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(p,7,q) —+—PARANORMAL AND
ABSOLUTE—(p,r) — +—PARANORMAL OPERATORS

NAIM L. BRAHA AND ILMI HOXHA

ABSTRACT. In this paper, we introduce the absolute—(p,r) — *—paranormal
which is a further generalization of both absolute —k — *—paranormal operator
and p—s*—paranormal operator. Also, we introduce the (p, r, ¢) —*—paranormal
operator, which is also a further generalization of both absolute—(p,7) —
x—paranormal operator and p — x—paranormal operator. We will show ba-
sic structural properties of these two classes of operators. Finally, we will see
some properties of the p — x—paranormal operator. Some spectral properties
are also presented: we show that, if T' is p—*paranormal then o, (T) = op(T),
and 0;4(T) = 04(T).

1. INTRODUCTION

Throughout this paper, let H be an infinite dimensional complex Hilbert space
with inner product (-, -). Let £(H) denote the C* algebra for all bounded operators
on ‘H. We shall denote the set of all complex numbers and the complex conjugate
of a complex number p by C and 7z , respectively. The closure of a set M will be
denoted by M and we shall henceforth shorten T'— I to T — u. For T' € L(H),
we denote by N (T) the null space and by T(H) the range of T. For an operator
T € L(H), as usual, |T| = (T*T)z. An operator T € L(H) is said to be positive
(denoted T > 0) if (Tx,z) > 0 for all z € H. An operator T' € L(H) is said to be
paranormal [3], if ||Tz||? < ||T?2]| for any unit vector = in H. Further, T is said to
be *—paranormal [I], if [|T*z||? < ||T?%z| for any unit vector = in H. T is said to
be k—paranormal operator if | Tx||*T! < ||T*+1z||||z|* for all z € H and T is said
to be k — x—paranormal operator if | T*z|/**1 < ||T**1z|||=|* for all z € H.

The operator T is said to be a p—hyponormal operator if and only if (T*T)? >
(TT*)P for a positive number p, and in [12] is defined the class of log—hyponormal
operators as follows: T is a log—hyponormal operator if it is invertible and satisfies
the following relation logT*T > logTT™*. Class of p—hyponormal operators and
class of log—hyponormal operators were defined as extension class of hyponormal
operators, i.e, T*T > TT*. It is well known that every p—hyponormal operator is a
q—hyponormal operator for p > ¢ > 0, by the Lowner-Heinz theorem ”A > B > 0

2010 Mathematics Subject Classification. 47B20, 47B37.

Key words and phrases. x—paranormal operators, p — x—paranormal operators, A(k) class
operators, A(k*) class operators, absolute—k* —paranormal,, (p,,q) — *—paranormal operators,
absolute—(p, r) — *—paranormal operators.

(©2013 Ilirias Publications, Prishtiné, Kosové.

Submitted February 28, 2013. Published October 1, 2013.

14



(p,7,q) — *—PARANORMAL AND ABSOLUTE—(p,r) — x— PARANORMAL OPERATORS 15

ensures A® > B for any « € [0,1],” and every invertible p—hyponormal operator
is a log—hyponormal operator since log is an operator monotone function. It is
also well known that there exists a hyponormal operator T such that 72 is not a
hyponormal operator (see [10]).

In [7] authors, Furuta, Ito and Yamazaki introduced the A class of operators,
respectively A(k) class of operators defined as follows: For each k& > 0, an operator
T is A(k) class operator if

1
(T*|TPFT) ™ > TP, (L1)

which includes the class of log—hyponormal operators (see Theorem 2, in [7]) and
is included in the class of paranormal operators, in case where k = 1 (see Theorem
1in [7]). For k =1, it is defined the A class of operators. In the same paper, there
were introduced the absolute—k—paranormal operators as follows: For each k > 0,
an operator T is absolute—k—paranormal operator if

TP T > ||Tal <+, (1.2)

for every unit vector z € H.

The A(k) class of operators is included in the absolute—k—paranormal operators
for any k > 0 (see Theorem 2 in [7]).

Fujii, et al. [9] introduced p—paranormal operators for p > 0 as another gen-
eralization of paranormal operators. An operator T is said to be p—paranormal
if

NTPUIT P > 1T, (1.3)
for every unit « € H and p > 0, where the polar decomposition of T is T' = U|T|.
It is clear that 1—paranormality equals paranormality.

Yamazaki and Yanagida [I4] introduced the notion of absolute—(p, ) —paranormal
operator. It is a further generalization of the classes of both absolute—k—paranormal
and p—paranormal operators. An operator T is said to be absolute—(p, ) —paranormal
operator if

TPUIT " 2] > 11T, (1.4)
for all x € H.
An operator T is A(k*) class operator if

1

(T*|T)**T) =" > |T* 2, (1.5)
for every k > 0. In the case where k = 1, it is defined the A* class of operators.
In the paper [I1], there were introduced the absolute—k — *—paranormal class of
operators as follows:

NT1* Tl > [Tz, (1.6)
for x € H,||z|| = 1 and for any k& > 0.

The A(k*) class of operators is included in the absolute—k — x—paranormal

operators for any k > 0 (see Theorem 2.4 in [I1]).

In [I1] the authors defined p — *—paranormal operator. An operator is said to
be p — x—paranormal if

ITPUITE] > ITPU*2|?, (L.7)

for every unit € H and p > 0.
Since

I TIU|T|2||* = (| T|U|T |z, |T|U|T|w) = (|TPU|T|2, U|T|e) = | T%|?,
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and
IT1U"z||* = (UIT]PU 2, 2) = (| Tz, 2) = || Tz,
then 1 — x—paranormality equals *—paranormality.
Fujji and Nakomoto in [8] introduce the (p,r, ¢)—paranormal operator: for each
p>0,r>0and g > 0, an operator T is (p,r, ¢)—paranormal if
ptr

1
TPUIT ||z = [||T] " ], (1.8)

for every unit vector x € H, where T' = U|T| is polar decomposition of T. This
(p, r, g)—paranormal operator is generalization of the p—paranormal operator. More
accurately, the (p, p,2)—paranormality is the p—paranormality.

In this paper, we introduce the absolute—(p, r) — *x—paranormality which is a fur-
ther generalization of both absolute —k—*—paranormality and p—*—paranormality.
Also, we introduce the (p,r, q) — *—paranormal operators.

Lemma 1.1. [B, Holder-McCarthy inequality] Let T be a positive operator. Then,
the following inequalities hold for all x € H.:

(1) (T7x,x) < (Tx,2) |||~ for 0 <r <1,
(2) (T7x,x) > (Tx,z)"||z||>?=") forr > 1.
If0<t<sand|z| =1 then
IT 2> = (T*% 2, )* < (T*z,2)°" = |T°x|*,
so
I Tz]|* < 17|
2. (p,r,q) — *—PARANORMAL OPERATOR

Definition 2.1. For each p > 0, r > 0 and ¢ > 0, an operator T is (p,r,q) —
x—paranormal if

ITPUIT) |t > (|17 U], (2.1)
for every unit vector x € H, where T = U|T| is polar decomposition of T

We show that, (p, p,2) — *—paranormality equals p — x—paranormality.
Proposition 2.2. The (p, r, q) —*—paranormality is monotone increasing on q > 0.

Proof. Suppose that T is (p,r, q) — x—paranormal and q/ > q > 0. For a given unit
vector x € H, from Lemma [1.1| we have

9
7
q

ptr

T«

- < s

1
< |iTPuiTre)sd = TPl |
so that T is (p,r, q/) — x—paranormal operator. (]

Definition 2.3. For positive real numbers p > 0 and r > 0, an operator T is
absolute—(p, r) — x—paranormal if

NTPUIT|"=||" > [|T]"U*2|P*, (2.2)
for every unit vector x € ‘H, or equivalently
NTPUITf 2| 2] > T U], (2.3)

for all x € H, where T = U|T)| is polar decomposition of T.
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We show that (p, r, B TT )——paranormality equals absolute— (p, r)—*—paranormality.

Corollary 2.4. Let be T € L(H) and T = U|T| polar decomposition of T. We
have

(1) For each k >0, T is absolute—k — x—paranormal if T is absolute—(k,1) —
*—paranormal,

(2) Foreachp >0, T is p—x—paranormal if T is absolute—(p, p)—*—paranormal,

(3) T is x—paranormal if T is absolute—(1,1) — x—paranormal.

Proof. From relation (2.2]), we have:
(1) Put p=4k > 0 and r = 1 in relation (2.2)), then we have

T/ T > || T ]+
(2) Put r = p in relation (2.2), then we have
NTPUITP] > (ITPU* 2|,
(3) Put r = p =1 in relation (2.2)), then we have
I TIU|T ]l > 171U 2] so | T > | T*||*.

Lemma 2.5. For positive real numbers a > 0 and b > 0,
Aa + pb > a b
holds for A > 0 and p > 0 such that A+ p = 1.

Proposition 2.6. Let be T € L(H) and T = U|T| polar decomposition of T.
(1) For eachp >0, r >0 and g > 1, an operator T is (p,r,q) — *—paranormal
if and only if
2(p+r)

|T|"U*|T*PU|T|" — gA" @D T*| "0 + A" (g — 1)1 >0, (2.4)

for all A > 0.
(2) For eachp >0 andr > 0, an operator T is absolute—(p,r) — *—paranormal
if and only if

r[T)"U*|TPPUIT|™ = (p + r)NP|T*[*" 4 pAP*T"1 > 0, (2.5)
for an A > 0.
(3) For each p >0, T is p— x— paranormal operator if and only if
|T|PU*|T|*PU|TP — 2MT*|?P + N\ > 0, (2.6)
for all A > 0.

Proof. 1). Suppose that T is (p, r, ¢) — x—paranormal operator for p > 0, r > 0 and

q>1,ie.,
P+

ot T
ITPUIT| ||7 > [||T] U],

for every unit x € H, from where it holds

2(p+r) 2(p+r)

<|T|TU*|T|2;DU|T|TI,.’L‘>%<Ji,l‘>% >(U|T| « Urx,x)={(T" <« x,x), (2.7)
for all x € H.
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From Lemma 2.5 we have

q—1

(IT|"U*|T>PU|T| 2, 2) 7 (x, ) 5

(A“l*q)<\T|7"U*|T\211’U|T|’”a:,ar>)5 (A", @) T

IN

1 -1

XN =D (| TP UH| T PU T 2, ) + (q > AT(
q q
Then

1 e -1
6AT<H><|T\TU*\T|2PU|T|%,x> (T ) + (qq) Nz, z) > 0. (2.8)

1
Conversely, in the relation 1D we put A = (<|T|TU Iﬂziilelrw’@)qT > 0 in
the case when (|T|"U*|T|?PU|T|"z,z) # 0 and letting A — +0 in the case when
(|T|"U*|T|**U|T|"z,x) = 0, then we gain relation (2.7)).
2). In relation || we put g = ptr, and we have the relation 1}

3). In relation ([2.5) we put r = p and replace A = AP, from where we have the

relation ([2.6)).

O

Corollary 2.7. Let T = U|T| be the polar decomposition of T and p > 0. Then T
is p — x—paranormal if and only if T, = U|T|P is x—paranormal operator.

An operator T is unitarily equivalent to operator S if there exists a unitary
operator A such that AT = SA.

Proposition 2.8. An operator unitarily equivalent to (p,r,q) — *—paranormal is
(p,7,q) — *—paranormal for everyp >0, r >0 and g > 1.

Proof. Let Ty = U|Ty| be (p,r, ¢)—*—paranormal operator and T = W*T1 W where
W is a unitary operator. Then |T3|* = W*|T1|*W for every a > 0. By Theorem
2 and Corollary 1 in [6] we have Tp, = W*T'W = W*U|T1|W = W*UWW*|T1|W
and N(W*UW) = N(W*|Ty|W). Hence Ty = (W*UW)(W*|Ty|W) is the polar
decomposition of T5. Thus, we have,

2(ptr)

[To|" (W UW )| TP (W UW)|T|" = g\ |T5 |75 + (g — DA =
W | U Ty PU T "W — AT D W T3 79 W 4 (q — DA™ =

2(p+r)

W <|T1\TU*\T1|2PU|T1|T Tl A R e 1)AWI> W >0

for all real A > 0. So T is also (p,r,q) — *—paranormal operator.

3. PROPERTIES FOR p — *—PARANORMAL OPERATORS

A complex number A is said to be in the point spectrum o,(T") of T' if there is a
nonzero & € H such that (T — X)z = 0. If in addition, (T'— A\)*z = 0, then X is said
to be in the joint point spectrum o;,(T) of T. Clearly 0,,(T) C 0,(T). In general

O'jp(T) 75 Up(T).

There are many classes of operators for which
0jp(T) = op(T). (3.1)
Here, we will tell that the equality (3.1)) holds for p — x—paranormal operator.
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Proposition 3.1. If T is p — x—paranormal operator, then
N(T — \) C N(T* = N),
for each complex .

Proof. Let T = U|T| be the polar decomposition of the operator T. Then T, =
U|T? is x—paranormal operator. By Lemma 2.1 in [I], we get the following relation:
N(T, — ) C N(T, - ),

respectively that
N(T = X) CN(T* = N),
too. (]

Corollary 3.2. If T is p — x—paranormal operator, then 0;,(T) = o,(T).

A complex number A is said to be in the approximate point spectrum o, (T) of T'
if there is a sequence {z,} of unit vectors satisfying (T — \)x,, — 0. If in additions
(T'—X)*z, — 0 then A is said to be in the joint approximate point spectrum o4 (T)
of operator T'. Clearly 0;q(T") C 04(T). In general 0j,(T) # 04 (T).

There are many classes of operators for which

0ja(T) = 0a(T). (3.2)
Here, we will tell that the equality (3.2) holds for p — x—paranormal operator.
Lemma 3.3. [4] Let H be a complex Hilbert space. Then there exists a Hilbert

space Y such that H C Y and a map ¢ : L(H) — L(Y) such that:
(1) ¢ is a faithful x—representation of the algebra L(H) on Y, so:

p(In) = Iy , ¢(T7) = ((T))" , ¢(T'S) = ¢(T)¢(S)

p(aT + BS) = ap(T) + Bp(S) for any T, S € L(H) and o, 5 € C,

o(T) >0 for any T > 0 in L(H,
oq

(T) = 0a(p(T)) = p(p(T)) for any T € L(H),
If T is positive operator, then p(T%) = |o(T)|*, for a > 0,
13]

(2)
(3)
(4)
5) 0ja(T) = ojp((T)) for any T € L(H).

®) [

Proposition 3.4. If T is p — x—paranormal operator, then 0;q(T) = 04(T).

Proof. Let ¢ : L(H) — L(K) be Berberian’s faithful «—representation and let T
be p — x—paranormal operator. First we show that ¢(T) is p — *—paranormal
operator. Let T = U|T| be a polar decomposition of T. Then U is partial isometry
with initial space R(|T'|) and N (U) = N(|T|). Then ¢(T) = ¢(U)|e(T)] is a polar
decomposition of ¢(T) where p(U) is partial isometry with initial spaces R(|¢(T)|)

and N (p(U)) = N(|o(T))).
Since T is p — x—paranormal operator, from Proposition 2.6] and Lemma [3.3] we

have
(TP (L)) (T PPo(U) (TP = 2A|(0(T)) [P + (A1) =
o (|TIPU*TPPU|TIP — 2M\[T*|*" + X1) > 0

thus ¢(T') is p — *—paranormal operator.
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Now by Corollary [3:2) and Lemma [5] we have
a(T)
0a(p(T)) = op(e(T))
= 0jp(e(T)) = 0ja(T).
U

Lemma 3.5. [2] Let T = U|T| be the polar decomposition of T, A # 0 and {z.,} a
sequence of vectors. Then the following assertions are equivalent:

(1) (T — Nz — 0 and (T* — Nz, — 0,
2) (IT| = M)zm — 0 and (U — )z, — 0,
(3) (|T*| = |\)Zm — 0 and (U* — e~ @z, — 0.

Theorem 3.6. If T is p — x—paranormal operator and A\ € o,(T) then |\ €
aa(|T]) Noa(|T))-

Proof. It X\ € 0,(T), then by Propositionthere exists a sequence of unit vectors
{zm} such that (T' — X\)z,, — 0 and (T — \)*z,, — 0. Hence, from Lemma we
have |A| € o, (|T]) N oo (|T*]). O

Proposition 3.7. If both T and T* are p — x—paranormal operators with N'(T) =
N(T*), then T is normal operator.

Proof. Let us denote by T' = U|T| and T = U*|T*| their polar decompositions.
Let T, = U|T|? and T,; = U*|T*|, then N'(T},) = N(T;’). To prove the proposition,
it is enough to prove this:
Claim If both A and A* are *—paranormal operators with N'(A) = N(A*), then
A is normal operator.

O

Proposition 3.8. If a x—paranormal operator T double commutes with a hyponor-
mal operator S, then the product T'S is x—paranormal operator.

Proof. Let us denote by {E(t)} the resolution of the identity for the self—adjoint
operator S*S. By hypothesis 7*T and T*2T? both commutes with every element
of the {E(t)}. Since S is hyponormal, it follows that the following relation
S§*26% > §*(55%)S > (S*9)?,
holds, and
(TT*SS* x,x) < (TT*S*S,z,x),
S0
—TT*SS* > -TT*S*S.
On the other hand for every A > 0 we get this estimation:
(TS)*2(TS)? = 2X\(T'S)(TS)* + A* = (T**T?)(S*2S?) — 2A(TT*)(SS*) + \* >

(T**T?)(S*S)? — 2A\(TT*)(S*S) + \? = / (tPT*2T? — 2MTT* 4+ \)dE(t) > 0,
0

from the fact that T is x—paranormal operator. Hence T'S is x—paranormal oper-
ator. (]

Corollary 3.9. If a x—paranormal operator T' double commutes with normal op-
erator S, then the product T'S is x—paranormal operator.
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Corollary 3.10. If a p — x—paranormal operator T' double commutes with a
p—hyponormal operator S, then T'S is an p — x—paranormal operator, for every
p>0.

Proof. Let T = U|T| and S = W|S| be the polar decomposition of T and S
respectively. Then T, = U|T|? is x—paranormal and S, = W|S|? is hyponormal
operator. By Theorem 2 in [6], it follows that T, double commutes with S,. Then
by Theorem it follows that (T'S), = TS, is *—paranormal, respectively T'S is
p — *—paranormal. O

Corollary 3.11. If a p — *—paranormal operator T double commutes with a hy-
ponormal operator S, then the product T'S is p — x—paranormal operator.

Corollary 3.12. If a p—*—paranormal operator T double commutes with a normal
operator S, then the product T'S is p — x—paranormal operator.

In many classes of operators we know that if 7™ is compact for some n it does
not follow that T is compact. In the next proposition we will show that if T is
compact for some n, it follows that 7" is compact too.

Proposition 3.13. Let T = U|T| be p — x—paranormal operator for p > 0, and let
T™ be compact operator for some n > 0. Then it follows that T is compact operator
too.

Proof. Let T = U|T|, be the polar decomposition of the operator T. In what follows
we prove this:

Claim: If T is p — x—paranormal operator such that |T'|P is compact for p > 0,
then it follows that |T'| is compact too.

Proof of the claim: To prove the claim it is enough to prove that |T|P~! is

—1
compact operator. Let us denote by Hiﬂzflﬁ“

relation ([1.7]) we get the following estimation

the unit vector from 7, then from

2

TP~z TP~z
TPU|TP ———| > ||TIPU*
|rrrome == e s
respectively
TP TP~ e|* < TP T PUITEH TP, (3.3)

Let (x,,) be any sequence of unit vectors in A such that z,, — 0, weakly. Then
from the relation (3.3 we get that operator |T[PU*|T|P~!, is compact. From this
it follows that |T|P~! is compact too, with which the claim is proved.

Now we are ready to give the proof of the Proposition. Let us denote by Hg:%iw

x|
the unit vector from . From relation (1.7]) we get the following assertion
NTPoT 2| < |TPUITPT ||| T 2| < ITPOIT PN ||| T ]
(3.4)
Let (ym) be any sequence of vectors which converges weakly to 0. Then from
relation (3.4) we have that

NTPU*T™ Yyl — 0. (3.5)

From relation (3.5) we get that 7~! is compact(based in claim), respectively
T, too.
O
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