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QUASIHOMOGENEOUS TOEPLITZ OPERATORS ON

WEIGHTED BERGMAN SPACES OF THE UNIT BALL

WALEED AL-RAWASHDEH

Abstract. In this paper, we study some algebraic properties of Toeplitz op-
eratos on the weighted Bergman space A2

γ(Bn) with quasihomogeneous and

radial symbols. Then we give an example that answers the conjecture in [8]

negatively.

1. Introduction

Let Bn denote the unit ball in Cn. For γ > −1, the weighted Lebesgue measure
dvγ is defined, for z ∈ Bn, as:

dvγ(z) = cγ(1− |z|2)γdv(z)

where dv is a volume measure on Bn and

cγ =
Γ(n+ γ + 1)

n!Γ(γ + 1)

is a normalizing constant so that vγ(Bn) = 1. The weighted Bergman space A2
γ(Bn)

is the space of all holomorphic functions in L2
γ(Bn), where L2

γ denotes the standard

Lebesgue space on Bn with respect to the measure vγ . It is known that A2
γ(Bn)

is a closed linear subspace of L2
γ . Recall that the orthogonal projection Pγ from

L2
γ(Bn) onto A2

γ(Bn) is given by the integral operator

Pγ(f)(z) = 〈f,Kz〉 =

∫
Bn

f(w)Kz(w)dvγ(w),

where Kz(w) =
1

(1− 〈w, z〉)n+γ+1 is Bergman reproducing kernel. It is well-known

that this operator is bounded from L2
γ(Bn) to A2

γ(Bn) when γ > −1. Let Mφ denote
the operator of multiplication by the function φ, that is Mφf = φf . The Toeplitz
operator with the symbol φ ∈ L∞γ (Bn) is defined by Tφ = PγMφ. It is clear that

Tφ is bounded on A2
γ(Bn) with ‖Tφ‖ ≤ ‖φ‖∞.

The problem when two Toeplitz operators commute, first considered by Brown
and Halmos [3] in 1964, they gave a complete answer to this question for Toeplitz
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operators on the Hardy space of the unit circle T in C. In fact, they proved that
Tφ and Tψ, for φ and ψ in L∞(T), commute if and only if

(1) both φ and ψ are analytic, or
(2) both φ and ψ are coanalytic, or
(3) there exist α, β ∈ C not both zero such that αφ+ βψ is constant on T.

On the unweighted Bergman space A2(D) of the unit disk, many authors have
studied this problem, see for example ([1], [2], [5], [4], [7], and [8]). On the un-
weighted Bergman space A2(Bn) of the unit ball, Zheng [9] studied commuting
Toeplitz operators with pluriharmonic symbols, and the authors of [10] and [6]
studied the commuting of Toeplitz operators with radial and quasihomogeneous
symbols. The authors of these papers used Mellin transform to study the commu-
tativity of quasihomogeneous Toeplitz operators on the spaces A2(D) and A2(Bn).

This paper is motivated by work on the unit disk of Louhichi and Zakariasy [7],
and by work on the unit ball of Dong and Zhou [10]. In this paper, we consider
the weighted Bergman space A2

γ(Bn) of the unit ball. We characterize when two

Toeplitz operators with symbols ζpζ
s
φ and ζqζ

u
ψ commute, and when radial and

quasihomogeneous Toeplitz operators commute. Then, we give an example that
answers Louhichi and Rao’s conjecture in [8] negatively. Our approach here is
different from those in the papers mentioned above, there is no need for us to use
Mellin transform.

2. Commutating Toeplitz Operators

For a multi-index p = (p1, p2, ..., pn) ∈ Nn and z = (z1, z2, ..., zn) ∈ Bn, we write

|p| = p1 + p2 + · · ·+ pn,

p! = p1!p2! · · · pn!, and

zp = zp11 z
p2
2 · · · zpnn .

For two multi-indexes p = (p1, p2, ..., pn) and q = (q1, q2, ..., qn) in Nn, the notation
p ⊥ q means that

p1q1 + p2q2 + · · ·+ pnqn = 0,

p � q means that

pi ≥ qi, for every i = 1, 2, ..., n,

and we say p � p if pi < qi for some i. Moreover, we define p− q = (p1 − q1, p2 −
q2, · · ·, pn − qn) and if p � q, then |p− q| = |p| − |q|.

Let Sn denote the unit sphere in Cn and let σ denote the rotation-invariant
probability measure on Sn. It is well-known that the monomials zα are orthogonal
in L2(Sn, dσ), and by (Lemma 1.11, [11]) we have∫

Sn
|ζα|2dσ(ζ) =

(n− 1)!α!

(|α|+ n− 1)!
(2.1)

Integrating in polar coordinates (Lemma 1.11, [11]) it follows that the monomials
zα are orthogonal in A2

γ(Bn) and have square norm equal to
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∫
Bn

|zα|2dvγ(z) =
Γ(n+ γ + 1)α!

Γ(|α|+ γ + n+ 1)
(2.2)

Let φ ∈ L1(Bn, dvγ), we say φ is a radial function if φ(z) depends only on |z|,
that is φ(z) = φ(|z|) for z ∈ Bn. The definition of quasihomogeneous function
on the unit disk has been given in many papers, for example see [7] and [8], and
recently it has been given on the unit ball in the papers [6] and [10]. Similarly, we
next define the quasihomogeneous function on Bn. Let k ∈ Zn and f ∈ L1(Bn, dvγ).
We say f is a quasihomogeneous function of degree K if and only if f(rζ) = ζkφ(r),
where φ is a radial function, ζ ∈ Sn, and r ∈ [0, 1). By separating positive and
negative integers in k, k can be uniquely written as k = p− s, where p, s ∈ Nn with
p ⊥ s. So in what follows, for any k ∈ Zn we write ζk = ζpζ

s
for ζ ∈ Sn.

A simple calculation gives the following two lemmas, they tell us how the radial
and quasihomogeneous Toeplitz operators act on the monomials zα for z ∈ Bn and
α ∈ Nn.

Lemma 2.1. Let γ > −1, let p and s be two multi-indexes. If φ is a bounded radial
function on Bn, then

Tζpζsφ(zα) =

{
0, if α+ p � s
λαz

α+p−s, if α+ p � s,
where

λα =
2(α+ p)!Γ(n+ |α|+ |p| − |s|+ γ + 1)

(α+ p− s)!(n− 1 + |α|+ |p|)!Γ(γ + 1)

∫ 1

0

r2n+2|α|+|p|−|s|−1φ(r)(1− r2)γdr.

Proof. For all multi-indexes α and β, we have

〈Tζpζsφ(zα), zβ〉 =

∫
Bn

φ(z)ζpζ
s
zαzβ(1− |z|2)dvγ(z)

= 2ncγ

∫ 1

0

r2n+|α|+|β|−1φ(r)(1− r2)α
∫
Sn
ζp+αζ

s+β
dσ(ζ)dr

=


0, if α+ p � s

2ncγ

(∫ 1

0

r2n+|α|+|β|−1φ(r)(1− r2)αdr

)∫
Sn
ζp+αζ

s+β
dσ(ζ), if α+ p � s.

If α+ p � s, then by Equation (2.1)

∫
Sn
ζp+αζ

s+β
dσ(ζ) =

 0, if β 6= α+ p− s
(n− 1)!(α+ p)!

(|α|+ |p|+ n− 1)!
, if β = α+ p− s.

For β = α+ p− s, we get by Equation (2.2)

〈zα+p−s, zβ〉 =
Γ(n+ γ + 1)(α+ p− s)!

Γ(|α|+ |p| − |s|+ n+ γ + 1)
.

Hence, for β = α+ p− s and α+ p � s we get
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Tζpζsφ(zα)

= 2(n!)cγ
(α+ p)!Γ(|α|+ |p| − |s|+ n+ γ + 1)

(α+ p− s)!(|α|+ |p|+ n− 1)!Γ(n+ γ + 1)

(∫ 1

0

r2n+2|α|+|p|−|s|−1φ(r)(1− r2)γdr

)
zα+p−s.

This completes the proof. �

The following lemma is a consequence of the previous Lemma 2.1, so we omit
the proof’s details. In this lemma if γ = 0, we get Lemma 4.3 in [10].

Lemma 2.2. Let γ > −1, let p and s be two multi-indexes. If φ is bounded radial
function on Bn, then

Tφ(zα) =
2(α!)Γ(n+ |α|+ γ + 1)

(α!)(n− 1 + |α|)!Γ(γ + 1)

(∫ 1

0

r2n+2|α|−1φ(r)(1− r2)γdr

)
zα,

Tζpφ(zα) =
2(α+ p)!Γ(n+ |α|+ |p|+ γ + 1)

(α+ p)!(n− 1 + |α|+ |p|)!Γ(γ + 1)

(∫ 1

0

r2n+2|α|+|p|−1φ(r)(1− r2)γdr

)
zα+p,

and Tζsφ(zα)

=


0, if α � s
2(α!)Γ(n+ |α| − |s|+ γ + 1)

(α− s)!(n− 1 + |α|)!Γ(γ + 1)

(∫ 1

0

r2n+2|α|+|p|−|s|−1φ(r)(1− r2)γdr

)
zα−s, if α � s.

The following theorem characterizes when a radial Toeplitz operator commutes
with a quasihomogenous Toeplitz operator. This theorem is a generalization of the
theorems (Theorem 4.4, [10]) and (Theorem 2.2, [6]) in the unweighted Bergman
space of the unit ball and in the unweighted Pluriharmonic Bergman space, respec-
tively, the authors of these papers used Mellin transform to prove their results. In
this paper we can not use Mellin transform, in fact if γ = 0 we get the results in
[10] and [6].

Theorem 2.3. Let γ > −1 and let p, s ∈ Nn be multi-indexes such that p ⊥ s. If
ψ and φ are non-identically zero bounded radial functions on Bn, then

TψTζpζsφ = TζpζsφTψ

if and only if |p| = |s|.

Proof. It follows from the previous lemmas that for α+ p � s we have

TζpζpφTψ(zα) =
4Γ(n+ |α|+ |p| − |s|+ γ + 1)Γ(n+ |α|+ γ + 1)(α+ p)!

(Γ(α+ 1))
2

(n− 1 + |α|+ |p|)!(n− 1 + |α|)!(α+ p− s)!

×
(∫ 1

0

φ(r)
(
1− r2

)γ (
r2|α|+2|p|−2|s|+2n−1

)
dr

)

×
(∫ 1

0

ψ(r)
(
1− r2

)γ (
r2|α|+2n−1

)
dr

)
zα+p−s,
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and

TζpζpφTψ(zα) =
4 (Γ(n+ |α|+ |p| − |s|+ γ + 1))

2
(α+ p)!

(Γ(α+ 1))
2

(n− 1 + |α|+ |p| − |s|)!(n− 1 + |α|+ |p|)!(α+ p− s)!

×
(∫ 1

0

ψ(r)
(
1− r2

)γ (
r2|α|+2|p|−2|s|+2n−1

)
dr

)

×
(∫ 1

0

φ(r)
(
1− r2

)γ (
r2|α|+2|p|−2|s|+2n−1

)
dr

)
zα+p−s

It is clear that Tψ and Tζpζsφ commute if and only if |p| = |s|. �

The following theorem is the main result of this paper, which characterizes
when two different quasihomogenous Toeplitz operators commute in the weighted
Bergman space of the unit ball.

Theorem 2.4. Let p, s, q, and u ∈ Nn be multi-indexes with |p| = |s|, |q| = |u|,
p ⊥ s and q ⊥ u. Let ψ and φ be two bounded radial functions on Bn. Then Tζpζsφ
and Tζqζuψ commute in A2

γ(Bn) if and only if one of the following conditions is
satisfied

(1) p = s = 0,
(2) q = u = 0,
(3) p = q = 0,
(4) s = u = 0.

Proof. For α+ p � s and α+ p+ q � s+ u, we have

TζqζuψTζpζsφ(zα) =
4 (Γ(n+ |α|+ γ + 1))

2
(α+ p− s+ q)!(α+ p)!

(Γ(γ + 1))
2

(n− 1 + |α|+ |q|)!(n− 1 + |α|+ |p|)!(α+ p− s+ q − u)!(α+ p− s)!

×
(∫ 1

0

ψ(r)
(
1− r2

)γ (
r2|α|+2n−1

)
dr

)

×
(∫ 1

0

φ(r)
(
1− r2

)γ (
r2|α|+2n−1

)
dr

)
zα+p−s+q−u

For α+ q � u and α+ p+ q � s+ u, we have

TζpζsφTζqζuψ(zα) =
4 (Γ(n+ |α|+ γ + 1))

2
(α+ q − u+ p)!(α+ q)!

(Γ(γ + 1))
2

(n− 1 + |α|+ |q|)!(n− 1 + |α|+ |q|)!(α+ q − u+ p− s)!(α+ q − u)!

×
(∫ 1

0

φ(r)
(
1− r2

)γ (
r2|α|+2n−1

)
dr

)

×
(∫ 1

0

ψ(r)
(
1− r2

)γ (
r2|α|+2n−1

)
dr

)
zα+q−u+p−s
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Hence, Tζpζsφ and Tζqζuψ commute if and only if

(α+ p− s+ q)!(α+ p)!

(α+ p− s)!
=

(α+ q − u+ p)!(α+ q)!

(α+ q − u)!

It is clear that last equality holds if and only if one of the following is satisfied
p = s = 0, q = u = 0, p = q = 0, or s = u = 0. This completes the proof. �

Remark. Louhichi and Rao in [8] conjectured that “ if two Toeplitz operators com-
mute with a third one, none of them being the identity, then they commute with
each other”. In what follows we give an example that shows this conjecture is false
on the space A2

γ(Bn) with γ > −1 and n > 1. Let φ, ψ and ϕ be bounded radial
functions on Bn. Then using Theorem 2.3 we get Tφ and T

ζ(1,0)ζ
(0,1)

ψ
commute, we

get also that Tφ and T
ζ(0,2)ζ

(2,0)
ϕ

commute on A2
γ(Bn). On the other hand, using

Theorem 2.4 we get T
ζ(1,0)ζ

(0,1)
ψ

and T
ζ(0,2)ζ

(2,0)
ϕ

do not commute on A2
γ(Bn).
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