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EXTENSION OF k-GAMMA, k-BETA FUNCTIONS AND k-BETA

DISTRIBUTION
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Abstract. In this present paper, the main aim of the authors are to present

extended k-gamma, k-beta functions and extended k-beta distribution where
k > 0. These newly defined functions are the generalized forms of the extended

gamma, beta functions and extended beta distribution. Also, we further gen-

eralize the said functions and some of their properties.

1. Introduction

In this section, we present some fundamental relations of gamma, beta, ex-
tended gamma, extended beta functions and extended beta distribution introduced
in ([2],[3],[20],[22]). In section 2, we introduce extended k-gamma, extended k-beta
functions and some of their properties where k > 0. In this section, also we intro-
duce the k-analogue of extended beta distribution which is an extension of k-beta
distribution recently introduced by Rahman et al. see [23]. The section 3 is de-
voted to further generalization of extended k-gamma, extended k-beta functions
and some of their properties.

The gamma function is defined by

Γ(z) =

∞∫
0

tz−1e−tdt, R(z) > 0.

In another way, it is defined as

Γ(z) = lim
n→∞

n!nz−1

(z)n

where (z)n is the Pochhammer symbol defined as

(z)n =

{
z(z + 1)(z + 2) · · · (z + n− 1); for n ≥ 1, z 6= 0
1 if n = 0
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and

Γ(z + 1) = zΓ(z)

The relation between Pochhammer symbol and gamma function is given below

(z)n =
Γ(z + n)

Γ(z)

and the integral form of beta function is defined by

B(x, y) =
Γ(x)Γ(y)

Γ(x+ y)
, Re(x) > 0, Re(y) > 0

B(x, y) =

∞∫
0

tx(1− t)ydt,Re(x) > 0, Re(y) > 0.

In 1994, Chaudhry and Zubair [2] have introduced the following extension of
gamma function

Γb(z) =

∞∫
0

tz−1e−t−bt
−1

dt, Re(z) > 0, p ≥ 0. (1.1)

When b = 0, then Γb tends to the classical gamma function Γ. In 1997, Chaudhry
et al. [3] presented the following extension of Eulers beta function

B(x, y; b) =

∞∫
0

tx(1− t)ye−
b

t(1−t) dt (1.2)

(where Re(b) > 0, Re(x) > 0, Re(y) > 0). When b = 0, then B0(x, y) = B(x, y).
In the same paper, Chaudhry et al. defined the following extended beta distribution

f(z) =

{
1

B(p,q;b)z
p−1(1− z)q−1e−

b
t(1−t) ; 0 5 z 5 1; p, q, b > 0

0, elsewhere.
(1.3)

In recent years, some extension of the well-known special functions have been
considered by several authors (see [5]-[8]). Diaz et al. ([9]-[11]) have introduced
k-gamma and k-beta functions and proved a number of their properties. They have
also studied k-zeta functions and k-hypergeometric functions based on Pochhammer
k-symbols for factorial functions. For k > 0 and z ∈ C, the k-gamma function is
defined by

Γk(z) = lim
n→∞

n!kn(nk)
z
k−1

(z)n,k
.

Its integral representation is also given by,

Γk(z) =

∞∫
0

tz−1e
−tk
k dt

and

Γk(z + k) = zΓk(z)
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The relation between Pochhammer k-symbol and k-gamma function is given as

(z)n,k =
Γk(z + nk)

Γk(z)
.

The k-beta function is defined by

Bk(x, y) =
1

k

∞∫
0

t
x
k−1(1− t)

y
k−1dt.

The relation between k-gamma function and k-beta function is

Bk(x, y) =
Γk(x)Γk(y)

Γk(x+ y)
, Re(x) > 0, Re(y) > 0.

These studies were then followed by works of Mansour [16], Kokologiannaki [12],
Krasniqi [13, 14] and Merovci [17] elaborating and strengthening the scope of
k-gamma and k-beta functions. Very recently, Mubeen and Habibullah [18] de-
fined k-fractional integration and gave an its application. Mubeen and Habibullah
[19] also introduced an integral representation of some generalized confluent k-
hypergeometric functions mFm,k and k-hypergeometric functions m+1Fm,k by using
the properties of Pochhammer k-symbols, k-gamma and k-beta functions as

mFm,k[
( βm , k) (β+1

m , k) · · · (β+m−1
m , k)

( γm , k) (γ+1
m , k) · · · (γ+m−1

m , k)
;x] =

Γk(c)

kΓk(b)Γk(c− b)

×
1∫

0

t
b
k−1(1− t)

c−b
k −1ext

m

dt

and

m+1Fm,k[
( βm , k) (β+1

m , k) · · · (β+m−1
m , k)

( γm , k) (γ+1
m , k) · · · (γ+m−1

m , k)
;x] =

Γk(c)

kΓk(b)Γk(c− b)

×
1∫

0

t
b
k−1(1− t)

c−b
k −1(1− xtm)dt.

In 2011, Özergin et al. have further generalized the extended gamma and beta
function in [20],

Γα,βp (x) =

∞∫
0

tx−1
1F1(α;β;−t− p

t
)dt (1.4)

where p ≥ 0, | arg(1− z)| < π < p and Re(c) > Re(b) > 0 and

Bα,βp (x, y) =

1∫
0

tx−1(1− t)y−1
1F1(α;β;− p

t(1− t)
)dt (1.5)

where Re(α) > 0, Re(β) > 0, Re(p) > 0, Re(x) > 0, Re(y) > 0. They also, called
these function as extended gamma and beta functions
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2. Main Result: Extended k-Gamma and k-beta Functions

In this section, we introduce the following extended k-gamma, k-beta functions
and some other properties related to these functions. Also, we call these functions
as extended gamma and extended beta k-functions.

Γb,k(z) =

∞∫
0

tz−1e−
tk

k −
bkt−k
k dt, Re(z) > 0, p ≥ 0, k > 0. (2.1)

When b = 0, then Γb,k tends to the gamma k-function Γk defined in section 1, if
k = 1, then Γb,k tends to Γb defined in [2]and if both b = 0 and k = 1, then Γb,k
tends to classical gamma function Γ. The k- analogue of the extended Eulers beta
function is defined as

Bk(x, y; b) =
1

k

1∫
0

t
x
k−1(1− t)

y
k−1e−

bk

kt(1−t) dt (2.2)

(where k > 0, Re(b) > 0, Re(x) > 0, Re(y) > 0). When b = 0, then B0(x, y) =
B(x, y).
It is obvious that, if k = 1, then Bb,k tends to Bb(x, y) defined in section 1, if b = 0,
then Bb,k(x, y) tends to beta k-function Bk(x, y) defined in section 1 and if both
b = 0 and k = 1, then Bb,k(x, y) tends to the Eular’s beta function B(x, y).
These extensions will be seen to extremely useful, in that most properties of the
gamma and beta k-functions.

2.1. Some Properties of Extended Gamma k-function.
Theorem 2.1.1 Prove that the following difference formula holds for k > 0

Γb,k(x+ k) = xΓb,k(x) + bkΓb,k(x− k), b ≥ 0. (2.3)

Proof For k > 0, consider M be the Mellin transform operator defined by

M{f(t);x} =< tx−1
+ , f(t) >=

∞∫
0

tx−1f(t)dt. (2.4)

Then, Γk,b is a Mellin transform of f(t) = e−
tk

k −
bkt−k
k in x, i.e.,

Γb,k(x) = M{e− t
k

k −
bkt−k
k ;x}.

By exploiting the relationship

M{f ′(t);x} = −(x− 1)M{f(t);x− 1},

between the Mellin transform of a function and its derivative, we get

−(x− 1)Γb,k(x− 1) = M{(−tk−1 + bkt−k−1)e−
tk

k −
bkt−k
k ;x}

which implies to give

−(x− 1)Γb,k(x− 1) = −Γb,k(x− 1 + k) + bkΓb,k(x− 1− k).

Replacing x by x+ 1, we get the proof of (2.3)
Remark 2.1.2 If letting b = 0, then we get the result of gamma k-function as

Γk(x+ k) = xΓk(x).
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Similarly if k = 1, then we get the result of extended gamma function see [4] and
if both b = 0 and k = 1, then we have a result of classical gamma function.
Theorem 2.1.3

(Log-convex property) Let 1 < p <∞ and 1
p + 1

q = 1, then

Γb,k(
x

p
+
y

q
) ≤ (Γb,k(x))

1
p (Γb,k(y))

1
q . (2.5)

Proof For k > 0, we have

Γb,k(
x

p
+
y

q
) =

∞∫
0

t
x
p+ y

q−1e−
tk

k −
bk

ktk dt

=

∞∫
0

(
tx−1e−

tk

k −
bk

ktk

) 1
p
(
ty−1e−

tk

k −
bk

ktk

) 1
q

dt

Now, using Hölder inequality [21], we get

Γb,k(
x

p
+
y

q
) ≤ (Γb,k(x))

1
p (Γb,k(y))

1
q

which is exactly (2.5).
Corollary 2.1.4 Prove that the following inequality holds for x > 0, y > 0, b ≥ 0

Γb,k(
x+ y

2
) ≤

√
(Γb,k(x))(Γb,k(y)) (2.6)

Proof For k > 0, setting p = 2 = q in (2.5), we obtain the required result (2.6).
However, as the arithmetic mean of two positive numbers is greater than or equal
to their geometric mean, we find

Γb,k(
x+ y

2
) ≤

√
(Γb,k(x))(Γb,k(y)) ≤ 1

2

(
Γb,k(x) + Γb,k(y)

)
(2.7)

where x > 0, y > 0, b ≥ 0.
Theorem 2.1.5 Prove that the following reflection formula holds true

bxΓb,k(−x) = Γb,k(x), Re(b) > 0. (2.8)

Proof For k > 0, substituting t = bτ−1 in (2.1), we have

Γb,k(x) = bx
∞∫

0

τ−x−1e−
τk

k −
bk

kτk dτ

which is exactly (2.8).
Corollary 2.1.6 Prove that the following result holds true for k > 0,

Γb,k(k − x) = bx
[

Γb,k(x+ k)− xΓb,k(x)
]
. (2.9)

Proof For k > 0, replacing x by −x in (2.3) and (2.8), we have

Γb,k(k − x) = bkΓb,k(−(x+ k))− xΓb,k(−x) (2.10)

and

b−xΓb,k(x) = Γb,k(−x), Re(b) > 0. (2.11)

Now, using (2.11) in (2.10), we get the required result of (2.9).
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2.2. Integral Representation of Extended beta k-Function. It is important
and useful to look for other integral representations of the extended beta k-function,
both as verify that the extension is natural, simple and for use later. It is also
useful to look for relationship between the original beta function, beta k-function,
extended beta function and their newly extension in terms of k > 0.
Theorem 2.2.1 Prove that the following integral representation holds true

∞∫
0

bs−1Bk(x, y; b)db = Γk(s)Bk(x+s, y+s), Re(s) > 0, Re(x+s) > 0, Re(y+s) > 0.

(2.12)

Proof For k > 0, multiplying (2.2) by bs−1 and integrating with respect to b from
b = 0 to b =∞, we have

∞∫
0

bs−1Bk(x, y; b)db =

∞∫
0

bs−1

(
1
k

1∫
0

t
x
k−1(1− t)

y
k−1e−

bk

kt(1−t) dt

)
db. (2.13)

Now, by the uniform convergence of the integral, the order of integration in (2.13)
can be interchanged. Therefore, we have

∞∫
0

bs−1Bk(x, y; b)db =
1

k

1∫
0

t
x
k−1(1− t)

y
k−1

( ∞∫
0

bs−1e−
bk

kt(1−t) db

)
dt. (2.14)

However, the integral in (2.14) can be simplified in terms of gamma k-function by
substituting u = b

t
1
k (1−t)

1
k

, we have

∞∫
0

bs−1e−
bk

kt(1−t) db = t
s
k (1− t) sk

∞∫
0

us−1e−
uk

k du

= t
s
k (1− t) skΓk(s), Re(s) > 0, 0 < t < 1.

Now, using this result in (2.14), our proof follows.
By putting s = 1 in (2.12), we get the following relation

∞∫
0

Bk(x, y; b)db = Bk(x+ 1, y + 1)

between the original beta k-function and newly introduced extension of beta k-
function.
Remark 2.2.2 The usual integral representation of extended beta function carry
over naturally to our extension and can be recover from them by taking k = 1.
Similarly, the usual integral representation of beta k-function carry over naturally
to our extension and can be recover from them by taking b = 0 and that of integral
representation of Eular’s beta function can be recover by taking b = 0 and k = 1.
Theorem 2.2.3 Prove that the following integral representations for extended beta
k-function hold true

Bk(x, y; b) =
2

k

π
2∫

0

(cos θ)
2x
k −1(sin θ)

2y
k −1e

−bk
k sec2 θ csc2 θdθ (2.15)
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Bk(x, y; b) =
1

k
e−

2bk

k

∞∫
0

u
x
k−1

(1 + u)
x+y
k

e
−bk
k (u+ u−1)du (2.16)

Bk(x, y; b) =
1

k
21− x+yk

1∫
−1

(1 + t)
x
k−1(1− t)

x+y
k e

−4bk

k(1−t2) dt. (2.17)

Bk(x, y; b) =
1

k
(c− a)1− x+yk

c∫
a

(u− a)
x
k−1(c− u)

y
k−1e−

bk

k
(c−a)2

(u−a)(c−u) du. (2.18)

Proof The proofs of (2.15)-(2.18) are straight forward. In particular, (2.15)
follows when we use the transformation t = cos2 θ in (2.2) and similarly (2.16),(2.17)
and (2.18) follow from (2.2), when we use the transformation t = u

1+u , t = 1+t
2 and

t = u−a
c−a respectively.

Theorem 2.2.4 Prove the following functional relation of extended gamma k-
function

Bk(x, y + k; b) +Bk(x+ k, y; b) = Bk(x, y; b). (2.19)

Proof Consider the left hand side of (2.19), we have

Bk(x, y + k; b) +Bk(x+ k, y; b) =

1∫
0

{
t
x
k−1(1− t)

y
k + t

x
k (1− t)

y
k−1

}
e−

bk

kt(1−t) dt,

after a simple algebraic manipulation, we get

Bk(x, y + k; b) +Bk(x+ k, y; b) =

1∫
0

t
x
k−1(1− t)

y
k−1e−

bk

kt(1−t) dt,

which is equal to the right hand side of (2.19).
Theorem 2.2.5 Let Γb,k(x) be the generalized gamma k-function as defined in
(2.1), then

Γb,k(x)Γb,k(y) =
2

k

∞∫
0

r2 x+yk −1e
−r2
k Bk(x, y;

b

r2
)dr,Re(b) > 0, Re(x) > 0, Re(y) > 0.

(2.20)

Proof Substituting t = η2 in (2.1), we get

Γb,k(x) = 2

∞∫
0

η2x−1e
−η2k
k − bk

kη2k dη. (2.21)

Therefore,

Γb,k(x)Γb,k(y) = 4

∞∫
0

∞∫
0

η2x−1ζ2y−1e
−η2k
k − ζ

2k

k e
− bk

kη2k
− bk

kζ2k dηdζ. (2.22)
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The substitution η = (r cos θ)
1
k and ζ = (r sin θ)

1
k in (2.22) yields:

Γb,k(x)Γb,k(y) =
4

k2

π
2∫

0

∞∫
0

r2 x+yk −1e−
r2

k (cos θ)
2x
k −1(sin θ)

2y
k −1 exp[− bk

kr2 sin2 θ cos2 θ
]drdθ.

(2.23)

Interchanging the order of integration on the left hand side in (2.23), we get

Γb,k(x)Γb,k(y) =
2

k

∞∫
0

r2 x+yk −1e−
r2

k

(
2
k

π
2∫
0

(cos θ)
2x
k −1(sin θ)

2y
k −1 exp[−

bk

r2

k sin2 θ cos2 θ
]dθ

)
dr.

(2.24)

From (2.15) and (2.24), the proof of the theorem is complete.
Remark 2.2.6 If letting k = 1, then we have a result of the product of two extended
gamma functions and if letting b = 0, then we have the product of two gamma k-
functions and if both b = 0 and k = 1, then we get the result of classical gamma
functions.
Theorem 2.2.7 Prove the following Mellin transform representation for extended
beta k-function

Bk(x, y; b) =
1

2πι

c+ι∞∫
c−ι∞

Γk(s)Γk(x+ s)Γk(y + s)

Γk(x+ y + 2s)
b−sds,Re(b) > 0. (2.25)

Proof Let M be the Mellin transform operator as defined by [11, p.305]. Then, we
can write (2.12) in operational form to give

M{B(x, y; b→ s)} = Γk(s)Bk(x+s, y+s), Re(s) > 0, Re(x+s) > 0, Re(y+s) > 0.
(2.26)

Now, taking the inverse Mellin transform of both sides of (2.26), we obtain

Bk(x, y; b) =
1

2πι

c+ι∞∫
c−ι∞

Γk(s)Bk(x+ s, y + s)b−sds,Re(b) > 0. (2.27)

The substitution for Bk(x+s, y+s) = Γk(x+s)Γk(y+s)
Γk(x+y+2s) in (2.27) completes the proof

of (2.25).

2.3. The Extended Beta k-Distribution. It is expected that there will be many
applications of the extended beta k-function, like there were of the generalized
gamma k-function. In this section, we define extended beta k-distribution which is
an extension of k-beta distribution see [23]. Let Z be a continuous random variable,
then it is said to have a extended beta k-distribution with two parameters p and q,
if its probability distribution function is defined by

fk(z) =

{
1

kBk(p,q;b)z
p
k−1(1− z)

q
k−1e−

bk

kt(1−t) ; 0 5 z 5 1; p, q, k > 0

0, elsewhere.
(2.28)
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Its distribution function Fk(z) is given by

Fk(z) =


0, z < 0
z∫
0

1
kBk(p,q;b)z

p
k−1(1− z)

q
k−1e−

bk

kt(1−t) dz; 0 5 z 5 1; p, q > 0

0, z > 1

(2.29)

This can also be written as

Fk(z) =
Bz,k(p, q; b)

Bk(p, q; b)
, (2.30)

where

Bz,k(p, q; b) =
1

k

z∫
0

z
p
k−1(1− z)

q
k−1e−

bk

kt(1−t) dz; 0 5 z 5 1; p, q > 0 (2.31)

is the extended incomplete beta k-function.
The mean of the extended beta k-distribution is given by

µk = E(Z) =
Bk(p+ k, q; b)

Bk(p, q)
(2.32)

and

σ2
k = E(Z2)− (E(Z))2 =

Bk(p, q; b)Bk(p+ 2k, q; b)−B2
k(p+ k, q; b)

B2
k(p, q; b)

(2.33)

is the variance of extended beta k-distribution.
The moment generating function of the distribution is

Mk(t) =

∞∑
n=0

tn

n!
E(Zn) =

1

Bk(p, q; b)

∞∑
n=0

Bk(p+ nk, q; b)
tn

n!
. (2.34)

Remark 2.3.1 In this section, if we letting k = 1, then we obtain all the results
of extended beta distribution see [3], similarly if we take b = 0, then we get all the
results of k-beta distribution see [23] and if both b = 0 and k = 1, then we get the
results of beta distribution.

3. Further Extension of Gamma and Beta Functions

In this section, we consider the following generalization of extended gamma and
beta k-functions, which we have introduced in section 2.

Γα,βb,k (x) =

∞∫
0

tx−1.1F1,k

(
α;β;− t

k

k −
bk

ktk

)
dt (3.1)

Where Re(α) > 0, Re(β) > 0, Re(b) > 0, Re(x) > 0, k > 0,
and

Bα,βb,k (x, y) =
1

k

1∫
0

t
x
k−1(1− t)

y
k−1.1F1,k

(
α;β;− bk

kt(1−t)

)
dt (3.2)

Where Re(α) > 0, Re(β) > 0, Re(b) > 0, Re(x) > 0, Re(y) > 0, k > 0. It is obvious
that, if we letting k → 1 and, then we get the generalize extended gamma and
beta functions see [20]. Similarly, if α = β then we get the results which we have
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introduced in section 2 and if both b = 0, k = 1 and α = β, then we have the
results of classical gamma and beta functions.

3.1. Some Properties of Extended Gamma and Beta k-Functions. Here,
we discuss different integral representation and some properties of new generalized
gamma and beta k-functions.
Theorem 3.1.1 For new generalized gamma k-function, we have

Γα,βb,k (s) =
Γk(β)

kΓk(α)Γk(β − α)

1∫
0

Γbµ2,kµ
α−s
k −1(1− µ)

β−α
k −1dµ. (3.3)

Proof Using the integral representation of confluent hypergeometric k-function,
we have

Γα,βb,k (s) =
Γk(β)

kΓk(α)Γk(β − α)

∞∫
0

1∫
0

us−1 exp[−u
kt

k
− bkt

kuk
]t
α
k−1(1− t)

β−α
k −1dtdu.

Now, using one to one transformation i.e. except possibly at the boundaries and
maps the region onto itself. v = ut

1
k , µ = t in the above equation, we get

Γα,βb,k (s) =
Γk(β)

kΓk(α)Γk(β − α)

∞∫
0

1∫
0

vs−1 exp[−v
k

k
− bkµ2

kvk
]dvµ

α−s
k −1(1− µ)

β−α
k −1dµ.

From the uniform convergence of the integrals, the order of integration can be
interchanged to give that

Γα,βb,k (s) =
Γk(β)

kΓk(α)Γk(β − α)

1∫
0

[

∞∫
0

vs−1 exp[−v
k

k
− bkµ2

kvk
]dv]µ

α−s
k −1(1− µ)

β−α
k −1dµ

=
Γk(β)

kΓk(α)Γk(β − α)

1∫
0

Γbµ2,kµ
α−s
k −1(1− µ)

β−α
k −1dµ.

Whence the result.
Remark 3.1.2 The case when k = 1 in above theorem, we get

Γα,βb (s) =
Γ(β)

Γ(α)Γ(β − α)

1∫
0

Γbµ2µα−s−1(1− µ)β−α−1dµ.

see [20]. Similarly, if b = 0 then

Γα,βk (s) =
Γk(β)

kΓk(α)Γk(β − α)

1∫
0

Γk(s)µ
α−s
k −1(1− µ)

β−α
k −1dµ

=
Γk(β)Γk(α− s)Γk(s)

Γk(α)Γk(β − s)
. (3.4)
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Theorem 3.1.3 Mellin transform of the new generalized beta k-function is given
by

∞∫
0

bs−1Bα,βb,k (x, y)db = Bk(x+ s, y + s)Γα,βk (s) (3.5)

where Re(s) > 0, Re(x+ s) > 0, Re(y + s) > 0, Re(b) > 0, Re(α) > 0, Re(β) > 0.
Proof Multiplying (3.2) by bs−1 and integrating with respect to b from b = 0 to
b =∞, we get

∞∫
0

bs−1Bα,βb,k (x, y)db =
1

k

∞∫
0

bs−1

1∫
0

t
x
k−1(1−t)

y
k−1.1F1,k

(
α;β;− bk

kt(1−t)

)
dtdp

(3.6)

From the uniform convergence of the integral, the order of integration in (3.6) can
be interchanged. Therefore, we have

∞∫
0

bs−1Bα,βb,k (x, y)db =
1

k

1∫
0

t
x
k−1(1− t)

y
k−1

∞∫
0

bs−1.1F1,k

(
α;β;− bk

kt(1−t)

)
dpdt.(3.7)

Now, using the one to one transformation (except possibly at the boundaries and
maps the region onto itself) v = b

t
1
k (1−t)

1
k

, µ = t in (3.7), we get

∞∫
0

bs−1Bα,βb,k (x, y)db =
1

k

1∫
0

µ
x+s
k −1(1− µ)

y+s
k −1dµ

∞∫
0

vs−1.1F1,k

(
α;β;− v

k

k

)
dv.

Therefore, using (3.1), we have

∞∫
0

bs−1Bα,βb,k (x, y)db = Bk(x+ s, y + s)Γα,βk (s)

Theorem 3.1.4 For the new generalized beta k-function, we have the following
integral representation

Bα,βb,k (x, y) =
2

k

π
2∫

0

(cos θ)
2x
k −1(sin θ)

2y
k −1.1F1,k

(
α;β;− b

k

k sec2 θ csc2 θ
)
dθ (3.8)

and

Bα,βb,k (x, y) =
1

k

∞∫
0

u
x
k−1

(1 + u)
x+y
k

.1F1,k

(
α;β;−2 b

k

k −
bk

k (u+ 1
u )
)
du. (3.9)

Proof Consider

Bα,βb,k =
1

k

1∫
0

t
x
k−1(1− t)

y
k−1.1F1,k

(
α;β;− bk

kt(1−t)

)
dt.
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Letting t = cos2 θ, we get

Bα,βb,k (x, y) =
2

k

π
2∫

0

(cos θ)
2x
k −1(sin θ)

2y
k −1.1F1,k

(
α;β;− b

k

k sec2 θ csc2 θ
)
dθ.

On the other hand to prove (3.9), letting t = u
1+u in (3.2), we get the required

result of (3.9).
Theorem 3.1.5 For the new generalized beta k-function, we have the following
functional relation

Bα,βb,k (x, y + k) +Bα,βb,k (x+ k, y) = Bα,βb,k (x, y) (3.10)

Proof

Bα,βb,k (x, y + k) +Bα,βb,k (x+ k, y) =

1∫
0

t
x
k−1(1− t)

y
k
1 F1,k

(
α;β;− bk

kt(1−t)

)
dt

+

1∫
0

t
x
k (1− t)

y
k−1.1F1,k

(
α;β;− bk

kt(1−t)

)
dt

=

1∫
0

[t
x
k−1(1− t)

y
k + t

x
k (1− t)

y
k−1].1F1,k

(
α;β;− bk

kt(1−t)

)
dt

=

1∫
0

t
x
k−1(1− t)

y
k−1.1F1,k

(
α;β;− bk

kt(1−t)

)
dt = Bα,βb,k (x, y).

Theorem 3.1.6 For the product of two new generalized gamma k-functions, we
have the following integral representation

Γα,βb,k (x)Γα,βb,k (y) =
4

k2

π
2∫

0

∞∫
0

r2 x+yk −1(cos θ)
2x
k −1(sin θ)

2y
k −1

×1 F1,k

(
α;β;− 1

k r
2 cos2 θ − bk

kr2 cos2 θ

)
.1F1,k

(
α;β;− 1

k r
2 sin2 θ − bk

kr2 sin2 θ

)
(3.11)

Proof Substituting t = η2 in (3.1), we get

Γα,βb,k (x) = 2

∞∫
0

η2x−1.1F1,k

(
α;β;− 1

kη
2k − bk

kη2k

)
dη. (3.12)

Therefore

Γα,βb,k (x)Γα,βb,k (y) = 4

∞∫
0

∞∫
0

η2x−1ζ2y−1.1F1,k

(
α;β;− 1

kη
2k − bk

kη2k

)
.1F1,k

(
α;β;− 1

k ζ
2k − bk

kζ2k

)
dηdζ.

Letting η = (r cos θ)
1
k and ζ = (r sin θ)

1
k in the above equality, we get the required

result in (3.11).
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Remark 3.1.7 By putting b = 0 and α = β in (3.11), we get the relation between
gamma and beta k-functions

Bk(x, y) =
Γk(x)Γk(y)

Γk(x+ y)
.

Acknowledgements
The authors would like to express profound gratitude to referees for deeper review
of this paper and the referee’s useful suggestions that led to an improved presenta-
tion of the paper.

Conflict of Interests
The author(s) declare(s) that there is no conflict of interests regarding the publi-
cation of this article.

References

[1] F. AL-Musallam and S.L. Kalla, Futher results on a generalized gamma function occurring in
diffraction theory, Integral Transforms and Spec. Funct. 7 (34) (1998), pp. 175190.

[2] Chaudhry,MA, Zubair,S,M: Generalized incomplete gamma functions with applications. J.

Comput. Appl. Math. 55, 99124, (1994).
[3] Chaudhry, MA, Qadir,A, Rafique, M Zubair, SM: Extension of Eulers beta function. J. Com-

put. Appl. Math. 78 (1997) 1932.

[4] Chaudhry,MA, Zubair,S,M: On class of incomplete gamma functions with applications. CHAP-
MAN and HALL/CRC, New York, (2001).

[5] M.A. Chaudhry and S.M. Zubair, On the decomposition of generalized incomplete gamma
functions with applications to Fourier transforms, J. Comput. Appl. Math. 59 (1995) 253284.

[6] M.A. Chaudhry, N.M. Temme and E.J.M. Veling, Asymptotic and closed form of a generalized

incomplete gamma function, J. Comput. Appl. Math. 67 (1996), PP. 371379.
[7] M.A. Chaudhry and S.M. Zubair, Extended incomplete gamma functions with applications, J.

Math. Anal. Appl. 274 (2002), PP. 725745.

[8] M.A. Chaudhry, A. Qadir, H.M. Srivastava and R.B. Paris, Extended hypergeometric and
confluent hypergeometric functions, Appl. Math. Comput. 159 (2004), pp.589602.

[9] R. Diaz, and C. Teruel, q, k-Generalized gamma and beta functions, Journal of Nonlinear

Mathematical Physics, 12 (2005) pp. 118-134.
[10] R. Diaz, and E. Pariguan, On hypergeometric functions and Pochhammer k-symbol, Divul-

gaciones Matemticas, 15 (2007) pp. 179-192.
[11] R. Diaz, C. Ortiz, and E. Pariguan, On the k-gamma q-distribution, Central European Jour-

nal of Mathematics, 8 (2010) pp. 448-458.

[12] C. G. Kokologiannaki, Properties and inequalities of generalized k -gamma, beta and zeta
functions, Int. J. Contemp. Math. Sciences, Vol. 5(14) (2010), 653-660.

[13] V. Krasniqi, A limit for the k-gamma and k-beta function, Int. Math. Forum, 5(2010) pp.

1613-1617.
[14] V. Krasniqi, Inequalities and monotonicity for the ration of k-gamma function, Scientia

Magna, Vol. 6, No. 1 (2010) pp. 40-45.

[15] A.R. Miller, Reduction of a generalized incomplete gamma function, related Kampe de Feriet
functions, and incomplete Weber integrals, Rocky Mountain J. Math. 30 (2000), pp. 703714.

[16] M. Mansour, Determining the k-generalized gamma function Γk(x) by functional equations,

Int. J. Contemp. Math. Sciences, 4 (2009) pp. 1037-1042.
[17] F. Merovci, Power product inequalities for the Γk function, Int. J. Math. Analysis, 4 (2010)

pp. pp. 1007-1012.

[18] S. Mubeen, and G. M. Habibullah, k-Fractional integrals and application, International Jour-
nal of Contemporary Mathematical Sciences, 7 (2012) pp. 89-94.



EXTENSION OF k-GAMMA, k-BETA FUNCTIONS AND k-BETA DISTRIBUTION 131

[19] S. Mubeen, and G. M. Habibullah, An integral representation of some k-hypergeometric

functions, International Mathematical Forum, 7 (2012) pp. 203-207.
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