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INVESTIGATION OF A MULTI-SINGULAR POINTWISE
DEFINED FRACTIONAL INTEGRO-DIFFERENTIAL EQUATION

MEHDI SHABIBI, MIHAI POSTOLACHE, SHAHRAM REZAPOUR, S. M. VAEZPOUR

ABSTRACT. By providing distinct results under different conditions, we inves-
tigate the existence of solutions for an uncontrolled multi-singular fractional
differential equation with some boundary conditions. Also, we provide some
examples to illustrate our main results.

1. INTRODUCTION

Many papers have been published on the existence of solutions for some singular
fractional differential equations (see for example, [6], [8], [I0], [12] and [I5]). Since
2006, some papers have been appeared about solutions for critical elliptic equations
with multi-singular inverse square potentials (see for example, [3], [4], [5] and [7]).
The notion of multi-singularity in this work is different from these papers. In 2012,
the fractional problem

‘Du(t) + f(t,u(t)) =0

with boundary conditions u(0) = «”(0) = 0 and u(1l) = )\fol u(s)ds was investi-
gated, where 0 < t < 1,2 < a < 3,0 < A < 2, ¢D? is the Caputo fractional
derivative and f: [0, 1] x [0,00) — [0, 00) is a continuous function [2]. In 2013, the
fractional problem
‘D%u(t) + f(t,u(t)) =0

subject to the boundary conditions u/(0) = u”(0) = --- = u"~1(0) = 0 and u(1) =
fol u(s)du(s) was investigated, where 0 < ¢t < 1, n > 2, o € (n — 1,n), p(s) is a
function of bounded variation, f may have singularity at ¢ = 1 and fol du(s) < 1,
see [I4]. In 2015, the fractional problem

‘Dex(t) = f(t,x(t), D'B:C(t))

with boundary conditions z(0) 4+ 2’(0) = y(x), fol z(t)dt = m and 2"(0) = 2 =
oo = 2("=1(0) = 0 was investigated, where 0 < t < 1, m is a real number, n > 2,
a € (n—1,n),0 < B <1, D* and D? are the Caputo fractional derivatives,
y € C([0,1,R) = R and f: (0,1] x R x R — R is continuous and f (¢, z,y) may be
singular at ¢t = 0 ([6]).
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By using main idea of these papers, we investigate the multi-singular fractional
integro-differential pointwise defined equation

Dha(t) + f(t, 2(t), 2/ (1), DPa(t), I%(t» ~0 (1.1)
with the boundary conditions 2'(0) = z(¢) and z(1) = [ z(s)ds when p € [2,3)
and z'(0) = =(¢ = [, x(s)ds and :c(ﬂ)(()) = 0 for j = 2,...,[p] — 1, when
w € [3,00) Where 0 § t <1,z e CYo,1], u € [2,00), B,&,n € (O 1), p>1, D*
is the Caputo fractional derivative of order u and f: [0,1] x R* — R is a function
such that f(¢t,-,-,-,-) is singular at some points ¢ € [0,1]. In fact, we say that f

is multi-singular when it is singular at more than one point ¢. Also, we say that
Dex(t) + f(t) = 0 is a pointwise defined equation on [0,1] if there exists a set
E C [0,1] such that the measure of E° is zero and the equation holds on E.

In this paper, we will use || - |1 as the norm of L1[0,1], || - || as the sup norm
on Y = C[0,1] and ||z||, = max{|z|,[]2’||} as the norm of X = C'[0,1]. The
Caputo fractional derivative of order o > 0 of a function f: (a,00) — R is defined

1 t "(s
by D f(t) = e / C _fs)(a—zl_" ds, where n = [a] + 1, see [9].

Let ¥ be the family of nondecreasing functions ¢ : [0,00) — [0,00) such that
Yoo " (t) < oo for all ¢ > 0. One can check that ¢ (t) < ¢ for all ¢ > 0; please,
see [I]. Let T: X — X and a: X x X — [0,00) be two maps. Then T is called an
a-admissible map whenever «(z,y) > 1 implies a(Tz,Ty) > 1 ([I1]). Let (X,d)
be a complete metric space, ¥ € ¥ and a: X x X — [0,00) a map. A self-map
T: X — X is called an a--contraction whenever o(z,y)d(Tx,Ty) < ¥ (d(z,y))
for all z,y € X ([11]; also [13]).

We need the following results.

Lemma 1.1 ([I4]). Suppose that 0<n-—1<a<mnandz e C[0,1] N LY0,1].
Then I*D*x(t) = z(t) + > iy ' ¢;tt for some constants co, . .., cn_1 € R.

Lemma 1.2 ([II]). Let (X,d) be a complete metric space, v € ¥, a: X x X —
[0,00) @ map and T: X — X an a-admissible a-y-contraction. If T is continuous
and there exists xg € X such that a(xg,Txg) > 1, then T has a fized point.

2. MAIN RESULTS

Lemma 2.1. Let > 2, £, € (0,1) and yo € L'[0,1]. Then the function x(t) =
=0

fol G(t, s)yo(s)ds is a solution for the pointwise deﬁned pmblem Drx(t) + yo(t)
with boundary conditions 2'(0) = x(¢) and x(1) = [ x(s)ds whenever p € [2,3)
and z'(0) = (&) = [ =( dsandx()()—Oforj—2...,[]—1whenever

wE [3,00), where G(t s) = H(t,s)+ ﬁfo H(t, s)dt and

(=) =) Q=) (-9 0<s<t<,
(1) ’ s <&,
—(t— s+ (1 — )t

o I L
H(t,s) ) (e ) e o k) (PP PP
(1 fr()/f‘)*1 | |

ST T TS
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Proof. Let E C [0,1] be such that the equation D*x(t) + yo(¢t) = 0 holds for all
t € E and measure of E¢ is zero. Choose y € L'[0,1] N C0, 1] such that y = g
on E. If g € C[0,1] is a solution to the pointwise defined problem, then we put
y(t) = —DFao(t) for all t € [0,1]. Note that, y € L'[0,1] N C[0,1] and y = yo|&.
Also, we have

I (30(1)) 1)A<r—$WJm@mS

T(p)

1 =l (s)ds — ) Ly (s)ds
- run(AQWE“‘S> yd)d-%Ammm@ Py (s)ds)
1 =Ly (s)ds
- m/m,w“‘” y(e)d

— ﬁ ( /[o,t]mE<t —5)"y(s)ds + /[O,t]ﬁEc (t - S)“_ly(s)d‘g)

1 /t .
= w5 | =9 y(s)ds = I"(y(t))
L(p) Jo
for all t € E. Let t € E€|{0}. Choose {t,} in E such that ¢,, — ¢t~. Hence,

”@WD=§5A@—$“mst

1 b u—1 — lim J*
m/@ (tn — ) yO(S)dS_nlqooI (yo(tn))

:n—{go]_—‘

I 1
= lim I*(y(t, :lim—/ tn, — s)* y(s)ds
Jm P(yt) = lim o [ = y(s)

If t =0 € E°, then I*(yo(t)) = I*(y(t)) = 0, therefore I*(yo(t)) = I*(y(t)) for all
t €[0,1]. Thus, I*(D*x(t)) = I"(—yo(t)) for allt € [0, 1] whenever D*z(t)+yo(t) =
0 for all t € E. Hence, I"(D*x(t)) = I"(—y(t)) on [0,1]. By using Lemma [I.1] and
the boundary conditions, we get

1 ¢ uet
O] /0 (t — )" "y(s)ds + co + c1t.

Since 2/(0) = x(£), ¢; = F(u) fo — ) 1y(s)ds and so

x(t) = —

' p—1 L ¢ _ G\u—1
x(t) = F—/O (t—s)* y(s)ds + co — ) /0 (&= 9)* " y(s)ds.

Hence, [ z(s)ds = z(1) = F(u) fo —s)HLy(s )ds+co lu) foé — ) Ly(s)ds
and so ¢y = [ (s)ds + F(u) fo (1— s)h=ly(s)ds + F(u) fo — s)*1y(s)ds. Thus,

L iy — = [Fe— sty
o) = ~grs | (0= e)s = s [yt

! 1 ' p—1 1 ¢ p—1
—i—/o x(s)ds + m/o (1—s)""y(s)ds + m/o (& — )" y(s)ds.
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Put

t 13
(1) = —ﬁ / (t = 5" Ly(s)ds — ﬁ / (€ - 5)" Ly(s)ds
1 ' r=ly b ‘ — s)Hy(s)ds
s / (1-3) <s>ds+w) | te=srtuisyas
Then, we get z(t) = 7(t) + [ «(

If t > &, then

1 3 t u1 t 13 1
=~ ( /+/ (t - 5) y(s)ds—m/()(s—s) y(s)ds

s [+ s [

B A e et et e () e k) GO
7/0 ) v
¢ —(t—s)H 4+ (1 —s)nt ! (1—s)rt
—i—/{ ) y(s)ds—&-/t ) y(s)ds.
Ift <€, then

T(t) = 1 /t(t—s“1 ds——/ / (€ — s)*1y(
“r / / [ Jamarene g //
(t—s)~

—t(é—s)”+(1—s)“1+ -
/0 () y(s)ds
€ _4(g — g)u—1 _ g1 AVES 1] _ gl
L cand A O

We obtain 7(t) = fol H(t,s)y(s)ds and so z(t) = fol H(t,s)y(s)ds+ [ x(s)ds. This

implies that
/ t)dt = / / H(t,s) dsdtJr/ x(s)dsdt
/ / H(t,s) dt ds—l—n/ x(s)ds.

Thus, n) Jo x(t)dt = fo (fo (t,s dt) (s)ds and so

n
/ Bt = / /Htsdt
0 01_
/Hts d8+/ /Htsdt
o 1—n

:/0 (H(t 5)+% H(t, s)dt) (s )dS*/ G(t, s)y(s)ds

-1 0

= / G(t,s)yo(s)ds
0

Hence,
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and this completes the proof.

Lemma 2.2. Let G(t,s) be given as in Lemma R Then G(t,s) >0, G(t,s)

Ay n(1=s)P=1 where A, , = (1777%(”), 9 (¢,5)| < B# 2(1—8)*=1 where B, ,

m and finally G(t,s) > & F(/)t) ( t+ 2(1 ) >0 for allt,s € [0,1].

Proof. If0 < s<t<1ands<¢ then (£ —s)* 1>t —s)*Land (1—-s)H 1>

—(t—s)*~1. Hence, —(t —s)* 1 —t(( —s)* L+ (1 —s)* L+ (£ —5)*"1 > 0and so

H(t,s) > 0. Thus, G(t,s) > 0. In other cases, the proof is easy. One can see that
u—1

H(t,s) < 332" forall t,s € [0,1] and so

A O

'(p)
G(t,s) < 3(1— ) - /n Mo S)Mildt _S—or, n 30—s)T
3(1— syt n 3(1—s)! =
Tk V- = = (1 =)
T(n) U ) = gy~ et
where A, , = m Since
(k=1 _ (¢ \u—1
(t S)F(u—(lf) ) , 0<s<t<1, s<¢,
—(t —s)r1
OH B — <s<éE<tL,
o (o) = el
‘(fr‘(s;, 0<t<s<E<,
7
07 0 S S S la g S S,
we have 22| < <f—s>“;;:£§;s>“” < 2y and so
—s)t! 2n S 21— st N
1— H — 1
‘at = T(u-1) +1—77( °) [(p—1) ( +1—77)
2(1 — s)r=t —1
= Y = B 1 - a
A==~ Zeal ="

WhereB#,n:W. IfoO<s<t<land s <€ thent— st > 0 and so

t(l1—s)—s+t>0. Hence, t —s < (1 — s)t and =2 > 1. Since + > 1 and p > 2,
(I=s)p=l > (4)% > 1, we get
) e () e € ) ()

(=)t (=) (=8 (1= s)

—t(1 =)t (1 =t)(E—s) T (1)t
(=1 =)+ (E—s)"T)
(1—1t)(1—s)H71,
Thus, H(t,s) > (1 —-t)(1 —s)* L. If0<s< &<t <1, then

—(t—s)r P+ (1 -8t > —tl—s)F L+ (1—s)r !t
e

AVAN \/ Il

and so H(t,s) > % Hence,

Glts) 2 %[(bﬂ(l—s)“‘wﬁ On(l—b‘)(l—s)“_ldt}
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1 1 (st UND O -
1—t)(1—s)t nl—2)] = — >
T(n) [< D =)™+ =5 = 2)} T(n) < bt 2(1 - )) 20,
and this completes the proof. (I

Consider the map
F: X =X, Fy / G(t,s)f (s,z(s),2'(s), D (s), IPx(s)) ds

where G(t,s) is the Green function in Lemma 2.1 By Lemma it is easy to
check that the fractional integro-differential equation has a solution if and
only if F' has a fixed point.

Here, we provide our first result about the existence of solution for the problem

().

Theorem 2.1. Assume that f: [0,1] x (C[0,1]))* — R is a singular function at
some points t € [0,1], by,...,by € L1[0,1] are some nonnegative real valued maps
such that

(s o) - (twwwm|<§:b s — il

forallxi,...,x4,9y1,...,y4 € X and almost all t € [0, 1]. Suppose that there exists
a natural number ko, My, ..., My, € LY[0,1] and Aq,..., Ay, : R* — [0,00) such
that My, ..., My, are nonnegative, A1, ..., Ay, are nonnegative and nondecreasing
functions in their all components, |f(t,x1,...,24)| < Zfil M;(t)Ai(21, ... ,2q) for
all (z1,...,24) € X* and almost all t € [0,1] and hnolow

zZ—r

0y is a nonnegative real number with 0 < 0y < all or some dg > 0
I =T G 232 M+ J ’

Yo = min{1,T(p+1),0(2—B)} and C,,,, = max{A,, ,,, B,.,}. Assume that [by+by+
%Jr%]qw < 1. Then the fractional differential pointwise defined equation
|i with the boundary conditions has a solution, where b; = fol(l — 8)H1b;(s)ds.

= 0y, where

Proof. First, we show that F' is continuous. Let z1,22 € X and t € [0,1]. Then,
we have

|[Fe, () — Foy (1)

/ G(t, 5)|f (z1(s), 2, (s), D71 (s), IPx1(s)) = f (w2(s), 3(5), D wa(s), [Pwa(s))|ds

[ty (L el el
,un +b3(S)HD5$1_Dﬂx2H —bl(S)HIpxl—IprH
Since
1 el 1 [l
IPa(t g—/ t— s)Pla(s)|ds < o - Z[(t — 8)P|0] = =1,
P2t < 75 [ (6= latellds < Lok 2l - 971 = s
we get || [Px]| < F(‘Lﬁ_‘ll). Hence, ||IP21 —IPxo| = || IP (1 —22)|| < % Similarly,
one can conclude that
DPzy — DPas| < 7”% — o]
for all z1,z2 € C[0,1] and so
1 /o /
|Fiey (8) = Fra (O] < Ay [ [a(3)]la1 — a] + ba(s) 2 - 25| + b3<s>”§(127f;)”
0
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llz1 — 2|

T(p 1) 11— s)* tds

+ba(s)

= A [ 101(6)+ ) (=5 lor =+ (ba(o) + ) (1 =) o s s

< Apyllas — x2||*/0 [B1(s) + ba(s) + P(”;(_S)ﬁ) . r(b;(j)l)](l s
b N ba
re-p T+l

= A,u,,n(bAl + bA2 +

Mz — @2+

Also, we have
[Py, (8) = Fuy (8)]

IG(t,
< [ 12D o), 15), D7 (), 1P (9) 5 ma(5), 205, D o), a6
; bu(s)le1 — wall + ba(s)l12h — a4
< | Bu,(1—s¥t !
—A 0= (il = Dol (o o )
L (bl — zall + ba(s)ll2h — )
< Bun < +bs(s )”ml x| + ba(s )HTI*IZ’H (1 _S)M lds
0 38T (2=8) T(p+1)
bA 64
and so || Fy, — Fo, ||« = maX{llel — Fo,|l, H ny — Faall} < by + b2 + gy +

lx1 — z2]|«. This implies that ||Fy, — Fy,|l« — 0 as ||z; — 22|/« — 0 and

k
Chum 2024 1Ml
Yo

(P+1)]

so F' is continuous. Since 6. < 1, we can choose ¢; > 0 such that

Cn R0 1M . .
(6o + 60)(M) < 1. Since AE222) g ag 2 0o, there exists r =
Yo z

A(ep) > 0 such that M < By + ¢ for all z > A(eg). So

Az, 2,2,2) < (0o + €0)z (2.1)
for all 2 > A(e). Put C = {z € X : ||z||« < r} and define a: X% — [0,0) by
ax,y) =1 whenever z,y € C' and a(x,y) = 0 otherwise.

We show that F' is a-admissible.
If a(z,y) > 1, then ||z||. <7 and ||y||« < r. Let t € [0,1]. Then, we obtain

| Fx(t)] S/O G(t,5)|f (s, 2(s), 2" (s), D7x(s), [Px(s))]

1

ko
< Ay ; (1= 5)""1 Y Mi(s)Ai(x(s),2'(s), DPa(s), IPx(s))ds
=1

S [ st (el et gl
A2, 1 23 Th+1)

ko 1
< A ;Ai (T’ " r2-53)Tp+ 1)) (/O M;(s)sup(1 — s)“*lds)

<AMZA( et I8

=1 ’770’707
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where v9 = min{1,T'(p+1),T'(2— 8)} = min{['(p+ 1),I'(2 — ) }. Since - >, by
using 1| we obtain Al(yL A/L 7L %) < (6o + GQ)VLO and so

k
Ay dily ||MzH1> <y

Yo

IF \<AMZ (B + €0) [ Ml = (8 + <o) (

Hence, ||F,| < r.
Also, we have

F00 < [ 1200 005,51, D), 15 s

< B, (1 — s)n1 [Z My(s)Ai(w(s), @' (), DPa(s), I"a(s) | ds

s w{zw )] [0

< B YA (ffff/nMnlds

=1 Yo Yo Yo Yo

o 11,
S (90+60)< VK Zz:l || ||1)7" <r
Yo
and so ||Fy|l. = max{||F,||,||Fz||+} < r. This implies that F, € C and F, € C,
that is, a(Fz, Fy) > 1. Thus, F is a-admissible.
Smce C # (), there exists xo € C and so F,, € C. Hence, a(xg, Fy,) > 1.

Denote M\, = [b1 + by + F(2 5 + F(erl)] Cun < 1. Put ¢(t) = Ayt for all
t>0. Since Y7 Y"(t) = Yool Ap b = (1:\“ 17)t < oo and ¢: [0,00) — [0, 00) is
nondecreasing, we get ¥ € .

Note that,

[Fa(t) — Fy(t)|
1
< / G(t,5)|f(s,x(s),2'(s), D’w(s), [Px(s)) — f(s,y(s),y/ (s), D y(s), [Py(s)) ds
0
A bs by
<
<A, [bl +ba + T2-5) + T(p+ 1)} |
and 50 |[Fy = Fy|| < Ay [B1+ b5 + retigy + gy |l = wllo. Also,

|Fy = Fy

—yll«

/ ‘GG ,9) 1£ (s, 2(s),2' (), D% (s), IPa(s)) = f (s,y(5), 9/ (5), D y(s), Iy(s))|ds

A bs by
<B,n,|bi+b — Yll«
< Bun[bit b2+ i+ gy I

which implies ||F., — F}|| < By, [bl + b2 + iy + %} |z — ||« Thus,

B by
F,—F,|« < b1+b
|| yH = C#ﬂ?[ 1+ 2+F(2 — ﬁ)+F( + 1)

for all z,y € C. Hence, a(z,y)||Fy — Fyll+ < ¢(d(z,y)) for all z,y € X. By using
Lemma F has a fixed point which is a solution for the problem (|1.1)). ([l

Jlz=yll« = Ay, « = Y(llz—yll+)
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The following example illustrates our last result.
Example 2.1. Consider the pointwisely defined problem

T 2 1
Dza(t) + (Il + ll" + 1 D3l + [I1zz]]) = 0 (2.2)

96\F( 96/7(g(t))5

with boundary conditions z'(0) = z(3), (1) = foé x(s)ds and z”'(0) = 0, where

2
3
|
=
I
s
AN
b
S
3
=
=
o~
|
=
Q
i
— =
—~
—
|
|«
[N}
——

3 2 16 16
= s — DI (1= Hr( IR Ev v R v
r

z(t), 2 Be Pa(t)) : x x Ep 2y
ft2(0)'(6), Dalt),1"2(0) s= gy (ol + o'+ 1D32] + 174,
b1 t) = bz(t) = b3(t) = b4(t) = b(t) = M(t) = Ml(t) = Mg(t) = Mg(t) =
My(t) = X and A;(x1, 72,73, 24) = ||2;]| for i = 1,...,4. Then, ||b||; = ||M]1

1
3

t
1 _ 1
96y/m(1—%) — 647’
|f(t,$1,$2,$3,334) - f(t7y1ay27y3ay4)|
= ol = llyall + -+ lzall = llyall]

96y/7 (g( 96/7(g(t))%
1

9%/ (a(1)
4
= ot - yzu—zb s = 3l

< ey =l + - -+ [l2a = yall]

~—
Wl

and
(621, 22, 73, 24)] = m[w1|+~--+nx4m
- — \H sl + - + llzall]

= E M(t)Ai(21,z2, 23, 24)

for all (w1, 72,23, 24), (Y1, Y2, y3,y4) € X* and almost all ¢ € [0, 1].
On the other hand, we have lim w =1 and

Z—00

7o - o
4

) =5 =737 > 1.
Cumdoimi IMlh 37 X 5177




70 M. SHABIBI, M. POSTOLACHE, SH. REZAPOUR, S. M. VAEZPOUR

Choose dy > 0 such that > 1. Since

Yo
Chun Xi=1 IM][1+60

= [0 'sopas = o — L
b= [0 F s < [ blsids = ol = 57~

b b 1 11 16
T2—58) F(p+1)}0“" = 64f{1+1+ oM r(g)}zaﬁ

Now by using Theorem the pointwisely defined problem (2.2]) has a solution.

Theorem 2.2. Let f be a real valued function on [0,1] x (C[0,1])* which is defined
for all x1,...,24 in C[0,1] and almost all t € [0,1]. Assume that there exists a
natural number ki, nondecreasing maps in their all components Ay, ..., Ag, : R* —
R with Ai(z,2,2,2) > 0 for all z > 0 and lim,_,o+ M = q; for some 0 < ¢; <
1 (i=1,...,k1) and some functions a,...,ax,: [0,1] = [0,00) such that

k1

|t 21, 2, 3, 2a) = (6 Y1, 2, y3, 0a)| <Y as(8)Ai (@1 —y1, 22—y, B3~ Y3, Ta—Ya),
i=1

we get

[B+l3+ <1.

for all xl,...,x4,y1,...,y4 € X withz; >y; >0 (j=1,...,4) and almost all
€ [0,1]. IfCuy Z @ =t a1 < 1, then the pomthsely defined problem
(1.1) has a solution, where Clu is defined in Theorem [2.1]

Proof. Since lim+ W qg; < 1fori=1,... kp, for each ¢; > 0 there exists
d; := 0(e;) > 0 such that 0 < = < ¢; implies A, ( =,y ) < (i + €)%, where
70 :=min{T(p+1),['(2- )} Let €2 be such that ¢ +€) <1and &) =§(e?). Put
q = max{q1,...,qk, }, €0 = min{e(f,.. e} and § = min{(5 ..., 00 €0} Thus,
q+e < 1landA; ( ,...,70) (q+eo) z foraHO<z< - and 1 <z< k1. Also,
A(Z,. 2 < (quéo)% o = (Q+€0)5 < (g + €o)éo.

Define the map a: X x X — [0,00) by a(x,y) = 1 whenever ||z — y|. < ¢ and
afz,y) = 0 otherwise. If a(x,y) > 1, then ||z — y|/« < § and so
| Fe(t) — Fy ()]

< /0 G(t,s)|f (s, x(s), 2" (s), DPa(s), Pz (s)) = f(s,y(s),4'(s), D y(s), IPy(s))|ds
1 k1
< / G(t, ) Zai(s)lAi((fc —y)(s), (& =)' (s), D’ (& — y)(s), I (& — y)(5))|ds

< Aun | 1—5“12% )iz =yl 1z = )1, 1D (@ = y)ll, 177 (2 = y)1)]ds

<AMZ(/ e 1ai(s)ds)Ai((s"s’r(26—6)’r(p§+1))
<AMZ/ (1 s)"a;(s)ds)A; (% 22 %>

< A Z 11— t)*aill1 (g + €0)d
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k1
A Z (1 =) ta;]|16 < 6.
i=1

Hence, || Fy — Fy||« < 6 which implies o(Fy, F,) =1
Ifk:=C,, Zf;l (1 —t)*~La;||1(q + €o), then by using the assumption we get
k < 1. If §(t) = kt, then ¢ € U. If ||z — y|| <, then

k1
1P = Fyll < A D I1(1=8)* " aslli(g+ eo) |z — gl < kllz =yl
i=1
and
k1
IF; = Fyll < By Y II(1 = 6)*aslli(g+ o) |z = yll« < klle =yl
i=1
Thus, [|[Fz—Fy[l« < kllz—yll« = ¢ ([z—yll+) and so oz, y) | Fo = Fy[l« < ¢ ([lz—yll)
for all z,y € X. Let € > 0 be given. Since Ai('To’ f) — 0 as z — 07, for each
1 <4 < k; there exists §; > 0 such that Ai(%,.. vi) < 5 forall 0 < z < 45,

where
unZ”l_t tagllh] + 1.

If 6 = min{d; : 1 <i <k}, then Ai(Z,...,2) < g forall 0 <z <6 and
1 <4 <k;. Ifx,, = z, then there exists a natural number ng such that ||z, —x||. <

for all n > ng. Hence,
|Fe,, (1) — Fa ()]

/ G(t If 5,@n(8), @0 (8), D@ (s), "z (s)) = f(s,2(s),a'(s), D a(s), I"a(s))|ds
/ G(t,s Zaz i(lzn = ||, [|(@n = 2)"|, D" (2 = @)Il, |1 (@n — 2)|)ds

ks N
= Ao 2 200 F(26— B)’ r(p6+ 1)) /0 (1) as(s)ds]
k1 1
o 2 8) o

k1
€ —
< A N0 -0l <
for all t € [0,1] and n > ng. This implies that ||F,, —F,|| < € for n > ng. Similarly,

FL 0= FOL< [ |Gl (6). D (5). I (5)

k1
~f(s.2(s).'(s), D a(s), IP2(s))|ds < By > (1= 0" il < e
i=1

for all £ € [0,1] and n > ng and so || F, — F,|| <€ for n > ng. Thus,
1Pz, = Folls = max{|| F, — Full, | F;, — FyI} <€

for n > ng and so Fy, — F, as x, — . Hence, F' is continuous.

Now, we show that there exists g € X such that a(zg, Fy,) = 1.

In this regard, we have to show that ||F,, — x| < J for some zg € X. Let
A > 0 be a fixed real number. Since A;(z,2,2,2) — 0 as z — 07, for each € > 0
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there exists n = n(e) such 0 < z < 2 implies A;(z,2,2,2) < € for all 1 < i < k.

A A — 1 _ 1 1
Hen(:',e7 Ai(ﬁv ey ﬁ) S €. Put \ := max{ﬁ, F(T—‘rl)’ 1} = max{m, m}
and choose €); such that Zf;l (1 — t)“’lai||1e]\40l”7 < 4. Putng = n(eM) and
choose a natural number ny such that Z @ =tr"ta;lliepCpy <6 — n—z
If ng = max{ny,ny}, then Az‘(%, AR ) < ey for all 1 < i < ky. Define
615 t3 2 +(i7 t 1 ‘<
ny 0o 2
zo(t) = 6ng+5no+2(§ 2no(no+1)t +no(no+1)) no+2’ no+1 <t< 7’
i, t> -1
no 0
It is easy to check that o € C[0,1] and 0 < z(t) < for allt € [0,1], = (n01+1) =0
and
0, t< n0+1’
613 2ng + 1 1
o(t) = 0 ER—L L <t< L
zo(?) 6n3 + 5ng + 2 no(ng +1) no(no + 1))’ no+l no’
1
Thus, zj € C[0,1] and 24 (=7 +1) (ni) = 0. Hence, 7o € C'[0,1]. Also, we have
6n2 1 1 2ng + 1
o(t) < o <7_|_ — )
T(t) < 6n3 4+ 5n0+2\n3  ni(no+1) 2ne(no+1)32
<1><1><<1+ 1 2ng ><1
- ng no nd(ng+1) (no+1)2/ = ng

and so [|Zn, ||« < n%) It follows,

1
[Py (£) — z0(t)] = ’/0 G(t,5)f (5, w0(s), (), D o(s), I"wo(5))ds — wo(s)|
1
< [ Gt o150l h(5), D zo(s), ()| + -
0 L ke ) no .
< AM/ (1- s)ﬂ—lzai(s)/\i(nxon, bl F(”;ﬂ”ﬁ), F(in”l))ds—i— -~
A A A Ay L
<ANWZ{</ 1—8 Z(S)dS)/M(;Q,;Q,;Q,;Q)] +n70

< Ay [2; 0=t el Jeas + oo <

for all t € [0,1] and so || Fy, — ol < 4.
Similarly, we have

|(Fao (t) — xo(1))'| = |Fy, (t) — z(t)]
/ ] (1, 8)[|f (5, 20 (s), (), DPao(s), IPzo(s))ds| + —

no

1
_ 1
Bua[ 2011 = 0" el Jen + - < 3
i=1
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and 50 ||(Fz, —x0)'|| < 0. Hence, |[Fr, —zol|+ = max{|| Fo, — o, [|(Fz, —z0)'[[} < 0.
Thus, a(zg, Fy,) = 1. Now by using Theorem F has a fixed point which is a
solution for the multi-singular fractional integro-differential equation (|1.1)). O

The following example illustrates Theorem [2.2]

Example 2.2. Consider the fractional integro-differential equation

5 0.09 3 2 / Di I%
Dia) + B Gptewierntaonton g (23)
ta(t— %)g 5
for almost all [0, 1], with boundary condition 2/(0) = z(%) and z( fo

Putp=3,8=1%1¢=1 n=1 p=1andk =1 Note that,

Cun= max{ 3 2 } _ max{ 3 2 }
. (L=n)T(u) (1=l (p—1) (- D) 1-Hr@)
and get C), ,, = %. Define f(t,x1,...,x4) = ﬁu — (3)} @t
0.09 3\ (@1t taa)
a() t%(t—%)é’ (xla ,.134) (5>

It is easy to check that the function A is nondecreasing in all its components
and A(z,z,2,2z) > 0 for all z > 0. Let (a; z4), (y1,...,y1) € X* be such
that z; > y; > 0 for 1 < i < 4. Since (g) (g)’“, (%)91((%)91 — (%)’”1) <
(%)y — (g)”” it follows that (%) ((f) (g) ) (g)y(l — (g)m*y) Thus,
(1-— (%)"L’l) - (1- (%)yl) <(1- (g) ¥i). By replacmg z; and y; with 2 Z 1T
and 2351, i, we get (1 (3)F o)~ (1= ()3 ) < (1 (IS wom),
Hence,

Az, ma) = Ays, - ya) S M@ — Y1, T4 — Ya)-
On the other hand, f(¢t,z1,...,24)— f(t,y1, .-, ya) < a(O)A(@x1—y1,...,Ta—Ya)
A4X £z
7A(z’z’z’z) = lim 71_(%2 = —4(2)(In(2)) = 0.81 < 1. Now by using

z—0t

Theorem the fractional integro-differential pointwisly defined equation (2.3))
has a solution.

and lim,_,o+

Now, we present our final result.

Theorem 2.3. Assume that f: [0,1]xX?* — [0, 00] is such that f(t,x1, T2, 23,74) <
oo for all 1,...,24 € X and t € E, where E° is a null subset of [0,1], that is, the
measure of E° is zero, f(t,x1,xa,xs,2s) is continuous respect to the components
x1, Ta, x3 and x4 for allt € E. Suppose that there exists a natural number ny and
maps O1,...,0p,:[0,1] — [0,00), Tt,..., Ty, : R* — [0,00), 01,...,0,, € L1[0,1],
H:R*— [0,00) such that

IH|1:= sup /H(fﬂ(t),w(t)»w(t),x(t))dt<oo,

zecfo,1]Jo
||E||DO = SuszR{Ti(zvz7zﬂz)} < fOT"I: = 17 ] and
|f(t, 21, @2, 3, 24)] < ZQ Ti(w1, x2, v3, 2a) + H (21, 22, 23, T4)

=1
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for all xy,...,x4 € X and almost all t € [0,1]. Assume that there exists the maps
: RY = [0,00) and b: [0,1] — [0,00) such that ||b||¥ : fo HELb(t)dt < oo
and

f(t,!Bl, ce ,£U4) > b(t)w(ﬂ?l, ey 3?4)
forallzy,...,x4 € X and almost allt € [0,1]. Suppose that there exist ay, as,as, a4 €
LY[0,1] and ¢: [0,00) — [0,00) such that Z?Zl laillx < %, by €Y and

\ft 1, xa) — 6 yn, -y <Zal (||l — wil|)
for all (z1,...,24), (y1,---,y1) € X* with ||z, HylH € [01,02], where ¢g(x) := ¢(%)
for all for 0 > 0, ||1||m = min{e(x1,...,24) : (21,...,74) € R},

el IBIE (4 2 — 200
1)
LSO )

Then the pointwise defined problem (L.1) has a solution.

6= Coun( STl + ).
i=1

Proof. Let {x,} be a sequence such that ||z, — z|. — 0. Then, x, — x and
2! — x'. By using the inequalities || D?(z, — z)| < L&z=2lll and ||17(z, — 2)|| <

r2-p)
”lf(’;;f)”, we get DAz, — DPz and Iz, — IPx. Since f(t,x1,...,24) is continuous
respect to x1,...,z4 for all t € E, we conclude that f(t,z,,x,, Dz, [’z,) —

f(t,z,2', DB, IPx) for all t € E. Let x € X be given and ¢ € [0,1]. Then, we have

172001 < A [ - s>“-1(iexsm(x(s),x'(s), DPa(s), I'x(s)))

+H(m(s),x’(s),D’Bx(s),lpm(s))ds.
If Z(s) := max{z(s),2'(s), D?z(s), I’z(s)}, then Z € C[0,1] and so

01 = A (el 11y L)) o [ o

niy
b HGE60 360,60, 26005 < A 3 1Tl + 181
i=1
for all t € [0,1]. Similarly, one can show that |FL(t)] < By, | Tillsoll0i]] +
|1H||7) and so

ni
1Bl < Chun(S IT: el + 1 HI) < o0 (2.4)
i=1
for all x € X. By using the Lebesgue dominated convergence theorem, we get

:/ Glt, 5)f (5, 2n(5), T (5), DPn(s), P20 (5))ds —

/ G(t, 5)f (5, (s), 2 (), DPa(s), P2 (s))ds = Fu(t)
for all ¢ € [0,1] and so the selfmap F on X is continuous. Define the map

Lozl lyll« € [61,02]
. 2 _ ) ) ) )
@: X* = [0,00), afz,y) = { 0, otherwise.
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If a(x,y) > 1, then ||z||., |yl € [01,d2] and so

1
Bl =| / G(t, 5)f (5, 2(s), 2'(s), DPx(s), IPx(s))ds]

P T 2 N DB (s s
2/o o) ( 1t+2(1—n))b( W; >’2<>71D (s), Ia(s))d
z ||1/)||m( - m/o (1—5)""b(s)ds + 2(1_7_77)/0 (1- s)"‘lb(s)ds)

1 2 — 77

2 [l (s + s ) = Wl ()

for all ¢ € [0,1]. Thus, ||F,|| > L= 2H1£7(‘L)((Zi :7; 21) and so

e o e )
1Foll« := max{|| Fu|], | FL ||} > > 41
20 (p) (L —n)
By using (2.4), we obtain |[Fy|l. < Cp, (> ik, ITillsbill1 + || HF) < d2 and so
a(Fy, Fy) > 1. If zg € [61,02] , then it is easy to check that a(xg, Fy,) > 1. Let
Yy [
x,y € [01,d2]. Then,

a(z, y)|Fa(t) — Fy(2)]

1
S/O G(t,5)|f(s,2(5),2" (), D7(s), IPx(s)) — f(5,(5),9/'(5), Dy (s), I'y(s))|ds
1
Apg [ (1= 9)""Har(s)d(lz — y]) + az(s)¢(|2” — y'])
+as(s) (\Dﬁx—DﬁylHM( Jo([IPz — I7y|))ds
n/ (1- ar(s)([lz — yll) + az(s)d(ll" — /[I)

Ix’

(i ST

1

<A, = 1¢ lz — yll )(Z“ )

0

SAM(H . Z/ L e
<Z||az|\ ¢(” 4y < (-l

and so a(m,y)HFm — Fyl| < ¢ (|lz — y|l+) for all z,y € X.

Similarly, we can conclude that a(z,y)||F, —F, || < ¢, ([[z—yl|«) forall z,y € X.
Thus, oz, y)[|Fr — Fyll« < ¢ ([|z — yl[+) for all z,y € X. By using Theorem
the selfmap F' has a fixed point which is a solution for the problem . ([

Es—

(=}

The following example illustrates Theorem

Example 2.3. Consider the fractional integro-differential equation

Dia(t )+%T( 2(8), 2 (1), D3 a(t), I a(t)) +2 = 0, (2.5)
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for almost all [0, 1], with the boundary condition 2’(0) = z(%) and a( fo
where g: [0,1] — [0, 00) is defined by g(¢) = 0 whenever t € QN |0, 1] and g(t ) \/f
whenever ¢t € QN [0, 1] and the map T: R* — [0, 00) is defined by

[l
.Tl,...,l‘4€[0,23],
Z1+||sz
sin(zy +---+x4)|, Z1,...,T4 € (—00,0
... z0) = |23<114 Ol oo € (-0,0)
—48(4;:1:2»—24), 1y wa € [23,24]
0, otherwise.

Put p=32,8=1¢=1 n=1%and p= 2. Then, we have
3

2 } _ max{ 3 2 }
1=nl(p)’ A-nl(p-1t 1-35TrE) -1,

Cun = max{

that is Cy,, = %, and y9p = min{T'(2 — 8),T(p+ 1)} = mln{F(% ( )} = F(g)
We can see that ||T||.c = 1. Let n; = 1. Define the maps ¥ (z1,...,24) =
T(x1,...,24), a(t) =b(t) = 0(t) := 0\'}1 and ¢(t) := 1t.

IfH(z,...,24) =2, f(t,21,...,34) := 2(%T(:r1, .oy xq)+2, 61 = 0and 09 = 23,
then f(t,x1,x9,x3,24) < o0 for all z1,...,24 € X and t € E := Q°N[0,1],
f{t,x1,x2, 3, x4) is continuous respect to the components 1, x2, x3 and x4 for all
teE,

1
f(taxlv cee ,l’4) = mT(zla cee 7354) +2 > b(t)/lz[}(xlv .. 7174)
and
L1 001 !
|f(t,$1,...,l’4)*f(t,yl,...,y4)‘ 325 XWHI‘Z y1|| Za(t)gﬁ(”xl*ylu),
i=1 i=1
for all (z1,...,24), (Y1,...,y4) € X* and almost all ¢ € [0,1]. Note that, ¢, € U,
! Jrooo1
> lafli =4%0.02 =008 < T = ,
P 20 Cun
L 4 — 2 —9
[lallbf (4 =i = 2)
20(p) (1 = )
and

Crun(ITllocllll + 1 HIIT) < 7(1 x0.02+42) <23 = 6y.

Now by using Theorem (2.3)), the fractional integro-differential pointwise defined
by equation ([2.5) has a solution.
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