JOURNAL OF MATHEMATICAL ANALYSIS
ISSN: 2217-3412, URL: HTTP://ILIRIAS.COM/JMA
VOLUME 7 ISSUE 5(2016), PAGES 1-9.

FIXED POINT THEOREMS IN M,-METRIC SPACES

NABIL MLAIKI, ANIS ZARRAD, NIZAR SOUAYAH, AIMAN MUKHEIMER, THABIT
ABDELJAWED

ABSTRACT. Fixed point theory can be extended to cover multidisciplinary area
such computer science field. The proposed schema can be used for image au-
thentication in order to ensure secure communication and detect any malicious
modifications.

In this paper, we generalize the M-metric space to the Mp-metric space. Also,
we prove the existence and uniqueness of a fixed point for a self mapping on
an Mp-metric space.

1. INTRODUCTION

Many image authentications are proposed in the literature such as Watermark-
ing, Cryptography, and Robust image hashing [2]. Recently new approach based
on the fixed point theory is given in the literature [4]. It has a similar security level
as watermarking and digital signature methods. In order to enhance the security
level we proposed a fixed point theory where the image can be transformed into
fixed point using a predefined function.

The proof of the existence of a fixed point for a self mapping defined in different
types of metric spaces and under contractions was studied intensively in the last
couple of decades see ([5],[6]). However, there were many generalizations of the
definition of metric spaces, for instance the first extension of metric spaces was to
partial metric spaces which was done by defining the self distance, another extension
was done from metric spaces to b-metric spaces by changing the triangle inequality.

In [1], Asadi et al. introduced and extended of partial metric spaces see [3] to
M -metric spaces. Also, he showed that every partial metric space is an M-metric
spaces, but not every M-metric space is a partial metric space. In our paper, we
introduce the concept of M- metric spaces which an extension of M-metric spaces
in which we will prove some fixed point results. In our paper, we introduce a new
extension of M-metric space.

First, we remind the reader of the definition of an M-metric space along with
some other notations.
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Notation 1. z[I]
1. Mg,y = mm{m(x, IL‘), m(ya y>}
2. My, = max{m(z,z),m(y,y)}
Definition 1.1. [I] Let X be a nonempty set, if the function m : X2 — RT satisfies
the following conditions: for all x,y,z € X
(1) m(z,z) = m(y,y) = m(z,y) if and only if v =y,
(2) mx,y S m(xay)7
(3) m(z,y) = m(y, ),
(4) (m(z,y) —mgy) < (M(7,2) —Mg.2) + (M(2,Y) = M2 y).
Then the pair (X, m) is called an M-metric space.

Next, we give the definition of an Mjy-metric space, but first we introduce the
following notation.

Notation 2. (1) mpz,y := min{my(x,z), mp(y,y)}
(2) bea Yy = max{mb(x, l’), mb(y7 y)}

Definition 1.2. An My-metric space on a nonempty set X is a function my, : X2 —
RY that satisfies the following conditions, for all x,y,z € X we have
(1) mp(z,2) = mp(y,y) = mu(z,y) if and only if z =y,
(2) Mpz,y S mb<$,y),
(3) mp(z,y) = mp(y, x),
(4) There exists a real number s > 1 such that for all x,y,z € X we have
(

my(2,y) = Miey) < s[(mp(2,2) = Mia,2) + (M2, y) — Miz )] — ma(2, 2).
The number s is called the coefficient of the My-metric space (X, mp).
Now, we give an example of an Mj,-metric which is not an M-metric space.

Example 1.1. Let X = [0,00) and p > 1 be constant and my : X? — [0,00)
defined by for all x,y € X we have

mb('xvy) = max{x, y}p + |‘T - y‘P

Note that (X, myp) is an My-metric with coefficient s = 2P. Now, we show that
(X, mp) is not an M-metric space. Take x =5,y =1 and z = 4, we get my(x,y) —
Mpz,y = 5P + 4P — 1 and (my(z,2) — Mpe,2) + (Ma(2,y) — Mz y) — mp(2,2) =
BP 4+ 1 —4P 4 4P 4 3P — 1 — 4P = 5P — 3P — 4P Therefore,

mb(T’a y) — Mg,y > (mb(xa Z) - mbx,z) + (mb(za y) - mbz,y) - mb(za Z),
as required.

Definition 1.3. Let (X, mp) be a My-metric space. Then:
1) A sequence {x,} in X converges to a point x if and only if

nlgr;o(mb(a:n,z) — Mg, 2) =0

2) A sequence {x} in X is said to be my-Cauchy sequence if and only if

lim (mb(xn? ‘rm) - mba:n»wm) a’nd lim (Mb$n;$m - mbwnvwm)
n,m—00 n,Mm—00

exist and finite.
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3) An My-metric space is said to be complete if every my-Cauchy sequence {x,}
converges to a point x such that

lm (my(zp, ) — Mg, ») =0 and Um (M, 4, — Mbs, 2,,) = 0.
n— o0 n— oo

2. FIXED POINT THEOREMS

Theorem 2.1. Let (X, myp) be a complete My-metric space with coefficient s > 1
and T be a self mapping on X satisfying the following condition:

my(Tz, Ty) < kmy(z,y)
for all z,y € X, where k € [0,1). Then T has a unique fixed point u such that
my(u,u) = 0.

Proof. Since k € [0,1) we can choose a natural number ng such that for a given
0 <e <1, we have k" < &. Let T" = F and F'zo = x; for all natural numbers
1 where xg is arbitrary. Hence, for all z,y € X we have

my(Fz, Fy) = mp(T™z, T™y) < E"mp(z,y).
For any ¢ we have
my(Tiv1, ;) = mp(Fa;, Fa,—q)
< k"omy (@i, 1)
< kmy (i, i-1)
< kimb(xl,xo) — 0 as i — oo.

Thus, we pick [ such that

€ €
my(zi41,21) < s and my(z,x;) < o

€
N let n = =
ow, let 1 =
€ €
B[y, 5] ={y € X | mp(z1,y) — M,y < 3t my (21, 1)}
Note that, x; € By|xy,n], therefore B[z, n] # 0. Let z € B[z, n] be arbitrary.
Hence,

my(Fz, Fry) < k™my(z,x;)

< e[e ( )]
— = + Mpzz, + M2,
— 82 bz,m1 bRt
€
< —I|142m , 1))
85[ b(ml l)]

Also, we know that my,(Fa;, x;) = my(2i41, 1) < 5. Therefore,
my(Fz,x1) — Mppze, < s[(my(Fz, Fry) — Mppz ra,) + (Mo (Fa, 21) — Mypa, o)
< s[mp(Fz, Fay) + my(Fazy, xp))]

€

€
< 14+2 —
_5[88( + mb(flfzal’z))+85]
e e omy(z,m)
=3T3t 4
€

< =+ mp(xg, 7).

[\
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Thus, Fz € By[x;,n] which implies that F maps By|x;,n] into itself. Thus, by
repeating this process we deduce that for all n > 1 we have F™x; € Bylx;,n] and
that is z,, € Byplzy, ] for all m > I. Therefore, for all m > n > [ where n =1 + ¢
for some 17

My(Tp, Tm) = Mp(Frp_1, Fpy_1)
< knomb(xn—laxm—l)
S kmb(xnflaxmfl)

S k2mb(l‘n—2a xm—Q)

IN

k'my (21, Tm—i)

VARVAN

My (T1, T—i)

€
5 + Mgy,

€
5 —+ me(:ﬂl, (ﬂl).

IN

+ my (2, ;)

T —i

IN

Also, by the choice of I we have my(z;,z;) < 4i < which implies that

€
17
mMy(Tn, Tm) < € for all m,n > [, which implies that my(zn, Tm) — Mg, 2, < €
for all m,n > [. Now, we have

Mbmn,mm — Mbz, ,xm S Mbmn,mm
my(Tn, Tn)

kmb(xn—la xn—l)

IAINCIA

k"my(x0,20) = 0 as n — oo
Thus, we deduce that

lim my(zp, Tm) — Mbg, 0, =0and Um My, . — My, o, =0.
n,Mm—00 n,Mm—00

Hence, the sequence {z,} is an my-Cauchy. Since X is complete,

lm my(zn,u) — Mpg, 0 =0,
n— oo

for some v € X, Tu = u. For any natural number n we have
lim my(xn, w) — Mpg, v =0
n—oo

= nlggo mb(xn-i-h U) — Mbzyy,u

= lim mp(Txp, u) — Mprs,
n— oo
= mp(Tu, u) — Myryu-

Hence, my(Tu, u) = Mpy1u. AS Mpy, 1m0 = min(mp(u, w), mp(Tu, Tu)) (see Nota-
tion [2)) therefore My, 7y = mp(u,u) or mpy 7y = mp(Tu, Tw), which implies that
Tu = u.

To show the uniqueness of the fixed point u, assume that T has two fixed points
u,v € X, that is, Tu = u and Tv = v. Thus,

my(u,v) = mp(Tu, Tv) < kmp(u,v) < mp(u,v),
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which implies that my(u,v) = 0, and hence u = v as desired. Finally, we show that
if u is a fixed point, then my(u,u) = 0, assume that u is a fixed point of T, hence

my(u, uw) = mp(Tu, Tu)

< kmy,(u, u)
< myp(u,u) since k € [0,1),

that is mp(u, u) = 0. O

The following theorem is an analog to Shukla Fixed point theorem ( see [7]) in
Mp-metric space.

Theorem 2.2. Let (X, my) be a complete My-metric space with coefficient s > 1
and T be a self mapping on X satisfying the following condition:

mb(Tvay) < )\[mb(x,T:v) + mb(vay)]v fOT’ all T,y € X» (21)
where A € [0, 2—15), A # % Then T has a unique fized point u such that my(u,u) = 0.

Proof. Let zyp € X be arbitrary. Consider the sequence {x,,} defined by z,, = T"z
and mp, = mp(Tn, Tnt1). Note that if there exist a natural number n such that
mp, = 0, then x,, is a fixed point of T and we are done. So, we may assume that
my,, > 0, for n > 0. By (2.1]) we obtain
my,, = My (T, Tng1) = my(Trn 1, Tay)

< AMmp(@n—1, Txn—1) + my(xn, Tzy)]

= Amp(Tn-1,2n) + mb(Tn, Tni1)]

e /\[mb + mbn],

n—1

for any n > 0, mp, < Amy,,_, + Amy,, which implies my, < pmg
ﬁ <lasAel0, i) By repeating this process we get

where p =

n—17

my, < (" mp,.

n —

Thus, lim,, o mp, = 0. By (2.1) for all natural numbers n, m we have
My(Tn, Tm) = mp(T" 20, T 20) = mp(TTn—1, TTm—1)
< A[mb(xn—la Txn—l) + mb(xm—la T-Tm—l)]
- A[mb(xnfla xn) + mb(wmflv xm)]

= )\[mbn71 + mbmfl}.

As limy, oo mp, = 0, for every € > 0 we can find a natural number ng such that
myp, < 5 and my,, < 5 for all m,n > ng. Therefore, it follows that

My(Tn, T ) < X, _, +mp,, 1] < )\[% + %] < g + % = ¢ for all n,m > ny,

m—1

and my(zy,, Tm) — 0 as n,m — 0o

My(Tny Tm) — Mg, .z, < € for all n,m > ny.
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Now, for all natural numvers n, m we have

Mbz,, ., — mb(TiEn—laTzn—l)

IN

AMmp (-1, Txn-1) + mp(Xp—1, Txn_1)]
Amp(Xpn—1,2n) + mp(zp—1, T2y)]

= Amep, , +mp, ]

= 2\my, , — 0asn — o0

n—1

50 Mg, o, — 0 which implies that
Myz, 2. — Moz, 2., < € forall n,m > ng.
Thus, {z,} is an my-Cauchy sequence in X. For some u € X,

lim my(zy, u) — Mpg, o = 0.
n— 00

Now, we show that u is a fixed point of T in X. For any natural number n we have,
lim my(xn, w) — Mpg, w =0
n—oo

= nlggo mb(xn-i-h U) — Mbzpy,u

= lim myp(Txp, u) — Mprs,
n— o0

= my(Tu, u) — MpTu,u,

which implies that my,(Tu,w) — mpy, 7o = 0, hence my(Tu, u) = Mpy, v, therefore
Tu = u. Thus, u is a fixed point of T. Now, we show that if u is a fixed point, then
myp(u, u) = 0, assume that u is a fixed point of T, hence
my(u, u) = mp(Tu, Tu)
< A[mp(u, Tu) + mp(u, Tu)]

= 2 my(u, Tu)
= 2 my (u, u)
1
< myp(u,u) since X € [0, 2—),
s

that is mp(u, u) = 0. To prove uniqueness, assume that 7' has two fixed points say
u,v € X, hence,

mp(u, v) = my(Tu, Tv) < Amp(u, Tu) + mp(v, Tv)] = Amy(u, uw) + mp(v,v)] = 0,
which implies that my(u,v) = 0, and hence u = v as required. O

In closing, we state the following conjecture of the existing and uniqueness of a
fixed point of a self mapping in an Mj-metric under a more interesting contraction
principle.

Theorem 2.3. Let (X, myp) be a complete My-metric space with coefficient s > 1
and T be a self mapping on X satisfying the following condition:

mp(Tz, Ty) < dmazx{my(z,y), mp(x, Tx), mp(y, Ty)}, forall z,ye X, (2.2)

where A € [0,1). Then T has a unique fived point u € X and my(u,u) = 0.
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Proof. Let xg € X be arbitrary and define a sequence {z,} by x,11 = Tz, for all
n >0 (i.e x, = T"x0). Let mp, = mp(2n, Tnt+1). Note that if there exists a natural
number n such that mp, = 0, then z, = 0 is a fixed of 7" and hence we are done.
So, we may assume that mp, > 0 for alln > 0

mp,, = My(Tn, Tpi1) = my(Txp—1,Txy)
< dmaz{mp(Tp—1,Tn), mp(Tn—1,TTpn_1), mp(xn, Tz,)}
< dmax{mp(Tn_1,n), Mp(Tn—1,Tn), Mp(Tn, Tni1)}

< dmaz{my(Tn—1,Tn), Mb(Tn, Tnt1)}-

If maz{my(zp—1,Tn), Mp(Tn, Tni1)} = Mp(Xp, Tpy1), then by using the above in-
equality we deduce that

M (Try Tng1) < AMp (T, Trg1) < Mp(Try Trg1)

which leads us to a contradiction. Therefore, we must have maz{my,(z,_1,zn), mp(Tn, Tni1)} =
my(Tp—1,Tn), by using the above inequality we obtain

mp (T, Tni1) < Amp(xp—1,2,), where X € [0, %)
By repeating this process we obtain

my, = Mp(Tn, Tni1) < Amp(z0,21), for all n > 0.
Thus, lim,,—so myp,, = 0. For any two natural numbers m > n, we obtain

My (Ty Ty ) = M (T o, T )
=mp(Tp—1,Tm—1)
< dmaz{mp(Tn—1,Tm—1), Mp(Tn—1,TTn—1), Mp(Trm—1,TTm—-1)}

= dmaz{my(Tn_1,Tm—1), Mo(Trn—1,Tn), Mp(Tm—1,Tm)}-
If
maz{my(Tn—1, Tm-1), Mp(Tn—1,Tn), Mp(Tm—1,Tm)} = Mp(Tn—1,Tn) =My, _,,
hence mp (2, Tpm) < Amyp,,_, < mp,_,, which leads us to a contradiction. Similarly,
we cannot have max{my(zn—1, Tm—-1), Mp(Tn—1,Tn), Mp(Tm-1, Tm)} = Mp(Tim—1, Tm) =
my,, _, - Therefore, we must have max{my(zp—1, Tm—1), Mp(Tn—1, Tn ), Mp(Tm—1,Tm)} =
My (Trm—1, Tm) = Mp(Tn—1, Tm—1). Thus, from the above inequality we deduce that
My Ty T ) < A (-1, Ty—1) for all n >0
By repeating this process we get

My (Tn, Tm) < A"mp(To, Tim—n) for all n > 0.

Hence,
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<SAM (14 A+ (SN2 4 -+ - )my(xg, 1))
SAT

=7 S)\mb(xo,xl)).

As X e [0, %) and s > 0, it follows from the above inequality that

lm  mp(Tn, Tm) — Mg, 2, = 0.
n,m—00

Similarly, one can show that

11m Mbw'/nw'm - mbwruw?n = 0'
n,m—00

Thus, {x,} is an mp-Cauchy sequence in X. Since X is complete there exists
u € X such that
lim my(zy,u) — Mpg, o = 0.
n—oo

Now, we show that wu is a fixed point of T in X. For anyt natural number n we
have,

lim my(xn, w) — Mpg, w =0
n—oo

= nh_{:g(j mb(l‘n-i-l? u) — Mbzpy,u

= lim my(Tzp,u) — Myra, u
n— oo

= mb(Tuﬂ u) — MpTu,u-

Which implies that m,(Tu, u) — myry,, = 0. Hence, my,(T'u, w) = mpry, v, therefore
Tu = u as desired. To show that if u is a fixed point then, m(u,u) = 0 consider
the following

my(u, w) = mp(Tu, Tu)
< Amazx{mp(u, w), my(u, Tw), my(u, Tu)}

= dmazx{my(u, u), mp(u, Tu}.

Note that if max{my(u,u), mp(u,Tu)} = mp(u,u), then mp(u,u) < Amp(u,u)
which leads to a contradiction. Thus, we have max{my(u, w), mp(u, Tu)} = mp(u, Tu),
therefore my(u,u) < Amp(u, Tu) < mp(u, Tu) = mp(u, u). Hence, my(u,u) = 0 as
required. To prove uniqueness, assume that 7" has two fixed points in X say v and
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v, hence
my(u, v) = my(Tu, Tv)
< dmaz{my(u,v), mp(u, Tu), my(v, Tv)}
= Amaxz{my(u,v),0,0}
< Amy(u, v)
< mp(u,v).
Which implies that my(u, v) = 0, and thus u = v. O
Acknowledgement.

The authors extend their appreciation to the Deanship of Scientific Research at
King Saud University, Saudi Arabia, for funding this research work.

REFERENCES

[1] Asadi et al: ”New extention of p-metric spaces with some fixed point results on M-metric
spaces.” Journal of Inequalities and Applications. 2014, 2014:18

[2] A. Haouzia and R. Noumeir, Methods for image authentication: a survey, Multimedia Tools
Appl. 39 (1), (2008) 1-46.

[3] Matthews, S: ”Partial metric topology.” Ann. NY. Acad. Sci. 728, 183-197, 1994

[4] X. Li, X. Sun and Q. Liu, Image Integrity Authentication Scheme Based On Fized Point
theory, arXiv:1308.0679, (2013) Preprint.

[5] N. Mlaiki, o — ¢-Contractive Mapping on S-Metric Space, Mathematical Sciences Letters,
4 (2015), 9-12.

[6] W. Shatanawi, P. Ariana, Some coupled fixed point theorems in quasi-partial metric spaces,
Fixed point theory and applications Article Number: 153 DOI 10.1186,/1687-1812-2013-153
Published: 2013.

[7] Shukla: ”Partial b-Metric Spaces and Fixed Point Theorems.” Mediterranean Journal of
Mathematics . 11, 703-711, 2014, 2014:18

NABIL MLAIKI
DEPARTMENT OF MATHEMATICAL SCIENCES, PRINCE SULTAN UNIVERSITY, RIYADH, SAUDI ARABIA
E-mail address: nmlaiki@psu.edu.sa

ANIS ZARRAD
INFORMATION SYSTEMS DEPARTMENT, PRINCE SULTAN UNIVERSITY, RIYADH, SAUDI ARABIA
E-mail address: azarrad@psu.edu.sa

NIZAR SOUAYAH
DEPARTMENT OF NATURAL SCIENCES, KING SAUD UNIVERSITY. RIYADH, SAUDI ARABIA 11586
E-mail address: nsouayah@ksu.edu.sa

AIMAN MUKHEIMER
DEPARTMENT OF MATHEMATICAL SCIENCES, PRINCE SULTAN UNIVERSITY, RIYADH, SAUDI ARABIA
E-mail address: mukheimer@psu.edu.sa

THABIT ABDELJAWED
DEPARTMENT OF MATHEMATICAL SCIENCES, PRINCE SULTAN UNIVERSITY, RIYADH, SAUDI ARABIA
E-mail address:  tabdeljawad@psu.edu.sa



	1. Introduction
	2. Fixed Point Theorems
	References

