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POSITIVE SOLUTIONS TO THE SYSTEM OF OPERATOR

EQUATIONS TiX = Ui AND TiXVi = Ui

ZAHRA BAKHTIARI, S. MANSOUR VAEZPOUR

Abstract. In this article we consider the system of operator equations TiX = Ui

for i = 1, 2, · · · , n and give necessary and sufficient conditions for the ex-

istence of common positive solutions to this system of operator equations for
arbitrary operators without the closedness conditions. Also we present the

conditions for the positivity of a n × n block operator matrix. Consequently,

we present the necessary and sufficient conditions for the existence of com-
mon positive solutions to the system of operator equations TiXVi = Ui for

i = 1, 2, · · · , n for arbitrary operators without the closedness conditions.

1. Introduction

Hermitian and positive solutions to matrix or operator equations were investi-
gated by many authors because of its multiple applications in different areas, such
as, the stability and control for discrete-time systems, eigenstructure assignment,
observer design, control of system with input constraint, and fault detection (see,
for example [12, 5, 11, 13]).
For instance, much progress has been made on the study of matrix equation

TX = U, (1.1)

and the system of matrix equations{
T1X = U1,
T2X = U2,

(1.2)

(see, for example [14, 4, 9, 15]). Also Hermitian and positive solution to operator
Eq. (1.1) and common Hermitian and positive solution to operator Eqs. (1.2) were
studied by Dajic and Koliha in 2007 ([7]) and Qing Xiang in 2008 ([29]). They gave
conditions for the existence of Hermitian and positive solutions and obtained the
formula for the general form of solutions of these equations.
Hermitian positive semidefinite solution to the matrix equation

TXV = U, (1.3)

were studied by Khatri and Mitra in 1976 ([14]) and Zhang in 2004 ([30]), respec-
tively. Xu et al. proposed a solvability conditions for the operator Eq. (1.3) to
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have a positive solution and gave an expression of the general positive solution to
Eq. (1.3) in the general setting of Hilbert C∗-modules ([28]). Indeed, the necessary
and sufficient conditions for the existence of a common solution, and the general
form of common solution of the equation pair{

T1XV1 = U1,
T2XV2 = U2,

(1.4)

were given for matrices over the complex field by Mitra in [16]. Woude derived
a set of necessary and sufficient conditions and Mitra gave an expression for the
general common solution, for the same problem over a general field (see [27], [17]).
The system was more recently considered by Navarra et al. for matrices over the
complex field ([19]). Wang considered the same problem for matrices over regular
rings with identity ([24]). Moreover, matrix equation

T1XV1 + T2XV2 = U, (1.5)

was studied over an arbitrary principle ideal domain ([20]). Wang presented the
solvability conditions and the general solution for matrices over regular ring in [24]
and this solution was revised by Wang et al. in [23]. More recently, Wang have
studied more general matrix equations in [22].
In 2015, Dajic obtained the solvability conditions and the expression for the general
solution of operator Eqs. (1.4) and Eq. (1.5) for bounded linear operators between
Banach or Hilbert spaces ([6]).
The necessary and sufficient conditions for the existence of the general common
Hermitian and positive solution to some system operator equations such as

T1X = U1, XT2 = U2, T3XT3
∗ = U3, T4XT4

∗ = U4,

and

T1X1 = U1, X1T
′

1 = U2, T2X2 = U3, X2T
′

2 = U4, T3X1T3
∗ + T4X2T4

∗ = U5,

for adjointable operators over Hilbert C∗-modules has been studied by Wang and
others in [25, 26], respectively.
In all above works, it is only considered the case in which Ti, Ui and Vi are matrices
or closed range operators. But in 2010, Arias and Gonzalez ([1]) presented different
results regarding the existence of solution and also the existence of positive solution
to operator Eq. (1.3) for arbitrary operators.

In this article, at first we study the operator Eq. (1.1) and present the necessary
and sufficient conditions for the existence of positive solutions to this equation for
arbitrary operators without the closedness conditions. In fact, we shall prove that
the Dajic and Koliha theorem ([7]), about the positive solution of operator equation
TX = U , still holds if T nor UT ∗ has closed range and also give the general form
of positive solution to this equation.
In the sequel, we consider the system of operator equations

TiX = Ui for i = 1, 2, · · · , n ∀n ∈ N, (1.6)

and extend our results to present the necessary and sufficient conditions for the
existence of common positive solutions to this equations for arbitrary operators, by
using the Moore-penrose inverse of a n × n block operator matrix and the condi-
tion for the positivity of this matrix. Consequently, we present the necessary and
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sufficient conditions for the existence of common positive solutions to the system
of operator equations

TiXVi = Ui for i = 1, 2, · · · , n ∀n ∈ N, (1.7)

for arbitrary operators without the closedness conditions.

2. Preliminary

Along this work H, K and G denote complex Hilbert space with inner product
〈., .〉, L(H,K) is the set of linear operators and B(H,K) is the set of bounded linear
operators from H into K.
By B(H)

+
we denote the cone of positive operators of B(H), i.e, B(H)

+
= {T ∈

B(H)|〈T (ξ), ξ〉 ≥ 0,∀ξ ∈ H}. T ∗ denote the adjoint operator of T , R(T ) stands for
the range of T and N(T ) for its null space. Given a closed subspace S of H, PS

denotes the orthogonal projection onto S.

Definition 2.1. Let T ∈ B(H,K), the inner inverse of T is a linear operator as
T− such that T− : D(T−) ⊆ K −→ H with R(T ) ⊆ D(T−) and TT−T = T .

In [3], Ben-Israel has shown that for every T ∈ B(H,K), there exists at least
an inner inverse T− for T but it is not necessarily bounded, (T− /∈ B(K,H), in
general). We say that the operator T ∈ B(H,K) is regular if there is an inner
inverse T− ∈ B(K,H). Ben proved that for given T ∈ B(H,K), there exists an
inner inverse of T , T−, such that T− ∈ B(K,H) if and only if T has closed range.

Definition 2.2. Let T ∈ B(H,K) and T− be an inner inverse of T . If, in addition,
T− satisfies T−TT− = T−, then T− is called generalized inverse of T . Note
that T− is not unique, however there exists a unique generalized inverse of T which
also satisfies

(TT−)
∗

= TT− and (T−T )
∗

= T−T ,

which is called the More-penrose generalized inverse of T and it will be denoted
by T †.

Therefore, for every T ∈ B(H,K), T † is the unique generalized inverse of T which
satisfying the four following Penrose equations:

i. TT †T = T ,
ii. T †TT † = T †,
iii. (TT †)

∗
= TT †,

iv. (T †T )
∗

= T †T .

An operator T ∈ B(H,K) has the unique Moore-Penrose inverse T †∈ B(H,K)if and
only if T has closed range, or equivalently if and only if it is regular, ([18]). The
assumption that R(T ) is closed can be avoided in general, however in that case
the Moore-Penrose inverse is not bounded. Also, if T ∈ B(H,K) then we have the
following properties, ([29]):

1. (T †)
∗

= (T ∗)
†
,

2. If T ≥ 0 then T † = T †TT † = (T 1/2T †)
∗
(T 1/2T †) ≥ 0,

3. T †T and TT † both are projection,
4. T †T = P

R(T∗)
and TT † = P

R(T )
|R(T )⊕R(T )⊥ ,

5. (TT ∗)
†

= (T ∗)
†
T † and (T ∗T )

†
= T †(T †)

∗
,

6. R(T †T ) = R(T †) = R(T ∗) so that T †TT ∗ = T ∗,
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7. R(TT †) = R(T ) so that T ∗TT † = (TT †T )
∗

= T ∗.

Throughout this work the next well-known theorem due to Douglas ([10]), about
range inclusions of operators will be crucial.

Theorem 2.3. (Douglas) Let T ∈ B(H,K) and U ∈ B(G,K). The following con-
ditions are equivalent:

i. There exists V ∈ B(G,H) such that TV = U . (This means that the equation
TX = U has a solution.)

ii. R(U) ⊆ R(T ).
iii. There exists a positive number λ such that UU∗ ≤ λTT ∗.

As a consequence of Dauglas Theorem, Arias and Gonzalez, ([1]), proved the
next lemma. This fact will be used frequently along this work.

Lemma 2.4. ([1]- Lemma 2.1) If T ∈ B(H,K) and U ∈ B(G,K) such that R(U) ⊆
R(T ), Then T †U ∈ B(G,H), even though T † /∈ B(H,K).

Next result, due to Sebestyén ([21]), will be crucial to prove one of the main
theorem of the next section.

Theorem 2.5. (Sebestyén) Let T,U ∈ B(H,K) be such that the equation XT = U
has a solution. Hence, the equation admits a positive solution if and only if U∗U ≤
λT ∗U , for some constant λ ≥ 0.

The following theorem proved by Dajic and Koliha in 2007 ([7]). They presented
conditions for the existence of positive solutions of Eq. (1.1).

Theorem 2.6. ([7]-Theorem 5.2) Let T,U ∈ B(H,K) and let T and UT ∗ be closed
range operators, then the equation TX = U has a positive solution if and only if
UT ∗ ≥ 0 and R(U) ⊆ R(UT ∗). Also, its general positive solution is:

X = U∗(UT ∗)
−
U + (I − T−T )S(I − T−T )

∗
, S ∈ B(H)

+
.

The next theorems is proved by Arias and Gonzalez ([1]). They gave the neces-
sary and sufficient condition about the existence of solution of Eq. (1.3) that will
be crucial to prove our main results.

Theorem 2.7. ([1]-Proposition 3.3) Let T ∈ B(H,K), V ∈ B(G,H) and U ∈ B(G,K),
then the following conditions are equivalent:

i. The equation TXV = U is solvable.
ii. R(U) ⊆ R(T ) and R((T †U)

∗
) ⊆ R(V ∗).

iii. R(U) ⊆ R(T ) and there exists Ỹ ∈ B(H) such that Ỹ V = T †U .

Moreover, if one of the previous conditions holds then every solution of XV = T †U
is also a solution of TXV = U . Also, for X̃ ∈ B(H) such that TX̃V = U , we have

that P
R(T∗)

X̃ is a solution of XV = T †U .

Theorem 2.8. ([1]-Theorem 4.3) Let T ∈ B(H,K), V ∈ B(G,H) and U ∈ B(G,K)

be such that R(V ) ⊂ R(T ∗). If the equation TXV = U is solvable then the following
conditions are equivalent:

i. There exists X̃ ∈ B(H)
+

such that TX̃V = U .

ii. There exists Ỹ ∈ B(H)
+

shch that Ỹ V = T †U .

iii. V ∗T †U ≥ 0 and R((T †U)
∗
) ⊆ R((V ∗T †U)

1/2
).
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If one of these conditions holds and we consider the matrix operator decomposition
induced by R(T ∗), then the general form of the positive solution X̃ is:

X̃ =

[
X̃11 X̃12

X̃12
∗

(X̃11
1/2

)
†
X̃12)

∗
(X̃11

1/2
)
†
X̃12 + f

]
,

where X̃11 = P
R(T∗)

Ỹ |
R(T∗)

with Ỹ ∈ B(H)
+

, be a positive solution of XB = T †C,

R(X̃12) ⊂ R(X̃11
1/2

) and f is positive.

3. Main results

In this section, at first by using Sebestyén theorem, we show that the Dajic and
Koliha theorem, [7], about the positive solution of Eq. (1.1), still holds if T nor
UT ∗ has closed range.

Theorem 3.1. Let T,U ∈ B(H,K), then the equation TX = U has a positive
solution if and only if UT ∗ ≥ 0 and R(U) ⊆ R(UT ∗). If the equation has a positive
solution, then its general positive solution is:

X = U∗(UT ∗)
†
U + (I − T †T )S(I − T †T )

∗
, S ∈ B(H)

+
.

Proof. Let (UT ∗)
†

be the Moore-Penrose inverse of UT ∗. If UT ∗ ≥ 0 then we have

(UT ∗)
† ≥ 0. Also since R(U) ⊆ R(UT ∗), then

(UT ∗)(UT ∗)
†
U = P

R(UT∗)
U = U. (3.1)

Now set X0 = U∗(UT ∗)
†
U , then since R(U) ⊆ R(UT ∗), we have (UT ∗)

†
U ∈

B(H,K) and so X0 ∈ B(H).
Indeed,

〈X0x, x〉 = 〈U∗(UT ∗)†Ux, x〉 = 〈(UT ∗)†Ux,Ux〉 ≥ 0, (3.2)

so X0 ≥ 0. Finally from Eq. (3.1) we have TX0 = U , and so X0 is a particular
positive solution of the equation TX = U .
Conversely, suppose TX = U has a positive solution such as X ∈ B(H)

+
, then

UT ∗ = TXT ∗, and since 〈TXT ∗x, x〉 = 〈XT ∗x, T ∗x〉 ≥ 0, so UT ∗ ≥ 0 and
Hermitian. Also since X is a positive solution of the equation TX = U then
XT ∗ = U∗, and by Sebestyén theorem we have:

UU∗ ≤ λTU∗ for some λ ≥ 0.

So,

〈UU∗x, x〉 ≤ λ〈TU∗x, x〉 ∀x ∈ K,
and

‖ Ux ‖2 = 〈Ux,Ux〉 = 〈UU∗x, x〉 ≤ λ〈TU∗x, x〉 ∀x ∈ K. (3.3)

Now if U ∈ B(H,K) be such that ‖ Ux ‖2 ≥ 1, then

‖ Ux ‖2 ≤ ‖ Ux ‖2‖ Ux ‖2, (3.4)

and by Eqs. (3.3), (3.4) and since UT ∗ ≥ 0, then
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‖ Ux ‖2 ≤ ‖ Ux ‖2‖ Ux ‖2 ≤ λ2〈UT ∗x, x〉〈TU∗x, x〉.
So,

〈UU∗x, x〉 ≤ λ2〈UT ∗x, x〉〈TU∗x, x〉,
which implies,

UU∗ ≤ λ2TU∗UT ∗ for some λ ≥ 0,

and so by Dauglas theorem we have R(U) ⊆ R(UT ∗).

If ‖ Ux ‖2 ≤ 1, choose m ≥ 0 such that ‖ mUx ‖2 ≥ 1 and mU ∈ B(H,K). So
by the same reason as above, we have R(mU) ⊆ R(mUT ∗) which implies R(U) ⊆
R(UT ∗).
Now, we find the general form of positive solution of the equation. It is obvious

that X0 = U∗(UT ∗)
†
U is a particular positive solution of the equation TX = U .

We claim that R(X0) ⊆ R(T ∗).
Since X0 is a positive solution of TX = U , so X0T

∗ = U∗, and R(U∗) ⊆ R(X0).

Moreover, by X0 = U∗(UT ∗)
†
U , R(X0) ⊆ R(U∗) and therefore,

R(U∗) = R(X0). (3.5)

Suppose x ∈ N(T )∩R(U∗), then for some u ∈ K, we have Tx = TU∗u = UT ∗u = 0

and so u ∈ N(UT ∗). Also since R(U) ⊆ R(UT ∗) , then R(UT ∗)
⊥ ⊆ R(U)

⊥
and

equivalently N(UT ∗) ⊆ N(U∗). So, u ∈ N(U∗) and then x = U∗u = 0 and
N(T ) ∩R(U∗) = {0}. Therefore by Eq. (3.5),

R(X0) = R(U∗) ⊆ N(T )
⊥

= R(T ∗).

Let X be an arbitrary positive solution of the equation TX = U . Then Z = X−X0

is a hermitian solution to the equation TZ = 0. But by ([8]-Lemma 2.4), Z has

the form (I − T †T )V (I − T †T )
∗
, where V ∈ B(H) is hermitian. Besides, since

R(X0) ⊆ R(T ∗), then T †TX0 = X0. So, we have:

(I − T †T )X(I − T †T )
∗

= (I − T †T )X0(I − T †T )
∗

+ (I − T †T )V (I − T †T )
∗

= (I − T †T )V (I − T †T )
∗
,

and then S = (I − T †T )V (I − T †T )
∗

is positive. Indeed (I − T †T )(I − T †T ) =
(I − T †T ), and hence

X = X0 + (I − T †T )(I − T †T )V (I − T †T )
∗
(I − T †T )

∗

= X0 + (I − T †T )S(I − T †T )
∗
, S ≥ 0.

Conversely if X = X0 + (I − T †T )S(I − T †T )
∗

with S ≥ 0, then it is obvious that
X is a positive solution to TX = U .

�

Now we will extend our result and present the necessary and sufficient conditions
for the existence of common positive solutions to the system of operator Eqs. (1.6).
At first, we give the conditions for the positivity of a n× n block operator matrix.
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Lemma 3.2. Let M =

[
A B
B∗ D

]
be a block operator matrix such that A ∈ B(H),

B ∈ B(K,H) and D ∈ B(K). If A and D be Hermitian and R(B) ⊆ R(A),
R(A†B) ⊆ N(B∗) and R(B∗) ⊆ R(D) then

M† =

[
I −A†B
0 I

] [
A† 0
0 D†

] [
I 0

−B∗A† I

]
=

[
A† +A†BDCA† −A†BD
−DCA† D†

]
.

(3.6)
Note that M† exits uniquely but is not necessarily bounded.

Proof. Let T =

[
I −A†B
0 I

]
and S =

[
I 0

−B∗A† I

]
, then T and S are invertible

and T ∗ = S.
Indeed we have,

R(B) ⊆ R(A)⇐⇒ AA†B = B ⇐⇒ B∗A†A = B∗,

R(A†B) ⊆ N(B∗)⇐⇒ B∗A†B = 0,

R(B∗) ⊆ R(D)⇐⇒ DD†B∗ = B∗ ⇐⇒ BD†D = B.

So, SMT = diag(A,D). Moreover, since T and S are invertible, M = S−diag(A,D)T−.
Now, we check that Tdiag(A†, D†)S is verified the four Moore-Penrose inverse con-
ditions:

1. MM†M = S−diag(A,D)T−Tdiag(A†, D†)SS−diag(A,D)T− = M .
2. M†MM† = Tdiag(A†, D†)SS−diag(A,D)T−Tdiag(A†, D†)S = M†.
3. MM† = S−diag(A,D)T−Tdiag(A†, D†)S = diag(AA†, DD†),

so, (MM†)
∗

= MM†.
4. M†M = Tdiag(A†, D†)SS−diag(A,D)T− = diag(A†A,D†D),

so , (M†M)
∗

= M†M .

So, M† = Tdiag(A†, D†)S. �

Example 3.3. Let M =

[
A B
B∗ D

]
be a block matrix such that A =

1 1 0
1 0 0
0 0 0

,

B =

1 0
0 0
0 0

 and D =

[
1 0
0 0

]
. Obviously A and D are Hermitian. By some

calculation we have, M† =


0 1 0 0 0
1 0 0 −1 0
0 0 0 0 0
0 −1 0 1 0
0 0 0 0 0

 .
Indeed, M verify the following properties:

i. A and D are Hermitian,
ii. R(B) ⊆ R(A),
iii. B∗A†B = 0, so R(A†B) ⊆ N(B∗),
iv. R(B∗) ⊆ R(D).

Moreover, by some calculation we have:

A† +A†BDCA† =

0 1 0
1 0 0
0 0 0

,
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A†BD =

0 0
1 0
0 0

,

DB∗A† =

[
0 1 0
0 0 0

]
,

D† =

[
1 0
0 0

]
.

So it means that M† =

[
A† +A†BDB∗A† −A†BD
−DB∗A† D†

]
.

Lemma 3.4. Let A ∈ B(H), B ∈ B(K,H) and D ∈ B(K) be such that A and D be

Hermitian operators and R(B) ⊆ R(A) and R(A†B) ⊆ N(B∗). If M =

[
A B
B∗ D

]
be a block operator matrix, then the following conditions are equivalent:

i. M is positive.

ii. A and D are positive.

Proof. Let T =

[
I −A†B
0 I

]
and S =

[
I 0

−B∗A† I

]
, then T and S are invertible,

and T ∗ = S. So by assumption we have, T ∗MT = diag(A,D), and so M =
(T−)

∗
diag(A,D)T−.

Hence, if M ≥ 0 then T ∗MT ≥ 0 and so A and D are positive.
Conversely, if A and D be positive then

〈Mx, x〉 = 〈(T−)
∗
diag(A,D)T−x, x〉 = 〈diag(A,D)T−x, T−x〉 ≥ 0,

so M ≥ 0. �

Theorem 3.5. Let M =


A11 A12 · · · A1n

A21 A22 · · · A2n

...
. . .

An1 An2 · · · Ann

 be Hermitian block operator

matrix such that Aij ∈ B(Hj ,Hi) satisfy the following properties:

1. AiiAii
†Aij = Aij, for i = 1, 2, · · · , n− 1 and j = 1, 2, · · · , n,

2. Aij
∗Aii

†Aij = 0, for i = 1, 2, · · · , n− 1 and i < j ≤ n,

3. Aik
∗Aii

†Aij = 0, for i = 1, 2, · · · , n − 2, k = i + 1, i + 2, · · · , n and
j = i+ 2, i+ 3, · · · , n.

Then M is positive if and only if Aii ≥ 0, for i = 1, 2, · · · , n.

Proof. Suppose n = 2, soM =

[
A11 A12

A21 A22

]
, and by assumption we have, A11A11

†A12 =

A12 and A12
∗A11

†A12 = 0.

If suppose T2 =

[
I −A11

†A12

0 I

]
, then by Lemma 3.4,

M ≥ 0 ⇐⇒ A11 ≥ 0 and A22 ≥ 0. (3.7)
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Now, let n = 3, so M =

A11 A12 A13

A21 A22 A23

A31 A32 A33

. Suppose A3 =

[
A11 A12

A21 A22

]
, B3 =[

A13

A23

]
and D3 = A33, then M =

[
A3 B3

B∗3 D3

]
.

Since A11A11
†A12 = A12 and A12

∗A11
†A12 = 0, then

A3 ≥ 0 ⇐⇒ A11 ≥ 0, A22 ≥ 0.

So, it is enough that to show that A3A3
†B3 = B3 and B∗3A

†
3B3 = 0. Then by

Lemma 3.4,

M ≥ 0⇐⇒ A11 ≥ 0, A22 ≥ 0 and A33 ≥ 0. (3.8)

Now, since A22A22
†A21 = A21, then A3A3

† = diag(A11A11
†, A22A22

†). So we

have, A3A3
†B3 = B3 if and only if

diag(A11A11
†, A22A22

†)

[
A13

A23

]
=

[
A11A11

†A13

A22A22
†A23

]
=

[
A13

A23

]
.

It is equivalent to, {
A11A11

†A13 = A13,

A22A22
†A23 = A23.

Moreover,

B∗3A
†
3B3 = 0⇐⇒

[
A∗13 A∗23

]
T2

[
A11

† 0

0 A22
†

]
T∗2

[
A13

A23

]
= 0,

and it is equivalent to, 
A∗13A11

†A13 = 0,

A∗13A11
†A12 = 0,

A∗23A22
†A23 = 0.

Now, let n = 4, so M =


A11 A12 A13 A14

A21 A22 A23 A24

A31 A32 A33 A34

A41 A42 A43 A44

. Suppose A4 =

[
A3 B3

B∗3 D3

]
,

B4 =

A14

A24

A34

 and D4 = A44, then M =

[
A4 B4

B∗4 D4

]
.

By the previous part of the proof we have:

A4 ≥ 0 ⇐⇒ Aii ≥ 0 for i = 1, 2, 3.

So, by Lemma 3.4, it is enough to show that A4A4
†B4 = B4 and B∗4A

†
4B4 = 0.

Then,

M ≥ 0⇐⇒ Aii ≥ 0, for i = 1, 2, 3, 4. (3.9)

But since by assumption D3D3
†B∗3 = B∗3, then A4A4

† = diag(A3A3
†,D3D

†
3). So

we have, A4A4
†B4 = B4 if and only if

diag(A3A3
†,D3D

†
3)

A14

A24

A34

 =

A14

A24

A34

 ⇐⇒


A11A11
†A14 = A14,

A22A22
†A24 = A24,

A33A33
†A34 = A34.
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Now, let T3 =

[
I −A†3B3

0 I

]
, B4

′
=

[
A14

A24

]
and B4

′′
= A34, then

B∗4A
†
4B4 = 0⇐⇒

[
B
′

4

∗
B
′′

4

∗]
T3diag(A†3,D

†
3)T∗3

[
B
′

4

B
′′

4

]
= 0.

So, B∗4A
†
4B4 = 0 if and only if


B
′

4

∗
A3
†B
′

4 = 0,

B
′

4

∗
A3
†B3 = 0,

B
′′

4

∗
D3
†B
′′

4 = 0,

and it is equivalent to,
[
A14

∗ A24
∗]T2diag(A†11, A

†
22)T∗2

[
A14

A24

]
= 0,[

A14
∗ A24

∗]T2diag(A†11, A
†
22)T∗2

[
A13

A23

]
= 0,

A34
∗A33

†A34 = 0.

(3.10)

So, by assumption and from Eq. (3.10), B∗4A
†
4B4 = 0.

Now, by induction suppose the theorem be true for a (n− 1)× (n− 1) Hermitian
block operator matrix.

LetM =


A11 A12 · · · A1n

A21 A22 A2n

...
...

. . .
...

An1 An2 · · · Ann

. Suppose An =

[
An−1 Bn−1
B∗n−1 Dn−1

]
, Bn =


A1n

A2n

...
A(n−1)(n)


and Dn = Ann, then M =

[
An Bn

B∗n Dn

]
.

Since the theorem is true for An, then

An ≥ 0 ⇐⇒ Aii ≥ 0, for i = 1, 2, · · · , n− 1.

So, it is enough to show that, AnAn
†Bn = Bn and B∗nA†nBn = 0, then

M ≥ 0⇐⇒ An ≥ 0 and Dn ≥ 0⇐⇒ Aii ≥ 0, for i = 1, 2, · · · , n. (3.11)

But since by assumption Dn−1Dn−1
†B∗n−1 = B∗n−1, then AnAn

† = diag(An−1An−1
†,Dn−1D

†
n−1).

So we have AnAn
†Bn = Bn if and only if

diag(An−1An−1
†,Dn−1D

†
n−1)


A1n

A2n

...
A(n−1)(n)

 =


A1n

A2n

...
A(n−1)(n)

 ,
and it is equivalent to,

AiiAii
†Ain = Ain, for i = 1, 2, · · · , n− 1.
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Let Tn−1 =

[
I −A†n−1Bn−1
0 I

]
, Bn

′
=


A1n

A2n

...
A(n−2)(n)

 and Bn

′′
= A(n−1)(n), then

B∗nA†nBn = 0⇐⇒
[
B
′

n

∗
B
′′

n

∗]
Tn−1diag(A†n−1,D

†
n−1)T∗n−1

[
B
′

n

B
′′

n

]
= 0,

and eqiuvalently, 
B
′

n

∗
An−1

†Bn

′
= 0,

B
′

n

∗
An−1

†Bn−1 = 0,

B
′′

n

∗
Dn−1

†B
′′

n = 0.

(3.12)

So by assumption and Eq. (3.12), AnAn
†Bn = Bn. Hence, the theorem is true for

a n× n block operator Hermitian matrix. �

Theorem 3.6. Let Ti, Ui ∈ B(H,Ki) be bounded linear operators such that satisfy
the following properties:

i. R(UiT
∗
j ) ⊆ R(UiT

∗
i ), for i, j = 1, 2, · · · , n,

ii. R((UiT
∗
i )
†
UiT

∗
j ) ⊆ N(TjU

∗
i ), for i = 1, 2, · · · , n− 1, i < j ≤ n,

iii. R((UiT
∗
i )
†
UiT

∗
j ) ⊆ N(TkU

∗
i ), for i = 1, 2, · · · , n− 2, k = i+ 1, · · · , n and

j = i+ 2, · · · , n.

Then the system operator equations TiX = Ui for i = 1, 2, · · · , n have a common
positive solution if and only if

1. UiT
∗
i = TiU

∗
i , UiT

∗
j = TiU

∗
j , ∀ 1 ≤ i, j ≤ n,

2. UiT
∗
i ≥ 0 , ∀ 1 ≤ i ≤ n,

3. R(Ui) ⊆ R(UiT
∗
i ), ∀ 1 ≤ i ≤ n.

Proof. Let

T =


T1
T2
...
Tn

 : H → ⊕n
i=1Ki ,


T1
T2
...
Tn

 (h) =


T1(h)
T2(h)

...
Tn(h)

 ,

U =


U1

U2

...
Un

 : H → ⊕n
i=1Ki ,


U1

U2

...
Un

 (h) =


U1(h)
U2(h)

...
Un(h)

 .
It is obvious that the system Eqs. (1.6) have a common positove solution if and
only if the equation TX = U has a positive solution. Besides, by Theorem 3.1,
the equation TX = U has a positive solution if and only if UT∗ ≥ 0 and R(U) ⊂
R(UT∗). On the other hand, by Theorem 3.5, UT∗ ≥ 0 if and only if the condition
(1) and (2) hold. Also we show that R(U) ⊂ R(UT∗) if and only if the condition
(3) holds.
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To show this, we have:

R(U) ⊂ R(UT∗)⇐⇒ (UT∗)(UT∗)
†
U = U,

⇐⇒ diag(U1T
∗
1 , · · · , UnT

∗
n)


U1

U2

...
Un

 =


U1

U2

...
Un

 ,
⇐⇒ R(Ui) ⊆ R(UiT

∗
i ),∀1 ≤ i ≤ n.

�

In the following, at first, as a consequence of Theorems 2.7 and 2.8 that proved
by Arias and Gonzalez, we prove the result about the positive solution of Eq. (1.3),
which also has been obtained by them ([1]-Corollary 4.6), holds without the closed-
ness conditions. In the sequel, we present the necessary and sufficient conditions
for the common positive solution of the system of operator Eqs. (1.7).

Corollary 3.7. Let T ∈ B(H,K), V ∈ B(G,H), U ∈ B(G,K) be such that R(V ) ⊂
R(T ∗). If the equation TXV = U be solvable then TXV = U has a positive solution

if and only if V ∗T †U ≥ 0 and R((T †U)
∗
) = R(V ∗T †U).

Moreover, if we consider the matrix operator decomposition induced by R(T ∗), then
the general form of positive solution is:

X̃ =

[
X̃11 X̃12

X̃12
∗

(X̃11
1/2

)
†
X̃12)

∗
(X̃11

1/2
)
†
X̃12 + f

]
,

where X̃11 = T †U(V ∗T †U)
†
(T †U)

∗
+ P

R(T∗)
(I − V †V )S(I − V †V )

∗|
R(T∗)

with

S ∈ B(G)
+

; R(X̃12) ⊂ R(X̃11
1/2

) and f is positive.

Proof. Suppose that TXV = U has a solution, so by Theorem 2.8, TXV = U
has a positive solution if and only if XV = T †U has a positive solution and it is
equivalent to V ∗X = (T †U)

∗
has a positive solution. So, by Theorem 3.1 it is equiv-

alent to (T †U)
∗
V ≥ 0 and R((T †U)∗) ⊆ R((T †U)∗V ). But since R((T †U)∗V ) ⊆

R((T †U)∗), it is equivalent to V ∗T †U ≥ 0 and R((T †U)
∗
) = R(V ∗T †U).

By Theorem 2.8, the general form of the positive solution is obvious. �

Lemma 3.8. Suppose H, Ki be Hilbert spaces and Ti ∈ B(H,Ki) such that R(Ti
∗)∩

R(Tj
∗) = {0} for all 1 ≤ i 6= j ≤ n. Then


T1
T2
...
Tn


†

=
[
T1
† T2

† · · · Tn
†].

Note that


T1
T2
...
Tn


†

exits uniquely but is not necessarily bounded.
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Proof. At first, since R(Ti
∗) ∩R(Tj

∗) = {0}, then

N(Ti) = R(Ti
∗)
⊥ ⊇ R(Tj

∗) = R(Tj
†).

So we have TiTj
† = 0, (∀i 6= j and 1 ≤ i, j ≤ n) and hence

TT † =


T1T1

† 0 · · · 0

0 T2T2
† · · · 0

... 0
. . .

...

0 0 · · · TnTn
†

 . (3.13)

Now, we prove that
[
T †1 T †2 · · · T †n

]
satisfies the Moore penrose conditions.

i.


T1
T2
...
Tn



T1
T2
...
Tn


† 
T1
T2
...
Tn

 =


T1T1

† 0 · · · 0

0 T2T2
† · · · 0

... 0
. . .

...

0 0 · · · TnTn
†



T1
T2
...
Tn

 =


T1
T2
...
Tn

,

ii.


T1
T2
...
Tn


†
T1
T2
...
Tn



T1
T2
...
Tn


†

=
[
T1
† · · · Tn

†]

T1T1

† 0 · · · 0

0 T2T2
† · · · 0

... 0
. . .

...

0 0 · · · TnTn
†



=
[
T1
†T1T1

† T2
†T2T2

† · · · Tn
†TnTn

†] =
[
T1
† · · · Tn

†] =


T1
T2
...
Tn


†

,

iii. (


T1
T2
...
Tn



T1
T2
...
Tn


†

)

∗

=


(T1T1

†) 0 · · · 0

0 (T2T2
†) · · · 0

... 0
. . .

...

0 0 · · · (TnTn
†)


∗

=


T1
T2
...
Tn



T1
T2
...
Tn


†

,

iv. (


T1
T2
...
Tn


†
T1
T2
...
Tn

)

∗

= (T1
†T1 + T2

†T2 + · · ·+ Tn
†Tn)

∗
=


T1
T2
...
Tn


†
T1
T2
...
Tn

.

�

Theorem 3.9. Let Ti ∈ B(H,Ki), Vi ∈ B(Gi,H) and Ui ∈ B(Gi,Ki) be bounded
linear operators such that satisfy the following properties:

i. R(T ∗i ) ∩ R(T ∗j ) = {0}, R(Vi) ∩ R(Vj) = {0} and R(Vi) ⊆ R(T ∗i ), for
1 ≤ i, j ≤ n,

ii. V ∗i T
†
i Ui be Hermitian and V ∗i T

†
j Uj = (V ∗j T

†
i Ui)

∗
, for 1 ≤ i, j ≤ n,

iii. R(Ui) ⊆ R(Ti), R((T †i Ui)
∗
) ⊆ R(V ∗i ), for i = 1, 2, · · · , n,

iv. R(V ∗i T
†
j Uj) ⊆ R(V ∗i T

†
i Ui), for i, j = 1, 2, · · · , n,

v. R((V ∗i T
†
i Ui)

†
(V ∗i T

†
j Uj)) ⊆ N((V ∗i T

†
j Uj)

∗
), for i = 1, 2, · · · , n−1, i < j ≤ n,

vi. R((V ∗i T
†
i Ui)

†
(V ∗i T

†
j Uj)) ⊆ N((V ∗i T

†
kUk)

∗
), for i = 1, 2, · · · , n − 2, k = i +

1, · · · , n and j = i+ 2, · · · , n.
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Then the system operator equation TiXVi = Ui for i = 1, 2, · · · , n have a
common positive solution if and only if

1. V ∗i T
†
i Ui ≥ 0 , ∀ 1 ≤ i ≤ n,

2. V ∗i T
†
i Ui(V

∗
i T
†
i Ui)

†
(T †i Ui)

∗
= (T †i Ui)

∗
, ∀ 1 ≤ i ≤ n.

Proof. Let T =


T1
T2
...
Tn

, V =
[
V1 V2 · · · Vn

]
and U =


U1 0 · · · 0
0 U2 · · · 0
...

. . .
...

0 0 · · · Un

.

Obviously, if the equation

TXV = U, (3.14)

has a positive solution, then the system operator Eqs. (1.7) have a common positive
solution. So, we prove that the Eq. (3.14) has a positive solution.
By Theorem 2.7, the Eq. (3.14) is solvable if and only if R(U) ⊆ R(T) and

R((T†U)
∗
) ⊆ R(V∗). So by Lemma 3.8 we have:

R(U) ⊆ R(T)⇐⇒ TT†U = U,

⇐⇒ diag(T1T
†
1U1, T2T

†
2U2, · · · , TnT †nUn) = diag(U1, U2, · · · , Un),

⇐⇒ TiT
†
i Ui = Ui, for i = 1, 2, · · · , n,

⇐⇒ R(Ui) ⊆ R(Ti), for i = 1, 2, · · · , n.

Besides,

R((T†U)
∗
) ⊆ R(V∗)⇐⇒ V∗V∗

†
(T†U)

∗
= (T†U)

∗
,

and it is equivalent to

diag(V ∗1 V
∗
1
†, V ∗2 V

∗
2
†, · · · , V ∗n V ∗n

†)


(T †1U1)

∗

...

(T †nUn)
∗

 =


(T †1U1)

∗

...

(T †nUn)
∗

 .
So, equivalently, we have:

R((T †i Ui)
∗
) ⊆ R(V ∗i ), for i = 1, 2, · · · , n.

Then, by assumption (i) and (iii), the Eq. (3.14) is solvable.
Moreover, suppose h ∈ R(V), then

∃


g1
g2
...
gn

 ∈ ⊕n
i=1Gi s.t V (


g1
g2
...
gn

) = ⊕n
i=1Vi(gi) = h,

so h ∈ ⊕n
i=1R(Vi) and then R(V) ⊆ ⊕n

i=1R(Vi). Also, since R(Vi) ⊆ R(Ti
∗), then

R(V) ⊆ ⊕n
i=1R(Ti

∗). (3.15)
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Indeed, if h ∈ ⊕n
i=1R(Ti

∗), then exits hi ∈ R(Ti
∗) such that h = ⊕n

i=1hi. Also,
since hi ∈ R(Ti

∗) , then there exits ki ∈ Ki such that Ti
∗(ki) = hi, so we have,

T∗(


k1
k2
...
kn

) = ⊕n
i=1Ti

∗(ki) = h,

then, h ∈ R(T∗) and ⊕n
i=1R(Ti

∗) ⊆ R(T∗). Therefore, from Eq. (3.15), R(V) ⊆
R(T∗).

Hence, by Corollary 3.7, it is enough to prove that V∗T†U ≥ 0 and R((T†U)
∗
) ⊆

R(V∗T†U), then the Eq. TXV = U has a positive solution.
Since,

V∗T†U =


V ∗1
V ∗2
...
V ∗n

 [T †1U1 T †2U2 · · · T †nUn

]

=


V ∗1 T

†
1U1 V ∗1 T

†
2U2 · · · V ∗1 T

†
nUn

V ∗2 T
†
1U1 V ∗2 T

†
2U2 · · · V ∗2 T

†
nUn

...
. . .

...

V ∗n T
†
1U1 V ∗n T

†
2U2 · · · V ∗n T

†
nUn

 ,
and by assumption (ii), V∗T†U is Hermitian, so from Theorem 3.5 and asumption
(iv), (v) and (vi), we have:

V∗T†U ≥ 0⇐⇒ V ∗i T
†
i Ui ≥ o, for i = 1, 2, · · · , n.

Moreover,

V∗T†U(V∗T†U)
†

= diag((V ∗1 T
†
1U1)(V ∗1 T

†
1U1)

†
, · · · , (V ∗n T †nUn)(V ∗n T

†
nUn)

†
),

then, for 1 ≤ i ≤ n

V∗T†U(V∗T†U)
†
(T†U)

∗
= (T†U)

∗ ⇐⇒ V ∗i T
†
i Ui(V

∗
i T
†
i Ui)

†
(T †i Ui)

∗
= (T †i Ui)

∗
.

(3.16)
Conversely, suppose the system operator Eqs. (1.7) have a common positive solu-
tion, then for every i, the equation TiXVi = Ui has a positive solution. So by
Corollary 3.7, the condition 1 and 2 is verified. �
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