
Journal of Mathematical Analysis

ISSN: 2217-3412, URL: http://www.ilirias.com

Volume 4 Issue 3(2013), Pages 1-13.

COMPOSITION AND WEIGHTED COMPOSITION OPERATORS

ON GENERALIZED LORENTZ-ZYGMUND SPACES

ANURADHA GUPTA AND NEHA BHATIA

Abstract. In this paper, T inducing the composition operator on the

generalized Lorentz-Zygmund space(GLZ) Lp,q;α has been studied. The
generalization of the composition operator on the GLZ space Lp,q;α is also

studied. Various properties like boundedness, compactness and closed range of
these operators are explored on this space.

1. Introduction

Let (X,A, µ) be a σ-finite measure space and f be any complex-valued
measurable function. For s ≥ 0, the distribution function µf of f is defined as

µf (s) = µ{x ∈ X : |f(x)| > s} .

The non-increasing rearrangement f∗ of f is defined as

f∗(t) = inf{s > 0 : µf (s) ≤ t}, for all t ≥ 0 .

The maximal (average) operator is given by

f∗∗(t) =
1

t

∫ t

0

f∗(s)ds .

Let m ∈ N and α = (α1, α2, . . . , αm) ∈ Rm then the real valued function νmα is
defined by

νmα (t) =

m∏
i=1

`αii (t), t ∈ (0,∞)

where `0, `1, . . . , `m are non-negative functions defined on (0,∞) by

`0(t) = max

{
t,

1

t

}
,

`i(t) = 1 + log `i−1(t)
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Note that νmα (t) is a slowly varying function[2]. For 1 < p < ∞, 1 ≤ q < ∞ and a
measurable function f on X, define

‖f‖p,q;α =
∥∥∥t 1

p−
1
q νmα (t)f∗∗(t)

∥∥∥
Lq(0,∞)

=

(∫ ∞
0

(
t
1
p−

1
q νmα (t)f∗∗(t)

)q
dt

) 1
q

.

The generalized Lorentz-Zygmund (GLZ) space Lp,q;α introduced in [2] is the set
of all measurable functions f on X such that

‖f‖p,q;α <∞ .

If we consider α = (0, 0, . . . , 0) in the above definition, it becomes the Lorentz
space Lp,q(X). If α = (0, 0, . . . , 0) and p = q, it becomes the Lorentz space Lp(X).
If m = 1, it coincides with the Lorentz-Zygmund space. If m = 1, p = q then it
becomes the Zygmund space Lp(logL)α1

(X).
Let φ be a complex valued measurable function then the linear transformation

Mφ on the Lp,q;α space is defined as

Mφf = φ.f

for all x ∈ X and f ∈ Lp,q;α. If Mφ is bounded with range in Lp,q;α then it is
called a multiplication operator[1] on Lp,q;α(X) induced by φ . Let T : X → X be
a measurable non-singular transformation (i.e., µ(T−1(A)) = 0 whenever µ(A) = 0
for A ∈ A),then the linear transformation CT on Lp,q;α space is defined as

CT f = f ◦ T
for all x ∈ X and f ∈ Lp,q;α. If CT is bounded with range in Lp,q;α then it is called
composition operator on Lp,q;α(X). Let φ be a complex valued function then the
linear transformation W(φ,T ) on the Lp,q;α space is defined as

W(φ,T )f(x) = φ(T (x))f(T (x))

for all x ∈ X and f ∈ Lp,q;α. If W(φ,T ) is bounded with range in Lp,q;α then
it is called a weighted composition operator on Lp,q;α(X). Weighted composition
operator W(φ,T ) is a common generalization of composition operator CT and
multiplication operator Mφ. In this paper, we have introduced the composition
operators and weighted composition operators on the generalized Lorentz-Zygmund
(GLZ) space Lp,q;α.In section 2 of the paper we studied the boundedness and
compactness of composition operators on GLZ spaces Lp,q;α . For any two non-
negative expressions (functions or functionals) C and D the symbol C - D means
that C ≤ eD for some positive constant e independent of the variables in the
expression C and D. If C - D and D - C, we write C ≈ D and say that C and D
are equivalent. By symbol (φ, δ) we mean the set {x ∈ X : |φ(x)| ≥ δ} and symbol
Lp,q;α(φ, δ) denotes the set {fχ(φ,δ) : f ∈ Lp,q;α} and

fχ(φ,δ)(x) =

{
1, if x ∈ (φ, δ)

0, otherwise

2. Characterizations of Composition Operators

Let T be a non-singular measurable transformation on X. Then the boundedness,
compactness and the closed range of the operator CT is characterized.
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Boundedness

Theorem 2.1. The composition operator CT on the GLZ space Lp,q;α
is bounded if and only if

µ ◦ T−1(A) ≤ kµ(A) for k > 0 .

Proof. Assume

µ ◦ T−1(A) ≤ kµ(A) .

For k > 0

µCT f (s) = µ{x ∈ X : |CT f(x)| > s}
= µ{x ∈ X : |(f ◦ T )(x)| > s}
= µT−1{x ∈ X : |f(x)| > s}
≤ kµ{x ∈ X : |f(x)| > s}
= kµf (s)

µCT f (s) ≤ kµf (s) .

For t ≥ 0, {
s > 0 : µf (s) ≤ t

k

}
⊆
{
s > 0 : µCT f (s) ≤ t

}
inf
{
s > 0 : µCT f (s) ≤ t

}
≤ inf

{
s > 0 : µf (s) ≤ t

k

}
(CT f)∗(t) ≤ f∗

(
t

k

)
and

(CT f)∗∗(t) =
1

t

∫ t

0

(CT f)∗(s)ds

≤ 1

t

∫ t

0

f∗
(
s

k

)
ds

= f∗∗
(
t

k

)
(CT f)∗∗(t) ≤ f∗∗

(
t

k

)
‖CT f‖p,q;α =

∥∥∥t 1
p−

1
q νmα (t)(CT f)∗∗(t)

∥∥∥
Lq(0,∞)

≤
∥∥∥t 1

p−
1
q νmα (t)f∗∗

(
t

k

)∥∥∥
Lq(0,∞)

≈
∥∥∥∥(kt)

1
p−

1
q νmα (kt)f∗∗(t)

∥∥∥∥
Lq(0,∞)

≈
∥∥∥(kt)

1
p−

1
q νmα (t)f∗∗(t)

∥∥∥
Lq(0,∞)

. k
1
p

∥∥∥t 1
p−

1
q νmα (t)f∗∗(t)

∥∥∥
Lq(0,∞)

.
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This gives

‖CT f‖p,q;α ≤ k
1
p ‖f‖p,q;α .

Conversely, suppose the composition operator CT is bounded on GLZ space
Lp,q;α then there exists M > 0 such that

‖CT f‖p,q;α ≤M‖f‖p,q;α .

For each measurable set A ∈ A with µ(A) <∞, we have χA ∈ Lp,q;α(X) and

‖χA‖qp,q;α =
∥∥∥t 1

p−
1
q νmα (t)χ∗∗A (t)

∥∥∥q
q

=

∫ ∞
0

t
q
p−1(νmα (t))q(χ∗∗A (t))qdt

=

∫ µ(A)

0

t
q
p−1(νmα (t))qdt+

∫ ∞
µ(A)

t
q
p−1
(
µ(A)

t

)q
(νmα (t))qdt

=

∫ µ(A)

0

t
q
p−1(νmα (t))qdt+ (µ(A))q

∫ ∞
µ(A)

t
q
p−1−q(νmα (t))qdt

=
∥∥∥t 1

p−
1
q νmα (t)

∥∥∥q
q,(0,µ(A))

+ (µ(A))q
∥∥∥t 1

p−
1
q−1νmα (t)

∥∥∥q
q,(µ(A),∞)

= (µ(A))
q
p (νmα (µ(A)))q + (µ(A))q(µ(A))

q
p−q(νmα (µ(A)))q

= 2µ((A))
q
p (νmα (µ(A)))q <∞

‖χA‖p,q;α ≈ (µ(A))
1
p (νmα (µ(A)))

‖CTχA‖qp,q;α =
∥∥∥t 1

p−
1
q νmα (t)(CTχA)∗∗(t)

∥∥∥q
q

=

∫ ∞
0

t
q
p−1(νmα (t))q((CTχA)∗∗(t))qdt

=

∫ µ(T−1(A))

0

t
q
p−1(νmα (t))qdt+

∫ ∞
µ(T−1(A))

t
q
p−1(νmα (t))q

(
µ(T−1(A))

t

)q
dt

=
∥∥∥t 1

p−
1
q νmα (t)

∥∥∥q
q(0,µ(T−1(A)))

+ (µ(T−1(A)))q
∥∥∥t 1

p−
1
q−1νmα (t)

∥∥∥q
q(µ(T−1(A)),∞)

= (µ(T−1(A))
q
p (νmα (µ(T−1(A))q + (µ(T−1(A))q(µ(T−1(A)))−q+

q
p (νmα (µ(T−1(A))))q

= 2(µ(T−1(A)))
q
p (νmα (µ(T−1(A))))q <∞

‖CTχA‖p,q;α ≈ (µ(T−1(A)))
1
p (νmα (µ(T−1(A))))

Now,

‖CTχA‖p,q;α ≤M‖χA‖p,q;α
(µ(T−1(A)))

1
p νmα (µ(T−1(A))) ≤M(µ(A))

1
p νmα (µ(A))

µ(T−1(A)) ≤ k1µ(A)

where k1 =

(
Mνmα (µ(A))

νmα (µ(T−1(A)))

)p
.
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Closed Range

If (X,A, µ) is a σ-finite measure space and T : X → X is a non-singular
measurable transformation then by the Radon-Nikodym theorem, there exists a
locally integrable function fT such that

µ ◦ T−1(A) =

∫
A

fT dµ, for A ∈ A

fT is the Radon-Nikodym derivative of µT−1 with respect to µ. �

Theorem 2.2. Let CT be a bounded composition operator on GLZ space Lp,q;α.
Then CT has closed range if and only if there exists ε > 0 such that fT (x) ≥ ε for
almost all x ∈ S where

S = {x ∈ X : fT (x) 6= 0}

Proof. If CT has closed range then there exists ε > 0 such that

‖CT f‖p,q;α ≥ ε‖f‖p,q;α

for all f ∈ Lp,q;α(S).
Choose a natural number n such that 1

n < ε. Let B = {x ∈ S : fT (x) < 1
np }.

Let B has a positive measure i.e. 0 < µ(B) <∞. Then

µ ◦ T−1(B) =

∫
B

fT (x)dµ

< εpµ(B)

µχB◦T (s) = µ{x ∈ X : |χB ◦ T (x)| > s}
= µT−1{x ∈ X : |χB(x)| > s}
< εpµ{x ∈ X : |χB(x)| > s}
= εpµχB(s)

µχB◦T (s) < εpµχB (s) .

For t ≥ 0, {
s > 0 : µχB (s) ≤ t

εp

}
⊆
{
s > 0 : µχB◦T (s) ≤ t

}
inf
{
s > 0 : µχB◦T (s) ≤ t

}
≤ inf

{
s > 0 : µχB (s) ≤ t

εp

}
(χB ◦ T )∗(t) < χ∗B

(
t

εp

)

(χB ◦ T )∗(t) < χ∗B

(
t

εp

)
< χ∗B(npt), for all t > 0

and

(χB ◦ T )∗∗(t) < χ∗∗B (npt), for all t > 0 .
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Lq(0,∞)

=
∥∥∥t 1

p−
1
q νmα (t)(χB ◦ T )∗∗(t)

∥∥∥
Lq(0,∞)

<
∥∥∥t 1

p−
1
q νmα (t)χ∗∗B (npt)

∥∥∥
Lq(0,∞)

≈
∥∥∥∥(

1

np
t)

1
p−

1
q νmα (

1

np
t)χ∗∗B (t)

∥∥∥∥
Lq(0,∞)

≈
∥∥∥(

1

np
t)

1
p−

1
q νmα (t)χ∗∗B (t)

∥∥∥
Lq(0,∞)

.
1

n

∥∥∥t 1
p−

1
q νmα (t)χ∗∗B (t)

∥∥∥
Lq(0,∞)

.

This gives

‖CTχB‖qp,q;α <
1

n
‖χB‖qp,q;α < ε‖χB‖qp,q;α

which is a contradiction. Hence fT is bounded away from zero.
Conversely, Suppose fT is bounded away from zero then there exists a positive

real number ε, such that

fT (x) ≥ ε

for almost all x ∈ S .

µ ◦ T−1(A) =

∫
A

fT (x)dµ

≥ εµ(A)

where

A = {x ∈ S : |f(x)| > s}
µCT f (s) = µ{x ∈ X : |f ◦ T (x)| > s}

= µT−1{x ∈ S : |f(x)| > s}
≥ ε µ{x ∈ S : |f(x)| > s}

µCT f (s) ≥ ε µf (s)

and

(f ◦ T )∗(ε t) ≥ f∗(t) for all t ≥ 0

and

(f ◦ T )∗∗(ε t) ≥ f∗∗(t) for all t ≥ 0 .

This gives

‖CT ‖p,q;α ≥ ε
1
p ‖f‖p,q;α .

Thus, CT has closed range. �
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Compactness

A set A ∈ A is called an atom for µ if µ(A) > 0 and given B ∈ A either µ(A∩B)
is 0 or µ(A − B) is 0. µ is called purely atomic or atomic if every measurable set
of positive measure contains an atom . µ is called non-atomic if it has no atoms.
Compactness of composition operators plays an important role in the study of the
structure of composition operators.

Theorem 2.3. Let CT be a bounded composition operator on GLZ space Lp,q;α.
Let < An > be the sequence of atoms of X with µ(An) = an for each n. Then CT

is compact if and only if µ is purely atomic and bn =
µ ◦ T (An)

µ(An)
→ 0.

Proof. Let X = X1 ∪X2 where X1 be the atomic part and X2 be the non-atomic
part. Then by the Radon-Nikodym theorem

µ ◦ T−1(A) =

∫
A

fT dµ

for A ∈ A ∩ X1. Let A1 = {x ∈ X1 : fT (x) > 0}. We claim that µ(A1) = 0. Let
if possible µ(A1) > 0. Then there is some δ > 0 such that the set A2 = {x ∈ A :
fT (x) ≥ δ} has positive measure. Take a sequence 〈cn〉 of pairwise disjoint subsets
of A ∩A2 with 0 < µ(cn) < 1

2n for n ∈ N and n > n0. Take

fn(x) =
χcn

‖χcn‖p,q;α
<∞ .

Then fn(x) tends to 0 weakly and

‖fn‖p,q;α = 1 for n > n0 ,

(CT fn)(x) =
χT−1(cn)(x)

‖χcn‖p,q;α
.

For n > n0, we have

‖CT fn‖p,q;α ≈
νmα (µ ◦ T−1(cn))

νmα (µ(cn))

(µ ◦ T−1(cn))
1
p

(µ(cn))
1
p

≈
(

(µ ◦ T−1)(cn)

µ(cn)

) 1
p

≥ δ
1
p

which contradicts our assumption. Thus µ(A1) = 0. Hence the result. Next we
show that bn → 0.Let if possible bn does not tend to 0.Then there exists some ε >
0 and some subsequence < bnk > of the < bn > such that bnk ≥ ε for all k ∈ N.
Let X = ∪∞n=1An. For each n ∈ N ,let

fn =
χAn

‖χT−1(An)‖p,q;α
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Then, for each k ∈ N, we have

‖fnk‖p,q;α =
‖χAnk ‖p,q;α

‖χT−1(Ank )
‖p,q;α

=
(µ(A))

1
p νmα (µ(A))

(µ(T−1(A)))
1
p νmα (µ(T−1(A))

≈ 1

(bnk)
1
p

≤ 1

(ε)
1
p

.

Also, ‖CT fn‖p,q;α = 1 for each n ≥ 1. For k 6= m, since CT fnk and CT fnm have
disjoint supports, we see that

1 ≤ ‖CT fnk − CT fnm‖p,q;α
which is a contradiction to the compactness of CT .Hence bn → 0.

Conversely, let µ be purely atomic and bn → 0. Note that f and
∑
f(An)χAn

are equal almost everywhere. For each N ∈ N, define C
(N)
T as

C
(N)
T f =

∑
n≤N

f(An)χT−1(An) .

For each s > 0,

µ
(CT−C(N)

T )f
(s) ≤

∑
n>N,|f(An)|>s

µ(T−1(An))

≤
(

sup
n>N

bn

) ∑
|f(An)|>s

µ(An)

=
(

sup
n>N

bn

)
µf (s) .

This gives (
(CT − C(N)

T )f
)∗

(t) ≤
(

sup
n>N

bn

)
f∗(t)

and (
(CT − C(N)

T )f
)∗∗

(t) ≤
(

sup
n>N

bn

)
f∗∗(t)

we get, ∥∥∥CT − C(N)
T

∥∥∥
p,q;α

≤
(

sup
n>N

bn

) 1
p → 0 as N →∞.

Thus, CT is compact. �

3. Weighed Composition Operators

In this section, we have introduced the weighted composition operators W(φ,T )

on the GLZ space Lp,q;α. If φ ∈ L∞(µ) then we can write weighted composition
operator W(φ,T ) = CTMφ where T is a non-singular measurable transformation.
Boundedness, compactness and closed range of W(φ,T ) on GLZ space Lp,q;α are
characterized in this section.
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Theorem 3.1. Let φ : X → C be a measurable function and T : X → X be a
non-singular measurable transformation such that for k > 0,

µ ◦ T−1(A) ≤ kµ(A) .

Then W(φ,T ) is bounded on Lp,q;α if

φ ∈ L∞(µ).

Proof. Suppose k = ‖fT ‖∞. For f ∈ Lp,q;α,

|φf | ≤ ‖φ‖∞ |f | .

For s > 0,

µW(φ,T )f (s) = µ{x ∈ X : |W(φ,T )f(x)| > s}
= µT−1{x ∈ X : |φ(x)f(x)| > s}
≤ kµ{x ∈ X : ‖φ‖∞ |f(x)| > s}
= kµ‖φ‖∞f (s) .

For t ≥ 0,

(W(φ,T ))
∗ (t) = inf{s > 0 : µW(φ,T )f (s) ≤ kt}

= inf{s > 0 : µ‖φ‖∞f (s) ≤ t/k}
= k‖φ‖∞ f∗(t) .

Also, (
W(φ,T )f

)∗∗
(t) ≤ k‖φ‖∞f∗∗(t),

‖W(φ,T )f‖p,q;α =
∥∥∥t 1

q−
1
q νmα (t)(W(φ,T )f)∗∗(t)

∥∥∥
Lq(0,∞)

≤
∥∥∥t 1

p−
1
q νmα (t)k‖φ‖∞f∗∗(t)

∥∥∥
Lq(0,∞)

= k‖φ‖∞
∥∥∥t 1

p−
1
q νmα (t)f∗∗(t)

∥∥∥
Lq(0,∞)

= k‖φ‖∞ ‖f‖p,q;α .

Thus

‖W(φ,T )f‖p,q;α ≤ k‖φ‖∞‖f‖p,q;α . �

Theorem 3.2. Let φ : X → C be a measurable function and T : X → X be a
non-singular measurable transformation such that T (Eε) ⊆ Eε for each ε > 0 where
Eε = {x : |φ(x)| > ε}. Then φ ∈ L∞(µ) if W(φ,T ) is bounded on Lp,q;α.

Proof. Let W(φ,T ) be bounded on Lp,q;α then there exists M > 0 such that

‖W(φ,T )f‖p,q;α ≤M‖f‖p,q;α .

Suppose φ is not essentially bounded then for each natural number n, the set
given by

En = {x ∈ X : |φ(x)| > n}
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has positive measure. Also, T (En) ⊆ En or equivalently χEn ≤ χT−1(En), we
observe that

{x : |χEn(x)| > s} ⊆ {x : |χT−1(En)(x)| > s}
⊆ {x : |φ(T (x))χT−1(En)(x)| > ns} ,

(W(φ,T )χEn)∗(t) = inf{s > 0 : µ{x ∈ X : |(φ ◦ TχEn ◦ T )(x)| > s} ≤ t}
= n inf{s > 0 : µ{x ∈ X : |φ(T (x))χT−1(En)(x)| > ns} ≤ t}
≥ n inf{s > 0 : µ{x ∈ X : |χEn(x)| > s} ≤ t}
= nχ∗En(t)

and

(W(φ,T )χEn)∗∗(t) ≥ nχ∗∗En(t) .

Thus

‖W(φ,T )χEn‖p,q;α =
∥∥∥t 1

p−
1
q νmα (t)(W(φ,T )χEn)∗∗(t)

∥∥∥
Lq(0,∞)

≥ n
∥∥∥t 1

p−
1
q νmα (t)χ∗∗En(t)

∥∥∥
Lq(0,∞)

= n‖χEn‖p,q;α
‖W(φ,T )χEn‖p,q;α ≥ n‖χEn‖p,q;α .

This is a contradiction to our assumption. Hence the result follows. �

4. Compactness and Closed Range

Let T : X → X be a non-singular measurable transformation with Radon-
Nikodym derivative fT = d(µT−1)/dµ. If fT ∈ L∞(µ) then for f ∈ Lp,q;α and
t > 0,

(W(φ,T )f)∗ (kt) = inf{s > 0 : µW(φ,T )f (s) ≤ kt}
= inf{s > 0 : µT−1{x ∈ X : |(φ ◦ T · f ◦ T )(x)| > s} ≤ kt}
= inf{s > 0 : µT−1{x ∈ X : |(φ · f)(x)| > s} ≤ kt}
≤ inf{s > 0 : µ{x ∈ X : |(φ · f)(x)| > s} ≤ t}
= (Mφf)∗(t)

and

(W(φ,T )f)∗∗(kt) ≤ (Mφf)∗∗(t) .
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So we obtain

‖W(φ,T )f‖p,q;α =
∥∥∥t 1

p−
1
q

1 νmα (t1)(W(φ,T )f)∗∗(t1)
∥∥∥
Lq(0,∞)

=
∥∥∥(kt)

1
p−

1
q νmα (kt)(W(φ,T )f

∗∗(kt)
∥∥∥
Lq(0,∞)

≤
∥∥∥(kt)

1
p−

1
q νmα (kt)(Mφf)∗∗(t)

∥∥∥
Lq(0,∞)

. k
1
p

∥∥∥t 1
p−

1
q νmα (t)(Mφf)∗∗(t)

∥∥∥
Lq(0,∞)

(using the property of slowly varying function)

= k
1
p ‖Mφf‖p,q;α .

This gives

‖W(φ,T )f‖p,q;α . k
1
p ‖Mφf‖p,q;α .

Now if fT is bounded away from zero on i.e fT > δ a.e. for some δ > 0 then

µT−1(A) =

∫
A

fT dµ ≥ δµ(A)

for all A ∈ A, A ⊆ S, where S = {x : φ(x) 6= 0}. Thus we find that

‖W(φ,T )f‖p,q;α ≥ δ
1
p ‖Mφf‖p,q;α

Hence for each f ∈ Lp,q;α, 1 < p <∞, 1 ≤ q <∞, we have

‖W(φ,T )f‖p,q;α ≈ ‖Mφf‖p,q;α .

whenever fT ∈ L∞(µ) and bounded away from zero. The following theorem follows
from the above observation and theorem 2.5.2 [3] :

Theorem 4.1. Let T be a non-singular measurable transformation from X to itself
such that fT is essentially bounded and bounded away from zero. Let φ : X → C
be a measurable function such that W(φ,T ) is bounded on Lp,q;α. Then the following
are equivalent:

(i) W(φ,T ) is compact,
(ii) Mφ is compact,

(iii) Lp,q;α(φ, δ) are finite dimensional for each δ > 0.

Theorem 4.2. [3] Let φ : X → C be a measurable function such that φ ∈ L∞(µ)
and T : X → X be a non-singular measurable transformation with fT ∈ L∞(µ).
Let < An > be a sequence of atoms of X such that µ(An) > 0 for each n. Then
W(φ,T ) is compact on the GLZ space Lp,q;α if µ is purely atomic and

dn =
µT−1(An)

µ(An)
→ 0 . (4.1)

Theorem 4.3. If µ is non-atomic and W(φ,T ) is bounded on the GLZ space Lp,q;α
then W(φ,T ) is compact if and only if φ. fT = 0 almost everywhere.

Proof. Let us assume that W(φ,T ) is compact. If φ.fT 6= 0, then there exists some
d ≥ 1, such that the set given by

E =

{
x ∈ X : |φ(x)| and fT >

1

d

}
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has positive measure. Since µ is non-atomic we can construct a decreasing sequence
{En} of measurable sets of E such that

µ(En) =
b

2n
, 0 < b < µ(E) .

Let en =
χEn

‖χEn‖p,q;α
then {en} is bounded in Lp,q;α.

For m,n ∈ N, let m = 2n, then for t ≥ 0,

(W(φ,T )en −W(φ,T )em)∗
(
t

d

)
= inf

{
s > 0 : µ(W(φ,T )en−W(φ,T )em)(s) ≤

t

d

}
= inf

{
s > 0 : µ{x ∈ X : |(φ ◦ T · en ◦ T − φ ◦ T · em ◦ T )(x)| > s} ≤ t

d

}
= inf

{
s > 0 : µ{x ∈ X : |φ(T (x)en(T (x)))− φ(T (x))em(T (x))| > s} ≤ t

d

}
= inf

{
s > 0 : µT−1{z ∈ En : |φ(z)| |en(z)− em(z)| > s} ≤ t

d

}
≥ inf{s > 0 : µ{z ∈ En : |en(z)− em(z)| > ds} ≤ t}

=

(
1

d

)
inf{s > 0 : µ{z ∈ En : |en(z)− em(z)| > s} ≤ t}

≥
(

1

d

)
inf{s > 0 : µ{z ∈ En \ Em : |en(z)− em(z)| > s} ≤ t} .

This gives us that

(W(φ,T )en −W(φ,T )em)∗
(
t

d

)
≥ 1

d

(χ(En\Em))
∗(t)

‖χEn‖p,q;α
and

(W(φ,T )en −W(φ,T )em)∗∗
(
t

d

)
≥ 1

d

(χEn\Em)∗∗(t)

‖χEn‖p,q;α
.

Hence

‖W(φ,T )en −W(φ,T )em‖p,q;α &
1

d2

(
µ(En \ Em)

µ(En)

) 1
p

≥ ε

for some ε > 0 and large values of n. Thus the sequence < W(φ,T )en > does not
admit of a convergent subsequence which contradicts the compactness of W(φ,T ).
Hence φ · fT = 0 a.e.
The converse of the proof is obvious. �

Closed Range

Theorem 4.4. Let T : X → X be a non-singular transformation with Radon-
Nikodym derivative fT in L∞(µ) and is bounded away from zero. Let φ : X → X be
a measurable transformation such that W(φ,T ) is bounded. Then W(φ,T ) has closed
range if and only if there exists δ > 0 such that |φ(x)| ≥ δ a.e. on S where

S = {x ∈ X : φ(x) 6= 0}
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is support of φ.

Proof. Suppose |φ(x)| ≥ δ a.e. on S and fT > k a.e. for some k > 0

‖W(φ,T )f‖p,q;α ≥ k
1
p ‖φf‖p,q;α

≥ k
1
p δ‖f‖p,q;α .

Let fn, f ∈ Lp,q;α(S) such that

W(φ,T )fn → f .

For n,m ∈ N
‖W(φ,T )(fn − fm)‖p,q;α → 0 as n,m→∞ .

This gives ‖fn − fm‖p,q;α → 0 as n,m→∞. Since Lp,q;α(S) is complete so we can
find g ∈ Lp,q;α(S) such that fn → g. Using the continuity of W(φ,T )g, W(φ,T ) has
closed range.

Conversely, W(φ,T ) has closed range then there exists an ε > 0, such that

‖W(φ,T )f‖p,q;α ≥ ε‖f‖p,q;α
for all f ∈ Lp,q;α(S). Let if possible the set given by

E = {x ∈ X : |φ(x)| < δ}
has positive measure then χE ∈ Lp,q;α(S). Also

‖W(φ,T )‖p,q;α ≤ k
1
p ‖Mφ χE‖p,q;α

≤ k
1
p δ‖χE‖p,q;α

which is a contradiction. Thus,

|φ(x)| ≥ δ a.e on S. �

Corollary 4.5. If T−1(Eε) ⊆ Eε for each ε > 0 and W(φ,T ) has closed range, then
|φ(x)| ≥ δ a.e. on S, the support of φ for some δ > 0.
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