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A NEW GENERALIZATION OF JACOBSTHAL NUMBERS
(BI-PERIODIC JACOBSTHAL SEQUENCES)

SUKRAN UYGUN, EVANS OWUSU

ABSTRACT. The bi-periodic Fibonacci sequence also known as the generalized
Fibonacci sequence was first introduced into literature in 2009 by Edson and
Yayenie [9] after which the bi-periodic Lucas sequence was defined in a similar
fashion in 2004 by Bilgici [5]. In this study, we introduce a new generalization
of the Jacobsthal numbers which we shall call bi-periodic Jacobsthal sequences
similar to the bi-periodic Fibonacci and Lucas sequences as

R ajn—1 + 29n—2, if n is even

Jn = { bjn—1 + 20n—2, if nisodd "2
with initial conditions jo = 0, j1 = 1. we then proceed to find the Binet
formula as well as the generating function for this sequence. The well known
Cassini, Catalans and the D’ocagne’s identities as well as some related bino-
mial summation formulas were also given. The convergence properties of the
consecutive terms of this sequence was also examined.

1. INTRODUCTION

The most common types of integer sequences are Fibonacci, Lucas, Jacobsthal,
Pell etc. There have been many studies in literature about these special number
sequences because of their numerous applications in almost every field of science
and arts. However Fibonacci and Lucas numbers have delighted mathematicians
and amateurs alike for centuries with their beauty and their propensity to pop up
in quite unexpected places. In view of this, there have been many generalizations
on these two sequences than the others, some of which can be seen in from [2] to
[7], form [9] to [12].

Among these generalizations is the bi-periodic Fibonacci sequence which is also
known as the generalized Fibonacci sequence. This sequence was first introduced
in literature on 2009 by Edson and Yayenie [9].

For any natural number n and any nonzero real numbers a and b, the bi-periodic
Fibonacci sequence was defined recursively by Edson and Yayenie [9, [I0] as

0 = { aGn—1 + Gn—2, if n is even n> 9

bGn_1 + Gn_o, if n is odd
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with initial conditions gy = 0,¢q;1 = 1. They then obtained the generating func-
tion for the bi-periodic Fibonacci sequence as

(1 + ax — 2?)

T 1= (ab+2)22 + 4zt
They also gave the Binet formula of the bi-periodic Fibonacci sequence as

alfe(n) (an _ ﬂn)
qm = "
" (a3l L a=p
where |a] is the floor function of a, e(n) =n — 2| 2] is the parity function and o
and [ given by

ab 4+ va2b? + 4ab 5= ab — va?b? + 4ab
2 ’ B 2 '

are the roots of the equation
z? — abz —ab = 0.

Using the Binet formula, identities such as the Cassini, Catalan and the D’ocagne’s

identities as well as some related summation formulas were also given.

Just like the bi-periodic Fibonacci sequence, in the year 2014, Bilgici [5] defined
the bi-periodic Lucas sequence and gave some crucial properties and relationship
between the two said sequences.

For any natural number n and any nonzero real numbers a and b, the bi-periodic
Lucas sequence was defined recursively by Bilgici [5] as

alp_1+1,_9, if nis even
= >
n { blyy +ln_s, fnisodd =2

with initial conditions |y = 2,1; = a. He then obtained the generating function
for the bi-periodic Lucas sequence as

L(x) = 2+ ax — (ab+ 2)z? + az?
1—(ab+ 2)x? + 24
He also gave the Binet formula of the bi-periodic Lucas sequence as

Lo ae(n) <an _ Bn)
" (ab)L"L;IJ o — ﬁ

where |a] , e(n), @ and § are defined in the same way as before.

Now in this paper, we define a new generalization of Jacobsthal numbers which
we shall call bi-periodic Jacobsthal sequences in a way that is similar to the bi-
periodic Fibonacci and Lucas sequences and then proceed to find the Binet formula
as well as its generating function. After examining the convergence properties of
the consecutive terms of this sequence, the well known Cassini, Catalans and the
D’ocagne’s identities as well as some related binomial summation formulas are also
given.

Definition 1.1. For any two non-zero real numbers a and b, the bi-periodic Jacob-
sthal sequence denoted by {jn}zozo 1s defined recursively by
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. R . Tn— 27— if ni
o= 0. Jy =1, jn:{a]n 14 29n_2, ifniseven (11)

bin—1 4+ 2in_2, if n is odd -7
When a = b = 1, we have the classic Jacobsthal sequence. If we set a = b =k,
for any positive number, we get the k— Jacobsthal sequence.

The first five elements of the bi-periodic Jacobsthal sequence are

Jo=0,J1=1,Ja=a, Jjs=ab+2, Jy=a’b+4a

From the above definition we have the nonlinear quadratic equation for the bi-
periodic Jacobsthal sequence by

2?2 — abxr — 2ab = 0.
with roots a and 8 defined by

ab 4+ vVa2b? + 8ab 5= ab — va?b? + 8ab
2 ’ N 2 '

(1.2)

2. MAIN RESULTS

Lemma 2.1. The bi-periodic Jacobsthal sequence {jn}, . satisfies the following
properties

Jon = (ab+ 4)jon—2 — 4jon—4.

Jont1 = (ab+4)jon—1 — 4j2n—3.
Proof.

Jon = @Jan—1+ 2Jan—2

a(bjon—2 + 2j2n—3) + 2j2n—2
(ab+2)j2n—2 + 2aj2n—3
(ab+2)j2n—2 + 2(jan—2 — 2j2n—4)
(ab+4)jon—2 — 4)on—a

J2n+1 = blan + 2Jan—1

b(ajan—1 + 2j2n—2) + 2j2n—1
(ab+2)jon—1 + 2bj2n—2
(ab+2)j2n—1 + 2(Jon—1 — 2j2n—3)
(ab+4)jon—1 — 4jon—3
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Lemma 2.2. « and 8 are defined by satisfied the following properties

(@+2)(B+2) = 4 (2.1)
a+ B = ab, aff = —2ab (2.2)
ﬂ2 012
2 = — 2=— 2.

B+ o’ o+ o (2.3)

—(a+2)8 = 2a, —(B+2)a=285. (2.4)

Proof. By using the given definition of a and 3, the identities above can easily to
be proved using the basic rules and properties of algebra. ([

Theorem 2.3. We denote the generating function of the bi-periodic Jacobsthal
sequence by J(x) and is obtained as

(14 ax — 22?%)
©1—(ab+4)x2 + 42t

J(z) (2.5)

Proof. (1) The generating function for J(x) is represented in power series by

J(@) = jma™ =jo+hx + ..+ Jeat + ..

m=0

By multiplying through this series by bx and 2z respectively, we obtain

b (x) =bY Jma™ T =b jmo1a™
m=0 m=1

and,

222 J(x) = 2 ijxmﬁ =2 ij,gxm.
m=0 m=2

therefore we have

(1= bx —22%)J(x) = jo + xjr + bxjo+ Y (m — bIm—1 — 2jm—2)2™

m=2

By definition, we can see that, jo;11 = bj2m + 2jom—1and jo =0, j1 = 1.
Hence the above expansion reduces to

9]
(1 — bx — 2.1‘2)J($) =+ Z (ij - ijm—l - 2j2m—2)x2m

m=1

Since jom = ajom—_1 + 2jom—_2, We have

(1 —bx —22*)J(x) =z + Z (a —b)jom_12°™
m=1
2m—1

(1—bx—22*)J(x)=x+(a—b)x > Jom_17

K

1

3
I
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Now j(x) is defined as

')

2 A 2m—1
Q?) = J2m—1T

m=1

Simplying j(x) in the same way as above,

(1= (ab+4)2” +42h)j(x) = D Jom-12"" = (ab+4) D jom-32”" '+ 4 o5z

m=2 m=3

= (hz+Jsz®) — (ab+ 4)jrz® + Z (Jom—1 — (ab+ 4)jam—3 + 4jam—5)z>" "

m=3
= z—223+40.
we know from Lemma 2 that, jon4+1 = (ab+4)jan—1 — 4j2n—3,which implies that
Jom—1 = (ab+4)j2m—3 — 4Jom—s
and hence plugging jom—1 — (ab+4)jam—3 +4jom—s5 = 0 into the above expansion
gives

(1 — (ab+ 4)z* + 42*)j(x) = x — 22° + 0.

which gives
xr — 223
(1 — (ab+4)z2 + 424)
Plugging j(x) into J(z) above gives
9 x — 223
(1 -bx—22%)J(x) =2z + (a — b)x ((1 — (ab+4)x2+4x4)>
Simplifying this with the basic rules and properties of algebra, we obtain
2(1 + ax — 22?)

(1 — (ab+ 4)x2 + 42%)
which completes the proof. ([

Ji(x) =

J(x) =

Proof. (2) We want to show another proof of this theorem.

ijx + Jl Z]Qmm2m + Z]2m+1$2m+1

We simplify the even part of the above series as follows

) 9]
= ijmem =0+ axQ + Zijme
m=0

= m=2
By multiplying through by (ab + 4)z? and 42 respectively, we have

o0

(ab+4)z?Jo(z) = 0 + (ab + 4) Z Gom_ox®™

m=2
and

42t Jo(z) = 42]2771 2z
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By using Lemma 1, it is obtained that
[1— (ab+ 4)2® + 42"] Jo(z) = az”.

hence we get

LLCE2

T1- (ab+4)x? + 424
Similarly, the odd part of the above series is simplified as follows

Jo()

o0 (oo}
J(x) = Jem12”™ T =z + (ab+ 2)2® + ) Gom 12
m=0

m=2

By multiplying through by (ab + 4)z? and 42 respectively, we have

(ab+ 9)a*Jy () = (ab+ 4)2° + (ab+4) Y _ jom 127!
m=2

and

o0
42t Jy(x) =4 Zj2m—3x2m+l

m=2
By using Lemma 1, it is obtained that
[1— (ab+ 4)2” + 42*] Jy(2) = = — 22°.
hence we get
_ x — 223
1 —(ab+4)a2 + 4at

J1 (:L')
By combining the two results
z(l+4ax —22?%)
1 —(ab+4)22 + 4zt
which completes the proof. (I

J(x) = Jo(z) + J1(x)

Theorem 2.4. We are able to express the generalized Jacobsthal numbers as a
function of the roots o and B with the aid of Binet’s formulas. The Binet formula
for the bi-periodic Jacobsthal sequence is given by

o alfe(m) a™ — ﬂm 06
IJm = (ab)L%J Oé—ﬁ s ( . )

where |a] is the floor function of a, and e(n) =n —2|

n

EJ is the parity function.

Proof. Tt must be noted that the parity function can also be expressed as
)_{ 0, if m is even

e(m) = 1, if m is odd
It can also be seen from the previous theorem that the generating function for the
bi-periodic Jacobsthal sequence {j,} is given by
(1 + ax — 22?)
(1— (ab+ 4)x? + 4z%)

J(z) =
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By partial fraction decomposition, J(z) can be rewritten in partial fraction as

1 ala+2) —2ax  a(f+2)— 2B
A a=B) | 22— (29 22 — (32)

J(x) =

The Maclaurin series expansion of the function ‘3{ _BC'? is expressed in the form

A— Bz
22 -C

_ chfnflz%l«Fl _ iAcfnflz?n
n=0

n=0

and hence following the same order, the generating function J(z) can be expanded
as

10 = gt | SR ]
T | e e e
By using the identities —(a+ 2)8 =2a, —(8+2)a =20,
J(z) = 4(%_@ Lio (dafa+2)™ — 4B(B + 2)™) x>+ | 4+
e Li (4(a+2)" —4(8 +2)") xﬂ

Again 42 = 572; and a+2= %Z implies that

J _ - 2m-+1 2m—+1 2m—+1 - 2m __ p2m),.2m )
=[5 () e S ()
With the help of the parity function, the above expansion can be condensed into
the form
oo 1—e(m) m Bm
a «
J(z) = ™
@)= T ( o )
o0
Hence by comparing the above with J(z) = > 7,,2™, it follows that,
m=0
. al—e(m) (am _ ﬁm)
Jm = o
(ab) %] a—f
which completes the proof. O

Theorem 2.5. The limit of every two consecutive terms of bi-periodic Jacobsthal
sequence is generalized as

. anJrl (67 . an (6%
lim =—— = —, lim - = —.
n—0oo  Jon a n—=00 Jon—1 b
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n

Proof. Taking into account that |3] < « and lim,, (g) =0, we have

_— 2n+1

n+

 onta . 1/(ab)t 5] g2ntl _ gt 1- ( )
lim =~ = lim — 5 3 =- lim ——FH 5= —
n—00  Jon n—o00 a/(ab)LTJ a?n — [32n an—oco 1 (ﬁ) 1 a
a a B

()

. Jon . a/(ab)L%J o® — 2" aab i _a
e 2 = (221 ] o2n—1 _ gen—1 o .}
n—1 1/(ab) 75 ] a a 1 (ﬁ) 3

2=

which completes the proof. From this theorem we can conclude that the bi-periodic
Jacobsthal sequence does not converge. [

Theorem 2.6. The relationship between positive terms and their corresponding
negative terms of the bi-periodic Jacobsthal sequence is obtained as

jfn _ (_1)n+12n An~
Proof. By using Binet’s formula,

al—a(—n) a~ " — ﬂ—n _ al—e(n) 1/0[” _ 1/571 B al—s(n) 5n —am
)l F] a-8 (@l F] a-8 (@plF] (~2a)"(a - p)

alfe(n) ﬂn —a”

(@)L #] (2)"(a — )

‘K>>
3
Il

= (_1)n+12njn-

Theorem 2.7. (Catalan’s Identity)
For every numbers n and 7,belonging to the set of positive integers(Z™1), with
n > r, we have

aa(n—r)bl—a(n—r)jnirjnJrr _ as(n)bl—a(n)ji — _(_2)n—ras(r)b1—a(r)j3. (27)

Proof. By using Binet’s formula,

s(nfr)blfs(nfr)

a

(ab)L2J (ab)L2J a_ﬁ
a2—5(n+r)(b)1—a(n—r) a" T — Bn_T antr — Bn+r
(ab)" 7 a—p a—8
B a a2n o (Oéﬁ)nir (OZQT + BQT) + 62n
= (ab)nil [ (a . ﬁ)2

a—p

1—e(n—r) 1—e(n+r) n—r __ anr n+r _ ﬁnJrr
A A _ —e(n— a a « o
In—rInt+r = as(n T)bl o ( nr ) ( ER )
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Again, €(n) =n — 2| %| implies

aa(n)bl_g(n)jQ = ofMpl—en) <a2—26(n) ) a2 — 2(ap)™ + B2n
" (ab)?L3] (a—B)?
_ a a? —2(aB)™ + g2
@y ) a=py
B < a > a? —2(aB)™ + g2
BENCOE (a—p)*
therefore
s s e a —(aB)"" (a2 + B27) + 2(af)"
A (S B o
_ a n—r —a®" + 2arﬁr — 52T
- <<ab>n—1> @) (a—B8)?
- —a n—r o =" ’
= (@) 0 (%=F)
2| 5]
n—r ( b) 5

= —(—261,b) (ab;lnfl ;2—25(r) ']72"

_ _(_2)n—ra—1+2a(r) (ab)2L§J+17Tj%
_ _(_Q)n—ra—1+2a(r) (ab)l—s(r)jz
_ _(_2)n—7'a5(7')b1—8(7-)j$
by combinig the results, the proof is completed. ([l

Theorem 2.8. (Cassini’s property or Simpson property)
For any number n belonging to the set of positive integers, we have

a e(n—1) a\ () a
“ N N R e e(n) 22 - (-2 nfli. 9.
(3) " gt —(3) @R = (27 (2.8)
Proof. The proof is seen easily by chosing r = 1 in Catalan’s Identity. g

Theorem 2.9. (D’ocagne’s property)

For any numbers m and n,belonging to the set of positive integers, with m > n,
we have

e(mn4n) , e(mn+n)  e(mntm)

astmmtmp Jmjnt1 —a b Jmatdn = (1)@ (2.9)
Proof. The following equalities must to be noted.

e(m)+e(n+1)—2e(mn+m) =e(m+1)+e(n)—2e(mn+n) = 1—e(m—mn). (2.10)

g(m —n) = e(mn +m) + e(mn + n). (2.11)

m—n—e(m-—n) {mJJr{nJrl

2 2 2

J —e(mn +n) —n. (2.12)
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m—n—;(m—n):{m;—lJ_FLZJ_E(mn_,_m)_n. (2.13)

By using the extended Binet’s formula, (2.10)), (2.11)), (2.12)), (2.13]), we have

c(mntn) .

]mjn—i—l
(mmntn) alfs(m) alfs(nJrl) a™ — ﬁm antt — 5n+1

(a,b) L%J (ab) L”L;IJ a — 5 a — B
abg(m"*’")alfs(m)fs(nJrl)Jre(anrm) a™ — 5m antl — ﬁn+1
(ab)L ]+ a-f  a-p

abs(anrn)a+s(mfn)fs(mn+m) a™ — Bm antl — ﬂnJrl

/- ae(anrm)b

_ as(mn+m)b

(ab)%(m_")+5(mn+n)+n o — ﬂ o — ﬁ
abs(mn+n)a6(mn+n) a™ — ﬂm an+1 o Bn+1
— (ab)%(m*")Jrg(anrn)Jrn o — B o — ﬁ
_ a(ab)’" am+n+1 + Bm+n+1 _ (aﬁ)n (ﬁamfn + aﬁmfn)
(ab) WLfn—;(?nfn) (a o /3)2
e(mn+4+m) N
= ae(mn+n)b Jm+1Jn
s(mn—o—n)be(”l”*m) al—s(m+1) al—s(n) amtl — Bm+1 a — ﬂn
= a

m+1

@) @pyl3l a=8 a5
abs(anrM)al—s(m+l)——6(n)+6(mn+n) amtntl L gmintl _ (aB)" (am_n+1 N Bm—n—i-l)
) @) T l o ]
ab "™ gre(m=n)—e(mntn) [ gmAntl 4 gmAntl _ (o) (O[m%+1 n 5m7n+1)
_ | — |
ab” " getmnm)  [amrt 4 gt (aB)” (amnH 4 o)
_ | . |
B a(ab)™™ lam+n+1 BT (g (amntl 4 gmen)

(ab) = (a—p)°

(ab) m,fn—;(m,fn) +6(mn+m)+n

(ab) 7n771—;(7n771} +5(mn+m)+n

(2.14)
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From the above results and (2.14)), we obtain

-0 =
aa(mn+m)b

e(mn+n)

]mjnJrl - ae(mn+n) b

e(mn+m)

Ima1dn

m—n—e(m—n)
2

(a—B)°

_ ( a(ab)™" ) (aB)™ [-Bam™™ —af™ ™" 4 4 gt
(ab)

m—n

(a—B)°

_ ( a(abr"J ) (—=2ab)" [0 " (a — B) + 57" (8 — )]

(ab)L ™3

(-2)ra \ am-n — gmn
(ab)L =" (a—p5)

_ _(_Q)nas(m—n)j

m—n-

Theorem 2.10. Sums involving Binomial Coefficients

For any nonnegative integer n, we have

n

Z ( Z )2n_kaa(k)(ab)L§J5k

k=0

Z( k >2nka“’“+”<ab)WJ5k+1

k=0

Proof. By using Binet formula we have

ak—ﬁk

a—pf = (ab) 5] as™j

a

From (2.15) and binomial expansion we get

é( Z )2"—ka5<k>(ab)L§ij - i:( Z >a2"—k°‘a:

k-

j2n~

j2n+1'

_ a - n O[k n—k __ -
- 5 (h)e
= ogllet2n—(B+2)

(2.15)
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Similarly,

n n k- % A B n n o Otk+1 _Bk—H

kz_()( . )2 kg (k+1)(ab)L J]k—i—l = k_o(k)a2 kai—ﬁ
_ a O[Z( Z )ak2n—k _6Z< Z‘ >Bk2n—k

a-B iz p=0

= s laa+2)" - B+

a/ r a2 n 2 n

- 5l () (@)

a a2n+1 _ 62n+1
~ (ab)m a—p = St

O
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