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ABSTRACT. In this present paper, the main aim of the authors are to present
extended k-gamma, k-beta functions and extended k-beta distribution where
k > 0. These newly defined functions are the generalized forms of the extended
gamma, beta functions and extended beta distribution. Also, we further gen-
eralize the said functions and some of their properties.

1. INTRODUCTION

In this section, we present some fundamental relations of gamma, beta, ex-
tended gamma, extended beta functions and extended beta distribution introduced
in ([2],[3],[20],[22]). In section 2, we introduce extended k-gamma, extended k-beta
functions and some of their properties where k > 0. In this section, also we intro-
duce the k-analogue of extended beta distribution which is an extension of k-beta
distribution recently introduced by Rahman et al. see [23]. The section 3 is de-
voted to further generalization of extended k-gamma, extended k-beta functions
and some of their properties.

The gamma function is defined by

I(z) = /tzfle*tdt, R(z) > 0.
0

In another way, it is defined as

1h2—1
I'(z) = lim o

n—oo  (2)n
where (z),, is the Pochhammer symbol defined as

2+ D)(z+2)---(2+n—1); for n>1,2#0
(Z)"_{l if n=0
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and
I'(z+1) =2I'(2)
The relation between Pochhammer symbol and gamma function is given below

_ T(z+4n)
="

and the integral form of beta function is defined by

B(z,y) = W,Re(m) > 0,Re(y) >0
Blz,y) = /tm — #)Vdt, Re(x) > 0, Re(y) > 0.
0

In 1994, Chaudhry and Zubair [2] have introduced the following extension of
gamma function
Ty(2) = /tz_le_t_btfldt, Re(z) > 0,p > 0. (1.1)
0

When b = 0, then I', tends to the classical gamma function I'. In 1997, Chaudhry
et al. [3] presented the following extension of Eulers beta function

B(x,y;b) = /tw(l — t)yefﬂlb—f) dt (1.2)

0
(where Re(b) > 0, Re(x) > 0, Re(y) > 0). When b = 0, then By(x,y) = B(z,y).
In the same paper, Chaudhry et al. defined the following extended beta distribution

1 —1(1 _ \a—1,— 7055 . < <.
flz) = B(p,q;b) P71 —z)97 e T, 0=2=1ip,g,b>0 (1.3)
0, elsewhere.

In recent years, some extension of the well-known special functions have been
considered by several authors (see [5]-[8]). Diaz et al. ([9]-[I1]) have introduced
k-gamma and k-beta functions and proved a number of their properties. They have
also studied k-zeta functions and k-hypergeometric functions based on Pochhammer
k-symbols for factorial functions. For k > 0 and z € C, the k-gamma function is
defined by

. nlk"(nk)F !
R

Its integral representation is also given by,

o0

ik
Ti(z) = /tz_lert
0

and

Ti(z+ k) = 2Tk (2)
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The relation between Pochhammer k-symbol and k-gamma function is given as

_ Tw(z+nk)
R e

The k-beta function is defined by

T =

Bi(z,y) = /t%—lu _ELar,
0

The relation between k-gamma function and k-beta function is

~ Ie(@)l(y)

Bi(z,y) = Te(z + 1) ,Re(z) > 0, Re(y) > 0.

These studies were then followed by works of Mansour [16], Kokologiannaki [12],
Krasniqi [13, 14] and Merovci [I7] elaborating and strengthening the scope of
k-gamma and k-beta functions. Very recently, Mubeen and Habibullah [I8] de-
fined k-fractional integration and gave an its application. Mubeen and Habibullah
[19] also introduced an integral representation of some generalized confluent k-
hypergeometric functions ,, F},, 1, and k-hypergeometric functions ,,41F,, 1 by using
the properties of Pochhammer k-symbols, k-gamma and k-beta functions as

Foil (ook) (G k) o (PRt k) ] = I's(c)
TR (TR e (P k) kL1 (b)Tk(c = b)
s [tET 1 =0T et dt
/
and
Fo il (2.k) (55 k) - (H=dp ] = Tk (c)
TR (D k) (PR T T ATk(b)Tk(c - b)

1
x /t%—l(l — )T (1 — 2t™)dt.
0

In 2011, Ozergin et al. have further generalized the extended gamma and beta
function in [20],

Iy (e) = /t“"l 1P (a; 85—t — 2g)dt (1.4)
0

where p > 0, |arg(l — 2z)| < 7 < p and Re(c) > Re(b) > 0 and

By (ea) = [#7 0 =0t R g (1.5
0

where Re(a) > 0, Re(8) > 0, Re(p) > 0, Re(z) > 0, Re(y) > 0. They also, called
these function as extended gamma and beta functions
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2. MAIN RESULT: EXTENDED k-GAMMA AND k-BETA FUNCTIONS

In this section, we introduce the following extended k-gamma, k-beta functions
and some other properties related to these functions. Also, we call these functions
as extended gamma and extended beta k-functions.

+k ki—k
Ty r(z) = /tz_le_T_h Fdt, Re(z)>0,p>0,k>0. (2.1)

0

When b = 0, then I'y ;, tends to the gamma k-function I', defined in section 1, if
k =1, then I'y;, tends to I'y defined in [2Jand if both b = 0 and k = 1, then I'
tends to classical gamma function I'. The k- analogue of the extended Eulers beta
function is defined as

1
1 . k
By(x,y; b E/tﬁf (1—t)k~te ~ R dt (2.2)
0

(where k > 0, Re(b) > 0, Re(x) > 0, Re(y) > 0). When b = 0, then By(x,y) =
B(z,y).

It is obvious that, if £ = 1, then By, 1, tends to By(z,y) defined in section 1, if b = 0,
then By ;(z,y) tends to beta k-function By(x,y) defined in section 1 and if both
b=0and k =1, then By (z,y) tends to the Eular’s beta function B(z,y).

These extensions will be seen to extremely useful, in that most properties of the
gamma and beta k-functions.

2.1. Some Properties of Extended Gamma k-function.
Theorem 2.1.1 Prove that the following difference formula holds for & > 0
Fng(:L' + k‘) = buvk(x) + bkFM(a: — k), b>0. (23)
Proof For k > 0, consider M be the Mellin transform operator defined by

oo

M{f(t);a) =< £\, () >= / 1 £ ()t (2.4)

.
Then, T’y is a Mellin transform of f(t) = e~ *~ % inz, ie.,

phi—k

Dyi(z) = M{e= 25 2).

By exploiting the relationship
M{f'(t); 2} = —(x = DM{f(t); 2 — 1},

between the Mellin transform of a function and its derivative, we get

tk _pke—k

—(z = D)pp(x —1) = M{(—t" "t 40Pt F e " =k 2}
which implies to give
—(1‘ — l)Fb’k(LL' — 1) = —Fb’k(l' -1+ k) + ka‘b’k(x —-1- k)

Replacing x by = + 1, we get the proof of (2.3))
Remark 2.1.2 If letting b = 0, then we get the result of gamma k-function as

Ti(z+ k) = 2Tk ().
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Similarly if & = 1, then we get the result of extended gamma function see [4] and

if both b =0 and k = 1, then we have a result of classical gamma function.

Theorem 2.1.3
(Log-convex property) Let 1 < p < oo and % + % =1, then

Fb,k(% + %) < (Tose(2)) 7 (To(y)) 7

Proof For k > 0, we have

Q=

z 3 _tk_ bk
Tou(Z+ ) = /tﬁ%*le T E dt
P q

/N
~
8
|
—_
D
|
x“}.
|
|
i
~——
S =
~/~
~
<
|
—_
o
B
x|
W=
~—
Q=

Now, using Hoélder inequality [21], we get
T 1 1
Do+ 7)< (Dol@)? (Toe(v))

which is exactly (2.5]).

dt

(2.5)

Corollary 2.1.4 Prove that the following inequality holds for x > 0,y > 0,6 > 0

) </ (Co k(@) (T (v)

x +
Ty i ( > Y

(2.6)

Proof For k > 0, setting p = 2 = ¢ in (2.5), we obtain the required result (2.6]).
However, as the arithmetic mean of two positive numbers is greater than or equal

to their geometric mean, we find

Po(T2) < /(Do a(@) (Do a()) <

where > 0,y > 0,b > 0.
Theorem 2.1.5 Prove that the following reflection formula holds true

b"Tpp(—x) = Tk (@), Re(b) > 0.
Proof For k > 0, substituting ¢t = b1 in (2.1]), we have

( Tyr(z) +Tor(y) )

T4y 1
2 2

[ee]
k k
P S
Ty r(z)=0" [ 1 e Kk dT
0

which is exactly (2.8]).
Corollary 2.1.6 Prove that the following result holds true for k > 0,

Dy p(k—a) =b" [ Ton(a +k) —alypr(z) |
Proof For k > 0, replacing z by —z in and 7 we have
Ty (k —x) = 0Ty p(— (2 + k) — 2Ty (—)
and
b~ Ty () =Ty r(—x), Re(b) > 0.
Now, using in , we get the required result of .

2.7)

(2.10)

(2.11)
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2.2. Integral Representation of Extended beta k-Function. It is important
and useful to look for other integral representations of the extended beta k-function,
both as verify that the extension is natural, simple and for use later. It is also
useful to look for relationship between the original beta function, beta k-function,
extended beta function and their newly extension in terms of & > 0.

Theorem 2.2.1 Prove that the following integral representation holds true

/bs_lBk(x,y; b)db =Ty (s)Br(z+s,y+s), Re(s) >0, Re(z+s) > 0, Re(y+s) > 0.
0

(2.12)

Proof For k > 0, multiplying (2.2)) by »*~! and integrating with respect to b from
b=0to b= 00, we have

oo o0 1 .

/bs_lBk(x,y;b)db: /bs_1 ( [t —t)%*lef’c“bl*t) dt )db. (2.13)
0

0 0

Now, by the uniform convergence of the integral, the order of integration in (2.13]
can be interchanged. Therefore, we have

(%) 1

1 o v x® bk
/bs_lBk(a:,y;b)db: E/t?_l(l — )kt ( J b5 te FD db )dt. (2.14)
0 0 0

However, the integral in can be simplified in terms of gamma k-function by

substituting v = %, we have
th(1—t)%

oo

oo

k N
/b‘g_le_mdb = t%(l—t)%/us_le_%du
0

0
= ti(1—t)FIk(s), Re(s) > 0,0 <t < 1.

Now, using this result in (2.14]), our proof follows.
By putting s = 1 in (2.12)), we get the following relation

oo

/Bk(m,y;b)db =Bz +1,y+1)
0

between the original beta k-function and newly introduced extension of beta k-
function.

Remark 2.2.2 The usual integral representation of extended beta function carry
over naturally to our extension and can be recover from them by taking k£ = 1.
Similarly, the usual integral representation of beta k-function carry over naturally
to our extension and can be recover from them by taking b = 0 and that of integral
representation of Eular’s beta function can be recover by taking b = 0 and k = 1.
Theorem 2.2.3 Prove that the following integral representations for extended beta
k-function hold true

?‘\I\D

By (z,y;b /COSH smﬁ) -1 75“ fese® 0 g (2.15)
0
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o0
k
By(z,y;b 7%/ TH e F (u+uY)du (2.16)
1—|—u
0
1
1 z4y U
By(z,y;b) = EQl_T (L+8)F 11 —¢) " era- dt. (2.17)

bk (c—a)?

1 i z
By(z,y;b) = %(c — a)lf% /(u —a)F Ye—uw) ke F oo du. (2.18)

Proof The proofs of — are straight forward. In particular, (2.15
follows when we use the transformation ¢ = cos? § in and similarly (2.16),(2.17
and follow from , when we use the transformation ¢ = 7 +u, t= ; and
t = === respectively.

Theorem 2.2.4 Prove the following functional relation of extended gamma k-
function

Bi(w,y + k;b) + Bi(x + k, y;0) = By(x, y;b). (2.19)
Proof Consider the left hand side of (2.19)), we have

1
Bi(x,y + k;b) + Br(x + k, y; b) / { tF1 1 —t)F e (1 —t)kL } e_#k*”dt
0
after a simple algebraic manipulation, we get
1
By(z,y + k;b) + Br(z + k, y; b) /t%’ (1— )ttt dr,
0

which is equal to the right hand side of (2.19).
Theorem 2.2.5 Let I'y ;(x) be the generalized gamma k-function as defined in

(2.1), then

2
Ty ()T (y —E/T

b
= By(x,y; T—Q)dr, Re(b) > 0, Re(x) > 0, Re(y) > 0.

0
(2.20)
Proof Substituting t = n? in (2.1, we get
7 S L
Iy r(z) = 2/7}29;_16 R kn2R ). (2.21)
0

Therefore,

2w—1 -2 1—”k<2k bl bl
Lo e (@)L 1 (y // T e kiR kR dnd(. (2.22)
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The substitution 5 = (rcos#)* and ¢ = (rsind)* in (2.22) yields:

4 P T r2 2y bk

r T — r ~ % (cosf sin@)* ~!exp[— ——————]drd6.

b,k (), ( T2 / / ( ) H ) Pl kr2 sin? 6 cos? 9}

0
(2.23)
Interchanging the order of integration on the left hand side in (2.23)), we get

T F T = 2 H 2z _ 9, . 2y _q &

bk (2) Do,k ( k: r’ % Of(COS 0)% ~'(sinf) % ~" exp[— o sinZ 9cos2 a]d0

0

From ([2.15)) and (2.24)), the proof of the theorem is complete.
Remark 2.2.6 If letting k£ = 1, then we have a result of the product of two extended

gamma functions and if letting b = 0, then we have the product of two gamma k-
functions and if both b = 0 and &k = 1, then we get the result of classical gamma
functions.

Theorem 2.2.7 Prove the following Mellin transform representation for extended
beta k-function

Bk(xvyvb) =

€ Cyoork(s)rk(x O S) s gy > 0. (2.25)

27t Tz +y+29)

C—LO0O

Proof Let M be the Mellin transform operator as defined by [11, p.305]. Then, we
can write (2.12)) in operational form to give

M{B(z,y;b — s)} = T'k(s)Bi(z+s,y+s), Re(s) > 0, Re(x+s) > 0, Re(y+s) > 0.

(2.26)
Now, taking the inverse Mellin transform of both sides of (2.26)), we obtain
1 ctiLoo
Bi(a,yib) = 5 / Tu(s)Bi(x + 5,y + 5)b~*ds, Re(b) > 0. (2.27)
T

The substitution for Bi(z+s,y+s) = % in 7)) completes the proof
of [E29).

2.3. The Extended Beta k-Distribution. It is expected that there will be many
applications of the extended beta k-function, like there were of the generalized
gamma k-function. In this section, we define extended beta k-distribution which is
an extension of k-beta distribution see [23]. Let Z be a continuous random variable,
then it is said to have a extended beta k-distribution with two parameters p and g,
if its probability distribution function is defined by

_ bk
fu(z) = { kBk(p o Ei z)kleT W=D ; 0=2=1pgk>0 (2.28)
0, elsewhere.

(2.24)
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Its distribution function Fy(z) is given by

0, z<0
z k
Fe(z) =} [imams* (1 - -l miudy;  0<2<1ipg>0 (2.29)
) BBk(p.a;
0, z>1
This can also be written as
B. «(p, q;b)
Fk: z) = 77, 230)
() By(p, q;b) (
where
1 21 g bk
Bey(pgb) = 2 [ 25 (1= 2)" e mm0dz 0525 Lipg>0 (231)

0

is the extended incomplete beta k-function.
The mean of the extended beta k-distribution is given by

Bi(p + k, ¢;b)
= F(Z) = 22T D7 2.32
and
Bi(p, q¢;b)Br(p + 2k, q;b) — Bi(p+ k, q; b)
2 2 2 kD, g5 kD » 45 L\D » 45
o, =FE(Z°) - (E(Z))* = 2.33
is the variance of extended beta k-distribution.
The moment generating function of the distribution is
My (t) = i Ty = — 1 i Bilp +nk, q:b) (2.34)
= nl By(p,4;0) = Tl '

Remark 2.3.1 In this section, if we letting & = 1, then we obtain all the results
of extended beta distribution see [3], similarly if we take b = 0, then we get all the
results of k-beta distribution see [23] and if both b = 0 and k = 1, then we get the
results of beta distribution.

3. FURTHER EXTENSION OF GAMMA AND BETA FUNCTIONS

In this section, we consider the following generalization of extended gamma and
beta k-functions, which we have introduced in section 2.

oo

9P (z) = /t””’l.lFLk( ot — M Yt (3.1)
0
Where Re(a) > 0, Re() > 0, Re(b) > 0, Re(z) > 0,k > 0,
and
. 1
By = /t% (1-t)F 1y, ( o B~ s ) dt (3.2)
0

Where Re(a) > 0, Re(8) > 0, Re(b) > 0, Re(x) > 0, Re(y) > 0,k > 0. It is obvious
that, if we letting & — 1 and, then we get the generalize extended gamma and
beta functions see [20]. Similarly, if « = § then we get the results which we have
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introduced in section 2 and if both b = 0, kK = 1 and a = [, then we have the
results of classical gamma and beta functions.

3.1. Some Properties of Extended Gamma and Beta k-Functions. Here,
we discuss different integral representation and some properties of new generalized
gamma and beta k-functions.

Theorem 3.1.1 For new generalized gamma k-function, we have

Proof Using the integral representation of confluent hypergeometric k-function,

we have
ukt bt f—o
—NF Y1 =) F “ldtdu.
kT ()Tk (5 — a) //“ ~ gttt b

0

Iyl (s) =

)

Now, using one to one transformation i.e. except possibly at the boundaries and
maps the region onto itself. v = ut%, u =t in the above equation, we get

oo 1
o bk,u2 a—s B—a
Fb,}f(s) //U exp[— W]dvﬂ El - p)E .
0 0

ETk(«

From the uniform convergence of the integrals, the order of integration can be
interchanged to give that

1 oo
Fk 'Uk bkMQ a—=s_ B-a
res — = (1 — i
O = e U el - e = )
0 0
1
Fk(ﬁ) / a=s_q B q
= Iy 2 k 1— k du.
FTr(@)Tk (5 —a) J b2 kel (1—p) w

Whence the result.
Remark 3.1.2 The case when £ = 1 in above theorem, we get

1
I (s) = /Fbuzu”‘ T - )P .
0

see [20]. Similarly, if b = 0 then

020 (s)

1
Tp(s)p 7 (1 — p) =1
o /k (1— )" dy
0

Lp(8)T k(o — s)T'k(s)
Ci(a)Lk (B —s)
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Theorem 3.1.3 Mellin transform of the new generalized beta k-function is given
by
/bs’lng‘kﬁ(m, y)db = By(x + s,y + s)T5 (s) (3.5)
0

where Re(s) > 0, Re(z+s) > 0, Re(y + s) > 0, Re(b) > 0, Re(r) > 0, Re(5) > 0.
Proof Multiplying (3.2) by b°~! and integrating with respect to b from b = 0 to
b = 0o, we get

o] 1 00 1
/bS 1ngﬁ (z,y)d E/bsfl/tffl(l—t)%*l.lFLk( a;ﬁ;—#ﬂt) )dtdp
0 0 0

(3.6)

From the uniform convergence of the integral, the order of integration in (3.6} can
be interchanged. Therefore, we have

oo 1 0o
a L [ =_ u_ o

/bs 1Bbk5xy E/t’“ 1—t)s- 1/17 11F1k(0457 kt(l ?) )dpdt(37)

0 0

0
Now, using the one to one transformation (except possibly at the boundaries and

maps the region onto itself) v = ﬁ =tin , we get
13 &

Mmjgs_l(l — /,L)T—ld,u/v - ~1F1,k ( o; f3; —”% )dv.

[y B -
0 0

x| =
O\H

Therefore, using (3.1]), we have

/ b By (w,y)db = By + s,y + )03 (5)
0

Theorem 3.1.4 For the new generalized beta k-function, we have the following
integral representation

By, %/ COS‘g 51110) -1F1,k( o B; — % sec? 0 csc? 0 )d9 (3.8)
0
and
BP 1 i ut ! bk 1
bk (z,y) = kO/W-lFLk ( a; B 2% — F(u+ ) )du. (3.9)

1
o 1 z_ 14—
Bb,’kﬁ:E\/tk 1(17t)k 1.1F17k( 757 k;t(l t) )dt
0
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Letting t = cos? 0, we get

By,

w\w

7

/C089 Sln@) .1F17k( a;ﬁ;f% sec? @ csc? 0 )d@.
0

On the other hand to prove ., letting t = - in , we get the required

14+u
result of (3.9 .

Theorem 3.1.5 For the new generalized beta k-function, we have the following
functional relation

By (x,y + k) + Byl (x + kyy) = By (z,y) (3.10)
Proof

Bilwy+ k) + Byl wthy) = [0 -0f A (el ) dt
t%(]_—t)%iqul,k( 7ﬁ7_ 1 t) )dt

-t — 0 ek —t)%—l],lFM( o B~ s )dt

t%_l(l _t)%_l-lFl,k( O‘;ﬁa kt(l t) )dt b]f(xay)'

S O O~ o~ _

Theorem 3.1.6 For the product of two new generalized gamma k-functions, we
have the following integral representation

™

o 4T
Fb,f(x) ﬁ//r
0
k

.. 1,2, .29 _ b g _Llp2g02g9 b
X1 Fl,k:( o; B; =31 cos® 0 — 12t )~1F1,k:( o; B; —3r?sin® 0 — 5ty )

(cos 9) ~I(sin 9)%_1

(3.11)
Proof Substituting t = n? in (3.1)), we get
« — k
Fb’f(:];) = 2/772x i ( a; B —%77% _ kl;]% )dn. (3.12)
0

Therefore

e T— y— k k
Iyl (@) () =4//772‘ ¢ 1.1F1,k( a; B; = — o ).1F1,k( a; B; = — 1o )dndC-
0 0

Letting n = (rcos6)% and ¢ = (rsinf)* in the above equality, we get the required

result in (3.11)).
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Remark 3.1.7 By putting b = 0 and a = 8 in (3.11]), we get the relation between
gamma and beta k-functions

o) =
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