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SOME NEW INEQUALITIES INVOLVING HEINZ OPERATOR
MEANS

A. G. GHAZANFARI, S. MALEKINEJAD, S. TALEBI

ABSTRACT. We give some new refinements of Heinz inequality and an improve-
ment of the reverse Young’s inequality for scalars and we use them to establish
new inequalities for operators and the Hilbert -Schmidt norm of matrices. We
give a uniformly and abbreviated form of the inequalities presented by Kit-
taneh and Mansarah, and the inequalities presented by Kai and we obtain
some of their operator and matrix versions.

1. INTRODUCTION

The classical Young inequality says that if a,b > 0 and v € [0, 1], then
a’b*" <wva+ (1 —v)b (1.1)

with equality if and only if @ = b. Young’s inequality for scalars is not only inter-
esting in itself but also very useful. If v = %, by lb we obtain the arithmetic
-geometric mean inequality

2vab < a+b (1.2)

Kittaneh and Mansarah [4, [5] obtained a refinement of Young's inequality and
its reverse as follows:

a’br " + 7 (f — \/5)2 <wva+ (1-v)b, (1.3)

where ro = min{v,1 —v}.

2
va+ (1 —v)b<a’b'™" + Ry (f — \/5) (1.4)
where Ry = min{v,1 —v}.
Zhao and Wu in [I0] obtained refinements of (|1.3)) and (1.4):
IfO<V§%,then

b + v(va — VD) + ro(Vab — Va)? < (1 - v)a+vb
< a7+ (1= v)(Va - V) = ro(Vab — Vb)?, (1.5)
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If%<y<1,then
a7 + (1= v)(vVa — Vb)Y 4+ ro(Vab — Vb)? < (1 — v)a+ vb
< a7 + v(va — Vb)? = ro(Vab — \a)? (1.6)

In the recent paper [§], the authors present multiple-term refiements of Young’s
inequality and its reverse as follows:

N-1

. J 7 J v —Vj 2
a”bl_”—irZsj (ﬁwﬂ/z \/51 i—1/2 _\/&3\/51 ]> <wva+(1-v)b, (1.7)

Jj=0

N ; )
(1+u)a—ub—|—u22j_1 (\f— V a2j71—1b) <a"tov. (1.8)
j=1

So far the mentioned inequalities were involving a convex combination of a,b,
ie,aV,b=va+ (1—-v)b.

There exist some inequalities which involving a nonconvex combination of a, b.
In the following some of them are listed.

Kai in [3] gave the following Young type inequalities

(2a)"b " + 12 (ff \/5)2 <v2a+(1-v)?, 0<v< (1.9)

and

@ (=) + (1= (Va- VB) <vta+ (1w 5 <v<i (110

Recently, Burqan and Khandagqji [I] gave the following reverses of the scalar
Young type inequality

a4+ (1—v)%b < v’ (Va—Vb)? + (a?)Vb =, (1.11)
for a,b> 0 and v € [%,1], and

a+(1—v)% < (1—v)>*(Va—Vb)?+a’(1—v)> 2", (1.12)
for a,b >0 and v € [0, 1].
Also, the following important inequalities were obtained by Cartwright and Field
21,
v(l—v)
2M
where ¢ > 0,b > 0, m = min{a,b}, M = maz{a,b} and 0 <v < 1.

M(a —b)? (1.13)

—b)?2< 1—v)b<a’bv
(a—b)* <wva+( vb<a + Sy

aublfl/ 4

Let a,b > 0 and 0 < v < 1. The Heinz mean and Heron mean respectively are
defined as follows:

I/bl—l/ 1—Vbl/

H,(a,b) = %7

and
a+b

2

F,(a,b) = (1 —v)Vab+v
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It follows from the inequalities (1.1]) and (1.2]) that the Heinz and Heron means
interpolate between the geometric mean and arithmetic mean:

Vab < H,(a,b) < a;b, (1.14)
and b
Vab < F,(a,b) < a+ (1.15)

The second inequality of (1.14)) is know as Hemz inequality for nonnegative real
numbers.
Bahatia in [11] show that
H, (a7 b) < Fa(u) (a’ b)
where a(v) = 1 — (4v — 40?).
As a direct consequence of the inequality (1.3)), Kittaneh and Manasrah [5] ob-
tained a refinement of the Heinz inequality as follows:

(ab)+ro<f—\[) a+b

(1.16)

where ro = min{v,1 —v}.
Zou and Jiang [II] obtained a refinement of inequality (1.16) as follows:

Theorem 1.1. Let a,b > 0 and 0 < v < 1. Ifrg = min{v,1 — v}, and suppose
that ) )
aVb bt 74 + a 7Vbl/

o) =—""—7F—"—

2
forv € [0,1]. Then
y (1 —4r0)B(0) + 4roe(3) velo, YUz,
o(v) < {(4ro —Do(d) +2(1 - 2r0)p(L)  we[d, 2], (1.17)

2. THE RESULTS AND DISCUSSION

First, we give some new refinements of Heinz inequality and an improvement
of the reverse Young’s inequality for scalars and we use them to establish new
inequalities for operators and the Hilbert -Schmidt norm of matrices.

Theorem 2.1. Let a,b >0 and 0 < v <1 then
1=+ a+ (1 —vH)b <" 20" + (Va — Vb)2 (2.1)
Proof.
2 4 (Va— V)2 — (1 =12 + e — (1 - 12)b
= v 200 Y 4 (a+ b — 2Vab) — (1 — 2 +v¥)a — (1 — v?)b
=200 + (1 — v)a + v2b — 2Vab
> /200 4 (v%a) " (b)Y — 2Vab
— 2V 4 2 — 94/ab

v_q1 v 1—x l—v_ v 2
v2"azb —v"2g 2 b2) >0.
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In view of the inequalities and second inequalities in and (L.6), we
want to know the relationship between them. It is easy to observe that the left hand
side and the right hand side in the inequality are greater than or equal to the
corresponding sides in the inequalities and , respectively. It should be
noticed here that neither nor second inequalities in and is uniformly
better than the other.

2.1. operator inequalities. Let H be a Hilbert space and let By, (H) be the semi-
space of all bounded linear self-adjoint operators on H. Further, let B(H) and
B(H)™, respectively, denote the set of all bounded linear operators on a complex
Hilbert space H and set of all positive operators in By, (H). The set of all positive
invertible operators is denoted by B(H)**. For A,B € B(H), A* denotes the
conjugate operator of A. An operator A € B(H) is positive, and we write A > 0,
if (Az,z) > 0 for every vector x € H. If A and B are self-adjoint operators,
the order relation A > B means, as usual, that A — B is a positive operator. The
theory of operator means for positive (bounded linear) operators on a Hilbert space
was initiated by T. Ando and established by him and F. Kubo in connection with
Lowners theory for the operator monotone functions [6].

Let M,,(C) be the algebra of n x n complex matrices. The Hilbert-Schmidt (or
frobenius) norm of A = [a;;] € M,,(C) is denoted by

n

1Al = (3~ s3(A)2,

j=1

where s1(A) > s5(A4) > ... > s,(A) are the singular values of A, which are the eigen-
values of the positive semidefinite matrix | A |= (AA*)z, arranged in decreasing
order and repeated according to multiplicity. It is known that the Hilbert—Scmicllt
norm is unitarily invariant and if A = [a;;] € M,,(C), then | 4|2 = (szzl |aij|2) :

For Hermitian matrices A, B € M, (C), we write that A > 0 if A is positive
semidefinite, A > 0 if A is positive definite, and A > Bif A— B > 0.

Let A,B € B(H) be two positive operators and v € [0,1], then v-weighted
arithmetic mean of A and B denoted by AV, B, is defined as AV, B = (1-v)A+vB.
If A is invertible, the v-geometric mean of A and B denoted by Af, B is defined
as A, B = A%(A%l BA%)”A%. In addition if both A and B are invertible, the
v-harmonic mean of A and B, denoted by A!, B is defined as A!,B = ((1—v)A~!+
vB~!)~. For more detail, see F. Kubo and T. Ando [6]. When v = 3 , we write
AV B, AfB, A!B for brevity, respectively. The operator version of the Heinz means,
is defined by
A4, B+ At _,B

2

where A, B € B(H)™", and v € [0,1]. The operator version of the Heron means,
is defined by

H,(A B)=

Fa(A, B) = (1 — a)(AfB) + a(AVB)

for0<a<1.

To reach inequalities for bounded self-adjoint operators on Hilbert space, we
shall use the following monotonicity property for operator functions:
If X € By (H) with a spectrum Sp(X) and f, g are continuous real-valued functions
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on an interval containing Sp(X), then
f(t) = g(t), t € Sp(X) = f(X) = g(X). (2.2)

For more details about this property, the reader is referred to [7].
Zhao et al. in [9] gave an inequality for the Heron mean as follows:
If A and B be two positive and invertible operators then

HV(A7B) < Fa(u)(AaB)

for v € [0, 1], where a(v) =1 — 4(v — v?).

Theorem 2.2. Let A,B € B(H)™". Ifv € 0,1], then
v (v —2)AVB +2(A4B) < v*"?H,(A, B). (2.3)
Proof. If v € [0, 1], the inequality for a =1, b > 0, becomes
(1= 4+ + (1 =)< v’ 201 + (1 +b—2Vb).

The operator X = A"2BA"7 has a positive spectrum. According to 1) we can
insert A“2BA~2 in above inequality, i.e., we have

1=+ 1+ (1—1v?)A 2BA 2 (2.4)
<VT2(ATTBATI)' TV 4+ (14 ATEBAT: —2(A"3BA3)3
Finally, if we multiply inequality by Az on the left and right sides, we get
(1—v?+v)A+ (1 -v*)B < v (At _,B) + (A+ B — 2(AfB)). (2.5)
It is shown in [7] p.148], that B#;_, A = Af, B . By replacing A by B and B by A,

we have
(1-12 4B+ (1 -1v)A<v" " %(Af,B) + (A+ B — 2(AtB)). (2.6)
Adding and 7 we have
v (v —2)AVB +2(A4B) < v*"?H,(A, B).
O

Theorem 2.3. Let A, B be invertible positive operators in B(H) and A < B. If
0<wv <1, then

H,(A, B) + M(B — 24+ AB7'A) < AVB (2.7)

(1-v)

< H,(A,B)+ 2 (A— 2B+ BA™'B).

Proof. From (1.13]) we obtain the following inequalities
v(l—v)
2M
The first inequality in (2.8) for a = 1 < b, becomes
b+t vl —v)
+
2 2

(a —b)* <aVb< H,(a,b) + M(a —b)% (2.8)

2m

H,(a,b) +

1+
2

(1-b)%"1 <
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The operator X = A"2BA"% > 1, since A < B. According to 1) we can insert
X in above inequality, i.e., we have

XY+ X w1l -

2 2

Finally, if we multiply inequality 1) by A~7% on the left and right sides, we get
the first inequality in ([2.7)). Similarly, the second inequality in ([2.7)) is obtained. O

Y (x —ortx 1) < I;X (2.9)

It is known that if ¢ is a positive real number then ¢ + % > 2, therefore if X
is a invertible positive operator in B(H), then 2] < X + X~!. Therefore 2 <
AT BA% + A B~ 'A% or 2A < B+ AB'A. So AB~'A + B — 24 > 0, this
implies that the inequality is a refinement of the operator Heinz inequality.

Theorem 2.4. Let A, B be positive operators in B(H). If 0 <v <1, then
r?"H,(A, B) + (2r — 1)(AVB) < 2r*(A4B) < 2R?*(AtB) (2.10)
< R?R®H,(A,B) + (2R - 1)(AVB).
Where r = min{v,1 — v}, R =max{v,1—v}.

Proof. From inequlities (1.9)), (1.10)), (L.11)) and (1.12)), we obtain that if 0 <v <1

then

b +r2(Va — Vb)? < vPa+ (1 —v)%b (2.11)
< R?Pa" b= 1 R%(Va — Vb2,
where r = min{v,1 — v}, R =maz{v,1 —v}. This implies that
" H,(a,b) + (2r — 1)aVb < 2r*Vab < 2R*Vab (2.12)
< R*!H,(a,b) + (2R — 1)aVb.

From inequality (2.12]), by the same method used in the proof of Theorem [2.3
we get the inequalities in (2.10)). O

2.2. Heinz and Young type inequalities and their reverses for matrices.

Theorem 2.5. Let A, B, X € M,(C) such that A and B are positive definite if
v € [0,1], then

Hz/z(y —2)(AX + XB)H2

< ‘ VHAYXBYY 4 AVVXBY) — 4(A% X BY)

‘2 (2.13)

SVU_2||AVXB1_V+A1_VXBV +4H(A%XB%)

B .

Proof. Since A and B are positive semidefinite, it follows by the spectral theorem
that there exist unitary matrices U,V € M, (C) such that

A= UFlU* and B = VFQV*,
where
I = diag()‘la ~~~7>\n)7 Iy = diag(:uh "'ﬂ:u“n)ﬂ )\17/’L’L >0,i=1,..,n

Let
Y =U"XV = [yl
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then
AYX BV + AlvXBY
_ (UFlU*)2"X(VF2V*)1*V + (UTUS " X (VI V)
_ U)X (v V) + ?UF}*VU*)X(VPgV*)
_ UTY(U*XV)Ta V™ +?JF}_”(U*XV)F‘2’V*
U (ryyré—” ; r}—”}zrg) v

Therefore,

AYXB'" 4 A"V X BY
2

: H TYYTL ™ + Ty |
2 2 2

n v 1—v 1—v v 2
_ Z )‘iﬂj + A e |y|2
2 R

i,j=1

Similarly, we have

)

> (o) ol = |abxst

“ 2
1,j=1

i+, || AX + XB)?
Yo T il = |

ij=1 2
It follows from the inequality (2.1)) that

|0 - 2ax + xB); = Y (v <v2>”“ﬂ‘) s

i,j=1
ATy
_z<v2” )
4,j=1
VV72AVXBl v Al VX BY — % % )
2

Therefore

’Vz(V —2)(AX + XB)H2

< ’ VW2AYX BV 4 ANV XBY — 4(AY X BE)

‘ 2

< V72| AV XBY 4 AVVXBY||, 4+ 4 H(A%XB%)

)2 ’
O
Theorem 2.6. Let A, B, X € M, (C) such that A, B and X are positive definite.
Ifv €[0,1], then
|A"XB"™" + A"V XB" +v(1 - v)a (A*X + XB® — 2AXB)
<[[AX + XBl,,

||2 (2.14)
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where a = min{||A|| 7, || B]|~}.

Proof. Since A and B are positive definite, we have ||A|| = = inf{|\|7! : A € sp(A)}
and ||B||~! = inf{|u|~! : X € sp(B)}. It follows by the spectral theorem that there
exist unitary matrices U,V € M,,(C) such that

A=UTU" and B=VTV",

where
'y =diag(A1, .., A\n)y, Do =diag(pa, ooy fin), Aiypt; >0, i=1,..,n
Let
Y =U"XV = [y;],
then

A'XB'""V + A"V XB" + v(1 —v)a (A’X + XB® — 2AX B)
=U (DYYT, ™" 4+ I17YTS + v(l —v)a (TTY + YT3 — 214 YT,)) V¥,
and
AX +XB=U([Y +YTy)V*.
From the first inequality in we conclude that

N T N A v = v) (N = ) < Ay

The rest of the proof is similar to the proof of Theorem However, the details
are omitted. (]

In the following, we show that the inequality (2.14) is a refinement of the matrix
Heinz inequality.

Corollary 2.7. Let A, B, X € M, (C) such that A, B and X are positive definite.
If v € [0,1], then

|A"X B! + ATV X B,

Nl

< [[[4"X B! + ATV XBY||; + v2(1 - v)%a?[|(A2X + XB? - 24X B)}]
<||A"XB'" + A" XB" + v(1 - v)a (A’X + XB® — 2AX B)
<[lAX + XBl,,

I

where o = min{||A||~%, || B]|~1}.
Proof. The first inequality is trivial. For the second inequality, we note that if a
and A, u; (4,5 =1,2,...,n), are positive real numbers, then

n n

Do) < Y +ap)”

i,5=1 i,7=1

O

Using the same strategy as in the proof of Theorem and inequality (2.12)),
we get the following theorem:
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Theorem 2.8. Let A, B, X € M, (C) such that A and B are positive semidefinite
if 0 <v <1, then

" |AYX B + A"V XBY + (2r — 1)(AX + XB)|,
< HA%XB%

< 2R?
2

)A%XB%

2
< R*F||AYXB™" + A"V XB" + (2R — 1)(AX + XB)|, .

Where r = min{v,1 — v}, R=max{v,1—v}.
3. CONCLUSIONS

In the present paper we got some improved Heinz type inequalities for operators
and the Hilbert -Schmidt norm of matrices. Meanwhile, We gave a uniformly and
abbreviated form of the inequalities presented by Kittaneh and Mansarah, and the
inequalities presented by Kai and we obtained some of their operator and matrix
versions.
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