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FIXED POINT THEOREMS IN Mb-METRIC SPACES

NABIL MLAIKI, ANIS ZARRAD, NIZAR SOUAYAH, AIMAN MUKHEIMER, THABIT
ABDELJAWED

Abstract. Fixed point theory can be extended to cover multidisciplinary area

such computer science field. The proposed schema can be used for image au-
thentication in order to ensure secure communication and detect any malicious

modifications.

In this paper, we generalize the M -metric space to the Mb-metric space. Also,
we prove the existence and uniqueness of a fixed point for a self mapping on

an Mb-metric space.

1. Introduction

Many image authentications are proposed in the literature such as Watermark-
ing, Cryptography, and Robust image hashing [2]. Recently new approach based
on the fixed point theory is given in the literature [4]. It has a similar security level
as watermarking and digital signature methods. In order to enhance the security
level we proposed a fixed point theory where the image can be transformed into
fixed point using a predefined function.

The proof of the existence of a fixed point for a self mapping defined in different
types of metric spaces and under contractions was studied intensively in the last
couple of decades see ([5],[6]). However, there were many generalizations of the
definition of metric spaces, for instance the first extension of metric spaces was to
partial metric spaces which was done by defining the self distance, another extension
was done from metric spaces to b-metric spaces by changing the triangle inequality.

In [1], Asadi et al. introduced and extended of partial metric spaces see [3] to
M -metric spaces. Also, he showed that every partial metric space is an M -metric
spaces, but not every M -metric space is a partial metric space. In our paper, we
introduce the concept of Mb- metric spaces which an extension of M -metric spaces
in which we will prove some fixed point results. In our paper, we introduce a new
extension of M -metric space.

First, we remind the reader of the definition of an M -metric space along with
some other notations.
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Notation 1. x [1]
1. mx,y := min{m(x, x),m(y, y)}
2. Mx,y := max{m(x, x),m(y, y)}

Definition 1.1. [1] Let X be a nonempty set, if the function m : X2 → R+ satisfies
the following conditions: for all x, y, z ∈ X

(1) m(x, x) = m(y, y) = m(x, y) if and only if x = y,
(2) mx,y ≤ m(x, y),
(3) m(x, y) = m(y, x),
(4) (m(x, y)−mx,y) ≤ (m(x, z)−mx,z) + (m(z, y)−mz,y).

Then the pair (X,m) is called an M -metric space.

Next, we give the definition of an Mb-metric space, but first we introduce the
following notation.

Notation 2. (1) mbx, y := min{mb(x, x),mb(y, y)}
(2) Mbx, y := max{mb(x, x),mb(y, y)}

Definition 1.2. An Mb-metric space on a nonempty set X is a function mb : X2 →
R+ that satisfies the following conditions, for all x, y, z ∈ X we have

(1) mb(x, x) = mb(y, y) = mb(x, y) if and only if x = y,
(2) mbx,y ≤ mb(x, y),
(3) mb(x, y) = mb(y, x),
(4) There exists a real number s ≥ 1 such that for all x, y, z ∈ X we have

(mb(x, y)−mbx,y) ≤ s[(mb(x, z)−mbx,z) + (mb(z, y)−mbz,y)]−mb(z, z).

The number s is called the coefficient of the Mb-metric space (X,mb).

Now, we give an example of an Mb-metric which is not an M -metric space.

Example 1.1. Let X = [0,∞) and p > 1 be constant and mb : X2 → [0,∞)
defined by for all x, y ∈ X we have

mb(x, y) = max{x, y}p + |x− y|P .

Note that (X,mb) is an Mb-metric with coefficient s = 2p. Now, we show that
(X,mb) is not an M -metric space. Take x = 5, y = 1 and z = 4, we get mb(x, y)−
mbx,y = 5p + 4p − 1 and (mb(x, z) − mbx,z) + (mb(z, y) − mbz,y) − mb(z, z) =
5p + 1− 4p + 4p + 3p − 1− 4p = 5p − 3p − 4p. Therefore,

mb(x, y)−mbx,y > (mb(x, z)−mbx,z) + (mb(z, y)−mbz,y)−mb(z, z),

as required.

Definition 1.3. Let (X,mb) be a Mb-metric space. Then:
1) A sequence {xn} in X converges to a point x if and only if

lim
n→∞

(mb(xn, x)−mbxn,x) = 0

2) A sequence {xn} in X is said to be mb-Cauchy sequence if and only if

lim
n,m→∞

(mb(xn, xm)−mbxn,xm) and lim
n,m→∞

(Mbxn,xm −mbxn,xm)

exist and finite.
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3) An Mb-metric space is said to be complete if every mb-Cauchy sequence {xn}
converges to a point x such that

lim
n→∞

(mb(xn, x)−mbxn,x) = 0 and lim
n→∞

(Mbxn,xm
−mbxn,xm

) = 0.

2. Fixed Point Theorems

Theorem 2.1. Let (X,mb) be a complete Mb-metric space with coefficient s ≥ 1
and T be a self mapping on X satisfying the following condition:

mb(Tx, Ty) ≤ kmb(x, y)

for all x, y ∈ X, where k ∈ [0, 1). Then T has a unique fixed point u such that
mb(u, u) = 0.

Proof. Since k ∈ [0, 1) we can choose a natural number n0 such that for a given
0 < ε < 1, we have kn0 < ε

8s . Let Tn0 ≡ F and F ix0 = xi for all natural numbers
i where x0 is arbitrary. Hence, for all x, y ∈ X we have

mb(Fx, Fy) = mb(T
n0x, Tn0y) ≤ kn0mb(x, y).

For any i we have

mb(xi+1, xi) = mb(Fxi, Fxi−1)

≤ kn0mb(xi, xi−1)

≤ kmb(xi, xi−1)

≤ kimb(x1, x0)→ 0 as i→∞.

Thus, we pick l such that

mb(xl+1, xl) <
ε

8s
and mb(xl, xl) <

ε

4s
.

Now, let η =
ε

2

Bb[xl,
ε

2
] = {y ∈ X | mb(xl, y)−mbxl,y ≤

ε

2
+mb(xl, xl)}.

Note that, xl ∈ Bb[xl, η], therefore Bb[xl, η] 6= ∅. Let z ∈ Bb[xl, η] be arbitrary.
Hence,

mb(Fz, Fxl) ≤ kn0mb(z, xl)

≤ ε

8s
[
ε

2
+mbz,xl

+mb(xl, xl)]

<
ε

8s
[1 + 2mb(xl, xl)].

Also, we know that mb(Fxl, xl) = mb(xl+1, xl) <
ε
8s . Therefore,

mb(Fz, xl)−mbFz,xl
≤ s[(mb(Fz, Fxl)−mbFz,Fxl

) + (mb(Fxl, xl)−mbFxl,xl
)]

≤ s[mb(Fz, Fxl) +mb(Fxl, xl)]

≤ s[ ε
8s

(1 + 2mb(xl, xl)) +
ε

8s
]

=
ε

8
+
ε

8
+ ε

mb(xl, xl)

4

<
ε

2
+mb(xl, xl).
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Thus, Fz ∈ Bb[xl, η] which implies that F maps Bb[xl, η] into itself. Thus, by
repeating this process we deduce that for all n ≥ 1 we have Fnxl ∈ Bb[xl, η] and
that is xm ∈ Bb[xl, η] for all m ≥ l. Therefore, for all m > n ≥ l where n = l + i
for some i

mb(xn, xm) = mb(Fxn−1, Fxm−1)

≤ kn0mb(xn−1, xm−1)

≤ kmb(xn−1, xm−1)

≤ k2mb(xn−2, xm−2)

≤ · · ·
≤ kimb(xl, xm−i)

≤ mb(xl, xm−i)

≤ ε

2
+mbxl,xm−i

+mb(xl, xl)

≤ ε

2
+ 2mb(xl, xl).

Also, by the choice of l we have mb(xl, xl) <
ε

4s
<

ε

4
, which implies that

mb(xn, xm) < ε for all m,n > l, which implies that mb(xn, xm) − mbxn,xm
< ε

for all m,n > l. Now, we have

Mbxn,xm −mbxn,xm ≤ Mbxn,xm

= mb(xn, xn)

≤ kmb(xn−1, xn−1)

≤ ...

≤ knmb(x0, x0)→ 0 as n→∞

Thus, we deduce that

lim
n,m→∞

mb(xn, xm)−mbxn,xm = 0 and lim
n,m→∞

Mbxn,xm −mbxn,xm = 0.

Hence, the sequence {xn} is an mb-Cauchy. Since X is complete,

lim
n→∞

mb(xn, u)−mbxn,u = 0,

for some u ∈ X, Tu = u. For any natural number n we have

lim
n→∞

mb(xn, u)−mbxn,u = 0

= lim
n→∞

mb(xn+1, u)−mbxn+1,u

= lim
n→∞

mb(Txn, u)−mbTxn,u

= mb(Tu, u)−mbTu,u.

Hence, mb(Tu, u) = mbu,Tu. As mbu,Tu = min(mb(u, u),mb(Tu, Tu)) (see Nota-
tion 2) therefore mbu,Tu = mb(u, u) or mbu,Tu = mb(Tu, Tu), which implies that
Tu = u.
To show the uniqueness of the fixed point u, assume that T has two fixed points
u, v ∈ X, that is, Tu = u and Tv = v. Thus,

mb(u, v) = mb(Tu, Tv) ≤ kmb(u, v) < mb(u, v),
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which implies that mb(u, v) = 0, and hence u = v as desired. Finally, we show that
if u is a fixed point, then mb(u, u) = 0, assume that u is a fixed point of T, hence

mb(u, u) = mb(Tu, Tu)

≤ kmb(u, u)

< mb(u, u) since k ∈ [0, 1),

that is mb(u, u) = 0. �

The following theorem is an analog to Shukla Fixed point theorem ( see [7]) in
Mb-metric space.

Theorem 2.2. Let (X,mb) be a complete Mb-metric space with coefficient s ≥ 1
and T be a self mapping on X satisfying the following condition:

mb(Tx, Ty) ≤ λ[mb(x, Tx) +mb(y, Ty)], for all x, y ∈ X, (2.1)

where λ ∈ [0, 1
2s ), λ 6= 1

s . Then T has a unique fixed point u such that mb(u, u) = 0.

Proof. Let x0 ∈ X be arbitrary. Consider the sequence {xn} defined by xn = Tnx0
and mbn = mb(xn, xn+1). Note that if there exist a natural number n such that
mbn = 0, then xn is a fixed point of T and we are done. So, we may assume that
mbn > 0, for n ≥ 0. By (2.1) we obtain

mbn = mb(xn, xn+1) = mb(Txn−1, Txn)

≤ λ[mb(xn−1, Txn−1) +mb(xn, Txn)]

= λ[mb(xn−1, xn) +mb(xn, xn+1)]

= λ[mbn−1 +mbn ],

for any n ≥ 0, mbn ≤ λmbn−1
+ λmbn , which implies mbn ≤ µmbn−1

, where µ =
λ

1−λ < 1 as λ ∈ [0, 1
2s ). By repeating this process we get

mbn ≤ µnmb0 .

Thus, limn→∞mbn = 0. By (2.1) for all natural numbers n,m we have

mb(xn, xm) = mb(T
nx0, T

mx0) = mb(Txn−1, Txm−1)

≤ λ[mb(xn−1, Txn−1) +mb(xm−1, Txm−1)]

= λ[mb(xn−1, xn) +mb(xm−1, xm)]

= λ[mbn−1
+mbm−1

].

As limn→∞mbn = 0, for every ε > 0 we can find a natural number n0 such that
mbn <

ε
2 and mbm < ε

2 for all m,n > n0. Therefore, it follows that

mb(xn, xm) ≤ λ[mbn−1
+mbm−1

] < λ[
ε

2
+
ε

2
] <

ε

2
+
ε

2
= ε for all n,m > n0,

and mb(xn, xm)→ 0 as n,m→∞

mb(xn, xm)−mbxn,xm
< ε for all n,m > n0.
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Now, for all natural numvers n,m we have

mbxn,xn = mb(Txn−1, Txn−1)

≤ λ[mb(xn−1, Txn−1) +mb(xn−1, Txn−1)]

= λ[mb(xn−1, xn) +mb(xn−1, Txn)]

= λ[mbn−1 +mbn−1 ]

= 2λmbn−1 −→ 0 as n −→∞

so Mbxn,xn
−→ 0 which implies that

Mbxn,xm
−mbxn,xm

< ε for all n,m > n0.

Thus, {xn} is an mb-Cauchy sequence in X. For some u ∈ X,

lim
n→∞

mb(xn, u)−mbxn,u = 0.

Now, we show that u is a fixed point of T in X. For any natural number n we have,

lim
n→∞

mb(xn, u)−mbxn,u = 0

= lim
n→∞

mb(xn+1, u)−mbxn+1,u

= lim
n→∞

mb(Txn, u)−mbTxn,u

= mb(Tu, u)−mbTu,u,

which implies that mb(Tu, u) −mbu,Tu = 0, hence mb(Tu, u) = mbu,Tu, therefore
Tu = u. Thus, u is a fixed point of T. Now, we show that if u is a fixed point, then
mb(u, u) = 0, assume that u is a fixed point of T, hence

mb(u, u) = mb(Tu, Tu)

≤ λ[mb(u, Tu) +mb(u, Tu)]

= 2λmb(u, Tu)

= 2λmb(u, u)

< mb(u, u) since λ ∈ [0,
1

2s
),

that is mb(u, u) = 0. To prove uniqueness, assume that T has two fixed points say
u, v ∈ X, hence,

mb(u, v) = mb(Tu, Tv) ≤ λ[mb(u, Tu) +mb(v, Tv)] = λ[mb(u, u) +mb(v, v)] = 0,

which implies that mb(u, v) = 0, and hence u = v as required. �

In closing, we state the following conjecture of the existing and uniqueness of a
fixed point of a self mapping in an Mb-metric under a more interesting contraction
principle.

Theorem 2.3. Let (X,mb) be a complete Mb-metric space with coefficient s ≥ 1
and T be a self mapping on X satisfying the following condition:

mb(Tx, Ty) ≤ λmax{mb(x, y),mb(x, Tx),mb(y, Ty)}, for all x, y ∈ X, (2.2)

where λ ∈ [0, 1s ). Then T has a unique fixed point u ∈ X and mb(u, u) = 0.
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Proof. Let x0 ∈ X be arbitrary and define a sequence {xn} by xn+1 = Txn for all
n ≥ 0 (i.e xn = Tnx0). Let mbn = mb(xn, xn+1). Note that if there exists a natural
number n such that mbn = 0, then xn = 0 is a fixed of T and hence we are done.
So, we may assume that mbn > 0 for all n ≥ 0

mbn = mb(xn, xn+1) = mb(Txn−1, Txn)

≤ λmax{mb(xn−1, xn),mb(xn−1, Txn−1),mb(xn, Txn)}
≤ λmax{mb(xn−1, xn),mb(xn−1, xn),mb(xn, xn+1)}
≤ λmax{mb(xn−1, xn),mb(xn, xn+1)}.

If max{mb(xn−1, xn),mb(xn, xn+1)} = mb(xn, xn+1), then by using the above in-
equality we deduce that

mb(xn, xn+1) ≤ λmb(xn, xn+1) < mb(xn, xn+1)

which leads us to a contradiction. Therefore, we must havemax{mb(xn−1, xn),mb(xn, xn+1)} =
mb(xn−1, xn), by using the above inequality we obtain

mb(xn, xn+1) ≤ λmb(xn−1, xn), where λ ∈ [0,
1

s
).

By repeating this process we obtain

mbn = mb(xn, xn+1) ≤ λnmb(x0, x1), for all n ≥ 0.

Thus, limn→∞mbn = 0. For any two natural numbers m > n, we obtain

mb(xn, xm) = mb(T
nx0, T

mx0)

= mb(xn−1, xm−1)

≤ λmax{mb(xn−1, xm−1),mb(xn−1, Txn−1),mb(xm−1, Txm−1)}
= λmax{mb(xn−1, xm−1),mb(xn−1, xn),mb(xm−1, xm)}.

If

max{mb(xn−1, xm−1),mb(xn−1, xn),mb(xm−1, xm)} = mb(xn−1, xn) = mbn−1
,

hence mb(xn, xm) ≤ λmbn−1 < mbn−1 , which leads us to a contradiction. Similarly,
we cannot havemax{mb(xn−1, xm−1),mb(xn−1, xn),mb(xm−1, xm)} = mb(xm−1, xm) =
mbm−1

. Therefore, we must havemax{mb(xn−1, xm−1),mb(xn−1, xn),mb(xm−1, xm)} =
mb(xm−1, xm) = mb(xn−1, xm−1). Thus, from the above inequality we deduce that

mb(xn, xm) ≤ λmb(xn−1, xm−1) for all n ≥ 0

By repeating this process we get

mb(xn, xm) ≤ λnmb(x0, xm−n) for all n ≥ 0.

Hence,
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mb(xn, xm)−mbxn,xm ≤ λn(smb(x0, x1) + smb(x1, xm−n))

≤ λn(smb(x0, x1) + s2mb(x1, x2) + s2mb(x2, xm−n))

≤ λn(smb(x0, x1) + s2mb(x1, x2) + s2mb(x2, xm−n))

≤ λn(smb(x0, x1) + s2mb(x1, x2) + · · ·+ sm−nmb(xm−n−1, xm−n))

≤ λn(smb(x0, x1) + λns2λmb(x0, x1) + · · ·+ λnsm−nλm−1mb(x0, x1))

≤ sλn(1 + sλ+ (sλ)2 + · · ·+ · · · )mb(x0, x1))

=
sλn

1− sλ
mb(x0, x1)).

As λ ∈ [0, 1s ) and s > 0, it follows from the above inequality that

lim
n,m→∞

mb(xn, xm)−mbxn,xm = 0.

Similarly, one can show that

lim
n,m→∞

Mbxn,xm −mbxn,xm = 0.

Thus, {xn} is an mb-Cauchy sequence in X. Since X is complete there exists
u ∈ X such that

lim
n→∞

mb(xn, u)−mbxn,u = 0.

Now, we show that u is a fixed point of T in X. For anyt natural number n we
have,

lim
n→∞

mb(xn, u)−mbxn,u = o

= lim
n→∞

mb(xn+1, u)−mbxn+1,u

= lim
n→∞

mb(Txn, u)−mbTxn,u

= mb(Tu, u)−mbTu,u.

Which implies that mb(Tu, u)−mbTu,u = 0. Hence, mb(Tu, u) = mbTu,u, therefore
Tu = u as desired. To show that if u is a fixed point then, mb(u, u) = 0 consider
the following

mb(u, u) = mb(Tu, Tu)

≤ λmax{mb(u, u),mb(u, Tu),mb(u, Tu)}
= λmax{mb(u, u),mb(u, Tu}.

Note that if max{mb(u, u),mb(u, Tu)} = mb(u, u), then mb(u, u) ≤ λmb(u, u)
which leads to a contradiction. Thus, we havemax{mb(u, u),mb(u, Tu)} = mb(u, Tu),
therefore mb(u, u) ≤ λmb(u, Tu) < mb(u, Tu) = mb(u, u). Hence, mb(u, u) = 0 as
required. To prove uniqueness, assume that T has two fixed points in X say u and
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v, hence

mb(u, v) = mb(Tu, Tv)

≤ λmax{mb(u, v),mb(u, Tu),mb(v, Tv)}
= λmax{mb(u, v), 0, 0}
≤ λmb(u, v)

< mb(u, v).

Which implies that mb(u, v) = 0, and thus u = v. �
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