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ON ASYMPTOTICALLY WIJSMAN LACUNARY o-STATISTICAL
CONVERGENCE OF SET SEQUENCES

BIPAN HAZARIKA, AYHAN ESI, N. L. BRAHA

ABSTRACT. In this paper we presents three definitions which is a natural com-
bination of the definition of asymptotic equivalence, statistical convergence,
lacunary statistical convergence, o-statistical convergence and Wijsman con-
vergence. In addition, we also present asymptotically equivalent sequences of
sets in sense of Wijsman and study some properties of this concept.

1. INTRODUCTION

Marouf in [20], presented definitions for asymptotically equivalent and asymp-
totic regular matrices. Pobyvancts in [28], introduced the concepts of asymptoti-
cally regular matrices, which preserve the asymptotic equivalence of two nonneg-
ative numbers sequences. Patterson in [26], extend these concepts by presenting
an asymptotically statistical equivalent analog of these definitions and natural reg-
ularity conditions for nonnegative summability matrices. Patterson and Savag in
[27], introduced the concepts of an asymptotically lacunary statistical equivalent
sequences of real numbers. The concepts of og-asymptotically lacunary statistical
equivalent sequences introduced by Patterson and Savas in [32]. Braha, in [7] intro-
duced the concepts of asymptotically A™-lacunary statistical equivalent sequences
of real numbers.

The concept of convergence of sequences of points has been extended by sev-
eral authors to convergence of sequences of sets. The one of these such extensions
considered in this paper is the concept of Wijsman convergence. The concept of Wi-
jsman statistical convergence which is implementation of the concept of statistical
convergence to sequences of sets presented by Nuray and Rhoades in [25]. Similar
to the concept, the concept of Wijsman lacunary statistical convergence presented
Ulusu and Nuray in [35]. Hazarika and Esi in [I4], introduced the notion asymp-
totically Wijsman generalized statistical convergence of sequences of sets. For more
works on convergence of sequences of sets, we refer to ([1], [2], [3], [4], [B], [36], [37],
[38]).

The idea of statistical convergence was formerly given under the name “almost
convergence” by Zygmund in the first edition of his celebrated monograph published
in Warsaw in 1935 [39]. The concept was formally introduced by Steinhaus [34] and
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Fast [9] and later was introduced by Schoenberg [33], and also independently by
Buck [6]. A lot of developments have been made in this areas after the works
of Salat [29] and Fridy [IT]. Over the years and under different names statistical
convergence has been discussed in the theory of Fourier analysis, ergodic theory and
number theory. Fridy and Orhan [12] introduced the concept of lacunary statistical
convergence. Mursaleen and Mohiuddine in [24], introduced the concept of lacunary
statistical convergence with respect to the intuitionistic fuzzy normed space. For
details related to lacunary statistical convergence, we refer to (|8, [12], [13], [15],
17, 210).

By a lacunary sequence 6 = (k,.), where kg = 0 , we shall mean an increasing
sequence of non-negative integers with h,. : k. —k,._1 — 0o as 7 — co. The intervals
determined by 6 will be denoted by J, = (ky_1,k] and the ratio kfil will be
defined by g, (see [10]).

In this paper we define asymptotically lacunary o-statistical equivalent sequences
of sets in sense of Wijsman and establish some basic results regarding the notions
asymptotically lacunary o-statistical equivalent sequences of sets in sense of Wijs-
man and asymptotically Wijsman lacunary statistical equivalent sequences of sets.

Now we recall the definitions of statistical convergence, lacunary statistical con-
vergence, o-statistical convergence and Wijsman convergence.

Definition 1.1. A real or complex number sequence x = (xy) is said to be statis-
tically convergent to L if for every e > 0

1
lim— [{k <n:|xy— L| >} =0.
n on

In this case, we write S —limx = L or x — L(S) and S denotes the set of all
statistically convergent sequences.

Definition 1.2. ([12]) A sequence x = (xy) is said to be lacunary statistically
convergent to the number L if for every e > 0
. 1
Tl;noloh—erEJ,«: |z — L] > e}| = 0.

Let Sy denotes the set of all lacunary statistically convergent sequences. If 6 = (27),
then Sy is the same as S.

Let o be a one-to-one mapping from the set of natural numbers into itself. A
continuous linear functional ¢ on /. is said to be an invariant mean or a o-mean
if and only if

(1) ¢(x) > 0 when the sequence = = (xy) is such that x; > 0 for all k,
(2) ¢(e) =1 wheree=(1,1,1,...), and
(3) o(x) = d(xy(r) for all x € L.

Throughout this paper we shall consider the mapping ¢ has having on finite
orbits, that is, 0™ (k) # k for all nonnegative integers with m > 1, where o™ (k)
is the m-th iterate of o at k. We denote V, is the set of bounded sequences all of
whose o-mean are equal. If o(k) = k + 1, then it is the set of almost convergent
sequences in [I§].

If 2 = (21), the set Tx = (Twy) = (25()). Savas [30], introduced the following
notion.

V, = {x = (x) : imt,x(z) = Le uniformly in k, L = o — limx} ,
n
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— (a:k+T;ck+...+T"9ck)

where t,5(x) )

Definition 1.3. ([31]) A sequence x = (xy,) is said to be o-statistically convergent
to the number L if for every e >0

1
lim — |{k <n: |l’ak(m) — L| > 5}| =0, uniformly on m.
n—oo n
Let S, denotes the set of all o-statistically convergent sequences.

Definition 1.4. ([30], [32]) A sequence x = (xy) is said to be strongly lacunary
o-convergent to the number L if

1
Ly = {x = (ag) : Tliglo E kZJ: | Tk (m) — L| = 0, uniformly on m} .
eJ,

Definition 1.5. ([31]) A sequence x = (xy) is said to be lacunary o-statistically
convergent to the number L if for every e > 0

lim hi |{k e J,: |mgk(m) — L| > EH =0, uniformly on m.

r—00
Let Sg,, denotes the set of all lacunary o-statistically convergent sequences. If
0 = (27), then Sy, is the same as S,.

Let (X, p) be a metric space. For any point x € X and any non-empty subset
A C X, the distance from x to A is defined by

d(z, A) = inf p(2,1).

Definition 1.6. ([2]) Let (X,p) be a metric space. For any non-empty closed subsets
A, A C X (k€ N), we say that the sequence (Ay) is Wijgsman convergent to A if
limy, d(x, Ax) = d(x, A) for each x € X. In this case we write W —lim Ay, = A.

2. DEFINITIONS AND NOTATIONS

Definition 2.1. ([20]) Two nonnegative sequences x = (x1) and y = (yx) are said
to be asymptotically equivalent if
lim 2% — 1
k Yk

)

denoted by x ~ y.

Definition 2.2. ([26]) Two nonnegative sequences x = (xy) and y = (yr) are said
to be asymptotically statistical equivalent of multiple L provided that for everye > 0

{kﬁn: xk—L‘ZEHzO,

Yk
" y and simply asymptotically statistical equivalent if L = 1.

1
lim —
non

denoted by x ~°

Savas and Nuray in [31], defined the asymptotically o-statistical equivalent and
strongly asymptotically o-statistical equivalent sequences as follows:

Definition 2.3. Two nonnegative sequences x = (xy) and y = (yx) are said to be
asymptotically o-statistical equivalent of multiple L provided that for every e > 0

xak(m)
k<n:|——~—L|>¢

Yok (m)
denoted by x ~Ss y and simply asymptotically o-statistical equivalent if L = 1.

1
lim —

=0, uniformly on m,
nn
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Definition 2.4. Two nonnegative sequences x = (xy) and y = (yx) are said to be
strongly asymptotically o-statistical equivalent of multiple L provided that

n

limlz

n -n
k=1

Lok (m)

Yok (m)

L‘ =0, uniformly on m,

Vo]

denoted by x ~! . y and simply strongly asymptotically o-statistical equivalent if

L=1.

The concepts of Wijsman statistical convergence and boundedless for the se-
quence (Ay) were given by Nuray and Rhoades [25] as follows:

Definition 2.5. ([25]) Let (X, p) be a metric space. For any non-empty closed
subsets A, A, C X (k € N), we say that the sequence (Ay) is Wijsman statistical
convergent to A if the sequence (d(x, Ay)) is statistically convergent to d(x, A), i.e.,
for e >0 and for each x € X

1
lim — [{k <n: |d(z, Ar) —d(z, A)| > e}| = 0.
non

In this case, we write st —limy A, = A or A, — A(WS). The sequence (Ay) is
bounded if sup,, d(z, Ax) < oo for each x € X. The set of all bounded sequences of
sets denoted by Loo.

Ulusu and Nuray in [36], defined asymptotically equivalent and asymptotically
statistical equivalent sequences of sets as follows:

Definition 2.6. Let (X, p) be a metric space. For any non-empty closed subsets
Ay, By € X such that d(z, Ax) > 0 and d(x, Bx) > 0 for each x € X. We say that
the sequences (Ax) and (By) are asymptotically equivalent (Wijsman sense) if for
each z € X,

d(m, Ak)

lim ———" =1
Wd@ By

denoted by (Ag) ~ (Bg).

Definition 2.7. Let (X, p) be a metric space. For any non-empty closed subsets
Ay, B, C X such that d(x, Ax) > 0 and d(z,Bg) > 0 for each v € X. We say
that the sequences (Ay) and (By) are asymptotically statistical equivalent (Wijsman
sense) if for every e > 0 and for each x € X,

fosm fetd o )|

lim —
non

denoted by (Ay) ~WSE (Bk) and simply asymptotically statistical equivalent (Wigs-
man sense) if L = 1.

3. ASYMPTOTICALLY WIJSMAN LACUNARY 0-STATISTICAL EQUIVALENT
SEQUENCES

In this section, we define asymptotically Wijsman o-statistical and asymptoti-
cally Wijsman lacunary o-statistical equivalent sequences of sets and proved some
interesting results.
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Definition 3.1. Let (X, p) be a metric space. For any non-empty closed subsets
Ay, By, C X such that d(x, Ay) > 0 and d(x, By) > 0 for each x € X. Two sequences
(Ax) and (By) are said to be asymptotically Wijsman o-statistical equivalent of
multiple L provided that for every e >0

d(x, Ak
{kSnI’CML‘Zé}

lim —
(xaBak(m))

n n

=0, uniformly on m,

denoted by Ay ~WSs By and simply asymptotically Wijsman o-statistical equivalent
if L=1.

Definition 3.2. Let (X, p) be a metric space. For any non-empty closed subsets
Ak, Br C X such that d(x, Ar) > 0 and d(z, Bg) > 0 for each x € X. Two se-
quences (Ag) and (By) are said to be strongly asymptotically Wijsman o-statistical
equivalent of multiple L provided that

1 - d(vag’“(m)) .
hrrln -~ ; m — L| =0, uniformly on m,

denoted by Ay, ~WIVa] By, and simply strongly asymptotically Wijsman o-statistical
equivalent if L = 1.

Definition 3.3. Let (X, p) be a metric space. For any non-empty closed subsets
Ay, B, C X such that d(z, Ay) > 0 and d(z, Bg) > 0 for each x € X. We say that
the sequences (Ax) and (By) are asymptotically Wigsman lacunary o-equivalent of
multiple L if for each x € X,

hm k; 7 i g i(m)) = L, uniformly in m

denoted by (Ayg) ~W(La)" (Bg) and simply asymptotically Wijsman lacunary o-
equivalent if L = 1.

Definition 3.4. Let (X, p) be a metric space. For any non-empty closed subsets
A, Br C X such that d(z,Ax) > 0 and d(z,Bx) > 0 for each v € X. We say
that the sequences (Ay) and (By) are strongly asymptotically Wijsman lacunary
o-statistical equivalent if for every € > 0 and for each x € X,

1 d(xv Aak(m))
lim — _—
T hT k; d(ﬂ?, Bak(m))

— L| =0 uniformly in m

denoted by (Ayg) ~W Lol (Bx) and simply strongly asymptotically Wijsman lacu-
nary o-equivalent if L = 1.

Definition 3.5. Let (X, p) be a metric space. For any non-empty closed subsets
Ay, By C X such that d(x,Ax) > 0 and d(xz,Bg) > 0 for each x € X. We say
that the sequences (Ay) and (By) are asymptotically Wijsman lacunary o-statistical
equivalent if for every e > 0 and for each x € X,

ke, | 2@ Aeron) Lo Vg oy i
e d(fL’,BJk(m)) > e ¢| = 0 uniformly in m

lim

v hy

denoted by (Ag) WS (Bg) and simply asymptotically Wijsman lacunary o-
statistical equivalent if L = 1.
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Theorem 3.6. Let (X, p) be a metric space and Ay, By, be non-empty closed subsets
X (keN). Then

(a) (Ag) ~WIED (By) = (Ay) ~VS0o (By).
(b) W[Ly|* is a proper subset of WSGLG

() Let (Ar) € Los and(Ak) ‘Vséa( By), then (Ay,) ~WIEd" (By).
(d) WS§, N Lo = W|[Lo]" N

Proof. (a) Let € > 0 and (Ag) ~WiLel® (By;). Then we can write

Z ’d(l‘,Ak) —L‘ > Z ’d(l‘,Aak(m))
ey d(l‘, Bk) - oy d((E, Ba"’(m))
" d(:c,Aak(m;)

(=, B

_L‘

—L|>e

Uk'('m.))

res, |Aodeom) fo,
- " d(l‘,Bak(m)) -

which gives the result.
(b) Suppose that W [Lg]L C WS;J,U. Let (Ag) and (By) be two sequences defined
as follows:
A, — {k}, if kpoy <k <k + [Vh],r=1,2,3,.;
{0}, otherwise
and
By, = {0} for all k € N.

It is clear that (Ay) ¢ Lo and for e > 0 and for each x € X,

d aAa' m r
ke, | M@ Aram) o Ny WA
d(x,Bak(m))

lim —
T T

So (Ag) ~VSo.e (By), but

1 d(il?, Ao.k(m))
lim — —r e ml pl o,
1511 h Z ‘d(m, ng(m)) 7& 0

" ked,

Therefore (Ay) AW ILo]" (Bg).
(¢) Suppose that (Ag) WK (Bi) and (Ag) € Loo. We assume that
M L‘ < M for each x € X and for all k € N. Given € > 0, we get

Agk(m
Z:‘$ o*(m)) 4
T ke, iL’ Ba’”(nL))
1 d(z, Agk(m)) 1 d(z, Aak(m))
== ShZorm) gy S Zorom)
hy. Z ‘ d(I7 B ('m)) * hy Z ‘ d(l‘, B ('m))
keJ, keJ,

d(z,AGk(m))
T B 1 (1)

d(z,AGk(m))
T B k()

M d(x,Aa’“(m))
<A lpey, . |SDZatm) gl ,
n hT { €/ ’d(maBak(m)) ‘ 5}’—’_5

from which the result follows.
(d) Tt follows from (a), (b) and (c). O

—L
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Theorem 3.7. Suppose for given n1 > 0 and every € > 0 there exist ng and myg
such that
d(x7Aak(m))

—L| >
d(x?Bok(m)) ‘ N E}‘ =

for all n > ng and m > mg, then (Ay) ~WS5 (By).

n

! {O§k§n1:‘

Proof. Let m be given. For every € > 0, choose n; and mg such that

d(l‘,Aak(m)) > 5}
(3.1)

d(a:, ng(m))
It is sufficient to show that there exists ny such that for n > ny; and 0 < m < mg
d(ﬂj, Aok (m))
= — . 7 > <M. 3.2
n d<x7Bok(m)) o 6}‘ n ( )

Let ng = max{ni,na}. The the relation (3.2]) will be true for n > ng and for all m.
If mg chosen fixed, then we get

1
<

n

- L

for all n > ni;m > mg.

{nggnlz‘

- L

{0§k;§n1:

d(zx, A,
0<k<mg1: |2 Arm) 1o Ay,
d(xaBo’k(m))
Now for 0 < m < mg and n > mg we have
d 7A0'
Wochan 1. |d@Axm) I
n d(a:,ng(m))
1 d aAa' m
<ochcmg-1: |8 @A) I
n d(vaak(m))
1 d(vaok(m))
— <k<n-1 —L| >
R e R B
d(z, Agk(m M
S%‘i’l mogkgnfltwa >¢ §7+ﬂ
non d(x, Bor(m)) n 2
Thus for sufficiently large n
d(xa Aok(m)) M T
— <k<n—-1:|———5—-L|> < — 4 =< 7.
{mo =r=n ‘d(x’Bak(m)) ’ B 6}‘ on - 2 "
This established the result. ([l

Theorem 3.8. For every lacunary sequence 0, WSy o = WS,.

Proof. Let (Ag) € WSp,, then for given n; > 0 there exist € > 0 and L such that
1 d 7Aa “(m
1 e |4 Aokim)
h,r d(IL', Bok (m))

for r > rg and m = k,_1 + 1 + v where v > 0.
Let n > h, and write n = sh, + u with 0 < u < h, and s an integer. Since
n > h, and s > 0. We have

d(z, Ayeir,
! {nggnls‘ML‘ZsH

- L

ZE} <7717

n d(x, ng(m))
1 d(xaAak(m))
< — <k < 1 —1:|—2 —L| >
n {O shs (S - )hT ‘d(vaok(m)) - 6}
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d(.}?, Ao”“ (m))

ih, <@E+Dh—1:|7—F5—=—L| >
{Zh k_(l+ )h ‘d(l’,ng(m)) ‘ 6}‘

h, 2sh,
§(8+) m < i 771forszl.
n

IN

n
For % < 1, since % < 1. Therefore

CIZ(I7 Aak(m))
d((E, Bok(m))

Hence by Theorem we have WSy, C WS,. Also WS, C WSy, for every
lacunary sequence 6. This completes the proof of the theorem. O

n

{nggn—I:’ —L‘zeHSZm.

Theorem 3.9. Let (X, p) be a metric space and Ay, By, be non-empty closed sub-
sets X (ke N). Let 0 = (k) be a lacunary sequence with liminf, g, > 1. Then

(Ax) ~S7 (By) = (Ay) ~V50o (By).

Proof. Suppose that liminf, g, > 1, then there exists a & > 0 such that ¢, > 1+ «
for sufficiently large r. Then we have

h, «

P

If (Az) ~"S7 (By), then for every & > 0 and for sufficiently large r we have

d(z, Ay
{kgm:‘(x<>>LzeH

e d({E, B (m))
1 d(Iv Aok(m))
>—\Wked,: |—V———=—-L| >
L { © ‘d<vaak(m)) ‘ _5}‘
o 1 d(l‘, Agk(m))
> —Rked.: |—0V—=—L| > .
“1+ah { © d@ Boromy) | © 5}
This completes the proof. O

Theorem 3.10. Let (X, p) be a metric space and Ay, Bx be non-empty closed
subsets X (k € N). Let 0 = (k) be a lacunary sequence with limsup,. ¢, < co. Then

(Ag) ~VS0e (By) = (Ax) ~V57 (By).

Proof. If limsup, ¢, < co. Then there exists an K > 0 such that ¢, < K for all

r > 1. Let (Ay,) ~"5%c (By) and 71 > 0. Then there exists B > 0 and ¢ > 0 such
that for every j > B

e |4@Aeon) pfs Yo an
— it | - T .
h, 7 d(@, Borgmy) 1T n "

Also we can find A > 0 such that M; < A for all j = 1,2,3,... Now let ¢ be an
integer with satisfying k,_1 < ¢ < k,, where r > B. Then we can write

M, =

d(x, Ak
<o |f@Adorem) o
n d($7ng(m))
1 d(x7AO'k(m))
< k <k, —L| >
ko { a d(l’,ng(m)) ‘ N E}
1 d(xaAU’”(m))
= . — L >
kr—1 {k < ‘d(vaok(m)) B g}
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ke Jo: M_L > e
2 d(I,Bak(m)) -

ke . : d(vaak(m)) Ll >e
r d(l‘,ng(m)) -

ke | A Arm)
' d(l‘,ng(m)) -

d('raAak(m)) _Il>¢
d(lL’,Bnk(m)) -

Fo Hk e Iy - | & Aot m) L‘ > H
DT €
kr—l(kB - kB—l) P d($7Bok(m)) B

kr - krfl { ’d(l?, Aak(m)) ‘ }
4t ————— ke J i |————= - L| >¢
kir_l(k‘r - kr_1) ‘ d(l‘, Bo'k(m))
kl kQ — kl kB - kB—l
kr_1 M, N ket 2 et kr_1 B
k —k ky — ky_
LB B 1

M, o =M,
krfl Bt * M krfl

k k. —k k
g{sule}kB—i—{supMi} 2 B §AkB +mK.
i>1 r—1 i>B r—1 r—1

This completes the proof of the theorem. O

L1
kr—l

4.+
kr—l

k1
]{37«,1]€1
ko — k1

+————— ke Jy:
kr—1(k2 — k1) H 2

kp —kp_1

Theorem 3.11. Let (X, p) be a metric space and Ay, By be non-empty closed
subsets X (k € N). Let § = (k) be a lacunary sequence with 1 < liminf, ¢, <

lim sup,. ¢, < co. Then (Ay) WS (By) < (Ag) ~W55 (By).

Proof. The result is an immediate consequence of Theorem and Theorem [3.10
O

Definition 3.12. Let p € (0,00). Let (X,p) be a metric space. For any non-
empty closed subsets Ay, Br C X such that d(x,Ax) > 0 and d(z,Bg) > 0 for
each x € X. We say that the sequences (Ay) and (By) are strongly asymptotically
Wijsman lacunary op-statistical equivalent if for every € > 0 and for each x € X,

. 1 d(a:, Ao.k(m))
1171011 h—r Z

keJ,

denoted by (Ay) ~WLoly (Bk) and simply strongly asymptotically Wijsman lacu-
nary o-equivalent if L = 1.

Definition 3.13. Let p € (0,00). Let (X, p) be a metric space. For any non-empty
closed subsets Ay, By € X such that d(z, A) > 0 and d(x, Bi) > 0 for each z € X.

We say that the sequences (Ax) and (By) are asymptotically Wijsman lacunary
op-statistical equivalent if for every € > 0 and for each x € X,

{k cJ. ’d($7Aak(m)) I
" d(z7Bok(m)>

1 p
lim —
T r

> 5}’ = 0 uniformly in m

L
denoted by (Ag) NG (Bk) and simply asymptotically Wijsman lacunary o-
statistical equivalent if L = 1.
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The proof of the following theorem follows from Theorem [3.6]

Theorem 3.14. Let (X, p) be a metric space and Ay, By be non-empty closed
subsets X (k € N). Then

(a) (Ar) MWD (By) = (Ag) ~ 0 ().
(b) WLgl% is a proper subset of WSGLJP.

)

(c) Let (Ax) € Loc and (Ay) ~ ~WSiay (By), then (Ag) ~WEolr (By).

(d) WSE, NLe=WI[Lel% N La

4. ORLICZ ASYMPTOTICALLY WIJSMAN LACUNARY 0-STATISTICAL EQUIVALENT
SEQUENCES

In this section we define the notion of Orlicz asymptotically Wijsman lacunary
o-statistical equivalence sequences of sets. An Orlicz function is a function M :
[0,00) — [0,00) which is continuous, nondecreasing and convex with M (0) = 0,
M (z) > 0 for > 0 and M (z) — o0 as ¢ — oco. An Orlicz function M is said to
satisfy the Ay — condition for all values of u, if there exists a constant K > 0 such
that M (2u) < KM (u), v > 0. Note that, if 0 < A < 1,then M (Az) < AM (x), for
all z > 0 (see [16]).

Also we will introduce Cesaro Orlicz asymptotically Wijsman o-statistical equiv-
alence between two sequences.

Definition 4.1. Let (X, p) be a metric space. For any non-empty closed subsets
Ay, B, € X such that d(xz, Ar) > 0 and d(x, Br) > 0 for each x € X. Two sequences
(Ag) and (By) are said to be M -strongly Cesaro Orlicz asymptotically Wijsman o-
statistical equivalent of multiple L provided that for every
1 o (@, Agr(m)) D
lim — M(’—L =0,
n -n Icz::l d(a:, Bo-k(m))

(denoted by Ay, s | M By ), and simply W M -strongly Cesaro Orlicz asymptotically

Wigsman o- equivalent if L = 1.

Definition 4.2. Let (X, p) be a metric space. For any non-empty closed subsets
Ay, B, C X such that d(x, Ax) > 0 and d(z, B) > 0 for each x € X. Two sequences
(Ag) and (By) are said to be M-lacunary strongly Cesaro Orlicz asymptotically
Wigsman o-statistical equivalent of multiple L provided that for every

1 d(xv o”“(m))

lim — S (| STl )

B I (‘ d(z, Bok(m)) D 0
keJ, (m)

(denoted by Ay ol LM By, ), and simply LW M -strongly Cesaro Orlicz asymptoti-
cally Wigsman o- equivalent if L = 1.

Theorem 4.3. Let (X, p) be a metric space and Ay, By, be non-empty closed sub-
sets of X, (k € N). M be an Orlicz function which satisfies the As conditions and

WM,
M(1) = 1. Then for two sequences (Ay) and (By,) are said to be Ay, * By of

multiple L provided that for every e > 0,

llm the JET O . 1“ .
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L WSy, o WSMe -
If lim, inf ¢, > 1, then Ay, ~" By implies x By.

Proof. Suppose that lim, inf ¢, > 1, then there exists a § > 0, such that ¢, > 1+«
for sufficiently large. Then we have

J‘

«
—> .
k. 14+«

L
If A, ~'7 By, then for every e > 0 and for sufficiently large r, we have

L o berof ke[ |AEAren)
— number - — > =
hT e o d(I7Bok(m)) ‘

& i th b f ked M M ol > <
T e number o ot a0, Bor i) >epr <
(.’L’ Aak(m)

l1+4a 1
. _— >ep. 4.1
d(ﬂ?, Bak(nz)) ) N 6} ( )

— {the number of k€ J.: M (‘
In other side from fact that M satisfies the Ay conditions it follows that

Q r
Y d(l‘,Agk(m)) < K. d(vaok(m)) _I
d(l‘7 ng(m)) - d($> Bcrk'(m)) ’

—L

- L

d(z,A
for some constant K > 0, in both cases where M
Bk (m)
d(z,A . . . ..
M - L‘ > 1. Really in first case it follows directly from definition of the
Bk (m)

—L‘ < 1 and

Orlicz function. In second case we have
d(l‘, Agk(m))
d(xv Bak(m))

_L‘:2.[/(1):22.[,(2):...:28.[/(8)7

such that L(*) < 1. Now taking into consideration A, conditions of Orlicz functions,
we get the following estimation:
d(:l:7 Aak (m))

( d($7Agk(m))

M| 2] o rerim)/
d(xa Ba’“(m)) d(l‘, B« (m))

where T' and K are constants. Now proof of Theorem follows from relations (4.1))

and (4.2)). O

Theorem 4.4. Let (X, p) be a metric space and Ay, By, be non-empty closed subsets
of X, for any k € N and M be an Orlicz function. If lim sup, ¢, < oo, then from

. — L, (4.2)

)§T~L(s)~M(1)=K-

WSM(, o wsk,
Ay By implies x  ~"" By.
Proof. Proof of the theorem is similar to Theorem [3.10] so we omit them. O

The proof of the following results we omit, because they are similar to the fact
which we have prove above.

Theorem 4.5. Let (X, p) be a metric space and Ay, By, be non-empty closed subsets
of X, for any k € N and M be an Orlicz function. The following relations are valid:

(i): Iflimint, g > 1, then A, 7K™ By = 4, 17IEM
(ii): If lim sup, ¢, < oo, then Ay ol By = Ag

By
o1 |WM
| 1\ By.
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IUllLWM |0'1|WM
~ ~

(iii): If1 < liminf, ¢, < lim sup, g, < oo, then Ay B, <— A,

By

Theorem 4.6. Let (X, p) be a metric space and Ay, By, be non-empty closed subsets
of X, for any k € N and M be an Orlicz function. Then

1 (@If Ay M By then 4, 757 By
: (b) WSL is a proper subset of |o1|W M.
L

2: If M satisfies the Ay condition and Ay, € loo(|o1|W M) such that Ay W

WM
Bk, then Ak Ioll'\/ Bk

3: If M satisfies the Ay condition, then SWE Nlo(|or|WM) = (Jo1|WM) N
loo (|o1|[W M), where loo (|oy[WM) = {(Ag) : M(d(x, Agk (1)) € loc;z € X}

loy|W M
~Y

Proof. 1: (a) If € > 0 and Ay By, then

1 d(l‘, Ao.k(m))
€— qthe number of k<n:|————< - L| >€; <
n d(x, Bak(m))

d(l‘, Aok(m))
the number of k<n:M||-——5 —L| | > M(e)
d(.’L‘ Bo-k(m))

4 3 el
M

(b) To prove this fact it is enough to find a sequence of sets (Ay) such that Ay €
WS and Ay ¢ |o1|WM. Let L =1 and M = z. We define d(z, A, () to be

1u 27 ) [\/ﬁ]
for k =i, fori € {1,2,--- ,[\/n]}, and d(z, Ayx(;)) = 1 otherwise. d(x, Bok () = 1
for all k. It seems that (Ay) is not d—metric bounded. In what follows we will prove
that Ay, € WSE and Ay, ¢ |o1|WM.
Let € > 0 be given, then we have:

d(x, Agk(m
1 the number of kgn;M_L > ¢ :[”]_H)’
n d(x7Bak(m)) n
when n — oo, hence A, € WS}. On the other hand
1 & d(z, Aok (m _
ZM(‘(W_L’) =0+1+2+---+ ([Vn] - 1) :M7
"= d(@, Byk(m)) 2n

from which follows that Ay ¢ |o1|WN.
2: Proof of this part is similar to proof of the above Theorems.
3: Proof follows from part 1 and 2. O

:\H

A 1
(m)
d(z,BZk(:))_L’>2M(5)

Theorem 4.7. Let M be an Orlicz function and sup q, < oco. Then

wsg,
1: (a)IfAk Bk then Ak ~’ Bk.
: (b) Sé‘,o is a proper subset of |o1|LW M.

loy| LW M

L
9

2: If M satisfies the Ay condition and Ay € loo(|o1|LW M), such that Ay, ~

LW M
Bk, then Ak IUllN Bk.
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23]
24]
[25]
[26]
27]

(28]
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3: If M satisfies the Ay condition, then S&U Nloo(lo1|[LWM) = |o1|LWM N
loo (o1 | LW M).
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