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INVESTIGATION OF A MULTI-SINGULAR POINTWISE

DEFINED FRACTIONAL INTEGRO-DIFFERENTIAL EQUATION

MEHDI SHABIBI, MIHAI POSTOLACHE, SHAHRAM REZAPOUR, S. M. VAEZPOUR

Abstract. By providing distinct results under different conditions, we inves-

tigate the existence of solutions for an uncontrolled multi-singular fractional
differential equation with some boundary conditions. Also, we provide some

examples to illustrate our main results.

1. Introduction

Many papers have been published on the existence of solutions for some singular
fractional differential equations (see for example, [6], [8], [10], [12] and [15]). Since
2006, some papers have been appeared about solutions for critical elliptic equations
with multi-singular inverse square potentials (see for example, [3], [4], [5] and [7]).
The notion of multi-singularity in this work is different from these papers. In 2012,
the fractional problem

cDαu(t) + f(t, u(t)) = 0

with boundary conditions u(0) = u′′(0) = 0 and u(1) = λ
∫ 1

0
u(s)ds was investi-

gated, where 0 < t < 1, 2 < α < 3, 0 < λ < 2, cDα is the Caputo fractional
derivative and f : [0, 1]× [0,∞)→ [0,∞) is a continuous function [2]. In 2013, the
fractional problem

cDαu(t) + f(t, u(t)) = 0

subject to the boundary conditions u′(0) = u′′(0) = · · · = un−1(0) = 0 and u(1) =∫ 1

0
u(s)dµ(s) was investigated, where 0 < t < 1, n ≥ 2, α ∈ (n − 1, n), µ(s) is a

function of bounded variation, f may have singularity at t = 1 and
∫ 1

0
dµ(s) < 1,

see [14]. In 2015, the fractional problem

cDαx(t) = f(t, x(t), Dβx(t))

with boundary conditions x(0) + x′(0) = y(x),
∫ 1

0
x(t)dt = m and x′′(0) = x(3) =

· · · = x(n−1)(0) = 0 was investigated, where 0 < t < 1, m is a real number, n ≥ 2,
α ∈ (n − 1, n), 0 < β < 1, Dα and Dβ are the Caputo fractional derivatives,
y ∈ C([0, 1],R)→ R and f : (0, 1]×R×R→ R is continuous and f(t, x, y) may be
singular at t = 0 ([6]).
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By using main idea of these papers, we investigate the multi-singular fractional
integro-differential pointwise defined equation

Dµx(t) + f(t, x(t), x′(t), Dβx(t), Ipx(t)) = 0 (1.1)

with the boundary conditions x′(0) = x(ξ) and x(1) =
∫ η

0
x(s)ds when µ ∈ [2, 3)

and x′(0) = x(ξ), x(1) =
∫ η

0
x(s)ds and x(j)(0) = 0 for j = 2, . . . , [µ] − 1, when

µ ∈ [3,∞) where 0 ≤ t ≤ 1, x ∈ C1[0, 1], µ ∈ [2,∞), β, ξ, η ∈ (0, 1), p > 1, Dµ

is the Caputo fractional derivative of order µ and f : [0, 1]× R4 → R is a function
such that f(t, ·, ·, ·, ·) is singular at some points t ∈ [0, 1]. In fact, we say that f
is multi-singular when it is singular at more than one point t. Also, we say that
Dαx(t) + f(t) = 0 is a pointwise defined equation on [0, 1] if there exists a set
E ⊂ [0, 1] such that the measure of Ec is zero and the equation holds on E.

In this paper, we will use ‖ · ‖1 as the norm of L1[0, 1], ‖ · ‖ as the sup norm
on Y = C[0, 1] and ‖x‖∗ = max{‖x‖, ‖x′‖} as the norm of X = C1[0, 1]. The
Caputo fractional derivative of order α > 0 of a function f : (a,∞)→ R is defined

by cDαf(t) =
1

Γ(n− α)

∫ t

0

fn(s)

(t− s)α+1−n ds, where n = [α] + 1, see [9].

Let Ψ be the family of nondecreasing functions ψ : [0,∞) → [0,∞) such that∑∞
n=1 ψ

n(t) < ∞ for all t > 0. One can check that ψ(t) < t for all t > 0; please,
see [1]. Let T : X → X and α : X ×X → [0,∞) be two maps. Then T is called an
α-admissible map whenever α(x, y) ≥ 1 implies α(Tx, Ty) ≥ 1 ([11]). Let (X, d)
be a complete metric space, ψ ∈ Ψ and α : X × X → [0,∞) a map. A self-map
T : X → X is called an α-ψ-contraction whenever α(x, y)d(Tx, Ty) ≤ ψ(d(x, y))
for all x, y ∈ X ([11]; also [13]).

We need the following results.

Lemma 1.1 ([14]). Suppose that 0 < n − 1 ≤ α < n and x ∈ C[0, 1] ∩ L1[0, 1].

Then IαDαx(t) = x(t) +
∑n−1
i=0 cit

i for some constants c0, . . . , cn−1 ∈ R.

Lemma 1.2 ([11]). Let (X, d) be a complete metric space, ψ ∈ Ψ, α : X × X →
[0,∞) a map and T : X → X an α-admissible α-ψ-contraction. If T is continuous
and there exists x0 ∈ X such that α(x0, Tx0) ≥ 1, then T has a fixed point.

2. Main Results

Lemma 2.1. Let µ ≥ 2, ξ, η ∈ (0, 1) and y0 ∈ L1[0, 1]. Then the function x(t) =∫ 1

0
G(t, s)y0(s)ds is a solution for the pointwise defined problem Dµx(t) + y0(t) = 0

with boundary conditions x′(0) = x(ξ) and x(1) =
∫ η

0
x(s)ds whenever µ ∈ [2, 3)

and x′(0) = x(ξ), x(1) =
∫ η

0
x(s)ds and x(j)(0) = 0 for j = 2, . . . , [µ]− 1 whenever

µ ∈ [3,∞), where G(t, s) = H(t, s) + 1
1−η

∫ η
0
H(t, s)dt and

H(t, s) =



−(t− s)µ−1 − t(ξ − s)µ−1 + (1− s)µ−1 + (ξ − s)µ−1

Γ(µ)
,

0 ≤ s ≤ t ≤ 1,
s ≤ ξ,

−(t− s)µ−1 + (1− s)µ−1

Γ(µ)
, 0 ≤ ξ ≤ s ≤ t ≤ 1,

−t(ξ − s)µ−1 + (1− s)µ−1 + (ξ − s)µ−1

Γ(µ)
, 0 ≤ t ≤ s ≤ ξ ≤ 1,

(1− s)µ−1

Γ(µ)
, 0 ≤ t ≤ s ≤ 1, ξ ≤ s
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Proof. Let E ⊂ [0, 1] be such that the equation Dµx(t) + y0(t) = 0 holds for all
t ∈ E and measure of Ec is zero. Choose y ∈ L1[0, 1] ∩ C[0, 1] such that y = y0

on E. If x0 ∈ C[0, 1] is a solution to the pointwise defined problem, then we put
y(t) = −Dµx0(t) for all t ∈ [0, 1]. Note that, y ∈ L1[0, 1] ∩ C[0, 1] and y = y0|E .
Also, we have

Iµ(y0(t)) =
1

Γ(µ)

∫ t

0

(t− s)µ−1y0(s)ds

=
1

Γ(µ)

(∫
[0,t]∩E

(t− s)µ−1y0(s)ds+

∫
[0,t]∩Ec

(t− s)µ−1y0(s)ds
)

=
1

Γ(µ)

∫
[0,t]∩E

(t− s)µ−1y(s)ds

=
1

Γ(µ)

(∫
[0,t]∩E

(t− s)µ−1y(s)ds+

∫
[0,t]∩Ec

(t− s)µ−1y(s)ds
)

=
1

Γ(µ)

∫ t

0

(t− s)µ−1y(s)ds = Iµ(y(t))

for all t ∈ E. Let t ∈ Ec|{0}. Choose {tn} in E such that tn → t−. Hence,

Iµ(y0(t)) =
1

Γ(µ)

∫ t

0

(t− s)µ−1y0(s)ds

= lim
n→∞

1

Γ(µ)

∫ tn

0

(tn − s)µ−1y0(s)ds = lim
n→∞

Iµ(y0(tn))

= lim
n→∞

Iµ(y(tn)) = lim
n→∞

1

Γ(µ)

∫ tn

0

(tn − s)µ−1y(s)ds

=
1

Γ(µ)

∫ t

0

(t− s)µ−1y0(s)ds = Iµ(y(t))

If t = 0 ∈ Ec, then Iµ(y0(t)) = Iµ(y(t)) = 0, therefore Iµ(y0(t)) = Iµ(y(t)) for all
t ∈ [0, 1]. Thus, Iµ(Dµx(t)) = Iµ(−y0(t)) for all t ∈ [0, 1] wheneverDµx(t)+y0(t) =
0 for all t ∈ E. Hence, Iµ(Dµx(t)) = Iµ(−y(t)) on [0, 1]. By using Lemma 1.1 and
the boundary conditions, we get

x(t) = − 1

Γ(µ)

∫ t

0

(t− s)µ−1y(s)ds+ c0 + c1t.

Since x′(0) = x(ξ), c1 = − 1
Γ(µ)

∫ ξ
0

(ξ − s)µ−1y(s)ds and so

x(t) =
1

Γ(µ)

∫ t

0

(t− s)µ−1y(s)ds+ c0 −
t

Γ(µ)

∫ ξ

0

(ξ − s)µ−1y(s)ds.

Hence,
∫ η

0
x(s)ds = x(1) = − 1

Γ(µ)

∫ 1

0
(1−s)µ−1y(s)ds+c0− 1

Γ(µ)

∫ ξ
0

(ξ−s)µ−1y(s)ds

and so c0 =
∫ η

0
x(s)ds+ 1

Γ(µ)

∫ 1

0
(1− s)µ−1y(s)ds+ 1

Γ(µ)

∫ ξ
0

(ξ − s)µ−1y(s)ds. Thus,

x(t) = − 1

Γ(µ)

∫ t

0

(t− s)µ−1y(s)ds− t

Γ(µ)

∫ ξ

0

(ξ − s)µ−1y(s)ds

+

∫ η

0

x(s)ds+
1

Γ(µ)

∫ 1

0

(1− s)µ−1y(s)ds+
1

Γ(µ)

∫ ξ

0

(ξ − s)µ−1y(s)ds.
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Put

τ(t) = − 1

Γ(µ)

∫ t

0

(t− s)µ−1y(s)ds− t

Γ(µ)

∫ ξ

0

(ξ − s)µ−1y(s)ds

+
1

Γ(µ)

∫ 1

0

(1− s)µ−1y(s)ds+
1

Γ(µ)

∫ ξ

0

(ξ − s)µ−1y(s)ds.

Then, we get x(t) = τ(t) +
∫ η

0
x(s)ds.

If t ≥ ξ, then

τ(t) = − 1

Γ(µ)

(∫ ξ

0

+

∫ t

ξ

)
(t− s)µ−1y(s)ds− t

Γ(µ)

∫ ξ

0

(ξ − s)µ−1y(s)ds

+
1

Γ(µ)

(∫ ξ

0

+

∫ t

ξ

+

∫ 1

t

)
(1− s)µ−1y(s)ds+

1

Γ(µ)

∫ ξ

0

(ξ − s)µ−1y(s)ds

=

∫ ξ

0

−(t− s)µ−1 − t(ξ − s)µ−1 + (1− s)µ−1 + (ξ − s)µ−1

Γ(µ)
y(s)ds

+

∫ t

ξ

−(t− s)µ−1 + (1− s)µ−1

Γ(µ)
y(s)ds+

∫ 1

t

(1− s)µ−1

Γ(µ)
y(s)ds.

If t ≤ ξ, then

τ(t) = − 1

Γ(µ)

∫ t

0

(t− s)µ−1y(s)ds− t

Γ(µ)
(

∫ t

0

+

∫ ξ

t

)(ξ − s)µ−1y(s)ds

+
1

Γ(µ)

(∫ t

0

+

∫ ξ

t

+

∫ 1

ξ

)
(1− s)µ−1y(s)ds+

1

Γ(µ)
(

∫ t

0

+

∫ ξ

t

)(ξ − s)µ−1y(s)ds

=

∫ t

0

−(t− s)µ−1 − t(ξ − s)µ−1 + (1− s)µ−1 + (ξ − s)µ−1

Γ(µ)
y(s)ds

+

∫ ξ

t

−t(ξ − s)µ−1 + (1− s)µ−1 + (ξ − s)µ−1

Γ(µ)
y(s)ds+

∫ 1

ξ

(1− s)µ−1

Γ(µ)
y(s)ds.

We obtain τ(t) =
∫ 1

0
H(t, s)y(s)ds and so x(t) =

∫ 1

0
H(t, s)y(s)ds+

∫ η
0
x(s)ds. This

implies that ∫ η

0

x(t)dt =

∫ η

0

∫ 1

0

H(t, s)y(s)dsdt+

∫ η

0

x(s)dsdt

=

∫ 1

0

(∫ η

0

H(t, s)dt
)
y(s)ds+ η

∫ η

0

x(s)ds.

Thus, (1− η)
∫ η

0
x(t)dt =

∫ 1

0

( ∫ η
0
H(t, s)dt

)
y(s)ds and so∫ η

0

x(t)dt =

∫ 1

0

1

1− η

(∫ η

0

H(t, s)dt
)
y(s)ds.

Hence,

x(t) =

∫ 1

0

H(t, s)y(s)ds+

∫ 1

0

1

1− η

(∫ η

0

H(t, s)dt
)
y(s)ds

=

∫ 1

0

(
H(t, s) +

1

1− η

∫ η

0

H(t, s)dt
)
y(s)ds =

∫ 1

0

G(t, s)y(s)ds

=

∫ 1

0

G(t, s)y0(s)ds,
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and this completes the proof. �

Lemma 2.2. Let G(t, s) be given as in Lemma 2.1. Then G(t, s) ≥ 0, G(t, s) ≤
Aµ,η(1− s)µ−1, where Aµ,η = 3

(1−η)Γ(µ) , |∂G∂t (t, s)| ≤ Bµ,η(1− s)µ−1, where Bµ,η =

2
(1−η)Γ(µ−1) and finally G(t, s) ≥ (1−s)µ−1

Γ(µ)

(
− t+ 2−µ2

2(1−µ)

)
≥ 0 for all t, s ∈ [0, 1].

Proof. If 0 ≤ s ≤ t ≤ 1 and s ≤ ξ, then (ξ − s)µ−1 ≥ t(ξ − s)µ−1 and (1− s)µ−1 ≥
−(t− s)µ−1. Hence, −(t− s)µ−1− t(ξ− s)µ−1 + (1− s)µ−1 + (ξ− s)µ−1 ≥ 0 and so
H(t, s) ≥ 0. Thus, G(t, s) ≥ 0. In other cases, the proof is easy. One can see that

H(t, s) ≤ 3(1−s)µ−1

Γ(µ) for all t, s ∈ [0, 1] and so

G(t, s) ≤ 3(1− s)µ−1

Γ(µ)
+

1

1− η

∫ η

0

3(1− s)µ−1

Γ(µ)
dt =

3(1− s)µ−1

Γ(µ)
+

η

1− η
·3(1− s)µ−1

Γ(µ)

=
3(1− s)µ−1

Γ(µ)
+ (1 +

η

1− η
) =

3(1− s)µ−1

(1− η)Γ(µ)
= Aµ,η(1− s)µ−1,

where Aµ,η = 3
(1−η)Γ(µ) . Since

∂H

∂t
(t, s) =



−(t− s)µ−1 − (ξ − s)µ−1

Γ(µ− 1)
, 0 ≤ s ≤ t ≤ 1, s ≤ ξ,

−(t− s)µ−1

Γ(µ− 1)
, 0 ≤ s ≤ ξ ≤ t ≤ 1,

−(ξ − s)µ−1

Γ(µ)
, 0 ≤ t ≤ s ≤ ξ ≤ 1,

0, 0 ≤ t ≤ s ≤ 1, ξ ≤ s,

we have |∂H∂t | ≤
(t−s)µ−1+(ξ−s)µ−1

Γ(µ−1) ≤ 2(1−s)µ−1

Γ(µ−1) and so∣∣∣∂G
∂t

∣∣∣ ≤ 2(1− s)µ−1

Γ(µ− 1)
+

2η

1− η
(1− s)µ−1 =

2(1− s)µ−1

Γ(µ− 1)

(
1 +

η

1− η

)
=

2(1− s)µ−1

(1− η)Γ(µ− 1)
= Bµ,η(1− s)µ−1,

where Bµ,η = 2
(1−η)Γ(µ−1) . If 0 < s < t < 1 and s ≤ ξ, then t − st > 0 and so

t(1− s)− s+ t > 0. Hence, t− s < (1− s)t and 1−s
t−s >

1
t . Since 1

t > 1 and µ ≥ 2,

( 1−s
t−s )µ−1 > ( 1

t )
µ > 1

t , we get

−(t− s)µ−1 − t(ξ − s)µ−1 + (1− s)µ−1 + (ξ − s)µ−1

= −(t− s)µ−1 + (1− t)(ξ − s)µ−1 + (1− s)µ−1

> −t(1− s)µ−1 + (1− t)(ξ − s)µ−1 + (1− s)µ−1

= (1− t)((1− s)µ−1 + (ξ − s)µ−1)
≥ (1− t)(1− s)µ−1.

Thus, H(t, s) > (1− t)(1− s)µ−1. If 0 < s ≤ ξ < t < 1, then

−(t− s)µ−1 + (1− s)µ−1 > −t(1− s)µ−1 + (1− s)µ−1

= (1− t)(1− s)µ−1

and so H(t, s) > (1−t)(1−s)µ−1

Γ(µ) . Hence,

G(t, s) ≥ 1

Γ(µ)

[
(1− t)(1− s)µ−1 +

1

1− η

∫ η

0

(1− t)(1− s)µ−1dt
]
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1

Γ(µ)

[
(1− t)(1− s)µ−1 +

(1− s)µ−1

1− η
·η(1− η

2
)
]

=
(1− s)µ−1

Γ(µ)

(
− t+ 2− η2

2(1− η)

)
≥ 0,

and this completes the proof. �

Consider the map

F : X → X, Fx(t) =

∫ 1

0

G(t, s)f
(
s, x(s), x′(s), Dβ(s), Ipx(s)

)
ds

where G(t, s) is the Green function in Lemma 2.1. By Lemma 2.1, it is easy to
check that the fractional integro-differential equation (1.1) has a solution if and
only if F has a fixed point.

Here, we provide our first result about the existence of solution for the problem
(1.1).

Theorem 2.1. Assume that f : [0, 1] × (C[0, 1])4 → R is a singular function at
some points t ∈ [0, 1], b1, . . . , b4 ∈ L1[0, 1] are some nonnegative real valued maps
such that

|f(t, x1, . . . , x4)− f(t, y1, . . . , y4)| ≤
4∑
i=1

bi(t)‖xi − yi‖

for all x1, . . . , x4, y1, . . . , y4 ∈ X and almost all t ∈ [0, 1]. Suppose that there exists
a natural number k0, M1, . . . ,Mk0 ∈ L1[0, 1] and Λ1, . . . ,Λk0 : R4 → [0,∞) such
that M1, . . . ,Mk0 are nonnegative, Λ1, . . . ,Λk0 are nonnegative and nondecreasing

functions in their all components, |f(t, x1, . . . , x4)| ≤
∑k0
i=1Mi(t)Λi(x1, . . . , x4) for

all (x1, . . . , x4) ∈ X4 and almost all t ∈ [0, 1] and lim
z→∞

Λi(z,z,z,z)
z = θ0, where

θ0 is a nonnegative real number with 0 ≤ θ0 ≤ γ0

Cµ,η
∑k0
i=1 ‖Mi‖+δ0

for some δ0 > 0,

γ0 = min{1,Γ(p+1),Γ(2−β)} and Cµ,η = max{Aµ,η, Bµ,η}. Assume that [b̂1+ b̂2+
b̂3

Γ(2−β) + b̂4
Γ(p+1) ]Cµ,η < 1. Then the fractional differential pointwise defined equation

(1.1) with the boundary conditions has a solution, where b̂i =
∫ 1

0
(1− s)µ−1bi(s)ds.

Proof. First, we show that F is continuous. Let x1, x2 ∈ X and t ∈ [0, 1]. Then,
we have

|Fx1
(t)− Fx2

(t)|

≤
∫ 1

0

G(t, s)|f(x1(s), x′1(s), Dβx1(s), Ipx1(s))−f(x2(s), x′2(s), Dβx2(s), Ipx2(s))|ds

≤
∫ 1

0

Aµ,η(1− s)µ−1

(
b1(s)‖x1 − x2‖+ b2(s)‖x′1 − x′2‖

+b3(s)‖Dβx1 −Dβx2‖ − b1(s)‖Ipx1 − Ipx2‖

)
ds.

Since

|Ipx(t)| ≤ 1

Γ(p)

∫ t

0

(t− s)p|x(s)|ds ≤ ‖x‖
Γ(p)

· 1

p
[(t− s)p|0t ] =

‖x‖
Γ(p+ 1)

tp,

we get ‖Ipx‖ ≤ ‖x‖
Γ(p+1) . Hence, ‖Ipx1−Ipx2‖ = ‖Ip(x1−x2)‖ ≤ ‖x1−x2‖

Γ(p+1) . Similarly,

one can conclude that

‖Dβx1 −Dβx2‖ ≤
‖x1 − x2‖
Γ(2− β)

for all x1, x2 ∈ C1[0, 1] and so

|Fx1(t)− Fx2(t)| ≤ Aµ,η
∫ 1

0

[b1(s)‖x1 − x2‖+ b2(s)‖x′1 − x′2‖+ b3(s)
‖x′1 − x′2‖
Γ(2− β)
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+b4(s)
‖x1 − x2‖
Γ(p+ 1)

](1− s)µ−1ds

= Aµ,η

∫ 1

0

[(b1(s)+
b4(s)

Γ(p+ 1)
)(1−s)µ−1‖x1−x2‖+(b2(s)+

b3(s)

Γ(2− β)
)(1−s)µ−1‖x′1−x′2‖]ds

≤ Aµ,η‖x1 − x2‖∗
∫ 1

0

[b1(s) + b2(s) +
b3(s)

Γ(2− β)
+

b4(s)

Γ(p+ 1)
](1− s)µ−1ds

= Aµ,η(b̂1 + b̂2 +
b̂3

Γ(2− β)
+

b̂4
Γ(p+ 1)

)‖x1 − x2‖∗.

Also, we have
|F ′x1(t)− F ′x2(t)|

≤
∫ 1

0

|∂G(t, s)

∂t
||f(s, x1(s), x1(s), Dβx1(s), Ipx1(s))−f(s, x2(s), x2(s), Dβx2(s), Ipx2(s))|ds

≤
∫ 1

0

Bµ,η(1− s)µ−1

(
b1(s)‖x1 − x2‖+ b2(s)‖x′1 − x′2‖

+b3(s)‖Dβx1 −Dβx2‖+ b1(s)‖Ipx1 − Ipx2‖

)
ds

≤ Bµ,η
∫ 1

0

(
b1(s)‖x1 − x2‖+ b2(s)‖x′1 − x′2‖
+b3(s)

‖x′1−x
′
2‖

Γ(2−β)
+ b4(s) ‖x1−x2‖

Γ(p+1)

)
(1− s)µ−1ds

= Bµ,η(b̂1 + b̂2 +
b̂3

Γ(2− β)
+

b̂4
Γ(p+ 1)

)‖x1 − x2‖∗

and so ‖Fx1
− Fx2

‖∗ = max{‖Fx1
− Fx2

‖, ‖F ′x1
− F ′x2

‖} ≤ Cµ,η[b̂1 + b̂2 + b̂3
Γ(2−β) +

b̂4
Γ(p+1) ]‖x1 − x2‖∗. This implies that ‖Fx1

− Fx2
‖∗ → 0 as ‖x1 − x2‖∗ → 0 and

so F is continuous. Since θ0.
Cµ,η

∑k0
i=1 ‖Mi‖
γ0

< 1, we can choose ε0 > 0 such that

(θ0 + ε0)(
Cµ,η

∑k0
i=1 ‖Mi‖
γ0

) < 1. Since Λ(z,z,z,z)
z → θ0 as z → ∞, there exists r =

∆(ε0) > 0 such that Λ(z,z,z,z)
z < θ0 + ε0 for all z ≥ ∆(ε0). So

Λ(z, z, z, z) < (θ0 + ε0)z (2.1)

for all z ≥ ∆(ε0). Put C = {x ∈ X : ‖x‖∗ < r} and define α : X2 → [0,∞) by
α(x, y) = 1 whenever x, y ∈ C and α(x, y) = 0 otherwise.

We show that F is α-admissible.
If α(x, y) ≥ 1, then ‖x‖∗ < r and ‖y‖∗ < r. Let t ∈ [0, 1]. Then, we obtain

|Fx(t)| ≤
∫ 1

0

G(t, s)|f(s, x(s), x′(s), Dβx(s), Ipx(s))|

≤ Aµ,η
∫ 1

0

(1− s)µ−1
k0∑
i=1

Mi(s)Λi(x(s), x′(s), Dβx(s), Ipx(s))ds

≤ Aµ,η
k0∑
i=1

∫ 1

0

(1− s)µ−1Mi(s)Λi

(
‖x‖, ‖x′‖, ‖x′‖

Γ(2− β)
,
‖x‖

Γ(p+ 1)

)
ds

≤ Aµ,η
k0∑
i=1

Λi

(
r, r,

r

Γ(2− β)
,

r

Γ(p+ 1)

)(∫ 1

0

Mi(s) sup(1− s)µ−1ds
)

≤ Aµ,η
k0∑
i=1

Λi

( r
γ0
,
r

γ0
,
r

γ0
,
r

γ0

)
‖Mi‖1,
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where γ0 = min{1,Γ(p+ 1),Γ(2− β)} = min{Γ(p+ 1),Γ(2− β)}. Since r
γ0
> r, by

using (2.1) we obtain Λi(
r
γ0
, rγ0 ,

r
γ0
, rγ0 ) < (θ0 + ε0) rγ0 and so

|Fx(t)| ≤ Aµ,η
k0∑
i=1

r

γ0
(θ0 + ε0)‖Mi‖1 = (θ0 + ε0)

(Aγ,µ∑k0
i=1 ‖Mi‖1
γ0

)
· r < r.

Hence, ‖Fx‖ ≤ r.
Also, we have

|F ′x(t)| ≤
∫ 1

0

|∂G(t, s)

∂t
||f(s, x(s), x′(s), Dβx(s), Ipx(s))|ds

≤ Bµ,η

∫ 1

0

(1− s)µ−1
[ k0∑
i=1

Mi(s)Λi(x(s), x′(s), Dβx(s), Ipx(s))
]
ds

≤ Bµ,η

[ k0∑
i=1

Λi

(
r, r,

r

Γ(2− β)
,

r

Γ(p+ 1)

)] ∫ 1

0

(1− s)µ−1Mi(s)ds

≤ Bµ,η

k0∑
i=1

Λi

( r
γ0
,
r

γ0
,
r

γ0
,
r

γ0

)∫ 1

0

‖Mi‖1ds

≤ (θ0 + ε0)
(Bγ,µ∑k0

i=1 ‖Mi‖1
γ0

)
r < r

and so ‖Fx‖∗ = max{‖Fx‖, ‖Fx‖∗} ≤ r. This implies that Fx ∈ C and Fy ∈ C,
that is, α(Fx, Fy) ≥ 1. Thus, F is α-admissible.

Since C 6= ∅, there exists x0 ∈ C and so Fx0
∈ C. Hence, α(x0, Fx0

) ≥ 1.

Denote λµ,η := [b̂1 + b̂2 + b̂3
Γ(2−β) + b̂4

Γ(p+1) ].Cµ,η < 1. Put ψ(t) = λµ,ηt for all

t ≥ 0. Since
∑∞
n=1 ψ

n(t) =
∑∞
n=1 λ

n
µ,ηt = (

λµ,η
1−λµ,η )t <∞ and ψ : [0,∞)→ [0,∞) is

nondecreasing, we get ψ ∈ Ψ.
Note that,

|Fx(t)− Fy(t)|

≤
∫ 1

0

G(t, s)|f(s, x(s), x′(s), Dβx(s), Ipx(s))− f(s, y(s), y′(s), Dβy(s), Ipy(s))|ds

≤ Aµ,η
[
b̂1 + b̂2 +

b̂3
Γ(2− β)

+
b̂4

Γ(p+ 1)

]
‖x− y‖∗

and so ‖Fx − Fy‖ ≤ Aµ,η
[
b̂1 + b̂2 + b̂3

Γ(2−β) + b̂4
Γ(p+1)

]
‖x− y‖∗. Also,

|F ′x − F ′y|

≤
∫ 1

0

|∂G(t, s)

∂t
||f(s, x(s), x′(s), Dβx(s), Ipx(s))−f(s, y(s), y′(s), Dβy(s), Ipy(s))|ds

≤ Bµ,η
[
b̂1 + b̂2 +

b̂3
Γ(2− β)

+
b̂4

Γ(p+ 1)

]
‖x− y‖∗

which implies ‖F ′x − F ′y‖ ≤ Bµ,η
[
b̂1 + b̂2 + b̂3

Γ(2−β) + b̂4
Γ(p+1)

]
‖x− y‖∗. Thus,

‖Fx−Fy‖∗ ≤ Cµ,η[b̂1+b̂2+
b̂3

Γ(2− β)
+

b̂4
Γ(p+ 1)

]‖x−y‖∗ = λµ,η‖x−y‖∗ = ψ(‖x−y‖∗)

for all x, y ∈ C. Hence, α(x, y)‖Fx − Fy‖∗ ≤ ψ(d(x, y)) for all x, y ∈ X. By using
Lemma 1.2, F has a fixed point which is a solution for the problem (1.1). �
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The following example illustrates our last result.

Example 2.1. Consider the pointwisely defined problem

D
7
2x(t) +

1

96
√
π(g(t))

1
3

(‖x‖+ ‖x′‖+ ‖D 2
3x‖+ ‖I 1

2x‖) = 0 (2.2)

with boundary conditions x′(0) = x( 5
6 ), x(1) =

∫ 1
2

0
x(s)ds and x′′(0) = 0, where

g(t) =

{
0 t ∈ [0, 1] ∩Q
t t ∈ (0, 1) ∩Qc.

Let µ = 7
2 , β = 2

3 , η = 1
2 , ξ = 5

6 and σ =
√
π

32 . Then, we have

Cµ,η = max{Aµ,η, Bµ,η} = max
{ 3

(1− η)Γ(µ)
,

2

(1− η)Γ(µ− 1)

}
= max

{ 3

(1− 1
2 )Γ( 7

2 )
,

2

(1− 1
2 )Γ( 5

2 )

}
= max

{ 16

5
√
π
,

16

3
√
π

}
=

16

3
√
π

and γ0 = min{Γ(p+ 1),Γ(2− β)} = min{Γ( 3
2 ),Γ( 4

3 )}. Put

f(t, x(t), x′(t), Dβx(t), Ipx(t)) :=
1

96
√
π(g(t))

1
3

(
‖x‖+ ‖x′‖+ ‖D 2

3x‖+ ‖I 1
2x‖
)
,

b1(t) = b2(t) = b3(t) = b4(t) = b(t) = M(t) = M1(t) = M2(t) = M3(t) =
M4(t) = 1

t
1
3

and Λi(x1, x2, x3, x4) := ‖xi‖ for i = 1, . . . , 4. Then, ‖b‖1 = ‖M‖1 =
1

96
√
π(1− 1

3 )
= 1

64
√
π

,

|f(t, x1, x2, x3, x4)− f(t, y1, y2, y3, y4)|

=
1

96
√
π(g(t))

1
3

[‖x1‖ − ‖y1‖+ · · ·+ ‖x4‖ − ‖y4‖]

≤ 1

96
√
π(g(t))

1
3

[‖x1 − y1‖+ · · ·+ ‖x4 − y4‖]

=
1

96
√
πt

1
3

4∑
i=1

‖xi − yi‖ =

4∑
i=1

b(t)‖xi − yi‖,

and

|f(t, x1, x2, x3, x4)| =
1

96
√
π(g(t))

1
3

[‖x1‖+ · · ·+ ‖x4‖]

=
1

96
√
πt

1
3

[‖x1‖+ · · ·+ ‖x4‖]

=

4∑
i=1

M(t)Λi(x1, x2, x3, x4)

for all (x1, x2, x3, x4), (y1, y2, y3, y4) ∈ X4 and almost all t ∈ [0, 1].

On the other hand, we have lim
z→∞

Λi(z,z,z,z)
z = 1 and

γ0

Cµ,η
∑4
i=1 ‖M‖1

=
γ0

16
3
√
π
× 4

64
√
π

= γ0 · 3π > 1.
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Choose δ0 > 0 such that γ0
Cµ,η

∑4
i=1 ‖M‖1+δ0

≥ 1. Since

b̂ =

∫ 1

0

(1− s) 7
2−1b(s)ds ≤

∫ 1

0

b(s)ds = ‖b‖1 =
1

64
√
π
,

we get[
b̂+ b̂+

b̂

Γ(2− β)
+

b̂

Γ(p+ 1)

]
Cµ,η ≤

1

64
√
π

[
1 + 1 +

1

Γ( 4
3 )

+
1

Γ( 2
3 )

] 16

3
√
π
< 1.

Now by using Theorem 2.1, the pointwisely defined problem (2.2) has a solution.

Theorem 2.2. Let f be a real valued function on [0, 1]× (C[0, 1])4 which is defined
for all x1, . . . , x4 in C[0, 1] and almost all t ∈ [0, 1]. Assume that there exists a
natural number k1, nondecreasing maps in their all components Λ1, . . . ,Λk1 : R4 →
R with Λi(z, z, z, z) ≥ 0 for all z ≥ 0 and limz→0+

Λi(z,z,z,z)
z = qi for some 0 ≤ qi <

1 (i = 1, . . . , k1) and some functions a1, . . . , ak1 : [0, 1]→ [0,∞) such that

|f(t, x1, x2, x3, x4)−f(t, y1, y2, y3, y4)| ≤
k1∑
i=1

ai(t)Λi(x1−y1, x2−y2, x3−y3, x4−y4),

for all x1, . . . , x4, y1, . . . , y4 ∈ X with xj ≥ yj ≥ 0 (j = 1, . . . , 4) and almost all

t ∈ [0, 1]. If Cµ,η
∑k1
i=1 ‖(1 − t)µ−1ai‖1 ≤ 1, then the pointwisely defined problem

(1.1) has a solution, where Cµ,η is defined in Theorem 2.1.

Proof. Since lim
z→0+

Λi(z,z,z,z)
z = qi < 1 for i = 1, . . . , k1, for each εi > 0 there exists

δi := δ(εi) > 0 such that 0 < z
γ0
< δi implies Λi(

z
γ0
, . . . , zγ0 ) ≤ (qi + εi)

z
γ0

, where

γ0 := min{Γ(p+ 1),Γ(2− β)}. Let ε0i be such that qi + ε0i < 1 and δ0
i = δ(ε0i ). Put

q = max{q1, . . . , qk1}, ε0 = min{ε01, . . . , ε0k1} and δ = min{δ0
1 , . . . , δ

0
k1
, ε0}. Thus,

q+ ε0 < 1 and Λi(
z
γ0
, . . . , zγ0 ) < (q+ ε0) zγ0 for all 0 < z < δ

γ0
and 1 ≤ i ≤ k1. Also,

Λi(
δ
γ0
, . . . , δγ0 ) < (q + ε0) δγ0 .γ0 = (q + ε0)δ ≤ (q + ε0)ε0.

Define the map α : X ×X → [0,∞) by α(x, y) = 1 whenever ‖x − y‖∗ ≤ δ and
α(x, y) = 0 otherwise. If α(x, y) ≥ 1, then ‖x− y‖∗ ≤ δ and so

|Fx(t)− Fy(t)|

≤
∫ 1

0

G(t, s)|f(s, x(s), x′(s), Dβx(s), Ipx(s))− f(s, y(s), y′(s), Dβy(s), Ipy(s))|ds

≤
∫ 1

0

G(t, s)

k1∑
i=1

ai(s)|Λi((x− y)(s), (x− y)′(s), Dβ(x− y)(s), Ip(x− y)(s))|ds

≤ Aµ,η
∫ 1

0

(1− s)µ−1
k1∑
i=1

ai(s)|Λi(‖x− y‖, ‖(x− y)′‖, ‖Dβ(x− y)‖, ‖Ip(x− y)‖)|ds

≤ Aµ,η
k1∑
i=1

(∫ 1

0

(1− s)µ−1ai(s)ds
)

Λi

(
δ, δ,

δ

Γ(2− β)
,

δ

Γ(p+ 1)

)
≤ Aµ,η

k1∑
i=1

(

∫ 1

0

(1− s)µ−1ai(s)ds)Λi

( δ
γ0
,
δ

γ0
,
δ

γ0
,
δ

γ0

)
≤ Aµ,η

k1∑
i=1

‖(1− t)µ−1ai‖1(q + ε0)δ
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Aµ,η

k1∑
i=1

‖(1− t)µ−1ai‖1δ ≤ δ.

Hence, ‖Fx − Fy‖∗ ≤ δ which implies α(Fx, Fy) = 1.

If k := Cµ,η
∑k1
i=1 ‖(1− t)µ−1ai‖1(q + ε0), then by using the assumption we get

k < 1. If ψ(t) = kt, then ψ ∈ Ψ. If ‖x− y‖ ≤ δ, then

‖Fx − Fy‖ ≤ Aµ,η
k1∑
i=1

‖(1− t)µ−1ai‖1(q + ε0)‖x− y‖∗ ≤ k‖x− y‖∗

and

‖F ′x − F ′y‖ ≤ Bµ,η
k1∑
i=1

‖(1− t)µ−1ai‖1(q + ε0)‖x− y‖∗ ≤ k‖x− y‖∗.

Thus, ‖Fx−Fy‖∗ ≤ k‖x−y‖∗ = ψ(‖x−y‖∗) and so α(x, y)‖Fx−Fy‖∗ ≤ ψ(‖x−y‖∗)
for all x, y ∈ X. Let ε > 0 be given. Since Λi(

z
γ0
, . . . , zγ0 )→ 0 as z → 0+, for each

1 ≤ i ≤ k1 there exists δi > 0 such that Λi(
z
γ0
, . . . , zγ0 ) < ε

k′ for all 0 < z ≤ δi,

where

k′ := [Cµ,η

k1∑
i=1

‖(1− t)µ−1ai‖1] + 1.

If δ = min{δi : 1 ≤ i ≤ k1}, then Λi(
z
γ0
, . . . , zγ0 ) < ε

k′ for all 0 < z ≤ δ and

1 ≤ i ≤ k1. If xn → x, then there exists a natural number n0 such that ‖xn−x‖∗ < δ
for all n ≥ n0. Hence,

|Fxn(t)− Fx(t)|

≤
∫ 1

0

G(t, s)|f(s, xn(s), x′n(s), Dβxn(s), Ipxn(s))− f(s, x(s), x′(s), Dβx(s), Ipx(s))|ds

≤
∫ 1

0

G(t, s)

k1∑
i=1

ai(s)Λi(‖xn − x‖, ‖(xn − x)′‖, ‖Dβ(xn − x)‖, ‖Ip(xn − x)‖)ds

≤ Aµ,η
k1∑
i=1

[
Λi
(
δ, δ,

δ

Γ(2− β)
,

δ

Γ(p+ 1)

)∫ 1

0

(1− s)µ−1ai(s)ds
]

≤ Aµ,η
k1∑
i=1

[
Λi
( δ
γ0
,
δ

γ0
,
δ

γ0
,
δ

γ0

)∫ 1

0

(1− s)µ−1ai(s)ds
]

≤ Aµ,η
ε

k′

k1∑
i=1

‖(1− t)µ−1ai‖1 < ε

for all t ∈ [0, 1] and n ≥ n0. This implies that ‖Fxn−Fx‖ ≤ ε for n ≥ n0. Similarly,

|F ′xn(t)− F ′x(t)| ≤
∫ 1

0

∣∣∣∂G
∂t

(t, s)||f(s, xn(s), x′n(s), Dβxn(s), Ipxn(s))

−f(s, x(s), x′(s), Dβx(s), Ipx(s))
∣∣∣ds ≤ Bµ,η ε

k′

k1∑
i=1

‖(1− t)µ−1ai‖1 < ε

for all t ∈ [0, 1] and n ≥ n0 and so ‖F ′xn − F
′
x‖ ≤ ε for n ≥ n0. Thus,

‖Fxn − Fx‖∗ = max{‖Fxn − Fx‖, ‖F ′xn − F
′
x‖} ≤ ε

for n ≥ n0 and so Fxn → Fx as xn → x. Hence, F is continuous.
Now, we show that there exists x0 ∈ X such that α(x0, Fx0) = 1.
In this regard, we have to show that ‖Fx0

− x0‖ ≤ δ for some x0 ∈ X. Let
λ > 0 be a fixed real number. Since Λi(z, z, z, z) → 0 as z → 0+, for each ε > 0
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there exists n = n(ε) such 0 < z ≤ λ
n implies Λi(z, z, z, z) ≤ ε for all 1 ≤ i ≤ k1.

Hence, Λi(
λ
n , . . . ,

λ
n ) ≤ ε. Put λ := max{ 1

Γ(2−β) ,
1

Γ(p+1) , 1} = max{ 1
Γ(2−β) ,

1
Γ(p+1)}

and choose εM such that
∑k1
i=1 ‖(1 − t)µ−1ai‖1εMCµ,η < δ. Put n1 = n(εM ) and

choose a natural number n2 such that
∑k1
i=1 ‖(1− t)µ−1ai‖1εMCµ,η ≤ δ − 1

n2
.

If n0 = max{n1, n2}, then Λi(
λ
n0
, · · · , λn0

) ≤ εM for all 1 ≤ i ≤ k1. Define

x0(t) =


0, t ≤ 1

n0+1
,

6n2
0

6n2
0 + 5n0 + 2

( t3
3
− 2n0 + 1

2n0(n0 + 1)
t2 +

t

n0(n0 + 1)

)
+

1

n0 + 2
, 1

n0+1
< t < 1

n0
,

1

n0
, t ≥ 1

n0
.

It is easy to check that x0 ∈ C[0, 1] and 0 ≤ x(t) ≤ 1
n0

for all t ∈ [0, 1], x0( 1
n0+1 ) = 0

and

x′0(t) =


0, t ≤ 1

n0+1 ,

6n2
0

6n2
0 + 5n0 + 2

(t2 − 2n0 + 1

n0(n0 + 1)
t+

1

n0(n0 + 1)
), 1

n0+1 < t < 1
n0
,

0, t ≥ 1
n0
.

Thus, x′0 ∈ C[0, 1] and x′0( 1
n0+1 ) = x′0( 1

n0
) = 0. Hence, x0 ∈ C1[0, 1]. Also, we have

x′0(t) ≤ 6n2
0

6n2
0 + 5n0 + 2

( 1

n2
0

+
1

n4
0(n0 + 1)

− 2n0 + 1

2n0(n0 + 1)2

)
≤ 1× 1

n0
×
( 1

n0
+

1

n3
0(n0 + 1)

− 2n0

(n0 + 1)2

)
≤ 1

n0

and so ‖xn0
‖∗ ≤ 1

n0
. It follows,

|Fx0(t)− x0(t)| =
∣∣∣ ∫ 1

0

G(t, s)f(s, x0(s), x′0(s), Dβx0(s), Ipx0(s))ds− x0(s)
∣∣∣

≤
∫ 1

0

G(t, s)|f(s, x0(s), x′0(s), Dβx0(s), Ipx0(s))ds|+ 1

n0

≤ Aµ,η
∫ 1

0

(1− s)µ−1
k1∑
i=1

ai(s)Λi

(
‖x0‖, ‖x′0‖,

‖x′0‖
Γ(2− β)

,
‖x0‖

Γ(p+ 1)

)
ds+

1

n0

≤ Aµ,η
k1∑
i=1

[( ∫ 1

0

(1− s)µ−1ai(s)ds
)

Λi

( λ
n0
,
λ

n0
,
λ

n0
,
λ

n0

)]
+

1

n0

≤ Aµ,η
[ k1∑
i=1

‖(1− t)µ−1ai‖
]
εM +

1

n0
≤ δ.

for all t ∈ [0, 1] and so ‖Fx0 − x0‖ ≤ δ.
Similarly, we have

|(Fx0
(t)− x0(t))′| = |F ′x0

(t)− x′0(t)|

≤
∫ 1

0

∣∣∣∂G
∂t

(t, s)||f(s, x0(s), x′0(s), Dβx0(s), Ipx0(s))ds
∣∣∣+

1

n0

≤ Bµ,η
[ k1∑
i=1

‖(1− t)µ−1ai‖
]
εM +

1

n0
≤ δ
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and so ‖(Fx0
−x0)′‖ ≤ δ. Hence, ‖Fx0

−x0‖∗ = max{‖Fx0
−x0‖, ‖(Fx0

−x0)′‖} ≤ δ.
Thus, α(x0, Fx0) = 1. Now by using Theorem 1.2, F has a fixed point which is a
solution for the multi-singular fractional integro-differential equation (1.1). �

The following example illustrates Theorem 2.2.

Example 2.2. Consider the fractional integro-differential equation

D
5
2x(t) +

0.09

t
1
4 (t− 1

3 )
1
8

[1− (
3

5
)

2
5 (x(t)+x′(t)+D

1
4 x(t)+I

1
5 x(t))] = 0 (2.3)

for almost all [0, 1], with boundary condition x′(0) = x( 1
2 ) and x(1) =

∫ 1
7

0
x(s)ds.

Put µ = 5
2 , β = 1

4 , ξ = 1
2 , η = 1

7 , p = 1
5 and k1 = 1. Note that,

Cµ,η = max
{ 3

(1− η)Γ(µ)
,

2

(1− η)Γ(µ− 1)

}
= max

{ 3

(1− 1
7 )Γ( 5

2 )
,

2

(1− 1
7 )Γ( 3

2 )

}
,

and get Cµ,η = 14
3
√
π

. Define f(t, x1, . . . , x4) = 0.09

t
1
4 (t− 1

3 )
1
8

[1− ( 3
5 )

2
5 (x1+···+x4)],

a(t) =
0.09

t
1
4 (t− 1

3 )
1
8

, Λ(x1, . . . , x4) = 1−
(3

5

) 2
5 (x1+···+x4)

.

It is easy to check that the function Λ is nondecreasing in all its components
and Λ(z, z, z, z) ≥ 0 for all z ≥ 0. Let (x1, . . . , x4), (y1, . . . , y4) ∈ X4 be such
that xi ≥ yi ≥ 0 for 1 ≤ i ≤ 4. Since ( 3

5 )yi ≤ ( 3
5 )xi , ( 3

5 )yi(( 3
5 )yi − ( 3

5 )xi) ≤
( 3

5 )yi − ( 3
5 )xi it follows that ( 3

5 )yi(( 3
5 )yi − ( 3

5 )xi) ≤ ( 3
5 )yi(1 − ( 3

5 )xi−yi). Thus,

(1 − ( 3
5 )xi) − (1 − ( 3

5 )yi) ≤ (1 − ( 3
5 )xi−yi). By replacing xi and yi with 2

5

∑4
i=1 xi

and 2
5

∑4
i=1 yi, we get (1−( 3

5 )
2
5

∑4
i=1 xi)−(1−( 3

5 )
2
5

∑4
i=1 yi) ≤ (1−( 3

5 )
2
5 (

∑4
i=1 xi−yi)).

Hence,

Λ(x1, . . . , x4)− Λ(y1, . . . , y4) ≤ Λ(x1 − y1, . . . , x4 − y4).

On the other hand, f(t, x1, . . . , x4)−f(t, y1, . . . , y4) ≤ a(t)Λ(x1−y1, . . . , x4−y4)

and limz→0+
Λ(z,z,z,z)

z = lim
z→0+

1−( 3
5 )4×

2
5
z

z = −4( 2
5 )(ln( 3

5 )) = 0.81 < 1. Now by using

Theorem 2.2, the fractional integro-differential pointwisly defined equation (2.3)
has a solution.

Now, we present our final result.

Theorem 2.3. Assume that f : [0, 1]×X4 → [0,∞] is such that f(t, x1, x2, x3, x4) <
∞ for all x1, . . . , x4 ∈ X and t ∈ E, where Ec is a null subset of [0, 1], that is, the
measure of Ec is zero, f(t, x1, x2, x3, x4) is continuous respect to the components
x1, x2, x3 and x4 for all t ∈ E. Suppose that there exists a natural number n1 and
maps θ1, . . . , θn1

: [0, 1] → [0,∞), T1, . . . , Tn1
: R4 → [0,∞), θ1, . . . , θn1

∈ L1[0, 1],
H : R4 → [0,∞) such that

‖H‖∗1 := sup
x∈C[0,1]

∫ 1

0

H(x(t), x(t), x(t), x(t))dt <∞,

‖Ti‖∞ := supz∈R{Ti(z, z, z, z)} <∞ for i = 1, . . . , n1 and

|f(t, x1, x2, x3, x4)| ≤
n1∑
i=1

θi(t)Ti(x1, x2, x3, x4) +H(x1, x2, x3, x4)
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for all x1, . . . , x4 ∈ X and almost all t ∈ [0, 1]. Assume that there exists the maps

ψ : R4 → [0,∞) and b : [0, 1] → [0,∞) such that ‖b‖L1 :=
∫ 1

0
(1 − t)µ−1b(t)dt < ∞

and
f(t, x1, . . . , x4) ≥ b(t)ψ(x1, . . . , x4)

for all x1, . . . , x4 ∈ X and almost all t ∈ [0, 1]. Suppose that there exist a1, a2, a3, a4 ∈
L1[0, 1] and φ : [0,∞)→ [0,∞) such that

∑4
i=1 ‖ai‖1 <

1
Cµ,η

, φγ0 ∈ Ψ and

|f(t, x1, . . . , x4)− f(t, y1, . . . , y4)| ≤
4∑
i=1

ai(t)φ(‖xi − yi‖)

for all (x1, . . . , x4), (y1, . . . , y4) ∈ X4 with ‖xi‖, ‖yi‖ ∈ [δ1, δ2], where φθ(x) := φ(xθ )

for all for θ > 0, ‖ψ‖m := min{ψ(x1, . . . , x4) : (x1, . . . , x4) ∈ R4},

δ1 ≤
‖ψ‖m‖b‖L1 (4− µ2 − 2µ)

2Γ(µ)(1− µ)
, δ2 ≥ Cµ,η

( n1∑
i=1

‖Ti‖∞‖θi‖1 + ‖H‖∗1
)
.

Then the pointwise defined problem (1.1) has a solution.

Proof. Let {xn} be a sequence such that ‖xn − x‖∗ → 0. Then, xn → x and

x′n → x′. By using the inequalities ‖Dβ(xn − x)‖ ≤ ‖(xn−x)′‖
Γ(2−β) and ‖Ip(xn − x)‖ ≤

‖xn−x‖
Γ(p+1) , we get Dβxn → Dβx and Ipxn → Ipx. Since f(t, x1, . . . , x4) is continuous

respect to x1, . . . , x4 for all t ∈ E, we conclude that f(t, xn, x
′
n, D

βxn, I
pxn) →

f(t, x, x′, Dβx, Ipx) for all t ∈ E. Let x ∈ X be given and t ∈ [0, 1]. Then, we have

|Fx(t)| ≤ Aµ,η
(∫ 1

0

(1− s)µ−1
( n1∑
i=1

θi(s)Ti(x(s), x′(s), Dβx(s), Ipx(s))
)

+H(x(s), x′(s), Dβx(s), Ipx(s)
)
ds.

If x̄(s) := max{x(s), x′(s), Dβx(s), Ipx(s)}, then x̄ ∈ C[0, 1] and so

|Fx(t)| ≤ Aµ,η
( n1∑
i=1

Ti

(
‖x‖, ‖x′‖, ‖x′‖

Γ(2− β)
,
‖x‖

Γ(p+ 1)

))
×
∫ 1

0

θi(s)ds

+

∫ 1

0

H(x̄(s), x̄(s), x̄(s), x̄(s))ds ≤ Aµ,η
( n1∑
i=1

‖Ti‖∞‖θi‖+ ‖H‖∗1
)

for all t ∈ [0, 1]. Similarly, one can show that |F ′x(t)| ≤ Bµ,η(
∑n1

i=1 ‖Ti‖∞‖θi‖ +
‖H‖∗1) and so

‖Fx‖∗ ≤ Cµ,η(

n1∑
i=1

‖Ti‖∞‖θi‖+ ‖H‖∗1) <∞ (2.4)

for all x ∈ X. By using the Lebesgue dominated convergence theorem, we get

Fxn(t) =

∫ 1

0

G(t, s)f(s, xn(s), x′n(s), Dβxn(s), Ipxn(s))ds→∫ 1

0

G(t, s)f(s, x(s), x′(s), Dβx(s), Ipx(s))ds = Fx(t)

for all t ∈ [0, 1] and so the selfmap F on X is continuous. Define the map

α : X2 → [0,∞), α(x, y) =

{
1, |x‖∗, ‖y‖∗ ∈ [δ1, δ2],
0, otherwise.
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If α(x, y) ≥ 1, then ‖x‖∗, ‖y‖∗ ∈ [δ1, δ2] and so

|Fx(t)| = |
∫ 1

0

G(t, s)f(s, x(s), x′(s), Dβx(s), Ipx(s))ds|

≥
∫ 1

0

(1− s)η−1

Γ(µ)

(
− t+

2− η2

2(1− η)

)
b(s)ψ(x(s), x′(s), Dβx(s), Ipx(s))ds

≥ ‖ψ‖m
(
− t

Γ(µ)

∫ 1

0

(1− s)µ−1b(s)ds+
2− η2

2(1− η)

∫ 1

0

(1− s)η−1b(s)ds
)

≥ ‖ψ‖m‖b‖L1
( 1

Γ(µ)
+

2− η2

2(1− η)

)
= ‖ψ‖m‖b‖L1

( 4− η2 − 2η

2Γ(µ)(1− η)

)
for all t ∈ [0, 1]. Thus, ‖Fx‖ ≥ ‖ψ‖m‖b‖

L
1 (4−η2−2η)

2Γ(µ)(1−η) and so

‖Fx‖∗ := max{‖Fx‖, ‖F ′x‖} ≥
‖ψ‖m‖b‖L1 (4− η2 − 2η)

2Γ(µ)(1− η)
≥ δ1.

By using (2.4), we obtain ‖Fx‖∗ ≤ Cµ,η(
∑n1

i=1 ‖Ti‖∞‖θi‖1 + ‖H‖∗1) ≤ δ2 and so
α(Fx, Fy) ≥ 1. If x0 ∈ [δ1, δ2] , then it is easy to check that α(x0, Fx0) ≥ 1. Let
x, y ∈ [δ1, δ2]. Then,

α(x, y)|Fx(t)− Fy(t)|

≤
∫ 1

0

G(t, s)|f(s, x(s), x′(s), Dβx(s), Ipx(s))− f(s, y(s), y′(s), Dβy(s), Ipy(s))|ds

≤ Aµ,η
∫ 1

0

(1− s)µ−1(a1(s)φ(|x− y|) + a2(s)φ(|x′ − y′|)

+a3(s)φ(|Dβx−Dβy|) + a4(s)φ(|Ipx− Ipy|))ds

≤ Aµ,η
∫ 1

0

(1− s)µ−1
(
a1(s)φ(‖x− y‖) + a2(s)φ(‖x′ − y′‖)

+a3(s)φ
(‖x′ − y′‖

Γ(2− β)

)
+ a4(s)φ

( ‖x− y‖
Γ(p+ 1)

))
ds

≤ Aµ,η
∫ 1

0

(1− s)µ−1φ
(‖x− y‖∗

γ0

)( 4∑
i=1

ai(s)
)
ds

≤ Aµ,ηφ
(‖x− y‖∗

γ0

) 4∑
i=1

∫ 1

0

(1− s)µ−1ai(s)ds

≤
4∑
i=1

‖ai‖1φ
(‖x− y‖∗

γ0

)
≤ φγ0(‖x− y‖∗)

and so α(x, y)‖Fx − Fy‖ ≤ φγ0(‖x− y‖∗) for all x, y ∈ X.
Similarly, we can conclude that α(x, y)‖F ′x−F ′y‖ ≤ φγ0(‖x−y‖∗) for all x, y ∈ X.

Thus, α(x, y)‖Fx − Fy‖∗ ≤ φγ0(‖x− y‖∗) for all x, y ∈ X. By using Theorem 1.2,
the selfmap F has a fixed point which is a solution for the problem (1.1). �

The following example illustrates Theorem 2.3.

Example 2.3. Consider the fractional integro-differential equation

D
5
2x(t) +

0.01

g(t)
T (x(t), x′(t), D

1
3x(t), I

2
3x(t)) + 2 = 0, (2.5)
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for almost all [0, 1], with the boundary condition x′(0) = x( 1
2 ) and x(1) =

∫ 4
5

0
x(s)ds,

where g : [0, 1]→ [0,∞) is defined by g(t) = 0 whenever t ∈ Q∩ [0, 1] and g(t) =
√
t

whenever t ∈ Qc ∩ [0, 1] and the map T : R4 → [0,∞) is defined by

T (x1, . . . , x4) =



1

2

4∑
i=1

‖xi‖
1 + ‖xi‖

, x1, . . . , x4 ∈ [0, 23],

| sin(x1 + · · ·+ x4)|, x1, . . . , x4 ∈ (−∞, 0)

−23

48

(1

4

4∑
i=1

xi − 24
)
, x1, . . . , x4 ∈ [23, 24]

0, otherwise.

Put µ = 5
2 , β = 1

3 , ξ = 1
2 , η = 4

5 and p = 2
3 . Then, we have

Cµ,η = max
{ 3

(1− η)Γ(µ)
,

2

(1− η)Γ(µ− 1)

}
= max

{ 3

(1− 4
5 )Γ( 5

2 )
,

2

(1− 4
5 )Γ( 3

2 )

}
,

that is Cµ,η = 20√
π

, and γ0 = min{Γ(2 − β),Γ(p + 1)} = min{Γ( 5
3 ),Γ( 5

3 )} = Γ( 5
3 ).

We can see that ‖T‖∞ = 1. Let n1 = 1. Define the maps ψ(x1, . . . , x4) :=
T (x1, . . . , x4), a(t) = b(t) = θ(t) := 0.01√

t
and φ(t) := 1

2 t.

IfH(x1, . . . , x4) = 2, f(t, x1, . . . , x4) := 0.01
g(t)T (x1, . . . , x4)+2, δ1 = 0 and δ2 = 23,

then f(t, x1, x2, x3, x4) < ∞ for all x1, . . . , x4 ∈ X and t ∈ E := Qc ∩ [0, 1],
f(t, x1, x2, x3, x4) is continuous respect to the components x1, x2, x3 and x4 for all
t ∈ E,

f(t, x1, . . . , x4) =
1

g(t)
T (x1, . . . , x4) + 2 ≥ b(t)ψ(x1, . . . , x4)

and

|f(t, x1, . . . , x4)− f(t, y1, . . . , y4)| ≤
4∑
i=1

1

2
× 0.01√

t
‖xi − yi‖ =

4∑
i=1

a(t)φ(‖xi − yi‖),

for all (x1, . . . , x4), (y1, . . . , y4) ∈ X4 and almost all t ∈ [0, 1]. Note that, φγ0 ∈ Ψ,

4∑
i=1

‖a‖1 = 4× 0.02 = 0.08 <

√
π

20
=

1

Cµ,η
,

‖ψ‖m‖b‖L1 (4− µ2 − 2µ)

2Γ(µ)(1− µ)
≥ 0 = δ1

and

Cµ,η(‖T‖∞‖θ‖1 + ‖H‖∗1) ≤ 20√
π

(1× 0.02 + 2) ≤ 23 = δ2.

Now by using Theorem (2.3), the fractional integro-differential pointwise defined
by equation (2.5) has a solution.

Acknowledgments. The authors would like to thank the anonymous referees for
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