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ON POSITIVE WEAK SOLUTIONS FOR NONLINEAR ELLIPTIC
SYSTEM INVOLVING SINGULAR p-LAPLACIAN OPERATOR

SALAH A. KHAFAGY

ABSTRACT. In this paper, we study through the sub-supersolutions method the
existence results of positive weak solution for the singular nonlinear system
—div[|z| 7P |VuP2Vuy] = Ajg| " (@tDPte e in
{ u >k in Q
u=k on ON.
where Q2 C R™ is a bounded domain with smooth boundary 92, 0 € €,
0<a< %, 1 < p < mn, \is a positive parameter, ¢ > 0,0 < a < p— 1,
k € [0,00). For k € [0,00), we prove that the above system have a positive
weak solution when A > A* (will be defined later) while if kK =1 and A < Ay
where Aj is the first eigenvalue of the singular p-Laplacian operator given
by —div[|z|”* |Vu|P~2Vu], the above system has no positive weak solution.
Also, we discuss the uniqueness of the positive weak solution.

1. INTRODUCTION

In this paper, we shall investigate the existence and uniqueness of positive weak
solution for the singular nonlinear system

—div]|x| " |VulP~2Vu] = Alz| TP e i Q
u>k in (1.1)
u==k on Of.

where 2 C R™ is a bounded domain with smooth boundary 992, 0 € 2, 0 < a <
%, 1 < p < n, A is a positive parameter, ¢ > 0,0 < a < p—1, k € [0,00), and

that there exist positive constant ag such that ag < ||~ “VP* . For k € [0, 00),
we prove that the above system have a positive weak solution when A > A\* (will
be defined later) while if £ = 1 and A < A; where \; is the first eigenvalue of the
singular p-Laplacian operator given by —div[|z|™ " |[Vu|P~2Vu], the above system
has no positive weak solution. Also, we prove the uniqueness of the positive weak
solution of system . The main tool in our work is the sub-supersolutions
method which has been employed very often in obtaining existence results.
Elliptic quasilinear problems involving singular quasilinear operator given by
—div[|x|” " |Vu|P~2Vu], were motivated by the Caffarelli, Kohn and Nirenberg
inequality [6] (see also [7}[28,80]). Also, the study of the existence results of positive
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weak solution for singular nonlinear problems or systems have been an extremely
active research topic recently. This is due to two reasons. The first is the intensive
development of the theory of singular calculus itself and the second is the wide
applications of such constructions in various physical fields such as glaciology, fluid
mechanics, molecular physics, quantum cosmology, and linearization of combustion
models (see [8, [19] for example). The singularity in the weights in system is
the feature that needs to be highlighted in this work. Due to this singularity in
the weights, the extensions are nontrivial and challenging. Such singular nonlinear
systems arise naturally and they occupy a main role in the interdisciplinary research
between mathematical physics, analysis, elasticity, geometry, biology, etc. The
questions of existence, nonexistence and uniqueness of weak solutions of singular
nonlinear systems have received a lot of attention and extensive investigations over
the years.

On the other hand, during the past few years, there have been many papers
concerned with the existence results of positive weak solutions for singular elliptic
systems (see [2] [T}, 18] 20 25, B0] and related papers in their references.

For the singular nonlinear problems in the case of unbounded domains, we refer
the reader to [4, [5, 27], and related papers in their references.

Problems of the form (L.1), when |z|~® = |2|~“THP™¢ = 1  arise form some
problems in mathematical physics. The quantity p is a characteristic of the medium.
The Newtonian fluid corresponds to p = 2, the case p > 2 describes the dilatant
fluids and 1 < p < 2 expresses pseudo-plastic fluid (see [3] 26]).

Moreover, the study of the existence results of positive weak solutions for weighted
p-Laplacian nonlinear systems has been studied using different methods like the sub-
supersolutions method (see [13]), an approximation method (see [10, 15l 23] 24]),
the Browder theorem (see [12][14]) and the theory of nonlinear monotone operators
method (see [16 211 22]).

This paper is organized as follows:

Section 2 is devoted to introduce some auxiliary results and notations, which are
established in [29]. In section 3, by the help of sub-supersolutions method, we study
the existence results of system . The proof of the uniqueness of the positive
weak solution for system is the subject of section 4.

2. AUXILIARY RESULTS AND NOTATIONS

This section is devoted to introduce some singular Sobolev spaces and their
norms [29]. Let €2 be a bounded domain in R™ with smooth boundary 0. If
0 <a< P andp>1, we define the singular L,(, || ~(@+DP+e) space with the
norm

1
P

1l (@0 -+ rrptey = /|$|7(a“)p“|UI” < 0. (2.1)
Q

If1 <p<nand0<a< 3P, we define WP (2, |z|~*) as being the closure of
C§° () in WHP(Q, |x| =) with respect to the norm defined by

=

Jullwgo g i-em = | [l 7190 | <o (22
Q
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Finally, the space W, ?(9Q, || =) is a reflexive separable Banach space.
Now, let us record some results associated to the singular eigenvalue problems
(see [29])

—div]|x| " |VulP~2Vu] = A|z| TP up-2y in Q
u>k in (2.3)
u==Fk on Of2.

Lemma 2.1. [29] There exists the simple isolated first eigenvalue Ai(p) > 0 and
precisely one corresponding eigenfunction u > 0 a.e. in S of the eigenvalue problem
. Also, it is characterized by

(D) / | ~aP D+l p < / PR (2.4)

Q Q

3. EXISTENCE RESULTS

We shall prove in this section the existence of positive weak solution for system
|i by constructing a positive weak subsolution ¢ € Wl’p (Q, |x|~%) and a positive
weak supersolution z € Wol’p(Q, || =) of system (1.1)) with ¢ < z. That is, 1
satisfies

/ 2|~ |V P2V TCdr < A / PRGN (3.1)
Q Q

and z satisfies

/ 2| 7P|V 2P~V 2V dr > A / ||~ Fe 0 dy, (3.2)
Q Q

for all test function ¢ € Wy* (€, |z|~*) with ¢ > 0.
One of our main results of this work is the following theorem.

Theorem 3.1. If A > \* where \* = pai)‘l, then system has a
ao[(p—1)nP-1]=
positive weak solution wu.

Proof. Let A\ be the first eigenvalue of the eigenvalue problem (2.3]) and ¢; be
the corresponding positive eigenfunction satisfying ¢; > 0 in  and |[V¢1| > 0 on
0 with [|¢1]|,, = 1. Then we have

—div[|z|" P V1 [P2V1] = Ay [z TP g7t i ©
1>k in 0 (3.3)
o1 =k on ON.

Also, let m,8,n > 0 be such that |z|”P|Vey|P — Ay o] TP gl > m on
Qs ={r€Q:d(z,00) <6} and ¢; >n in Q— Qs.

We shall verify that ¢ = (pp;l) 7=1 is a positive weak subsolution of 1) Let
¢ € WyP(Q, |#[~P) with ¢ > 0.
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A calculation leads to

/ 2| [PV - Vede = / 2] 61| Vr [P~2V 6, - Vo
Q Q

- /(|x|_ap V1P 2V 1 V(1€) — |z| ™ V1 [P¢)da
)

= / g |~ TP GR |27 Wy |P)(d.
Q

Now , in ©s we have Ay |z| TP 6P — 2|77 |V, |P < —m. Then we have

/|‘r‘_ap |v¢|p72V¢V§dI S O S >\/ |$‘—(a+1)p+c waCdI
55 55
Next, in  — Qs we have \; |x|—(a+1)p+c & — |2 V[P < A\ and ¢ > .

Hence, let us take

A > A (3.4)
ao[(p — 1)nr=1]>

then we have

/ 2| VP2V - Vede = / (A [ PR gP 2|7 |V |P)(d

Q—ﬁg Q—ﬁg
D
— 1\pre3
< )\ao[w]agdx
Q—ﬁg
< A [ el g,
Q—ﬁg

Hence, equation (3.1]) is verified and 1 is a positive weak subsolution of (|1.1)).
Next, a positive weak supersolution z of system (1.1) will be construct. Let
ep = ep(z) be the positive weak solution for the system (see [I])

—div]|z]| "™ |Vep|P~2Ve,)] = |z~ “TPTC in Q
ep >k in Q (3.5)
ep =k on Of.

Let z(x) = Ae, where A is sufficiently large positive constant and to be chosen
later. We shall prove that z is the positive weak supersolution of system (|1.1)). To
end this, let ¢ € Wy P(, ||~ ) with ¢ > 0. Hence, using (3.5), one have

/ |~ VP2V Vede = AP / e~ | Ve, [P~ Ve, - Vid
Q Q

- Ap’1/|x|_(a+l)p+CCdx.
Q

Since o < p — 1, then by easy way, one can prove that there exists positive large
constant A such that
AP = e
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where 1, = |lep]| -
Hence, we have

[ Ve = A A
Q Q

v

)\/|$|_(a+1)p+czagdx.
Q

Hence, equation ([3.2]) is verified and z is the positive weak supersolution of (|1.1]).
therefore, there exists a positive weak solution u of (1.1]) such that ¥ < u < z.

Remark. The condition @) becomes A >= lm[(’;l_ﬁ when k =1,.

4. NONEXISTENCE RESULTS

We devoted this section to supply the main result concerning the nonexistence
of positive weak solution for system (1.1]) under some certain conditions.

Theorem 4.1. When k =1, a < p—1and 0 < XA < A, system has no
positive weak solution.

Proof. Suppose u(z) € W, P(Q,|x|~) be a positive weak solution of system
(1.1). By arriving at a contradiction, we prove this Theorem.

Multiplying (1.1)) by w, one have

/|x|_ap|Vu|pdx: //\\x|_(a+1)p+cua+1dx. (4.1)
Q )
Also, we have
Al/\xr(aﬂ)p“u” §/|x\7ap (x)|Vul?. (4.2)
O Q

Combining (4.1]) and (4.2)), we have
()\1 _)\)/|$|7(a+1)p+cup S 07
Q

which is a contradiction if 0 < A < A;. Therefor, there is no positive weak
solution for system (1.1)) when k =1, « <p—1and X € (0, \1).
5. UNIQUENESS OF THE POSITIVE WEAK SOLUTION

By a method of [9, 17] we will study now the uniqueness of the positive weak
solution for system (|1.1)).

Theorem 5.1. Let u be the positive weak solution of system . Then it is the
unique solution.

Proof. In the beginning, let us assume that u,v € W, P(Q,|z|” ") are two
positive weak solutions of system (1.1). Then, we have

/ ||~ |VulP 2 VuVide = A / ||~ eFDPre ey, (5.1)
Q Q
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for any ¢ € Wy P(, |z|~ ), and

/|x\_“p|Vv|p_2VvV77dx= )\/|x\_(“+1)p+cv°‘ndm, (5.2)
Q
for any 1 € Wy P(2, |z|~*). For any £ > 0, put u, = u + ¢, v. = v + € and
_ub—f vl =l
C_ ué,,l y = 7)571

Therefore, we obtain

V(= [1+(p1)(vs

€

Pl v
Ue
Vo= |14 0= 0P| Vo T
Adding (5.1) and (5.2) with the fact that
Vue = Vu = u |Viogue|, Vv. = Vv = v, |Vlog v,

we obtain by a long calculation (similarly as in [9])

le%

—(a c ua U — v -
A / | (P [u ()" e () ] (W —oD)dr  (53)

_ 1
= 2p op—1 _ 1 /| |7 ( ? )|U5VU—u5Vv|pdx>O

for p > 2, and
—(atD)pte | UYL U, vt v
) / o [u 197)" = e (L Y
—a |veV u—uEVU\Q
> / 777 (5 + =) ——
16 [ve [ Vu| + ue Vol

f0r1<p<2.F0r5—>0+,wehaveu——>1,5—£—>1a.e.inQ. For any p, 1 < p < o0,
and since 0 < aw < p — 1, we have

A/ xl(“””“[ L D (P (w2 — oP)dr <0,

-1 —1
uP Ue VP Ve

Hence, from (5.3), (5.4) and the help of the Fatou lemma, one have
[vVu—uVv| =0 a.e. inQ,
for every 1 < p < oo. Thus

U
V(=)=0 a.e. in )
v
which means that © = kv a.e. in 2 where k is a positive constant. By continuity,
at every point in €, We have u = kv.

Hence (5.1) and (5.2)) imply that

(a c k a c _
/| | +1)p+ ( 1)2 1,Up 177d$_/|$| +1)p+ Z 1,Up 17]dCU,
'U
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for any 1 € WyP(Q, |z|~*") which implies & = 1 due to @ < p — 1 and a.e. in €,
we have u = v. This completes the proof.
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