

(p1) plz,z) = p(y,y) = p(z,y) <= ==y,

(p2) p(x,z <p(x,y),
(p3) p(z,y) = ply,z),
(p4) p(z,y) < p(z,2) +p(2,y) — p(z,2).
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A partial metric space is a pair (X, p) such that X is a nonempty set and p is a
partial metric on X.

Now we want to extend the Definition [[.2] as follows:

Definition 1.3. ([I]) Let X be a non empty set. A function m : X x X — RY is
called a m-metric if the following conditions are satisfied:

(ml) m(z,x) =m(y,y) =m(z,y) < z=y,

(m2) myy < m(z,y),

(m3) m(z,y) =m(y,x),

(md) (m(z,y) — may) < (M, 2) = mgz) + (M2, y) — Mmzy) .
Where

Myy = min{m(z, I)v m(yv y)}
Then the pair (X, m) is called an M-metric space.
The following notation are useful in the sequel.
Mg, = max{m(z,z), m(y,y)}.
Remark. ([I]) For every z,y € X
(1) 0 < Myy + may = m(z,z) +m(y,y)
(2) 0< Myy —may = [m(z, ) —m(y,y)|
(3) May — may < (Maz — maz) + (Mzy — mey)
In the following example we present an example of a m-metric which is not
p-metric.
Example 1.4. ([1]) Let X = {1,2,3}. Define
m(1,2) =m(2,1) =m(1,1) =8
m(1,3) =m(3,1) =m(3,2) =m(2,3) =7 m(2,2) =9 m(3,3)=5
so m is m-metric but m is not p-metric. Since m(2,2) £ m(1,2) means m is
not p-metric. If D(z,y) = m(z,y) — mg, then m(1,2) = my o = 8 but it means
D(1,2) =0 while 1 # 2 which means D is not metric.
Example 1.5. ([1]) Let (X,d) be a metric space and ¢ : [0,00) — [¢(0),00) be a

one to one and nondecreasing or strictly increasing mapping with ¢(0) is defined,
such that

oz +y) < ¢(x) + ¢(y) — 6(0), Va,y=>0.
Then m(x,y) = ¢(d(z,y)) is a m-metric.

Example 1.6. ([1]) Let (X,d) be a metric space. Then m(z,y) = ad(z,y) + b
where a,b > 0 is a m-metric, because put ¢(t) = at + b.

Lemma 1.7. ([I]) Every p-metric is a m-metric.

2. TOPOLOGY ON M-METRIC SPACE

It is clear that each M-metric m on X generates a Ty topology 7, on X. The
set
{Bm(z,e):z € X,e > 0},
where
By (z,e) ={y € X : m(x,y) < my, + €},
for all x € X and ¢ > 0, forms the base of 7,.
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Definition 2.1. ([1]) Let (X, m) be an M-metric space. Then:

(1) A sequence {x,} in an M-metric space (X, m) converges to a point x € X

of
lim (m(xn, z) —mg, ) = 0. (2.1)
n—00
(2) A sequence {x,} in an M-metric space (X,m) is called a m-Cauchy se-
quence if
n}}yl}goo(m(xn,xm) — My, z,,) and nﬁri}loo(Mmmmm — My, z,,) (2.2)

there exist (and are finite).
(3) An M-metric space (X, m) is said to be complete if every m-Cauchy se-
quence {x,} in X converges, with respect to T, to a point x € X such

that
(nll_{rolo(m(wmx) —my, ) =0 and nh—>n<;lo(Mx"m — My, z) = 0) .

Lemma 2.2. ([1]) Assume that x, — x and y, — y as n — oo in an M-metric
space (X, m). Then

T (m(n, yn) = ) = 2, Y) = .

From Lemma [2.2] we can deduce the following lemma.

Lemma 2.3. ([1]) Assume that ©, — x as n — oo in an M-metric space (X, m).
Then

T}LII;c(m(xn7 y) - mwn:y) = m(m’ y) - m$:y7

forally e X.

Lemma 2.4. ([1]) Assume that z, — = and x,, — y as n — oo in an M-metric
space (X, m). Then m(x,y) = my,. Further if m(z,x) = m(y,y), then x = y.

Lemma 2.5. ([1]) Let {x,} be a sequence in an M -metric space (X, m), such that
Ir €[0,1) such that m(zpi1, ) < rm(x,,zn—1) VYn eN. (2.3)
Then

(A) limy,— oo m(zp, Tp—1) =0
(B) limy— 0o m(zp,x,) =0
(C) hmm,n%oo mg,,x, = 0

(D) {z,} is a m-Cauchy sequence.

Theorem 2.6. ([1]) Let (X, m) be a complete M -metric space and T : X — X be
mapping satisfying the following condition

Jk €1]0,1) such that m(Tz,Ty) < km(z,y) Vz,y e X. (2.4)
Then T have unique fized point.

Theorem 2.7. ([1]) Let (X, m) be a complete M -metric space and T : X — X be
mapping satisfying the following condition

3k € [0, %) such that m(Tz,Ty) < k(m(z,Txz) + m(y,Ty)) Vz,ye X. (2.5)

Then T have unique fized point.
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3. MAIN RESULT AND FIXED POINT THEOREMS

The next Theorem that is presented by Asadi et al. In [I], is an open problem

we prove it for 0 < k < @

Theorem 3.1. Let (X,m) be a complete M-metric space and T : X — X be
mapping satisfying:
1
3k € [0, 5) such that m(Tx,Ty) < k(m(z,Ty) + m(y,Tx)) Va,ye€ X. (3.1)

Then T has unique fixed point.

)

Now we prove it for k € [0,

Theorem 3.2. Let (X,m) be a complete M-metric space and T : X — X be
mapping satisfying:

N

1
Jk € |0, 5 > such that m(Tx,Ty) < k(m(z,Ty) +m(y, Tx)) Va,y € X.
(3.2)
Then T has unique fixed point.
Proof. Assume that z¢o € X and define z,, = T™xq .
We shall prove that
m(Tn, Tnt1) =0 as n— oo.
At first by (3.2)) for all n € N we have,
m(xp, Tn) = m(Trp_1,Trp_1) < k(m(zp_1,2n) + m(Tn_1,7,))
= 2km(zp_1,Tn),
so we get
m(Tn, Tn) < 2km(zp_1,z,) for all neN (3.3)
By (3.2) and (m4) we have,
m(znaxn+l) = m(TIn—thn) S k(m(xn—lyxn-&-l) +m(znaxn))
< k(m(xn—lv x’ﬂ) + m(xna xn-‘rl) Mz 1,20 = May, 2041 + Mz 1,0t + m(x’m l‘n))
Put

Ap = (T, ) — M,y 4 0, — My i T My g @ -

Hence we will have six cases:
Case 1:
Let m(xnflaxnfl) S m(x'ruxn) S m(xn+l7xn+1)7 then

May ansr = M TnsTn),  May_ o, = M(Tp_1,Zn—1) and Mg, | 2., = M(Tn_1,Tn_1).
Thus

A, =0.
Case 2:

Let m(xp41, Tnt1) < m(zpn, ) < m(xn—1,2n-1), we have,

Mz, 2pi1r = M(Tpi1, Tnit), Mg, 1,2, = m(xmscn) and Mgy, 1,1 — m(mn+1,xn+1).

Thus
A, =0.
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Case 3:
Let m(xn7xn) S m(xn+1>xn+1) S m(xn—la xn—l)a and so

May wnir = M Tn, Tn)y  May 2, = M(Tn,2,) and Mg, o000 = M(Tpi1, Trygr)-
So we get,
Ap = m(Tpi1, Tong1) — M(Tn, Tn) < M(Tpt1, Tng1)-
Case 4:
Let m(zp—1,Zn-1) < M(Tnt1, Tnt1) < m(xy, z,), and

Mgy, @i = M(Tnt15 Trg1)s Mg, 1,2, = m(mn—lvwn—l) and Mgy 1,y — m(xn—laxn—1)~
Hence we have,
Ap =m(zn, Tn) — m(Tpt1, Tnt1) < M(Tp, Tn)-

Case 5:
Let m(xpn, xn) < m(tn—1,Tn-1) < m(Tpt1,Tnt1), and so

May wnpr = M Tns Tn), My o, = M(Tn,Ty) and Mg, | 2 = M(Ty_1, Tn_1).
Thus we get,
Ap =m(zp_1,2n-1) — M(Tn, Tn) < M(Tpp1, Tng1)-

Case 6:
Let m(xpt1, Tnt1) < m(Tp—1,Tn—1) < m(zy,,x,), and
May wnpr = M Tng1, Tng1), Map 1z, = MW Tn_1,Zn—1) and Mg, 2, = M(Tn_1,Tn_1)-

An =m(xn, zn) — m(Tpt1, Tnrt1) < m(Tp, Tn)-
Therefore we get

A, =0V A, <m(zn,z,) V Ay < m(Tpi1, Trg1)-
Now if A =0 we get,
m(Tn, Tnt1) < k(M(Tn_1,2n) + M(Tn, Tni1))-
And so,
0, Ts1) < o (a1, 7).
If A, < m(z,,z,) by we have
A, < 2km(zp—1,T,),
and hence
m(Tn, Tnt1) < k(m(zn—1,Tn) + M(Xp, Tpi1) + 2km(xn_1,2y)).

And so,
k + 2k>

1-k

M (T, Tnt1) < m(Tp_1, ).

If A<m(znt1,Tnt1) by we have
Ay, < 2km(xp, Tpt),
and hence
(T, Tni1) < k(Mm(Tn_1,Tn) + M(Tp, Tpa1) + 2km(x,, Tpa1))-

And so,

MLy Tpg1) < Lm(gc Tp)
nyint+l) = 1—(k—|—2]€2) n—1y4n).
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Since k € [0, ‘/‘5’2_1) SO fkk <1, kf,’f < 1land W < 1, hence by Lemma
m(xp, Tni1) = 0 as n— oo.
By completeness of X, we get x,, — x for som x € X. So
M(Tp, ) — My, o =0 as n — oo,

and
Mxn,x — Mg,z 0 as n — oo.

By Lemma 2.5 m,, » — 0 as n — oo, so we have m(zy,,2) — 0 as n — co. By
Remark [ we have

m(z,z) =0=mg1y.
Now we prove m(z, Tx) = 0. By (3.2), we get

m(z,Tx) < limsup(m(z,z,))+ limsup(m(z,,Tz))

n—oo n—oo
= limsup(m(z,,Tx))
n—oo
< limsuplk(m(zp—1,T2) + m(Txn_1,2))]
n—oo
< limsup km(zp—1,Tz) + limsup km(z,, x)
< limsup k[m(zp_1,2) — Mg, | o +m(z,TT) — My 1y]
n—roo
< km(z,Tx).

So m(z,Tz) = 0.

By (3.2) we have
0 <m(Tz,Tz) < 2km(z,Tx)=0.

So we have

m(Tx, Tx) = m(x, Tx) = m(z, ),
By (ml), we get Tx = . Now let z,y € X and = # y and both of them are the
fixed points of T', so we have

0<m(z,y) = m(Tz,Ty) < k(m(z, Ty) +m(y, Tz))
= k(m(z,y) + m(y,x)) = 2km(z,y) < m(z,y),

which is a contradiction. Thus x = y and T has unique fixed point. O

To present the following theorem we define ¥ the set of all 1) : RT™ — RT be an
upper semi continuous function such that for all ¢ > 0, ¢(¢) < ¢t and ¢ (0) = 0.

Theorem 3.3. Let (X, m) be a complete M -metric space, v € ¥ and T : X — X
be a mapping satisfying:

m(Tz, Ty) < ¢p(M(z,y)) forall z,yeX, (3.4)
where
M(z,y) = max{m(z,y), m(z,Tx),m(y,Ty),m(Tz,y),

m(z, Tx) +m(y,Ty) m(z,Ty)+m(Tz,y) }
2 ’ 3 ’

Then T has unique fixed point.
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Proof. Assume that o € X and define z,, = T"xy.
We shall prove that
m(xp, Tni1) =0 as n— oo.

Now define
My = M( Ty, Tg1)-
0<mpy1 = m@pt1,Tnt2) = M(Txn, Tapi1)
w(M(‘Tm $n+1) < M(Ina In-&-l)'

IN

But we have,

M(zn,Tnt1) = max {m(xm Tyt1)s MU(Ts Tt 1), MU Tt 1, T 2)s (Tt 15 Togr),
m(l'nv In-&-l) + m(zn_H, mn+2) m(l'n+1, In-&-l) + m(;z:n, $n+2) }
2 ’ 3 ’

And,

M(Tri1, Trg1) +M(Tn, Tnyo) < M(Tn, Tpyr) + M Tppr, Tyo)
+ m(anrla anrl) - mzn,rn+1 - mzn+11xn+2 + mﬂ?n,mn+2'
And similar to in the proof of Theorem [3:2] we have,
An+1 = m(anrla anrl) My, @nyr — Mapi1, @02 + M, @pqa-
And

Ant1 S m(@pi1, Tog1) V m(Tng2, Tnio).
On the other hand

m(xn+1,1'n+1) = m(Txanxn) < ¢(M($m$n) < M(l’n,iﬂn),

and
M(.Z'n,$n) = Inax {m(xn,xn),m(mn,mn+1),m(xn+1,xn),m(xn,xn+1),
m(mn,an) + m(‘rnaanrl) m(xn, xn+1) + m(xruanrl)}
2 ) 3 )
SO
M(zp,x,) = max{m(a:n,xn),m(xn,xn+1)}.

If M(zy,2) = m(zy,2,) we have A1 = 0, hence let M (zy,,2,) = m(Tn, Tni1),
therefor

M(Tpt15 Tng1) < MU(Tp, Tpy1)
On the other hand,

m(xn—&-la xn-{-l) < m(xn+1; xn+2)+m(xn+1, $n+2)_mwn+1,axn+2 M1, 2042 +mwn+1 741"
(5.5)

If m(Zng1, Tng1) = May 1 wnies DY we have,
M(Tnt1, Tnt1) < 2Tt 1, Trg2) =MU(Tnt 1, o) =Tt 1, T 1) FMU(Tng1, Togr).
Therefore, for all n € N,
M(Tnt1, Tng1) < M(Tns1, Tnga),
and if m(zy42, Tny2) = May 1 2ni0s DY we have,

M(Tra1, Tog1) < 2m(Tng1, Tnpo) =M Tnro, Tny2) =M Tpy2, Tng2) FM(Tpa1, Tug1)-



92 H. MONFARED, M. AZHINI, M. ASADI

Therefore, for all n € N,

M(Tnt2, Tny2) < M(Tpt1, Tnt2),

thus,

M(Tny1, Tpy1) < Max{m(Tn, Tni1), M(Tni1, Tni2)}
Therefore,
M (Tny Tot1) + M(Tpt1, Tny2)

2
M(Tpt1, Tnt1) + M(Tp, Tpao) !
) 3 .

M (2, Tpy1) = max {m(xm Tpy1), M(Tnt1, Tng2)

Now let, M (2, Znt1) = m(Tp, Tny1), then
0 <mypy1 =m(@pi1, Tny2) = M(T2n, Txni1) < P(M(Th, Trg1) < M(Tn, Trg1) = M.

So {m(xy,z,+1)} is a decreasing and bounded bellow sequence, so m,, — m for
some m € [0,00). If m > 0, then
m = nh_}rrgo My = n11_>n010 M(Tpt1, Tnta) = nh_}rr;o m(Tx,, Tr,y1)

< limsup ¢ (m(zn, ny1)) < h(m) <m

n—oo
That is contradiction. Thus m(z,, Zn4+1) — 0.
Now let M (2, Xnt1) = M(Xpy1, Tnia), S0 in this case we have, m(x, 41, Tpy2) = 0,
because if m(x,11,ZTnt2) # 0, we have

0 <m(Tpy1, Tny2) = M(Ton, Topi1) < P(M(Tpi1, Tnra) < M(Tog1, Tni2),

which is contradiction, so for all n € N, m(zp41,Zny2) = 0, then m,, = 0 for all
n € N and so m,, -+ 0 as n — oco.

Now let M (zy, Tpt1) = m(“;"’”’"*”Z"“"“’LLH), S0

0<mu1 = m(Tpy1,Tog2)
< w(m(xn, Tnt1) +2m(xn+1, Tpt2) )
M (T Trt1) + M(Tpi1, Tny2)
< 2

= Mpr1 = M(Tni1; Tntz) < M(Tp, Tpy1) = M.

Therefore, m(x,, xp+1) is a sequence which is decreasing and bounded bellow, so
m, — m for some m € [0,00). If m > 0, then,

m = nll_}IIOlo Mpt1 = nll_{rolo m(Tpi1, Tnta) = n11_>11010 m(Txn, Topi1)
< limsupw(m<x"’ Tyt1) + M(Tny1, -Tn+2)) < w<m + m) <m
n—00 2 2
That is contradiction. Thus m(z,, Zn4+1) — 0.
Now let M (zy, Tnt1) = m(m"+1’“""+1%+m(z"’z"+2), S0
0<muy1 = m(Tpii,Tni2)
< ¢(m(xn+1,xn+1)3—|— m(xn7$n+2))
- M(Tp, Trg1) + M(Trp1, Tnye) + Angr
3

= Mpt1 = M(Tpt1, Tny2) < M(Tn, Tng1) = M.



FIXED POINT RESULTS ON M-METRIC SPACES 93

Therefore, m(x,, xp+1) is a sequence which is decreasing and bounded bellow, so
my, — m for some m € [0,00). If m > 0, then, for A,11 < Mm(Tpi1,Tnt1) <
M(Tpy Tyg1) OF Apt1 < M(Tpga, Tnto) < M(Tpi1, Tnye) we have

m = nh_}rrgo My = n11_>n010 Mm(Tpt1, Tnta) = nh_}rr;o m(Tx,, TT,y1)
nsy n n b n A’n
< limsupw(m(x Tnt1) + M(Tng1, Tny2) + )
n—oo 3
< ymEmEm

That is contradiction. Thus m(x,, Xpt1) — 0.
We shall prove that {x,} is M-Cauchy. We have

(1) limy,— 00 m(xp, Tpt1) = 0.

(2) 0< My, xpi1 < m(xnvanrl) = hmn—)oo My, pi1 = 0.

(3) Map, znyy = min{m(zn, Tn), M(Tpy1, Tne1)} = limy oo m(2,, 2,) = 0.
On the other hand

My, 2, = WIN{M (T4, Tp), Mo, Tin)} SO, . 71%11100 Mg, 2, = 0,
therefore,
n,?lrilgloo(Ma:naxm - mln7z7n) =0.
‘We show
lim (m(xnymm) - mmn,fbm) =0.
n,m—oo
Define

M*(z,y) ==m(z,y) — Mgy, VYz,yeX.
If limy, ;00 M*(2p, Tm) # 0, so there exist € > 0 and {lx} C N such that
M*(xy,,xn,) > €.
suppose that k is the smallest number which satisfies above equation such that
M*(x,—1,%p,) < €.
Now by (m4) we have
e < M* (2, ®n,,) < M*(zy,,21,_,) + M (2, _,,2n,) < my,—1 +¢&,

Thus

lim M*(z,,zn,) = ¢,
k—oo

which means

im m(zy,, Tny) — May, 2, = €
k—o0

On the other hand

lim m
k—o0

:O7

Tip Ty,

so we have

lm m(zy,,, s, ) = €.
k—o0

Now
e < M*(xlkaxnk) < M*(xlk’xlk+l) + M*(xlk+1axnk+1) + M*(‘Tnk+1’xnk)

= My, — My, a4 + m(xlk+17xnk+1) T My, 11, @041 + My, — My @y 1
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So by (3.4),

e < limsup M*(xy, , Ty, ) < limsupm(xy, 11, Tn,+1) < limsup (M (xy,, zn,)),

k—o0 k—o0 k—o0
which
M(xlk ) xnk) = max {m(xlk ) xnk)? m(‘rlk ) xlk“rl)? m(xnk ) xnk+1)’ m(xlk ) xnkJrl)a
m(xlk ) xlk+1) + m(xnk B Ink—l-l) m(ll?lk 5 znk+1) + m(zlk-‘rla Ink) }
2 ’ 3 '

On the other hand, by (m4) we have

m(xlk’xnk“rl) Mz, @y 41 m mlk’mlk+1) = May, w41

+ m(xlk+1; xnk+1) - m11k+1,$nk+l
< m(xlk’ mlk+1) - mﬂizk,ailk+1
+ m(zlk"rl’ ‘T"k) — May, 11,an,
+ m(xnk’ xnk+1) — Mz, @ny 11
Thus
lim sup m(zy,,, Zny+1) < limsup m(zy, 41, Tn,,)s
k—o0 k— o0
similarly
lim sup m(zy, 41, Tn,, ) < limsup m(zy,, Tn, +1)-
k—o0 k—o0
Therefore

lim sup m(zy, 41, Tn, ) = imsup m(zi, , Tn, +1)-
k— o0 k— o0

On the other hand
limsup m(zy,+1,2n,) < lmsup(m(zy41, 21) — May e,
k—o0 k—o0
+ m(xlk ) xnk) - May, xn, + mrlk+171nk)

= 04 lim m(z,,z,,)—0+0=c¢.
k—o0

So we see

lim M(x,,x,,) = €.
k—o0

Hence
e <m(zy,, Tn,) < limsup (M (zy,,, 20, )) < P(e) < g,

k—o00
which is contradiction and then {z, } is M-Cauchy.
So by completeness of X, z,, — x for some x € X in 7, topology which means

nlinéo(m(xnvx) - mxn,x) =0.
‘We have
My, » = min{m(z,,z,), m(z,z)}.

So

lim mg, - =0,
n— oo

By Remarkm(m,x) =0 and my s < m(zr,z) =0 and so

My e = m(z,z) =0.
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Now we have

0 < limsup m(zy41,Tx) = limsup m(Tzy,, Tz) < limsup (M (z,,Tz)). (3.6)

n—oo n—oo n— 00
Also
lim M(z,,z) = max{limsup {m(xn,x),m(mn,xn+1),m(x,Tm),m(mn+1,x),
n— 00 n—so00
m(Tn, Tni1) + m(x, Tz) m(Tpt1,x) + m(z,, Tx) }}
2 ’ 3 '

On the other hand, by (m4)
m(xnv TJC) < m(xn, 517) — Mg,z + m(x, T:C) — My Tx + My, Ta,
and by my,, 7, = min{m(z,,z,), m(Tz,Tz)} we have

lim mg, 7, = 0.

n—oo
Therefore
lim sup m(z,,, Tx) < m(x,Tx).
n—oo
So
T T
1i_>m M(z,,z) = max {0,0,m(a:,TxLO, m(mé x)7 m(xé x)} =m(z, Tx).

Thus by (3.6), we get
0 < limsupm(xp41,Tx) < limsup (M (z,, Tx)) =Y (m(x,Tz)) < m(z, Tx).

n— oo n—oo

Now
m(z,Tz) — my 1y < m(x, Tps1) + m(Tpt1,Tx) and my o, =0,
S0

m(z,Tx) < limsup(m(@,i1,2) +m(@,i1, 7))

n—oo
< limsup m(xp41, ) + limsup m(xp41, Tx) < m(z, Tx),
n—oo n—oo

which implies that
m(x,Tx) = 0.
Also
0< m(T:C,TZ’) < 1/J(M(T/,$)) = 11)(0) =0,
S0
m(z,z) = m(Tz, Tx) = m(z, Tz),
thus x = Tx. Now let x,y € X and = # y and both of them are the fixed points of
T, so we have
0<m(z,y) = mTz,Ty) <p(M(z,y)) < M(z,y)
= max {m(ac,y),m(s:,Tac),m(y,Ty),m(Tgc,y)7
m(z,Tz) +m(y, Ty) m(z,Ty) + m(Tz,y) }
2 ’ 3
= max {m(m,y),m(x,x),m(y,y)} =m(z,y).
Since m(z,z) = m(y,y) =0

m(z,y) <m(z,y)
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which is a contradiction. Thus x = y and T has unique fixed point.

O
Example 3.4. Let X = {0,%,3}, m: XXX—>R+ be defined by m(z, y):%
for all z,y € X and ¢ : Rt — RT byd)()* t, then ¢ € U and (X, m) is a

complete M -metric space. Define T : X — X by
2

Tx = { o= ?

0, Xr = 1

We want to show that the condition of Theorem [3.3 holds. Without loss of gener-
ality, we assume that v < y.
To proof we consider some cases. We have

M(z,y) = max{m(a@y),m(m,Tgc),m(y,Ty),m(Talc,y)7
m(z, Tz) + m(y, Ty) m(z,Ty) + m(Tz,y) !
2 ’ 3 ’

:\:M—‘

Thus

z+y v+Tz y+Ty Tx+vy
M(w7y) = ma'X{ 9 ) 9 ) 9 ) ) ’

z+Tr+y+Ty x+Ty+y+T:c}
4 ’ 6 ’

and so

x4y z+Tx y+Ty Te+y v+Ty+y+Tx

Mz,y) = max {—5=, =——, ==, =5, 4 It

there are some cases: Case 1: If x =y = 0 the claim is obvious.
Case 2: If r =y = i, we have

M(l l)zmax{%—’_‘ll $+0 340 140 §+0+§+0}:1
4’ 4 2 7 2 7 2 7 27 4 4’
And 040
m(Te,Ty) = m(0,0) = =2 ~o,
on the other hand - . 1 .
M(=,=)) =9(= —— = —.
Therefore
7
(T, Ty) =0 < - = $(M(r,9))
Case 3: Ifx*y*% we have
WL it d 34d 3d Bl Bedadedy 3
272 2 7 2 7 2 7 27 4 2

And
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on the other hand

11 1 71 7
w(M(§7§))—¢(§)—§§—T6~
Then . .
m(Tz, Ty) = 1 < 6= V(M (z,y)).
Case 4: If x =0, y= i, we get
1 041 lyoo0+2 0+0+1+0 1
M0, L) = ma | T3040 540045 04045+ oL
4 2 2 2 2 4 8
And 040
on the other hand ) ) - .
MO,-)=9(=)==-== —.
Thus .
m(Tz, Ty) =0 < 61— Y(M(z,y)).
Case 5: If x =0, y= %, we have
1 0+3 0+0 3+% 0+35 04+5+5+0, 3
M0 2) = 2 2 T 1 2 173 _ 2
(072) max{ 2 b 2 b 2 ) 2 ) 4 } 8
And )
1 0+ =+ 1
(T, Ty) = m(0, ) = 54 = 2.
on the other hand ) 5 73 91
MO, =) =9(=)= === —.
Then
m(Te, Ty) = + < 2 = $(M(,1))
1Y 3 64 Y

Case 6: If x = % and y = %, we get

M(Ll) max{i+%vi+07%+i,0+%v}1+0+%+}1}_§'
13 D) 9 2 2 4 8
And 1
1. 0+37 1
Tz, Ty) = <) = b=
m(Tx, Ty) m(0,4) 2 8’
on the other hand 11 3 73 21
M* = — —) = - — = —,
Thus
(T T)—1<§_T/J(M( )
m(Tw,Ty) = < < — = z,y))-

Therefore all conditions in Theorem are satisfied. So T has xo = 0 as unique
fixed point.

Corollary 3.5. Let (X, m) be a complete M -metric space and ¢ : RT — RT be an
upper semi continuous function such that for allt > 0, ¢(t) < kt for some k € [0, 3)
and T be a self mapping on X satisfying

m(Tx, Ty) < Yp(m(x,Tx) + m(y,Ty)) forall z,yeX. (3.7
Then T has unique fixed point.
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Proof. Fix zp € X and define z,, =T"z, n € N
m(znamn-i-l) = m(Txn—laTxn) < ¢(m($n—1,T$n—1) + m(xn,Tzn))
=Y(m(Tn-1,7n) +M(Tn, Tni1))
< k(m(zn—1,2n) + m(Tpn, Tni1))

Similar to the proof of Theorem [2.7], we have m(z,,, zn4+1) — 0 and then the proof
is complete. O

Theorem 3.6. Let (X, m) be a complete M-metric space and T : X — X a
mapping satisfies

m(Tz, Ty) < Y(m(z,y)) for all z,ye X, (3.8)
where ¥ : RT — RT is non decreasing and satisfying lim, o, %™ (t) = 0 for all t >
0. Then T has unique fized point x* € X and for each zy € X, lim,_,oo T"xo = z*.

Proof. Fix zp € X and let x,, = T"xg, for all n e N.
We want to show that
m(zn, Tni1) = 0.

By , we have

0 <m(zp,znt1) = m(Tz,—1,Tx,)
Y(m(zn—1,2n)) = Y(m(TTn—2, TTp-1))
V(W (m(zn—2,2n-1))) = sz(m(xnf?»xnfl))
e <Y (m(wo, 7).

Since ¥ : R™ — R is non decreasing, so

ININ A

0 < limsup m(@p, Tn41) < limsup ¢" (m(zo, 1)) = 0.

n— oo n—oo

Thus
m(xp, Tpie1) — 0.
We have, ¢(t) < t for all t > 0.
Because if (t) >t we get 0 < t < ¢"(t) for all n € N. Thus,
0<t< lim ¢"(t) = 0.
n—oo

That is a contradiction. So ¥(t) < t.
Similar to the proof of Theorem the sequence {z,} is M-Cauchy. Then by
completeness of X, z,, — = as n — oo for some x € X which means,

lim (m(xy, x) — Mg, ») = 0.

But lim,, o My, » = 0, so
0 <m(Txy, Tx) < p(m(xn,z)) < m(x,,z)) — 0.
Therefore
m(Tz,,Tz) -0 as n — oo.
The proof of Tz = x and uniqueness of fixed point is similar to Theorem [3.3] O

Now we define

S:={a:Rt - [0,1): lim a(t,) =1= lim t, =0}
n— 00

n— oo
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Example 3.7. Let o : RT — [0,1) such that a(z) = ﬁ Then clearly o € S.

Theorem 3.8. let (X, m) be a complete M -metric space and o € S such that

m(Tz,Ty) < a(m(z,y))m(z,y) (3.9)
Then T has unique fixed point x € X and for each xg € X, limy, oo T"xg = x.
Proof. Assume that zo € X and define z,, = T"xy.
Let

my = m(mn, xn+1)a

we prove
m(Tp, Tpe1) — 0.
If there exist ng € N such that m(x,,, Zn,+1) = 0, then by (3.9)

m(xno-‘rl’ xno-‘rQ) = m(Txnov Txno-i-l)

a(m(xnm xno+1))m($no s Tng+1) < MU(Tng s xno+1)7

IAIA

80 M(Zpgt1, Tng+2) = 0 which means
m(xn, Tpy1) =0 for all n > ng,
and
m, — 0.
Therefore, let
m(&p, Tpe1) >0 forall neN

At first we show that {m,} is a decreasing sequence in RT,

0 < Mp41 m(xn+17xn+2)m(TxnaT$n+l)
S a(m(xnaxn-‘rl))m(xn;xn-&-l)

< m(xn7xn+1) = Mp,

so {m(xn,zp+1)} is decreasing and bounded bellow thus, m, — m for m €
[0,00). Let m > 0, then
m(x7l+1axn+2)

< , <1
m(xn,xn+1) = oz(m(mn xn+1))

We have Tnt1:Znt2) 1 a5 4 00 50
M(Tp,Trt1)

i a(m(zy, 241)) = 1

thus m(zp, Zn41) — 0, which is contradiction. Therefore, m = 0. Then
m(Tp, Tne1) — 0.
Now we prove that {x,} is M-Cauchy. We have

(1) limy— 00 m(Xp, Tpt1) = 0.
(2) 0 <My, 20 yy < M(Tn, Tpg1) = liMy 00 My, 2,4, = 0.
(3) Ma, znyy = Min{m(zy, 2n), M(Trni1, Tny1)} = limy oo m(2n, 2,) = 0.



100 H. MONFARED, M. AZHINI, M. ASADI

On the other hand
My, g, = MIN{M(XT0, Tp), M(Tpn, Tin) } = . 7lyllrilOO Mg, 2, =0,
SO

lim (Mﬂfn,ﬂan - mxnvxm) =0.
n,Mm—00

We show

lim (m(x'ru l.m) - mfbn,fbm) =0.
n,m—00

Suppose that

liminf (m(zp, zm) — Mg, 2, ) > 0.
n,m—00

By (m4), we have

(T, Tr) < M(Tpy T 1) = My oy + ML 1, Tmg1) = May oy @
+ g1, Tm) = Ma iy e T May
< (T, Tpgr) — May anr + (M(T0, Ton) )Ty Tin) — My 2
+ MLyt Tm) = M1z + My s

S0

< m(xm $n+1) — Mg,z = Mayiq, @1
+ m(xm"rl’ xm) - mxm+17$m + mznvl‘m'
Let
A = m(Tn, $n+1)_mmn,mn+1 Mgy @ +m(Tmq1, xm)_mmmH@m TN,y s
so limy, y—y00 Ap,m = 0, therefore

1

o) S g ez
and then
lim sup m(z,, ,,) < limsup lim A, ..
nm—s00 nm—soo [1 = (m(an, Tm))] nm—oo ™
We have
lim sup ! = 00,

n,1Mm— 00 [1 - oz(m(xn, l‘m))]

because if lim sup,, ,, 57 be finite, then limsup,, ,,, oo M(Tr, Trm) =

1
1—a(m(zn,zm))]
0, since limy, ;—00 An,m = 0, which is contradiction. So we derive

1—a(m(z,,zm)) -0 = a(m(z,,zn,)) =1 as m,n— co.
Thus
m(Tp, Tm) = 0 as m,n — oo,

which is also contradiction.
So {z,} is M-Cauchy. Now by completeness of X, x,, — z, for some z € X in 7,
topology that means,

lim (m(xn, ) —mg, o) =0

n—oo

But we have limm,,, , = 0 and so by (3.9)
0 <m(Txn, Tx) < a(m(z,,x))m(@,, z) < m(x,,z) -0 as n — oo.

Thus
m(Tz,,Tz) -0 as n — oco.
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On the other hand
0 <mypg, 70 <mTz,,Tx) -0 as n— oo.

So Tz, — Tz in 7, topology.
The proof of Tx = x follows as in Theorem [3.3
Now let z,y € X and x # y and both of them are the fixed points of T, so

0 < m(z,y) = m(Tz, Ty) < a(m(z,y))m(z,y)) < m(z,y),
that means
m(z,y) < m(z,y),

that is a contradiction. Thus x = y and T has unique fixed point.
O
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