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THE EXPONENTIAL REPRESENTATIONS OF JACOBSTHAL
MATRIX SEQUENCES

SUKRAN UYGUN, EVANS OWUSU

ABSTRACT. In this study, by using Jacobsthal matrix sequences we define k-
Jacobsthal matrix sequences depending on one parameter k. After that by us-
ing two parameters (s,t) we define (s,¢)— Jacobsthal matrix sequences. And
then, we establish the exponential representations of Jacobsthal matrix se-
quences.

1. INTRODUCTION AND PRELIMINARIES

Integer sequences such as Fibonacci, Lucas, Jacobsthal, Jacobsthal Lucas and
Pell charm a lot of mathematicians with their abundant applications in science and
art. Very interesting properties have been found by the scientists.

There are a lot of identities of integer sequences described in [1,2,8]. For instance,
it is well known that computers use conditional directives to change the flow of
execution of a program. In addition to branch instructions, some microcontrollers
use skip instructions which conditionally bypass the next instruction.This brings
out being useful for one case out of the four possibilities on 2 bits, 3 cases on 3 bits,
5 cases on 4 bits, 11 cases on 5 bits, 21 cases on 6 bits,..., which are exactly the
Jacobsthal numbers in [1].

By using integer sequences, matrix sequences are obtained in [3] and adding
some variables generalized matrix sequences are obtained such as [4,5,7].

We define Jacobsthal numbers by using the following recurrence relation in [1,2]

In=In-1+2n—2, jo=0and j1 =1, n>2. (1)

Recurrence (1) involves the characteristic equation

22—z —-2=0

with roots
rm=2, ro=—-1, ri+ro=1 rire=-2, r —ryg=23.
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Binet formula that allows us to express the Jacobsthal numbers in function of
the roots rq,ry is defined by

Y —rYy
rL—Ty
We can generalize the sequence depending on one parameter k, which can be

any positive real number. The k-Jacobsthal sequence {jkn}, oy is defined in [7] by
using the following recurrence relation

jk,n = kjk,n—l + 2jk,n—27 jk70 =0 and jk,l =1, n>2. (2)

Recurrence (2) has the characteristic equation

22 —kx—2=0
with roots
kE+VvEk?+38 k—vVk*+38
Tk1 = y  Tk2 = )
2 2
so that

ki +Th2 =k, TeaThe=—2, Th1—Tk2= Vk?+8.
Binet formula for nth term of the k-Jacobsthal numbers as a function of the
roots 7y 1, 7x,2 is defined by
n n
. "1~ Tk2
Jen = ——————— .
Tkl —Tk2

If we generalize Jacobsthal sequence depending on two parameters, we define
the (s, t)-Jacobsthal sequence {j,(s,)},cy in [6] by using the following recurrence
relation

In (Svt) = 8Jn—1 (S,t) +2tjn_o (S,t), jO(Sat) =0 and jl(sat) =1, n>2. (3)

where s >0, t#£0, s>+ 8t>0.
The characteristic equation of the recurrence (3) is

22 —sr—2t=0
with roots

s+ /52 + 8t s —/s2 + 8t

ri(s,t) = 5 . Tas,t) = 5

so that

Tl(sat) + T2(5at) =S, rl(sat)' TQ(Sat) = —2t, rl(svt) - r2(57t) =V 52 + 8t.

Binet formula for (s,t)-Jacobsthal numbers as a function of the roots ri(s,t),
r2(s,t) is defined by

Jn (s,t) =
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1.1. Jacobsthal and Its Generalized Matrix Sequences. Jacobsthal matrix
sequence {Jy, }, oy is defined in [3] by the following recurrence relation

1 0 1 2
Tuer = Ju+ 201, J():(O 1), J1:<1 0). )

The relation between Jacobsthal sequence and Jacobsthal matrix sequence is given

as
jn-‘rl an
Jn = . R .
" ( In 2jn—1 )

k—Jacobsthal matrix sequence {Ji} _y is defined in [7] by the recurrence relation

neN

1 0 k 2
Jk,’nr‘rl = ka,TL +2Jk,n71, Jk,O = ( 0 1 > ) Jk‘,l = < 1 0 ) . (5)

The relation between k—Jacobsthal sequence and k—Jacobsthal matrix sequence is

given as
To = ( jli,n+1 2]1” ) .
’ Tk 2Jkm—1
(s,t) Jacobsthal matrix sequence {J,(s,t)},cy is defined in [6] by the recurrence
relation

Int1 (8, t) = sdy (s, t)+2tTp—1 (s,1), Jo(s,t) = ( (1) (1) ) , J1(s,t) = ( i g ) .
(6)

The relation between (s,t) Jacobsthal sequence and (s,t) Jacobsthal matrix se-
quence is given as

tin (s,t)  2tjp—1 (s,t)

Lemma 1. [5,7] Let us consider s,k > 0, t # 0 and s> +8t > 0,n > 1 any integer,
the following properties hold:

JTL = J{L7 Jk,n = ‘]/?,17 Jn (57t) = ‘]{l (Svt) .

T (5.4) = ( Jnt1(s,t)  2)n (s,t) ) '

Lemma 2. [5,7] Let us consider s,k >0, t # 0 and s> +8t > 0,n > 1 any integer,
the following properties hold:

Jm+n = JmJn; Jk,m-{-n = Jk,ka,ru Jm+n (57t) = Jm (57t) Jn (Sat) .

2. THE EXPONENTIAL REPRESENTATIONS OF JACOBSTHAL MATRIX SEQUENCES

In this section we want to show the exponential representation of the nth element
of Jacobsthal matrix sequence and generalized nth element of Jacobsthal matrix
sequence

Theorem 3. For n > 0 any integer, the exponential representation of the nth
element of Jacobsthal matrix sequence is given in the following form:

A - jnkfl - jnk 2 0
6J"<J1+ A )I” k![O —1} Q
k=0 k=0

where Iy is identity matriz.
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Proof. The eigenvalues of J; matrix are r;1 = 2 and 79 = —1. By using Lemma
1 we have the eigenvalues of J,, matrix as ri" = 2" and 7§ = (—1)". There is an
invertible P matrix such that

~—

_ i 0 -1
AL ¢

holds. By using the properties of the exponential matrices and (8) we have

Also we obtain

T 0 rie" — roe’ ez — et re 0
PO Iy Lt LS I A (i :
0 e 1 — T2 1 — T2 0 7

By using the expansion of Maclaurin series of exp x, we obtain

(o) 5 (r?k—r’;’f)l_ . o
T —T rL—r k! k'
1 2 1 2 P

k=0

n SN | n
rie’ = rlzrgkg =r; — QZ’I" k= 1 (9)
k=0 ’

" = e 1
roe’l = 'I"QZT?IC T 22 nk— 1 (10)
k=

By using (9) and (10) we have

re’r — roe’T _rn—-r QZ 4_T§Lk U ppkt - ij
T — T2 rH — 7T T — T2 . =1 .
So by combining two results, the proof is completed. O

Theorem 4. For n > 0, any integer, the exponantial representation of the nth
element of k—Jacobsthal matriz sequence is given in the following form:

k+\/k2+
Ikﬂ_(]kl"‘Z]knl 1>I2+Z]knzl 0 ]

k—VEk24+8
’ 2

where Iy is identity matriz.

. . 2 _ 2
Proof. The eigenvalues of Ji, 1 matrix are ry; = btVE+8 V2k+8 and 72 = h=vEie+8 V,f*g. By

n
using Lemma 1 we have the eigenvalues of Ji,, matrix as r} :(L V2k2+8) and
n
Tho = (1“7 V2’“2+8> . Hence there is an invertible P matrix such that

J;MP{TZJ v }Pl.
’ 0 Tho

EJMP{@T:;I 0 }Pl
0 e'k.2

In the end, by following the same procedure as Theorem 3, we obtain



144 SUKRAN UYGUN, EVANS OWUSU

e’k 0 Tk1€ k2 — 1) ge k1 I+ e'k2 — ek Tk,1 0
n = 2 —_— ’ .
0 e'k.2 Tkl — Tk,2 Tk,1 — Tk,2 0 Tk,2

n n 00 ; i SN
ekl — ek2 Z e e\ 1 Jkeni
T — Th2 N\ Tk~ TR2 il =gl
, , P , , —

=0

n n ni—1 ni—1
Tpe E2 — g 0e’kl ~Tp1 tTho ]k ni—1
_1—2§ Rl T TR2 f_gk1+2§ .

Tkl —Tk2 =1 Tkl —Tk2

So by combining the above results, the proof is completed. ([

Theorem 5. Let be n > 0 and any integer, the exponantial representations of the
nth element of (s,t)—Jacobsthal matriz sequence is given in the following form:

n t n.
Jn(st)_<jl(st _szk 1(s, >12+ij |:7”1 ]

where Iy is identity matrix.

s+\/;2+8t and 7’2(8, t) — s-«/;2+8t By

(s+\/32+8t)n
2

Proof. The eigenvalues of Jy(s,t) are r1(s,t) =
using Lemma 1 we get the eigenvalues of J,(s,t) are r](s,t) = and
r(s,t) = (577 ngm) . So there exists an invertible P matrix:

(r1(s,t)" 0

Ju(s,t) =P [ 0 (rals. )" ] Pt

Therefore the exponential form is

(ri(s;)" 0
Jn(s,t) _ € -1
e =P [ 0 o(ra(s,6)" ] P
In the end, by following Theorem 3 steps, we obtain

o(r(s.6)" 0  (rals e (s, e
0 e(ra(s:t)" N ri(s,t) — ra(s,t) 2

. €(r2(s’t))n _ e(m(s,t))n Tl(svt) 0
1(5,1) — 12(5, 1) 0 ra(s,t) |-

e(’l(s )" 6(72(3 )" i nk 7 _ 7n2 S t Z]nk S, t
r1(s,t) — ra(s,t) *’I”QSt k' !

k=0 5

(s, )2 (500" — gy (s, £)elri (50" 22( M CUR L 1<s,t>> 1 k1 (3,1)

r1(s,t) —12(s,1) r1(s,t) —r2(s,t)

The proof is completed by using these two results. (I
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Theorem 6. For n > 0, the exponential representation of the 2nth element of
Jacobsthal matriz sequence is given in the following form:

oo — <] +232nk 1) I +Z]2nk {rl 0 }

where Iy is identity matriz.

Proof. The eigenvalues of J; are r; = 2 and ro = —1.By using Lemma 1 we get
the eigenvalues of J,, are r] = 2" and r% = (—1)". By using Lemma 2, there is an
invertible P matrix such that

2n 0
J2n:Jan:P|:T1 ,r2n:|P_l
holds. By using the properties of the exponential matrices we have

2n
e’ 0
elon — p

Also we obtain

2n 2n 2n 2n 2n
e’ 0 rie’2 —roe’l I+ ez — el ri 0
2n = |— 2 _— .
0 e 1 — T rL— Ty 0 7
r2n r2n el 2nk 2nk 1 o0 A
CRLLE P o <—) 1 _lemk
ro—r T —T k! k-
1 2 k=0 1 2 k=0

1

2n

7‘16r2 = r § T,%nk 2§ : 2nk—1 —
2n 1

7'26T1 ro E T2nk 0 =7y — 2§ : nk—1 —

2n 2" 2nk—1 2nk—1
rie"? —re’l —r] + 75 .72nlc 1
_ = =1-2 2 .
T — T2 Z( T — T2 k' =h+t Z
By combining the results, the proof is completed. O

Of course, the exponential representation of 2nth k—Jacobsthal and (s, t)—Jacobsthal
matrix sequences can be obtained by using the same procedure in theorem (6). We
give the results as

J n o Jk,2ni—1 Jk,2ni Tk,1 0
e |

=0
[c OREPN o0 A
Jan(s,t) _ [ 2 Jonk—1(5,1) Jonk(s, 1) r1(s,t) 0
€ = (31(3’”*“ k! IﬁH k! 0 ra(st) |
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