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ASYMPTOTIC STABILITY IN NEUTRAL DIFFERENTIAL

EQUATIONS WITH MULTIPLE DELAYS

CEMIL TUNC, YENER ALTUN

Abstract. The aim of this paper is to investigate the asymptotic stability of
solutions to certain neutral functional differential equations of first order. We
obtain specific sufficient conditions expressed in terms of matrix inequality to
verify the asymptotic stability of solutions. The technique of proof involves
a functional method. We also give an example to illustrate the feasibility
and correctness of the main result by MATLAB-Simulink. Our result has a
contribution to the literature.

1. Introduction

In this paper, we consider the neutral differential equation with multiple delays

d

dt

[

x(t) +

2
∑

i=1

ci(t)x(t − τi(t))

]

=−
2
∑

i=1

pi(t)x(t) −
2
∑

i=1

qi(t)hi(x(t))x(t − σi(t))

− r(t)

∫ t

t−δ(t)

x(s)ds, t ≥ t0 ≥ 0, (1.1)

where ci(t), pi(t), qi(t), r(t) : [t0,∞) → [0,∞), t0 ≥ 0, hi(x) : ℜ → ℜ are continuous
functions such that ci(t), r(t), τi(t), σi(t) and δ(t) are differentiable functions and
satisfy the following assumptions:

(A1) 0 ≤ τi(t) ≤ τi, 0 ≤ σi(t) ≤ σi, 0 ≤ δ(t) ≤ δ for all t ≥ t0,
(A2) τ ′i(t) ≤ δ1i, σ

′
i(t) ≤ δ2i < 1, δ′(t) ≤ δ3 for all t ≥ t0,

where δ1i, δ2i, δ3 ∈ (0, 1), (i = 1, 2).
Let x(t) be a solution of equation (1.1). It is assumed that

x(s) = φ(s), s ∈ [t0 −H, t0],

where φ is the initial function φ ∈ C([t0 −H, t0],R), H = max{τi, σi, δ}, (i=1,2).
It is notable that different particular cases of delay differential equation (1.1)

have been proposed by many researchers for studying the dynamical characteristics
of neural networks of Hopfield type. Therefore, it can be seen from the relevant
literature that qualitative properties of various neutral differential equations have
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been investigated by many authors, and the researchers have obtained many in-
teresting and important results on some qualitative properties of them; stability,
exponentially stability, asymptotically stability , oscillation, non-oscillations of so-
lutions and etc., (see, for example, Agarwal and Grace [1], Bicer and Tunc [2], Boyd
et al. [3], Gahinet et al. [4], Hale and Verduyn Lunel [5], Kolmanovskii and Myshkis
[6], Nam et al. [7], Nam and Phat [8], Park [9-12], Park and Won ([13],[14]), Qu et
al. [15], Qu et al. [16], Sun [17], Tunc [18-21], Yue et al. [22] and references cited
therein). Then, it is reasonable to deal with the qualitative behaviors of equation
(1.1).

In 2005, Park [11] considered the neutral differential equation with a distributed
delay:

d

dt
[x(t) + c(t)x(t− τ)] + p(t)x(t) + q(t)x(t− σ) + r(t)

∫ t

t−δ

x(s)ds = 0. (1.2)

Benefited from the Lyapunov-Krasovskii method, the author established sufficient
delay-dependent conditions, which are expressed in terms of linear matrix inequality
and can be easily solved by various efficient convex optimization algorithm, to
guarantee the asymptotic stability of solutions of equation (1.2). However, later, in
(2007), Sun [17] considered the same equation, equation (1.2), and the author took
attention to the transform

d

dt

[

x(t) + c(t)x(t − τ)− r(t)

∫ t

t−δ

(δ − t+ s)x(s)ds

]

= −(p(t) + δr(t))x(t) − q(t)x(t− σ),

which was proceeded regarding equation (1.2) by Park [11]. According to the
clearly direct computations, Sun [17] found that instead of the aforementioned
transformation, the true version is

d

dt

[

x(t) + c(t)x(t − τ)− r(t)

∫ t

t−δ

(δ − t+ s)x(s)ds

]

= −(p(t) + δr(t))x(t) − q(t)x(t − σ)− r′(t)

∫ t

t−δ

(δ − t+ s)x(s)ds,

Hence, the transform done by Park [11] is not true in general case for r(t), except
the constant case. Thus, the result of [11] holds true for the case r(t) ≡ r, where r

is a constant in equation (1.2).
The main purpose of this paper is to discuss the asymptotic stability of solutions

of equation (1.1). The motivation for this work comes from the papers of Park [11],
Sun [17], the sources mentioned in the references and that in the literature. We
revise and improve the result of [11] and extend the result of [17]. We intend to
do a contribution to the relevant literature and complement the related results
by defining a Lyapunov- Krasovskii functional. We introduce an example and use
MATLAB Simulink to show correctness of the result to be obtained. These are the
novelty and originality of this paper. The technique of the proof involves some basic
inequalities, matrix inequalities and Lyapunov- Krasovskii functional method.

Through this paper, ∗ represents the elements below the main diagonal of a
symmetric matrix. The notation X > Y , where X and Y are matrices of the same
dimensions, means that the matrix X − Y is positive definite.
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2. Main result

We now assume that there exist nonnegative constants c1i, c2i, p1i, p2i, q1i, q2i, h1i, h2i, r1, r2
and r3 such that the following assumptions hold:

(B1) p1i ≤ pi(t) ≤ p2i, q1i ≤ qi(t) ≤ q2i,
(B2) r1 ≤ r(t) ≤ r2, |r′(t)| ≤ r3,
(B3) ci(t) ≤ c1i < 1, |c′i(t)| ≤ c2i,
(B4) h1i ≤ hi(x(t)) ≤ h2i, (i = 1, 2).

We write equation (1.1) as the following:

d

dt

[

x(t) +

2
∑

i=1

ci(t)x(t − τi(t)) − r(t)

∫ t

t−δ(t)

x(s)ds

]

= −
2
∑

i=1

(pi(t) + 0, 5r(t))x(t) −
2
∑

i=1

qi(t)hi(x(t))x(t − σi(t))

−r(t)(δ′(t)− 1)x(t− δ(t))− (r(t) + r′(t))

∫ t

t−δ(t)

x(s)ds. (2.1)

Define an operator D(xt) : C → ℜ by

D(xt) = x(t) +

2
∑

i=1

ci(t)x(t− τi(t)) − r(t)

∫ t

t−δ(t)

x(s)ds. (2.2)

Before state the main result, the following preliminaries results are needed.

Lemma 1. (Cauchy inequality) For any symmetric positive definite matrix
N ∈ ℜn×n and x, y ∈ ℜn we have

±2xT y ≤ xTNx+ yTN−1y.

The following theorem is the main result of this paper.

Theorem 1. For given σi > 0, (i = 1, 2), and δ > 0, every solution x(t) of
equation (1.1) satisfies x(t) → 0 as t → ∞ if the operator D(xt) is stable and there
exist positive scalars εi, (i = 0, 1, ..., 17), α, β and ρ such that

∑

(.) =

[

A B

BT D

]

< 0, (2.3)
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holds, where Σ(.) = Σ(α, β, ρ, ε0, ε1, ..., ε17), µ = 2(p0 + 0.5r2),

A =




























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





































































Σ1,1

√
q0h0

√
q0h0

√

r2(δ3 − 1)
√

(r2 + r3)δ
√
c0µ

√
c0µ

√
r2µδ 0 0 0 0 0

∗ −ε0 0 0 0 0 0 0 0 0 0 0 0

∗ ∗ −ε1 0 0 0 0 0 0 0 0 0 0

∗ ∗ ∗ −ε2 0 0 0 0 0 0 0 0 0

∗ ∗ ∗ ∗ −ε3 0 0 0 0 0 0 0 0

∗ ∗ ∗ ∗ ∗ −ε4 0 0 0 0 0 0 0

∗ ∗ ∗ ∗ ∗ ∗ −ε5 0 0 0 0 0 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ −ε14 0 0 0 0 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∑

2,2

√
r2q0h0δ 0 0 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −ε15 0 0 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∑

3,3

√
r2q0h0δ 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −ε16 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∑

4,4


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
























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






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
























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





< 0,

B =













































0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0√

c0q0h0

√
c0q0h0

√

(r2 + r3)c0δ 0 0 0 0 0 0 0 0 0 0






















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
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
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





,
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D =




























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








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





















































−ε6 0 0 0 0 0 0 0 0 0 0 0 0

∗ −ε7 0 0 0 0 0 0 0 0 0 0 0

∗ ∗ −ε12 0 0 0 0 0 0 0 0 0 0

∗ ∗ ∗
∑

5,5

√
c0q0h0

√
c0q0h0

√

(r2 + r3)c0δ 0 0 0 0 0 0

∗ ∗ ∗ ∗ −ε8 0 0 0 0 0 0 0 0

∗ ∗ ∗ ∗ ∗ −ε9 0 0 0 0 0 0 0

∗ ∗ ∗ ∗ ∗ ∗ −ε13 0 0 0 0 0 0

∗ ∗ ∗ ∗ ∗ ∗ ∗
∑

6,6

√

c0r2(δ3 − 1)
√

c0r2(δ3 − 1)
√

2δ(δ3 − 1)r2 0 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −ε10 0 0 0 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −ε11 0 0 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −ε17 0 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∑

7,7
0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∑

8,8


















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















































































,

with

Σ1,1 = [2α+ 2β + ρ− 4(p̆0 + 0.5r1)],

Σ2,2 = [q0h0ε0 + c0q0h0ε6 + c0q0h0ε8 − β(1− δ21)],

Σ3,3 = [q0h0ε1 + c0q0h0ε7 + c0q0h0ε9 − β(1− δ22)],

Σ4,4 = [c0µε4 + c0r2(δ3 − 1)ε10 − α(1− δ11)],

Σ5,5 = [c0µε5 + c0r2(δ3 − 1)ε11 − α(1− δ12)],

Σ6,6 = [r2(δ3 − 1)ε2 − ρ(1− δ3)],

Σ7,7 = [(r2 + r3)ε3 + (r2 + r3)c0ε12 + (r2 + r3)c0ε13 + r2µε14 + r2q0h0ε15

+ r2q0h0ε16 + 22r2(δ3 − 1)ε17],

Σ8,8 = 2r2(r2 + r3).

Proof. Consider the Lyapunov - Krasovskii functional given by

V (t) = D2(xt) + α

2
∑

i=1

∫ t

t−τi(t)

x2(s)ds

+β

2
∑

i=1

∫ t

t−σi(t)

x2(s)ds+ ρ

∫ t

t−δ(t)

x2(s)ds, (2.4)

where α, β and ρ are positive scalars to be determined later.
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Differentiating the functional V , given by (2.4), along solutions of equation (2.1),
we obtain

dV

dt
= −2

[

x(t) +
2
∑

i=1

ci(t)x(t − τi(t))− r(t)

∫ t

t−δ(t)

x(s)ds

]

×
[ 2
∑

i=1

(pi(t) + 0.5r(t))x(t) +
2
∑

i=1

qi(t)hi(x(t))x(t − σi(t))

+ r(t)(δ′(t)− 1)x(t− δ(t)) + (r(t) + r′(t))

∫ t

t−δ(t)

x(s)ds

]

+ 2αx2(t)− α

2
∑

i=1

(1 − τ ′i(t))x
2(t− τi(t))

+ 2βx2(t)− β

2
∑

i=1

(1− σ′
i(t))x

2(t− σi(t))

+ ρx2(t)− ρ(1− δ′(t))x2(t− δ(t))

= −2

2
∑

i=1

(pi(t) + 0.5r(t))x2(t)− 2

2
∑

i=1

qi(t)hi(x(t))x(t − σi(t))x(t)

− 2r(t)(δ′(t)− 1)x(t)x(t − δ(t))− 2(r(t) + r′(t))x(t)

∫ t

t−δ(t)

x(s)ds

− 2

2
∑

i=1

ci(t)x(t − τi(t))

2
∑

i=1

(pi(t) + 0.5r(t))x(t)

− 2

2
∑

i=1

ci(t)x(t − τi(t))

2
∑

i=1

qi(t)hi(x(t))x(t − σi(t))

− 2r(t)(δ′(t)− 1)x(t− δ(t))

2
∑

i=1

ci(t)x(t − τi(t))

− 2(r(t) + r′(t))

∫ t

t−δ(t)

x(s)ds

2
∑

i=1

ci(t)x(t − τi(t))

+ 2r(t)

∫ t

t−δ(t)

x(s)ds

2
∑

i=1

(pi(t) + 0.5r(t))x(t)

+ 2r(t)

∫ t

t−δ(t)

x(s)ds

2
∑

i=1

qi(t)hi(x(t))x(t − σi(t))

+ 2r2(t)(δ′(t)− 1)x(t− δ(t))

∫ t

t−δ(t)

x(s)ds

+ 2r(t)(r(t) + r′(t))

(

∫ t

t−δ(t)

x(s)ds

)2

+ 2αx2(t)− α

2
∑

i=1

(1 − τ ′i(t))x
2(t− τi(t))

+ 2βx2(t)− β

2
∑

i=1

(1− σ′
i(t))x

2(t− σi(t))

+ ρx2(t)− ρ(1− δ′(t))x2(t− δ(t))
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=[2α+ 2β + ρ− 2

2
∑

i=1

(pi(t) + 0.5r(t))]x2(t)

− 2

2
∑

i=1

qi(t)hi(x(t))x(t − σi(t))x(t)

− 2r(t)(δ′(t)− 1)x(t)x(t − δ(t))− 2(r(t) + r′(t))x(t)

∫ t

t−δ(t)

x(s)ds

− 2

2
∑

i=1

ci(t)x(t − τi(t))

2
∑

i=1

(pi(t) + 0.5r(t))x(t)

− 2

2
∑

i=1

ci(t)x(t − τi(t))

2
∑

i=1

qi(t)hi(x(t))x(t − σi(t))

− 2r(t)(δ′(t)− 1)x(t− δ(t))

2
∑

i=1

ci(t)x(t− τi(t))

− 2(r(t) + r′(t))

∫ t

t−δ(t)

x(s)ds

2
∑

i=1

ci(t)x(t − τi(t))

+ 2r(t)

∫ t

t−δ(t)

x(s)ds

2
∑

i=1

(pi(t) + 0.5r(t))x(t)

+ 2r(t)

∫ t

t−δ(t)

x(s)ds

2
∑

i=1

qi(t)hi(x(t))x(t − σi(t))

+ 2r2(t)(δ′(t)− 1)x(t− δ(t))

∫ t

t−δ(t)

x(s)ds

+ 2r(t)(r(t) + r′(t))

(

∫ t

t−δ(t)

x(s)ds

)2

− α

2
∑

i=1

(1 − τ ′i(t))x
2(t− τi(t))

− β

2
∑

i=1

(1 − σ′
i(t))x

2(t− σi(t))

− ρ(1− δ′(t))x2(t− δ(t)).

Then, it follows that

dV

dt
=[2α+ 2β + ρ− 2

2
∑

i=1

(pi(t) + 0.5r(t))]x2(t)

− 2q1(t)h1(x(t))x(t − σ1(t))x(t) − 2q2(t)h2(x(t))x(t − σ2(t))x(t)
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− 2r(t)(δ′(t)− 1)x(t)x(t − δ(t)) − 2(r(t) + r′(t))x(t)

∫ t

t−δ(t)

x(s)ds

+

2
∑

i=1

(pi(t) + 0.5r(t))[−2c1(t)x(t− τ1(t))x(t)]

+

2
∑

i=1

(pi(t) + 0.5r(t))[−2c2(t)x(t− τ2(t))x(t)]

− 2c1(t)q1(t)h1(x(t))x(t − τ1(t))x(t − σ1(t))

− 2c1(t)q2(t)h2(x(t))x(t − τ1(t))x(t − σ2(t))

− 2c2(t)q1(t)h1(x(t))x(t − τ2(t))x(t − σ1(t))

− 2c2(t)q2(t)h2(x(t))x(t − τ2(t))x(t − σ2(t))

− 2c1(t)r(t)(δ
′(t)− 1)x(t− δ(t))x(t − τ1(t))

− 2c2(t)r(t)(δ
′(t)− 1)x(t− δ(t))x(t − τ2(t))

− 2(r(t) + r′(t))c1(t)x(t− τ1(t))

∫ t

t−δ(t)

x(s)ds

− 2(r(t) + r′(t))c2(t)x(t− τ2(t))

∫ t

t−δ(t)

x(s)ds

+ 2r(t)

∫ t

t−δ(t)

x(s)ds

2
∑

i=1

(pi(t) + 0.5r(t))x(t)

+ 2r(t)q1(t)h1(x(t))x(t − σ1(t))

∫ t

t−δ(t)

x(s)ds

+ 2r(t)q2(t)h2(x(t))x(t − σ2(t))

∫ t

t−δ(t)

x(s)ds

+ 2r2(t)(δ′(t)− 1)x(t− δ(t))

∫ t

t−δ(t)

x(s)ds

+ 2r(t)(r(t) + r′(t))

(

∫ t

t−δ(t)

x(s)ds

)2

− α(1 − τ ′1(t))x
2(t− τ1(t))− α(1 − τ ′2(t))x

2(t− τ2(t))

− β(1 − σ′
1(t))x

2(t− σ1(t)) − β(1− σ′
2(t))x

2(t− σ2(t))

− ρ(1− δ′(t))x2(t− δ(t)). (2.5)

In view of assumptions (A1), (A2), (B1)-(B4) and Lemma 1, it follows from (2.5)
that

dV

dt
≤ [2α+ 2β + ρ− 2

2
∑

i=1

(pi(t) + 0.5r(t))]x2(t)

+ q21h21[ε
−1
0 x2(t) + ε0x

2(t− σ1(t))]
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+ q22h22[ε
−1
1 x2(t) + ε1x

2(t− σ2(t))]

+ r2(δ3 − 1)[ε−1
2 x2(t) + ε2x

2(t− δ(t))]

+ (r2 + r3)[δε
−1
3 x2(t) + ε3

∫ t

t−δ(t)

x2(s)ds]

+ c11

2
∑

i=1

(p2i + 0.5r2)[ε
−1
4 x2(t) + ε4x

2(t− τ1(t))]

+ c12

2
∑

i=1

(p2i + 0.5r2)[ε
−1
5 x2(t) + ε5x

2(t− τ2(t))]

+ c11q21h21[ε
−1
6 x2(t− τ1(t)) + ε6x

2(t− σ1(t))]

+ c11q22h22[ε
−1
7 x2(t− τ1(t)) + ε7x

2(t− σ2(t))]

+ c12q21h21[ε
−1
8 x2(t− τ2(t)) + ε8x

2(t− σ1(t))]

+ c12q22h22ε
−1
9 [x2(t− τ2(t)) + ε9x

2(t− σ2(t))]

+ c11r2(δ3 − 1)[ε−1
10 x

2(t− δ(t)) + ε10x
2(t− τ1(t))]

+ c12r2(δ3 − 1)[ε−1
11 x

2(t− δ(t)) + ε11x
2(t− τ2(t))]

+ (r2 + r3)c11[δε
−1
12 x

2(t− τ1(t)) + ε12

∫ t

t−δ(t)

x2(s)ds]

+ (r2 + r3)c12[δε
−1
13 x

2(t− τ2(t)) + ε13

∫ t

t−δ(t)

x2(s)ds]

+ r2

2
∑

i=1

(p2i + 0.5r2)[δε
−1
14 x

2(t) + ε14

∫ t

t−δ(t)

x2(s)ds]

+ r2q21h21[δε
−1
15 x

2(t− σ1(t)) + ε15

∫ t

t−δ(t)

x2(s)ds]

+ r2q22h22[δε
−1
16 x

2(t− σ2(t)) + ε16

∫ t

t−δ(t)

x2(s)ds]

+ 2r22(δ3 − 1)[δε−1
17 x

2(t− δ(t)) + ε17

∫ t

t−δ(t)

x2(s)ds]

+ 2r2(r2 + r3)

(

∫ t

t−δ(t)

x(s)ds

)2

− α(1 − δ11)x
2(t− τ1(t))− α(1 − δ12)x

2(t− τ2(t))

− β(1 − δ21)x
2(t− σ1(t)) − β(1− δ22)x

2(t− σ2(t))

− ρ(1− δ3)x
2(t− δ(t)).

Let us assume that max{p21, p22} = p0, min{p11, p12} = p̆0, max{q21, q22} = q0,
max{h21, h22} = h0 and max{c11, c12} = c0. Hence,

dV

dt
≤ [2α+ 2β + ρ− 4(p̆0 + 0.5r1)]x

2(t)
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+ q0h0[ε
−1
0 x2(t) + ε0x

2(t− σ1(t))]

+ q0h0[ε
−1
1 x2(t) + ε1x

2(t− σ2(t))]

+ r2(δ3 − 1)[ε−1
2 x2(t) + ε2x

2(t− δ(t))]

+ (r2 + r3)[δε
−1
3 x2(t) + ε3

∫ t

t−δ(t)

x2(s)ds]

+ 2c0(p0 + 0.5r2)[ε
−1
4 x2(t) + ε4x

2(t− τ1(t))]

+ 2c0(p0 + 0.5r2)[ε
−1
5 x2(t) + ε5x

2(t− τ2(t))]

+ c0q0h0[ε
−1
6 x2(t− τ1(t)) + ε6x

2(t− σ1(t))]

+ c0q0h0[ε
−1
7 x2(t− τ1(t)) + ε7x

2(t− σ2(t))]

+ c0q0h0[ε
−1
8 x2(t− τ2(t)) + ε8x

2(t)(t− σ1(t))]

+ c0q0h0[ε
−1
9 x2(t− τ2(t)) + ε9x

2(t− σ2(t))]

+ c0r2(δ3 − 1)[ε−1
10 x

2(t− δ(t)) + ε10x
2(t− τ1(t))]

+ c0r2(δ3 − 1)[ε−1
11 x

2(t− δ(t)) + ε11x
2(t− τ2(t))]

+ (r2 + r3)c0[δε
−1
12 x

2(t− τ1(t)) + ε12

∫ t

t−δ(t)

x2(s)ds]

+ (r2 + r3)c0[δε
−1
13 x

2(t− τ2(t)) + ε13

∫ t

t−δ(t)

x2(s)ds]

+ 2r2(p0 + 0.5r2)[δε
−1
14 x

2(t) + ε14

∫ t

t−δ(t)

x2(s)ds]

+ r2q0h0[δε
−1
15 x

2(t− σ1(t)) + ε15

∫ t

t−δ(t)

x2(s)ds]

+ r2q0h0[δε
−1
16 x

2(t− σ2(t)) + ε16

∫ t

t−δ(t)

x2(s)ds]

+ 2r22(δ3 − 1)[δε−1
17 x

2(t− δ(t)) + ε17

∫ t

t−δ(t)

x2(s)ds]

+ 2r2(r2 + r3)

(

∫ t

t−δ(t)

x(s)ds

)2

− α(1− δ11)x
2(t− τ1(t))− α(1 − δ12)x

2(t− τ2(t))

− β(1− δ21)x
2(t− σ1(t))− β(1 − δ22)x

2(t− σ2(t))

− ρ(1− δ3)x
2(t− δ(t))

= [2α+ 2β + ρ− 4(p̆0 + 0.5r1)] + q0h0ε
−1
0 + q0h0ε

−1
1 + r2(δ3 − 1)ε−1

2

+ (r2 + r3)δε
−1
3 + c0µε

−1
4 + c0µε

−1
5 + r2µδε

−1
14 ]x

2(t)

+ [q0h0ε0 + c0q0h0ε6 + c0q0h0ε8 + r2q0h0δε
−1
15 − β(1− δ21)]x

2(t− σ1(t))
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+ [q0h0ε1 + c0q0h0ε7 + c0q0h0ε9 + r2q0h0δε
−1
16 − β(1− δ22)]x

2(t− σ2(t))

+ [c0µε4 + c0q0h0ε
−1
6 + c0q0h0ε

−1
7 + c0r2(δ3 − 1)ε10 + (r2 + r3)c0δε

−1
12

− α(1− δ11)]x
2(t− τ1(t))

+ [c0µε5 + c0q0h0ε
−1
8 + c0q0h0ε

−1
9 + c0r2(δ3 − 1)ε11 + (r2 + r3)c0δε

−1
13

− α(1− δ12)]x
2(t− τ2(t))

+ [r2(δ3 − 1)ε2 + c0r2(δ3 − 1)ε−1
10 + c0r2(δ3 − 1)ε−1

11 + 2r22δ(δ3 − 1)ε−1
17

− ρ(1− δ3)]x
2(t− δ(t))

+ [(r2 + r3)ε3 + (r2 + r3)c0ε12 + (r2 + r3)c0ε13 + r2µε14 + r2q0h0ε15

+ r2q0h0ε16 + 2r22(δ3 − 1)ε17]

∫ t

t−δ(t)

x2(s)ds

+ 2r2(r2 + r3)

(

∫ t

t−δ(t)

x(s)ds

)2

.

Therefore, the last estimate implies that

dV

dt
≤ XT (t)

























(1, 1) 0 0 0 0 0 0 0
∗ (2, 2) 0 0 0 0 0 0
∗ ∗ (3, 3) 0 0 0 0 0
∗ ∗ ∗ (4, 4) 0 0 0 0
∗ ∗ ∗ ∗ (5, 5) 0 0 0
∗ ∗ ∗ ∗ ∗ (6, 6) 0 0
∗ ∗ ∗ ∗ ∗ ∗ (7, 7) 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ (8, 8)

























X(t)

≡ XT (t)ΩX(t),

where

(1, 1) = [2α+ 2β + ρ− 4(p̆0 + 0.5r1)] + q0h0ε
−1
0 + q0h0ε

−1
1 + r2(δ3 − 1)ε−1

2

+ (r2 + r3)δε
−1
3 + c0µε

−1
4 + c0µε

−1
5 + r2µδε

−1
14 ]

(2, 2) = [q0h0ε0 + c0q0h0ε6 + c0q0h0ε8 + r2q0h0δε
−1
15 − β(1− δ21)])

(3, 3) = [q0h0ε1 + c0q0h0ε7 + c0q0h0ε9 + r2q0h0δε
−1
16 − β(1− δ22)]

(4, 4) = [c0µε4 + c0q0h0ε
−1
6 + c0q0h0ε

−1
7 + c0r2(δ3 − 1)ε10 + (r2 + r3)c0δε

−1
12

− α(1 − δ11)]

(5, 5) = [c0µε5 + c0q0h0ε
−1
8 + c0q0h0ε

−1
9 + c0r2(δ3 − 1)ε11 + (r2 + r3)c0δε

−1
13

− α(1 − δ12)]

(6, 6) = [r2(δ3 − 1)ε2 + c0r2(δ3 − 1)ε−1
10 + c0r2(δ3 − 1)ε−1

11 + 2r22δ(δ3 − 1)ε−1
17

− ρ(1− δ3)]

(7, 7) = [(r2 + r3)ε3 + (r2 + r3)c0ε12 + (r2 + r3)c0ε13 + r2µε14 + r2q0h0ε15

+ r2q0h0ε16 + 2r22(δ3 − 1)ε17]

(8, 8) = 2r2(r2 + r3)
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and

X(t) =





























x(t)
x(t − σ1(t))
x(t − σ2(t))
x(t− τ1(t))
x(t− τ2(t))
x(t− δ(t))

(

∫ t

(t−δ(t) x
2(s)ds

)
1

2

∫ t

(t−δ(t) x(s)ds





























.

Therefore if the matrix Ω is negative definite, then dV
dt

is negative. By Schur
complement [3], the fact that Ω < 0 is equivalent to

∑

(.) < 0. The estimate given
by (2.3) implies that dV

dt
≤ −γ‖x(t)‖2 for sufficiently small γ > 0. Noting that the

operator D(xt) is stable, therefore, equation (1.1) is asymptotically stable accord-
ing to [5, Theorem 8.1, pp. 292-293]. This completes the proof.

Example1. We consider the neutral differential equation

d

dt

(

x(t) +
1

8t
x(t− 1

t
)

)

+ x(t) +
1

8

(

1

t
+

1

t2
+

1

t3

)

x(t− 1

t
) = 0, t ≥ 2, (2.6)

which is a special case of equation (1.1).
It can be checked that equation (2.6) has solution x(t) = e−t, and x(t) = e−t → 0

as t → ∞.
For equation (2.6), we consider a Lyapunov-Krasovskii functional defined by

V (t) = D2(xt) + α

∫ t

t−τ(t)

x2(s)ds

+β

∫ t

t−σ(t)

x2(s)ds+ ρ

∫ t

t−δ(t)

x2(s)ds,

where τ(t) = σ(t) = δ(t) = 1
t
, α = ρ = 1

4 and β = 1
8 .

Define the operator D(xt) : C → R as D(xt) = x(t) + 1
8tx(t− 1

t
).

The time derivative of V (t) along the solutions of equation (2.6) is given by

dV

dt
= −2[x(t) +

1

8t
x(t− 1

t
)]× [x(t) +

1

8
(
1

t
+

1

t2
+

1

t3
)x(t − 1

t
)]

+
5

8
x2(t)− 5

8
(1 +

1

t2
)x2(t− 1

t
)

= −11

8
x2(t)− 1

4
(
2

t
+

1

t2
+

1

t3
)x(t)x(t − 1

t
)

− 1

32
(
21

t2
+

1

t3
+

1

t4
+ 20)x2(t− 1

t
).

Utilizing the Cauchy inequality (Lemma 1), we have
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dV

dt
≤ −11

8
x2(t) +

11

64
εx2(t) +

11

64
ε−1x2(t− 1

t
)

− 1

32
(
21

t2
+

1

t3
+

1

t4
+ 20)x2(t− 1

t
)

≤ −77

64
x2(t)− 29

64
x2(t− 1

t
) ≤ 0.

Thus, if we take p1 = p2 = 1, h1 = h2 = 1
8 , q1 = 0, q2 = 7

8 , c1 = 1
16 , δ1 = δ2 = δ3 =

1
4 , ε = 1 and t ≥ 2, then it follows that dV

dt
is negative definite. Therefore, all the

conditions of Theorem 1 are satisfied. Hence, we can conclude that every solution
x(t) of equation (2.6) satisfies x(t) → 0 as t → ∞.

Figure 1. Trajectory of x(t) for Example 1, when τ(t) = σ(t) =
δ(t) = t

2 , t ≥ 2.
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