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POSITIVE SOLUTIONS TO THE SYSTEM OF OPERATOR
EQUATIONS T;X =U; AND T; XV, =U;

ZAHRA BAKHTIARI, S. MANSOUR VAEZPOUR

ABSTRACT. In this article we consider the system of operator equations T; X = U;
for i=1,2,---,n and give necessary and sufficient conditions for the ex-
istence of common positive solutions to this system of operator equations for
arbitrary operators without the closedness conditions. Also we present the
conditions for the positivity of a n X n block operator matrix. Consequently,
we present the necessary and sufficient conditions for the existence of com-
mon positive solutions to the system of operator equations T; XV; = U;  for
i=1,2,---,n for arbitrary operators without the closedness conditions.

1. INTRODUCTION

Hermitian and positive solutions to matrix or operator equations were investi-
gated by many authors because of its multiple applications in different areas, such
as, the stability and control for discrete-time systems, eigenstructure assignment,
observer design, control of system with input constraint, and fault detection (see,
for example [12] B 11 [13]).

For instance, much progress has been made on the study of matrix equation

TX =1, (L.1)
and the system of matrix equations
WX =U,
{ X = Uy, (1.2)

(see, for example [14, [ @], [15]). Also Hermitian and positive solution to operator
Eq. and common Hermitian and positive solution to operator Egs. were
studied by Dajic and Koliha in 2007 ([7]) and Qing Xiang in 2008 ([29]). They gave
conditions for the existence of Hermitian and positive solutions and obtained the
formula for the general form of solutions of these equations.

Hermitian positive semidefinite solution to the matrix equation

TXV =U, (1.3)

were studied by Khatri and Mitra in 1976 ([14]) and Zhang in 2004 ([30]), respec-
tively. Xu et al. proposed a solvability conditions for the operator Eq. (1.3 to
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have a positive solution and gave an expression of the general positive solution to
Eq. in the general setting of Hilbert C*-modules ([28]). Indeed, the necessary
and sufficient conditions for the existence of a common solution, and the general
form of common solution of the equation pair

{ "XV, =U,

ToXVs = Uy, (14)

were given for matrices over the complex field by Mitra in [I6]. Woude derived
a set of necessary and sufficient conditions and Mitra gave an expression for the
general common solution, for the same problem over a general field (see [27], [I7]).
The system was more recently considered by Navarra et al. for matrices over the
complex field ([I9]). Wang considered the same problem for matrices over regular
rings with identity ([24]). Moreover, matrix equation

T\ XVi + ToX Vs = U, (1.5)

was studied over an arbitrary principle ideal domain ([20]). Wang presented the
solvability conditions and the general solution for matrices over regular ring in [24]
and this solution was revised by Wang et al. in [23]. More recently, Wang have
studied more general matrix equations in [22].

In 2015, Dajic obtained the solvability conditions and the expression for the general
solution of operator Egs. and Eq. for bounded linear operators between
Banach or Hilbert spaces ([0]).

The necessary and sufficient conditions for the existence of the general common
Hermitian and positive solution to some system operator equations such as

X =Uy, XTy =Us, T3 XTs* = Us, Ty XT,* = Uy,
and
T\ X, = Uy, XiT) = Uy, ToXy = Us, XoT o = Uy, Ts X1 Ts" + Ty XoTy* = Us,

for adjointable operators over Hilbert C*-modules has been studied by Wang and
others in [25] [26], respectively.

In all above works, it is only considered the case in which T;, U; and V; are matrices
or closed range operators. But in 2010, Arias and Gonzalez ([I]) presented different
results regarding the existence of solution and also the existence of positive solution
to operator Eq. for arbitrary operators.

In this article, at first we study the operator Eq. and present the necessary
and sufficient conditions for the existence of positive solutions to this equation for
arbitrary operators without the closedness conditions. In fact, we shall prove that
the Dajic and Koliha theorem ([7]), about the positive solution of operator equation
TX = U, still holds if T nor UT™* has closed range and also give the general form
of positive solution to this equation.

In the sequel, we consider the system of operator equations

T,.X=U;, for 1=1,2,--- ' n VYneN, (1.6)

and extend our results to present the necessary and sufficient conditions for the
existence of common positive solutions to this equations for arbitrary operators, by
using the Moore-penrose inverse of a n x n block operator matrix and the condi-
tion for the positivity of this matrix. Consequently, we present the necessary and
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sufficient conditions for the existence of common positive solutions to the system
of operator equations

T, XV, =U; for i=1,2---,n VYnéeN, (1.7)

for arbitrary operators without the closedness conditions.

2. PRELIMINARY

Along this work H, K and G denote complex Hilbert space with inner product

(.,.), L(H,K) is the set of linear operators and B(H, K) is the set of bounded linear
operators from H into K.
By B(#H)" we denote the cone of positive operators of B(H), i.e, B(H)T = {T e
BH)(T(&),&) > 0,V¢ € H}. T* denote the adjoint operator of T', R(T) stands for
the range of T and N(T') for its null space. Given a closed subspace S of H, Ps
denotes the orthogonal projection onto S.

Definition 2.1. Let T € B(H,K), the inner inverse of T is a linear operator as
T~ such that T~ : D(T~) CK — H with R(T) CD(T~) and TT-T =T.

In [3], Ben-Israel has shown that for every T € B(H,K), there exists at least
an inner inverse T~ for T but it is not necessarily bounded, (T~ ¢ B(K,H), in
general). We say that the operator T' € B(#,K) is regular if there is an inner
inverse T~ € B(K,H). Ben proved that for given T € B(H,K), there exists an
inner inverse of T', T, such that 7'~ € B(K,H) if and only if T" has closed range.

Definition 2.2. LetT € B(H,K) and T~ be an inner inverse of T'. If, in addition,
T~ satisfies T-TT~ = T, then T~ is called generalized inverse of T. Note
that T~ is not unique, however there exists a unique generalized inverse of T which
also satisfies

(TT~) =TT~ and (T~T) =TT,
which is called the More-penrose generalized inverse of T and it will be denoted
by TT.

Therefore, for every T € B(H, K), T' is the unique generalized inverse of T' which

satisfying the four following Penrose equations:

i. TTIT =T,

ii. TYTTt =TT,

iii. (771" =TT,

iv. (TTT)" =T1T.
An operator T' € B(H, K) has the unique Moore-Penrose inverse TT¢ B(H, K)if and
only if T has closed range, or equivalently if and only if it is regular, ([I8]). The
assumption that R(T') is closed can be avoided in general, however in that case
the Moore-Penrose inverse is not bounded. Also, if T' € B(H, K) then we have the
following properties, ([29]):
(1) = (1),
If T > 0 then T = THTTT = (T2 (TV/2T1) > 0,
T'T and TT' both are projection,

T'T = Py and TT' = Pl peryorery

(TT*)T — (T*)TTT and (T*T)T _ TT(TT)*’
R(T'T) = R(T') = R(T*) so that T'TT* = T*,

SR e
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7. R(TTY) = R(T) so that T*TT" = (T'T'T)" = T*.
Throughout this work the next well-known theorem due to Douglas ([I0]), about
range inclusions of operators will be crucial.

Theorem 2.3. (Douglas) Let T € B(H,K) and U € B(G,K). The following con-
ditions are equivalent:
i. There exists V € B(G,H) such that TV = U. (This means that the equation
TX =U has a solution.)
ii. R(U) C R(T).
iii. There exists a positive number \ such that UU* < \XTT*.

As a consequence of Dauglas Theorem, Arias and Gonzalez, ([I]), proved the
next lemma. This fact will be used frequently along this work.

Lemma 2.4. ([I]- Lemma 2.1) If T € B(H,K) and U € B(G,K) such that R(U) C
R(T), Then T'U € B(G,H), even though TT ¢ B(H,K).

Next result, due to Sebestyén ([2I]), will be crucial to prove one of the main
theorem of the next section.

Theorem 2.5. (Sebestyén) Let T,U € B(H, K) be such that the equation XT = U
has a solution. Hence, the equation admits a positive solution if and only if U*U <
AT*U, for some constant A > 0.

The following theorem proved by Dajic and Koliha in 2007 ([7]). They presented
conditions for the existence of positive solutions of Eq. (1.1)).

Theorem 2.6. ([7]-Theorem 5.2) Let T, U € B(H,K) and let T and UT* be closed
range operators, then the equation TX = U has a positive solution if and only if
UT* >0 and R(U) C R(UT™*). Also, its general positive solution is:

X=U"UTY U+(I-T"T)SU-T"T)", SeBH)".

The next theorems is proved by Arias and Gonzalez ([I]). They gave the neces-
sary and sufficient condition about the existence of solution of Eq. (1.3) that will
be crucial to prove our main results.

Theorem 2.7. ([I]-Proposition 3.3) Let T € B(H,K), V € B(G,H) andU € B(G,K),
then the following conditions are equivalent:
i. The equation TXV = U is solvable.
ii. R(U) C R(T) and R(T'U)") C R(V*). i
iii. R(U)C R(T) and there exists Y € B(H) such that YV = TTU.
Moreover, if one of the previous conditions holds then every solution of XV = TtU
is also a solution of TXV =U. Also, for X € B(H) such that TXV = U, we have

that PWX is a solution of XV =T'U.

Theorem 2.8. ([I]-Theorem 4.3) Let T € B(H,K),V € B(G,H) and U € B(G,K)
be such that R(V)) C R(T*). If the equation TXV = U is solvable then the following
conditions are equivalent:
i. There exists X € B(H)" such that TXV =U.
ii. There exists Y € B(H)" shch that YV = T1U.
ii. V*TTU > 0 and R(TTU)") € R(V*TTU)"?).
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If one of these conditions holds and we consider the matriz operator decomposition
induced by R(T*), then the general form of the positive solution X is:

% X1 X1z
=1~ « Y. N 7 1 B )
X2 (X1 ') Xi2) (X1 ") Xo+ f

where X1, = PWY/‘W with Y € B(H)", be a positive solution of XB = T1C,
R(X1,) C R(X~111/2) and f is positive.

3. MAIN RESULTS

In this section, at first by using Sebestyén theorem, we show that the Dajic and
Koliha theorem, [7], about the positive solution of Eq. (I.1)), still holds if 7" nor
UT* has closed range.

Theorem 3.1. Let T,U € B(H,K), then the equation TX = U has a positive
solution if and only if UT* > 0 and R(U) C R(UT™*). If the equation has a positive
solution, then its general positive solution is:

X=U0"UTH'Uv+I-T'")SI-T'T)", SecBH)".

Proof. Let (UT*)" be the Moore-Penrose inverse of UT*. If UT* > 0 then we have
(UT*)" > 0. Also since R(U) C R(UT*), then

(UTHUT)'U = PrpeyU = U. (3.1)
Now set Xo = U*(UT*)'U, then since R(U) C R(UT*), we have (UT*)'U €
B(H,K) and so Xy € B(H).
Indeed,

(Xoz,z) = (U(UT*) Uz, z) = (UT*) Uz, Uz) > 0, (3.2)

so Xg > 0. Finally from Eq. we have T Xy = U, and so Xy is a particular
positive solution of the equation TX = U.
Conversely, suppose TX = U has a positive solution such as X € B(H)+, then
UT* = TXT*, and since (I'’XT*x,x) = (XT*x,T*z) > 0, so UT* > 0 and
Hermitian. Also since X is a positive solution of the equation TX = U then
XT* =U*, and by Sebestyén theorem we have:

UUu* < \XTU* for some A>0.

So,
(UU*x,z) < XTU"x,x) Va € K,
and
| Uz || = (Uz,Uz) = (UU*z, ) < NTU*z,z)  Va € K. (3.3)
Now if U € B(H,K) be such that || Uz ||* > 1, then
| Uz |* < || Uz |I*]| Uz |, (3-4)

and by Egs. (3.3), (3.4) and since UT* > 0, then
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| Uz ||* < || Uz |I*| Uz |* < N(UT "z, 2)(TU" 2, ).
So,
(UU*z,x) < N (UT*2,2)(TU*x, x),

which implies,

UU* < N’TU*UT* for some A >0,

and so by Dauglas theorem we have R(U) C R(UT™).

If | Uz ||> < 1, choose m > 0 such that || mUz ||> > 1 and mU € B(H,K). So
by the same reason as above, we have R(mU) C R(mUT™*) which implies R(U) C
R(UT™).

Now, we find the general form of positive solution of the equation. It is obvious
that Xy = U*(UT*)TU is a particular positive solution of the equation TX = U.
We claim that R(Xy) C R(T™*).

Since Xy is a positive solution of TX = U, so XoT* = U*, and R(U*) C R(Xj).
Moreover, by Xo = U*(UT*)'U, R(X,) € R(U*) and therefore,

R(U*) = R(Xo). (3.5)

Suppose x € N(T)NR(U*), then for some u € K, we have Ta = TU*u = UT*u =0
and so u € N(UT*). Also since R(U) C R(UT*) , then R(UT*)* € R(U)" and
equivalently N(UT*) C N(U*). So, v € N(U*) and then z = U*u = 0 and
N(T) N R(U*) = {0}. Therefore by Eq. (3.5),

R(Xo) = R(U*) € N(T)" = R(T*).

Let X be an arbitrary positive solution of the equation 7X = U. Then Z = X — X
is a hermitian solution to the equation TZ = 0. But by ([8]-Lemma 2.4), Z has
the form (I — TYT)V(I — TTT)", where V € B(H) is hermitian. Besides, since
R(Xo) C R(T*), then TTT Xy = X;. So, we have:

(I-T'TX(I-TiT) =1 -T'T)Xo(I - T'T)" + (I - T'T)V(I - T'T)"
= -TtT)Vv{I -TiT),

and then S = (I — TTT)V(I — T'T)" is positive. Indeed (I — TTT)(I — TTT) =
(I —T'T), and hence

X=Xo+I-Tt")(I-T'T)WV({I-T'T) (I -T'T)
=X+ (I -T'T)SI-T'T)", S>>0
Conversely if X = X, + (I — T1T)S(I — TTT)" with S > 0, then it is obvious that

S
X is a positive solution to TX = U.
|

Now we will extend our result and present the necessary and sufficient conditions
for the existence of common positive solutions to the system of operator Eqs. (1.6]).
At first, we give the conditions for the positivity of a n x n block operator matrix.
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Lemma 3.2. Let M = [;* ZB;] be a block operator matriz such that A € B(H),
B € B(K,H) and D € B(K). If A and D be Hermitian and R(B) C R(A),
R(ATB) C N(B*) and R(B*) C R(D) then

w2 ~ATB] [AT 0 I 0] [AT+ATBDCA" —A'BD
0 I 0 Df||-B*At 1|~ ~DCA? Dt |-

Note that M exits uniquely but is not necessarily bounded.

I —-A'B 1 0
Proof. Let T = {O I _pAt T
and T* = §.

Indeed we have,

} and S = [ ], then T and S are invertible

B) C R(A) <= AA'B = B < B*A'A = B*,
'B) C N(B*) += B*A'B =0,
B*) C R(D) <= DD'B* = B* < BD'D = B.

So, SMT = diag(A, D). Moreover, since T and S are invertible, M = S~ diag(A, D)T~.
Now, we check that Tdiag(AT, DT)S is verified the four Moore-Penrose inverse con-
ditions:
1. MMTM = S~diag(A, D)T~Tdiag(At, D)SS~diag(A, D)T~ = M.
2. MTMMT = Tdiag(A', D")SS~diag(A, D)T~Tdiag(A", DT)S = MT.
3. MM'" = S~diag(A, D)T~Tdiag(A", DT)S = diag(AAT, DDT),
so, (MM = MM*.
4. MYM = Tdiag(At, D) SS~diag(A, D)T~ = diag(ATA, DT D),
so, (MTM)" = MTM.
So, M = Tdiag(A', DT)S. O

A B

Example 3.3. Let M = {B* D

} be a block matrixz such that A =

O = =
O O =
o O O

1 0
B =10 0| and D = {(1) 8} Obviously A and D are Hermitian. By some
0 0
0o 1 0 0 O
1 0 0 -1 0
calculation we have, Mt =10 0 0 0 0
0 -1 0 1 0
0o 0 0 0 O

Indeed, M verify the following properties:

i. A and D are Hermitian,
ii. R(B)C R(A),
iii. B*ATB =0, so R(ATB) C N(B*),
iv. R(B*) C R(D).
Moreover, by some calculation we have:
010
AT+ ATBDCAT = |1 0 0],
0 00
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0 0
ATBD= |1 o0f,
0 0

0 1 0
* AT —
DB A [OOO],
1 0

bt 0]

So it means that MT = [AT +AIBDB AT —ATBD

—DB*AT Dt
Lemma 3.4. Let Aec B(H), B e B(K,H) and D € B(K) be such that A and D be

Hermitian operators and R(B) C R(A) and R(A'B) C N(B*). If M = [é* g]
be a block operator matriz, then the following conditions are equivalent:

i. M is positive.

ii. A and D are positive.

Proof. Let T = [é /}TB} and S = [—B{‘AT ?.],
and T* = S. So by assumption we have, T*MT = diag(A,D), and so M =
(T~ diag(A,D)T~.

Hence, if M > 0 then T*MT > 0 and so A and D are positive.

Conversely, if A and D be positive then

then T and S are invertible,

(Mz,z) = (T~ diag(A, D)T~x,z) = (diag(A, D)T "z, T~ x) > 0,
so M > 0. O

A A - A
Aoy Agy - Agy

Theorem 3.5. Let M = be Hermitian block operator

Anl An2 Ann
matriz such that A;; € B(H;, H;) satisfy the following properties:
1. AiiAiiTAij :Aij; fO’I’iZ 1727"' ,Tl—l andj = 1,2,"' ,n,
2. A”*A”TA” =0, fOTi: 1,2,---.n—1andi<j<n,
3. A AutAy; =0, fori=1,2--- n—2, k=i+1i+2--,n and
j=1+2,i+3,--- ,n.
Then M is positive if and only if A;; >0, fori=1,2,--- n.

All A12

Proof. Supposen =2,s0 M =
roof. Suppose n |:A21 Aoy

A12 and Alg*AllJrAlQ =0.

_ T
If suppose Ty = {é Al} Alﬂ , then by Lemma

M>0 <~ A11 >0 and A22 > 0. (37)

] , and by assumption we have, Ay Ay TA =
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Ay A Agg A A
Now, let n = 3, s0 M = Ay Ass Asz|. Suppose Az = [All AlQ}’ B; =
21 22
Az Aszy Asg

Ais _ _|As Bs
|:A23:| and D3 = 14337 then M = |:B§ D3 .

Since A11A11TA12 = A12 and Alg*AllTAlg = 0, then
A3>0 <= A1 20,42 >0.
So, it is enough that to show that A3A3TB3 = B3 and B§A§B3 = 0. Then by
Lemma [3.4]
M>0<— A11 > O,AQQ >0 and A33 > 0. (38)
NOW, since AQQAQQTA21 = A21, then A3A3T = dia,g(AuAUT,AQQAQQT). So we
have, A3A3'Bs = Bj if and only if

. A A1 A tA A
datan i) [37] = [ o] - [22]

It is equivalent to,
{ A AT A = Ass,
Agg Agyt Agz = Aus.

Moreover,

BiAIB; =0 < [A}; A3] To [ ) o J T; { A;ﬂ =0,
and it is equivalent to,
At AT A =0,
At AT A =0,
Ay AgoT Aoy = 0.

A A Az Ay
Aoy Azp Az Aoy
Azp Azp Azz Az
Ay Ay Agz Ay

A4 B4
B, D4’

Now, let n = 4, so M =

. Suppose Ay = {AS Bﬂ,

B: Ds

A1y

B4 = A24 and D4 = A44, then M = |:
Asa

By the previous part of the proof we have:

A, >0 < A”ZO fOT' 221,273
So, by Lemma it is enough to show that A4A,'B, = By and BZA1B4 = 0.
Then,
M>0+ A; >0, for i=1,234. (3.9)
But since by assumption D3D3 B} = B, then A4A," = diag(A3A3T,D3D;§). So
we have, A4 A,'B, =B, if and only if
A1y A1y A At A = A,
diag(AsAs’, DsD)) [Asy| = |Az| <= AmAsy Aoy = Asy,
Aszy Aszq Az3Azst Azy = Asa.
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J— T ’ "
1\10\7\77 let T3 = I ASBS 5 B4 = A14 and B4 = A34, then
0 I Agy
B*ATB 7 * 11 % . T 1- * B:l
AB, =0+ [B4 B, }ngzag(A?ﬂD?’)T3 71 =0.
4
So, BjAlB, = 0 if and only if
B, A;'B, =0,
B, A;'B; =0,
B, D;'B; =0,
and it is equivalent to,
* * . T T * A14 o
[A14 A24 } nglag(All,AZQ)Tz A24 = 0,
" " . « A 3.10
[A14 A24 } ngzag(Al{l,AQQ)TQ A;i = 07 ( )

Azy* Azt Az = 0.

So, by assumption and from Eq. (3.10]), BZA1B4 =0.
Now, by induction suppose the theorem be true for a (n — 1) x (n — 1) Hermitian
block operator matrix.

A A - A An

A1 Ago Aoy A, . B, . Aap
Let M = ) . |. Suppose A,, = {le Dn1:| ,B, = :

Anl An2 A(nfl)(n)

A’ﬂ’l’L

A, B,
B DJ '
Since the theorem is true for A,,, then

and D,, = A,,,,, then M =

A,>0 = A,;>0, for i=1,2--- ,n—1.
So, it is enough to show that, AnAn]LBn = B,, and B:ALBTL =0, then
M>0<=A,>0 and D,>0<= A4;>0, for i=12,---,n (3.11)

But since by assumption Dn,an,lTBiﬁl =B, _;, then AAT = diag(An,lAn,lT7 Dn,lekl).
So we have A, A, B, = B, if and only if
Aln Aln
A2n A2n
diag(An—1A,_1",D,_1D]_}) . .
An-1)(n) An-1)(n)
and it is equivalent to,

AiiAiiTAin:Ain; for i=1,2,--- n—1
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Aln
I —AL, B, , Asy, "
Let Tp_q1 = [0 Il 1], B, = : and B, = A¢,_1)(n), then
A(n—2)(n)
 atm cx o f e |BL|
BIAIB, =0 < [Bn B’ }Tn_ldmg(An_l,Dn_l)Tn_1 ot =0

and eqiuvalently,
B, A, .'B, =0,
B, A, 1B, 1 =0, (3.12)
B, D, !B =o0.

So by assumption and Eq. (3.12)), A,A,,'B,, = B,,. Hence, the theorem is true for
a n X n block operator Hermitian matrix. ([l

Theorem 3.6. Let T;,U; € B(H,K;) be bounded linear operators such that satisfy
the following properties:

i. R(UT}) C R(UTY), fori,j=1,2,---,n,

ii. R((UiTZ—*)TU,-T;) C N(T;UF), fori=1,2,--- ,n—1i<j<mn,

iii. R((UZ—I’;‘)TUiT;) C N(TRU}), fori=1,2,--- ,n—2k=1i+1,---,n and

j=i+2,---,n.

Then the system operator equations T; X = U; fori = 1,2,--- ,n have a common
positive solution if and only if

L UTy =T,U;, UT; = TUS, Y 1 <id,j <n,
2. UTF>0,V1<i<n,
3. R(U;) C R(UTY), ¥V 1<i<n.

Proof. Let
T [T ] Ty (h)
15 T Ty(h)
Tn_ _T’ﬂ_ T’ﬂ(h>
Ui ] [U1 Ui (h)
Us U Ua(h)
Un_ _U’ﬂ_ U’ﬂ (h)

It is obvious that the system Eqs. have a common positove solution if and
only if the equation TX = U has a positive solution. Besides, by Theorem
the equation TX = U has a positive solution if and only if UT* > 0 and R(U) C
R(UT™). On the other hand, by Theorem [3.5, UT* > 0 if and only if the condition
(1) and (2) hold. Also we show that R(U) C R(UT") if and only if the condition
(3) holds.
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To show this, we have:

R(U) C R(UT*) <= (UT*)(UT")'U = U,

U, U,

Us Us
= diag(UT7,--- UL | . | =1 .1

U, Un

& R(U;) C RUTY), V1 < i <n.
O

In the following, at first, as a consequence of Theorems [2.7] and 2.8 that proved
by Arias and Gonzalez, we prove the result about the positive solution of Eq. ,
which also has been obtained by them ([I]-Corollary 4.6), holds without the closed-
ness conditions. In the sequel, we present the necessary and sufficient conditions
for the common positive solution of the system of operator Egs. .

Corollary 3.7. Let T € B(H,K),V € B(G,H),U € B(G,K) be such that R(V) C
R(T*). If the equation TXV = U be solvable then TXV = U has a positive solution
if and only if V*TU >0 and R(TTU)") = R(V*T1U).

Moreover, if we consider the matriz operator decomposition induced by R(T*), then
the general form of positive solution is:

X AX:ll XlQ
=1 .« VN AR 2T )
X2 (Xu / ) Xi2) (X1 / ) X2+ f

where X1, = TTU(V*TTU)T(TTU)* + PR(T*)(
S eBG)"; R(Xy,) C R(Xlll/ %)

and f 1is positive.
Proof. Suppose that TXV = U has a solution, so by Theorem TXV =U
has a positive solution if and only if XV = TTU has a positive solution and it is
equivalent to V*X = (T1U)" has a positive solution. So, by Theoremit is equiv-
alent to (T1U)"V > 0 and R(TTU)*) € R((TTU)*V). But since R((TTU)*V) C
R((TTU)*), it is equivalent to V*TTU > 0 and R(T1U)") = R(V*T1U).
By Theorem the general form of the positive solution is obvious. ([
Lemma 3.8. Suppose H, K; be Hilbert spaces and T; € B(H, K;) such that R(T;")N
T
T

Ty
R(T;*) = {0} forall1<i#j<n. Then | | =[nt ' - 1,1

I = VIV)S(I = VIV) |y with

T,

il
T
Note that | . erits uniquely but is not necessarily bounded.

Ty
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Proof. At first, since R(T;") N R(T;*) = {0}, then

N(T) = R(Ti")" 2 R(Ty") = R(T;").
So we have TZ-TJ-Jr =0, (Mi#j and 1<1i,j<n)and hence

Tt 0 0
0 DIt 0
A . . (3.13)
: 0 . :
0 0 ce T, T,T
Now, we prove that [TlT TQJf T);] satisfies the Moore penrose conditions.
] [t Tt 0 0 T T
To| |To| | T2 0 D' 0 Ty Ty
1 . . — . . = . 5
: : : : 0 . : : :
7o) | T |Tw 0 0 ceo T T [T T,
Al nnt o0 0
Tl | o] | Ty 0 Dht 0
: : : : 0 . :
71t
T
= [n'nnt oLt - Tt =t o T =)
T,
ol ot o o 1" mlml’
To| | T2 0 (TuT5") 0 T | | Tz
ii. (] . ) = . ) =|. )
: 0 :
_Tn h Tn 0 0 ( Tn Tn ) _Tn Tn
mluran 71T
T2 T2 \ * T2 T2
iv. (| . ) =(T1TT1+T2TT2+---+TnTTn) =1 .
7. |Tn T.| [Tn]
O

Theorem 3.9. Let T; € B(H,K;), Vi € B(Gi,H) and U; € B(G;,K;) be bounded
linear operators such that satisfy the following properties:

i. R(Ty) N R(TY) = {0}, R(V)) N R(V;) = {0} and R(V;) C R(T}), for
1<4,5 <n,

i. Vi*TfUi be Hermitian and V;TiU; = (V;TIU;), for 1 <i,j <n,

iii. R(U;) C R(Ty), R(TIU) ) C R(V}Y), fori=1,2,-- ,n

iv. ROV;TIU;) C R(VFT]UY), fori,j=1,2,-+ ,n

v. R(veTioy! (VT]U;)) C N(VFTiUp) ), fori =12, ,n—1,i < j <mn,
(

vi. R((VeTHO! (V' T]U;) g N((VFTIUW) ), fori=1,2,-- n—2,k =i+
1,---,n andj:z+2

’
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Then the system operator equation T;XV; = U; for i = 1,2,---,n have a
common positive solution if and only if

L VATIU; >0,V 1<i<n,
o, veTiuy(veriuy (Tiu) " = (riu) ", v 1< i<

Ty Uy 0 - 0
T 0 Uy --- 0
Proof. Let T = | . |, V = [Vl Vo - Vn] and U = | . .

Obviously, if the equation
TXV =T, (3.14)

has a positive solution, then the system operator Egs. have a common positive
solution. So, we prove that the Eq. has a positive solution.

By Theorem the Eq. is solvable if and only if R(U) C R(T) and
R((T'U)") € R(V*). So by Lemma@we have:

R(U) C R(T) < TTIU = U,
= diag(T\T] U1, TyT}Us, - -, TuTiU,) = diag(Uy, Us, -+, Uy),
= TV =U;, for i=1,2,---,n
< R(U;) C R(T;), for i=1,2,---,n

Besides,
R(T'U)") € R(V") <= V*V*I(TTU)" = (TTU)",
and it is equivalent to
(rfon) ] [y

diag(‘/l*vl*T,V;V;T,“' ’V;V;T) . =

So, equivalently, we have:
(( Uz) ) ( )7 fOI‘ ’L’:172)...7n_

Then, by assumption (i) and (iii), the Eq. ( is solvable.
Moreover, suppose h € R(V), then

g1 g1
92 92
9n In
so h € @ R(V;) and then R(V) C @' R(V;). Also, since R(V;) C R(T;"), then

R(V) C &2, R(T)"). (3.15)
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Indeed, if h € @, R(T;"), then exits h; € R(T;*) such that h = @7 h;. Also,
since h; € R(T;") , then there exits k; € KC; such that T;*(k;) = h;, so we have,

k1
(| . |) =T (k) = h,
K,
then, h € R(T*) and @, R(T;*) C R(T"). Therefore, from Eq. (3.15), R(V) C
R(T™).

Hence, by Corollary it is enough to prove that V*TTU > 0 and R((TTU)*) -
R(V*T'U), then the Eq. TXV = U has a positive solution.

Since,

‘/1»<

*rpt Vil t

V'T'U=| | [fu, TiU, --- TiU,]
Vo
ViTiUy, VETSU, - VPTIU,
ViTiU, VETiU, -+ VETIU,
VaTiuy ViTiUs - ViTIU,

and by assumption (ii), V*TTU is Hermitian, so from Theorem and asumption
(iv), (v) and (vi), we have:

V'TIU > 0= V/T'U; >0, for i=1,2,---,n.
Moreover,
VTV TIU) = diag(VTi )T - (VTHU) (Vi TiU) ),
then, for 1 <i<n

VTV TIO) (TT) = (T1U)" = verfu v v (1fuy)” = (1fvy)”
(3.16)
Conversely, suppose the system operator Egs. have a common positive solu-
tion, then for every i, the equation T; XV; = U; has a positive solution. So by
Corollary [3.7] the condition 1 and 2 is verified. O
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