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COMPOSITION AND WEIGHTED COMPOSITION OPERATORS
ON GENERALIZED LORENTZ-ZYGMUND SPACES

ANURADHA GUPTA AND NEHA BHATIA

ABSTRACT. In this paper, T inducing the composition operator on the
generalized Lorentz-Zygmund space(GLZ) Ly ;o has been studied. The
generalization of the composition operator on the GLZ space Lp,g;a is also
studied. Various properties like boundedness, compactness and closed range of
these operators are explored on this space.

1. INTRODUCTION

Let (X, A,u) be a o-finite measure space and f be any complex-valued
measurable function. For s > 0, the distribution function py of f is defined as

pr(s) = p{z € X o [f(x)] > s}
The non-increasing rearrangement f* of f is defined as
fr (@) =inf{s >0:pup(s) <t}, forall t>0.

The mazimal (average) operator is given by

0 =5 [ s,

Let m € N and a = (aq, g, ..., ) € R™ then the real valued function v7* is
defined by
m
v (t) = [T 6 (0),  te(0,00)
i=1
where ¢, (1, ..., L, are non-negative functions defined on (0, c0) by

fo(t) = max {ti}

Ci(t) =1+ 1logl;—1(t)
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Note that v7'(t) is a slowly varying function[2]. For 1 < p < 00, 1 < ¢ < o0 and a
measurable function f on X, define

1 hpaa = || 575 v )]

L4(0,00)

([ (¢ v rarw) )

The generalized Lorentz-Zygmund (GLZ) space Ly 4. introduced in [2] is the set
of all measurable functions f on X such that

I £llp,g;0 < 00

If we consider @ = (0,0,...,0) in the above definition, it becomes the Lorentz
space L, ((X). If a = (0,0,...,0) and p = g, it becomes the Lorentz space L,(X).
If m = 1, it coincides with the Lorentz-Zygmund space. If m = 1, p = ¢ then it
becomes the Zygmund space L, (log L), (X).

Let ¢ be a complex valued measurable function then the linear transformation
My on the L, 4. space is defined as

Myf=o.f
for all x € X and f € Ly 4. If My is bounded with range in Ly, 4. then it is
called a multiplication operator[I] on L, 4.(X) induced by ¢ . Let T : X — X be
a measurable non-singular transformation (i.e., u(7~1(A)) = 0 whenever u(A) =0
for A € A),then the linear transformation Cr on L, 4., space is defined as

Crf=foT

for all z € X and f € L, 4.. If Cr is bounded with range in L, 4. then it is called
composition operator on Ly, 4.(X). Let ¢ be a complex valued function then the
linear transformation Wy 1) on the Ly 4. space is defined as

Wig,r) f(x) = ¢(T(2)) f(T(x))

for all z € X and f € Lpga- If W) is bounded with range in L 4o then
it is called a weighted composition operator on Ly, 4.o(X). Weighted composition
operator Wy 1) is a common generalization of composition operator Cr and
multiplication operator Mg. In this paper, we have introduced the composition
operators and weighted composition operators on the generalized Lorentz-Zygmund
(GLZ) space Lpg.o.In section 2 of the paper we studied the boundedness and
compactness of composition operators on GLZ spaces Ly 4. . For any two non-
negative expressions (functions or functionals) C' and D the symbol C' X D means
that C < eD for some positive constant e independent of the variables in the
expression C and D. If C 2 D and D 3 C, we write C' = D and say that C' and D
are equivalent. By symbol (¢, ) we mean the set {x € X : |¢(x)| > ¢} and symbol
Ly g;:a(9,0) denotes the set {fx(¢,6) : f € Lp,g;a} and

1, ifx € (9,9)
0, otherwise

Q=

X5 (%) = {

2. CHARACTERIZATIONS OF COMPOSITION OPERATORS

Let T be a non-singular measurable transformation on X. Then the boundedness,
compactness and the closed range of the operator Cr is characterized.
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BOUNDEDNESS

Theorem 2.1. The composition operator Ct on the GLZ space Ly 4.o
1s bounded if and only if

poT YHA) <ku(A) fork>0.
Proof. Assume

poT HA) < ku(A).

For k>0
pers(s) = pfa € X [Crf(x)] > s}
= pfz e X |(foT)(x)| > s}
—uT Yz € X : (@) > 5}
<kl € X 1 |f(2)] > s}
= kpg(s)
perp(s) < kpg(s).
For t > 0,
{s>0 s(s) < ;} C {5500 pergls) <t}
inf{s >0: porf(s) < t} < inf{s >0:pp(s) < Z}
e =r(;)
and

(Crfy™ () =+ /0 (Crf)* (s)ds

(Crf)™ (1) < f (2)

1CT Fllp.gia = |[7 7702 (8)(Cr f) ™ ()

L4(0,00)
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This gives

1
”CTJCHp,q;a < kv ||f”p7q;a .

Conversely, suppose the composition operator Cr is bounded on GLZ space
Ly ¢: then there exists M > 0 such that

HCTf”p,q;a < M”f”p,q;a :

For each measurable set A € A with p1(A) < 0o, we have x4 € Ly 4.0 (X) and

1_1 q
trawg (X (1)
q

Ixallfg0 =

_lwﬂ*@mm%ﬁwwm

B u(T~1(A)) 4-1(,m q o E=1(,m q M !
[ a0 dnepor (M

q q
+ (T~ 1(A)))4
q(0,n(T~1(A))) (kl () a(n(T~1(A)),00)

= (T~ (A) 7 (W (T (A) + (T (A) (T (A) ™" (v (T (A)))*
= 2T~ (A)))# (v (W(T ™ (A))))? < o0
ICr X allpgza = (T~ (A)7 (W ((T 1 (A)))

Now,

_ t%_%_lygl(t)

£ (t)

1Crxallpgia < Mllxallpga
((T ™ (A)) PV (W(TH(A))) < M(u(A)) 77 (1(A))
(T~ (A)) < kp(A)
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CLOSED RANGE

If (X,A,p) is a o-finite measure space and 7' : X — X is a non-singular
measurable transformation then by the Radon-Nikodym theorem, there exists a
locally integrable function fr such that

poT HA) = / frdp, for Ae A
A
fr is the Radon-Nikodym derivative of uT'~! with respect to p. ([

Theorem 2.2. Let Cr be a bounded composition operator on GLZ space Ly g
Then Cr has closed range if and only if there exists € > 0 such that fr(z) > € for
almost all x € S where

S={reX: fr(z)#0}
Proof. If Cr has closed range then there exists € > 0 such that
1CT fllp.gsa = €l fllp.gia

for all f € Ly 4:0(S5).
Choose a natural number n such that + < e. Let B = {z € S: fr(z) < 5}
Let B has a positive measure i.e. 0 < p(B) < oo. Then

MTWE=Lh@w
< €’u(B)

fixpor (8) = p{z € X : [xp o T(2)| > s}
=uT Hz e X :|xp(x)| > s}
<ePu{x e X : |xp(z)| > s}
= hixn(s)

Ixpor(8) < € py s (8) -

Fort > 0,
t
{s>0:,uXB(s)§Ep}g{s>0:uxBoT(s)§t}
inf {s>0: (s) <t} <inf{s>0: (s)< -
infqs fypor(s) <tp <inf<s P (8) S o
* * t
(o) (0) < i 5 )
t
(xpoT)"(t) < X% (ef’) < xp(nPt), forallt>0
and

(xB o T)™(t) < x5 (nPt), forallt>0.
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7]
XB© L4(0,00)

= |t~ 3™ () (x5 o T)**(t)‘

LQ(O)OO)

< [T @ ()|

Lq(0,00)
L t)xg (t
(-t ()

1 1_1 ‘

Q
|

.QL
e3

L4(0,00)

Q

() 7w (x5 (1)

< =
~n

Lq(O,OO)

1 1
tr " a () (¢ ‘ .
o (XE (1) L (000)

This gives

1
||CTXB||g,q;a < E”XB' g,q;a < 6||XB||;17,q;oz

which is a contradiction. Hence fr is bounded away from zero.
Conversely, Suppose fr is bounded away from zero then there exists a positive
real number ¢, such that

fr(z) =€

for almost all z € S.

poT ) = [ raan
4)

> ep(
where
A={z e S:|f(x) > s}
Hons(5) = plw € X 1 |f o T(@)| > s)
— Tz e S:|f(@)| > s}
>epfr €S |f(z)] > s}
tory(s) = €pip(s)
and
(foT) (et)> f*(t) forallt>0
and
(foT)™(et) > f**(t) forallt>0.
This gives

1
||CT||p,q;a > €r Hf“p,q;a'

Thus, Cr has closed range. (I
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COMPACTNESS

A set A € Ais called an atom for p if u(A) > 0 and given B € A either u(ANB)
is 0 or u(A — B) is 0. p is called purely atomic or atomic if every measurable set
of positive measure contains an atom . p is called non-atomic if it has no atoms.
Compactness of composition operators plays an important role in the study of the
structure of composition operators.

Theorem 2.3. Let Cr be a bounded composition operator on GLZ space Ly g.q-
Let < A,, > be the sequence of atoms of X with u(A,) = a, for each n. Then Crp

T(A,
is compact if and only if u is purely atomic and b, = MO(A()) 0.
H{An

Proof. Let X = X; U X5 where X; be the atomic part and X5 be the non-atomic
part. Then by the Radon-Nikodym theorem

poT 1 (A) = /Adeu

for Ae ANX;. Let A = {z € X1 : fr(z) > 0}. We claim that u(A;) = 0. Let
if possible p(A;1) > 0. Then there is some § > 0 such that the set Ap = {x € A :
fr(xz) > 8} has positive measure. Take a sequence (c,) of pairwise disjoint subsets
of AN Az with 0 < p(c,) < 5= for n € N and n > ng. Take

Xe
folz) = —F—F— < 0.
() Xenllpgsa

Then f,(x) tends to 0 weakly and

an“p,q;a =1 forn> no ,

(Crf) () = X2 (®)

IXen lp.g:ex .

For n > ng, we have

=

Vo' (o T~ (en)) (o T~ (e

)

HCTfn”p,q;a ~ ygl(‘u(cn)) (H(Cn))%
p(en) )

Q=

>4

which contradicts our assumption. Thus p(A4;) = 0. Hence the result. Next we
show that b,, — 0.Let if possible b,, does not tend to 0.Then there exists some ¢ >
0 and some subsequence < b,, > of the < b,, > such that b,, > € for all £ € N.
Let X =U52A,. For each n € N |let

- XA,
=
HXT—l(An) Hnma
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Then, for each k£ € N, we have

. ||XAnk Ip.g:a

ol = T
R o

(AP (p(A)

(W(T=1(A) 7 v (T (A))

Also, [|Crfrllp,g;a = 1 for each n > 1. For k # m, since Crf,, and Crf,,, have
disjoint supports, we see that

1 <||Crfn, — Crfn,llp.gia

which is a contradiction to the compactness of Cr.Hence b, — 0.
Conversely, let p be purely atomic and b, — 0. Note that f and > f(A,)xa
are equal almost everywhere. For each N € N| define C’F}N) as

C;N)f = Z f(An)XT—l(An)~

n<N

n

For each s > 0,

M(Cq“*C;N))f(S) < Z M(T_I(An))
n>N,|f(An)|>s

<(swba) D A

n>N

[f(An)|>s
= ((sup b 1s(s).
n>N
This gives
(€Cr=cfp) @ < (sup ba ) (1)
n>N
and
(€Cr=cfr) ) < (s ba) £ (1)
n>N
we get,
1
HC’T—CQ(«N) g(supbn>p—>0 as N — oo.
DG n>N
Thus, Cr is compact. ([l

3. WEIGHED COMPOSITION OPERATORS

In this section, we have introduced the weighted composition operators W4 r)
on the GLZ space Ly 4.o. If ¢ € L*(p) then we can write weighted composition
operator Wy 7y = CrMy where T is a non-singular measurable transformation.
Boundedness, compactness and closed range of W4 7y on GLZ space L; 4.0 are
characterized in this section.
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Theorem 3.1. Let ¢ : X — C be a measurable function and T : X — X be a
non-singular measurable transformation such that for k > 0,

o T_l(A) < ku(A).

Then Wy 1y is bounded on Ly .o if

¢ € L™(p).
Proof. Suppose k = || fr| - For f € Ly 4.0,
lofl < 9l [f]
For s > 0,
Wz f(8) = plz € X Wi ) f(z)| > s}
=puT o e X :[o(z)f(x)] > s}
<kpfr € Xt ¢l [f(2)] > s}
= k1glle £(5)
For t > 0,
(W)™ (t) =inf{s > 0: MWWT)f(S) < kt}
e mf{s >0: MW’Heof(S) < t/k}
=kl ol f7(2) -
Also,
(W f) () < K8l 1),
||W(¢>,T)f |p7q;a = téiéygl(t)(w((bj)f)**(t)‘ L4(0,00)
< |lez—apm o
< | zomioler ],
= Kol |[e5 sz,
= kl[@lloc [|.f1lp.g5a -
Thus

W) fllp.gia < Elldllool| Fllpgia - B

Theorem 3.2. Let ¢ : X — C be a measurable function and T : X — X be a
non-singular measurable transformation such that T(E.) C E. for each € > 0 where
Ec=A{x:|¢(x)| > €}. Then ¢ € L>(u) if Wiy is bounded on Ly 4.q.

Proof. Let W4 1y be bounded on Ly, 4. then there exists M > 0 such that

||W(¢,T)f |p,q;a < M”f”znq;a .

Suppose ¢ is not essentially bounded then for each natural number n, the set
given by

E,={ze€ X :|¢(x) >n}
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has positive measure. Also, T'(E,) C E, or equivalently xg, < Xr-1(g,), We
observe that

{z: Ixp, (@) > s} S{z: [xp-1 (8, ()] > 5}
C {z: 1¢(T(x))xr-1(E,) (2)| > ns},
Wpryxe,)" (t) = inf{s > 0: pfz e X : [(¢o Txp, o T)(x)| > s} <t}
=ninf{s > 0: p{x € X : |¢(T(x))x1-1(E,)(z)| > ns} < t}
>ninf{s > 0: p{zx € X : |xp, (x)| > s} <t}

= nxg, (t)
and
Wip,ryxE,)" (t) 2 nxE, (1)
Thus
l_l k%
Wi XE0 i = [£3 742 () Wiy x,) ™ ()|
Lq(0,00)
1 1
> nl|trmaum () (¢t (
> AONRO! .
=nllxz, ”p,q;a
||W(¢7T)XEW,||p,q;a > nlxe, llp.ga -
This is a contradiction to our assumption. Hence the result follows. O

4. COMPACTNESS AND CLOSED RANGE

Let T : X — X be a non-singular measurable transformation with Radon-
Nikodym derivative fr = d(pT~')/du. If fr € L>(u) then for f € L, 4. and
t>0,

(Wigm ) (kt) = inf{s > 0: NW(¢,T)f(S) < kt}
=inf{s>0: uT " Hx e X:|(poT - foT)(x)| > s} < kt}
=inf{s > 0: T {z € X :|(¢- f)(z)| > s} < kt}
<inf{s > 0: plo € X : (6 f)(@)| > s} < 1)
= (Myf)"(1)

and

(Wepr) 1) (kt) < (Mg f)™(2) -
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So we obtain

IWeo) i = |

1

t7 vl () (Wee ) ) (t)

HLQ(O,OO)

= ||ty = ety Wiy ()|

< |[t)3 ~F v Gty (Mo ) (1)

1_1

E () (Mo ) (1)
(using the property of slowly varying function)

1
=k ||M¢f||p,q;a :

L4(0,00)

L4(0,00)

Sk

L4(0,00)

This gives
1
||W(¢,T)f||p,q;a Ske |‘M¢f||p7q;ow

Now if fr is bounded away from zero on i.e fr > ¢ a.e. for some § > 0 then
W0 A) = [ frdu du(4)
forall Ae A, AC S, where S = {x: ¢(z) # 0}. Thus we find that

1
||W(¢,T)f||p,q;a >0 ||M¢f||p,q;a
Hence for each f € Ly g0, 1 <p < 00,1 < g < 00, we have

W) fllp.gse = 1Mo fllp.g;a -

whenever fr € L*°(u) and bounded away from zero. The following theorem follows
from the above observation and theorem 2.5.2 [3] :

Theorem 4.1. Let T be a non-singular measurable transformation from X to itself
such that fr is essentially bounded and bounded away from zero. Let ¢ : X — C
be a measurable function such that W4 7y is bounded on Ly .o Then the following
are equivalent:

(i) W) is compact,

(i) My is compact,

(i) Ly q:al(@,96) are finite dimensional for each 6 > 0.

Theorem 4.2. [3] Let ¢ : X — C be a measurable function such that ¢ € L>(u)
and T : X — X be a non-singular measurable transformation with fr € L>(u).
Let < A,, > be a sequence of atoms of X such that u(A,) > 0 for each n. Then
Wi,y is compact on the GLZ space Ly 4.0 if ju is purely atomic and

pT ' (An)
(An)

Theorem 4.3. If u is non-atomic and W4 1y is bounded on the GLZ space Ly 4.
then Wy 1y is compact if and only if ¢. fr =0 almost everywhere.

dy, = —0. (4.1)

Proof. Let us assume that W, 1y is compact. If ¢.fr # 0, then there exists some
d > 1, such that the set given by

E:{xeX:|¢(x)| and fT>cll}
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has positive measure. Since p is non-atomic we can construct a decreasing sequence
{E,} of measurable sets of F such that

w(En) = 0<b<pu(E).

27a

XBr then {e,} is bounded in Ly, g..

IXE, lp,ase
For m,n € N, let m = 2n, then for ¢t > 0,

[t
Wigmyen = Wig,)€m) (d)

Let e,, =

. t
=inf<{s>0: M(W(%T)enfw(@ﬂem)(s) < d}

= inf S>0:M{$€X:|(¢OT~6nOT—¢OT~6mOT)(:U)|>S}<t}

d

= inf

5> 0: pfz € X ¢ |$(T(@)en(T(@))) — H(T())en(T())] > s} < ;}

= inf

520 uT Mz € By 60 fen(a) — en(2) > 5} < 1

>inf{s >0:p{z € E, : |len(2) —em(2)| > ds} <t}

(

> (d) inf{s >0:p{z€ E,\ En, : |len(2) —em(2)| > s} < t}.

f{s

1Y.

d) inf{s >0: p{z € E, : len(2) —em(2)| > s} <t}
1

This gives us that

t 1 *(¢
(Weg,ryen = Wig,ryem)” (d) > Ew

HXE" P,g;
and
¢ 1 (XE\B.) ()
(W e e, — W T em)** () 2 _yemnamms 2
(6,T) (6,T) d d |xe.llpga
Hence

1
1 (p(En\ Em)\ 7"
W n— W, mlp.ga = = >
H (¢,T)e (¢7T)e ||qux ~ d2 < ,LL(En) €

for some € > 0 and large values of n. Thus the sequence < W4 rye,, > does not
admit of a convergent subsequence which contradicts the compactness of W, ).
Hence ¢ - fr =0 a.e.

The converse of the proof is obvious. ([l

CLOSED RANGE

Theorem 4.4. Let T : X — X be a non-singular transformation with Radon-
Nikodym derivative fr in L (u) and is bounded away from zero. Let ¢ : X — X be
a measurable transformation such that Wy 1y is bounded. Then Wy 1y has closed
range if and only if there exists 6 > 0 such that |¢(x)] > a.e. on S where

S={zeX:¢(x)+#0}
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is support of ¢.
Proof. Suppose |¢p(z)| > J a.e. on S and fr > k a.e. for some k > 0

1
||W(¢,T)f||p,q;a > k7 0flp.g:a
1
> k”(;Hpr,q;a'
Let fy, f € Lpg.a(S) such that
Wiy fn — f-
Forn,m e N
W, r)(fn = fim)llpgia = 0 asn,m —oco.

This gives || fn — fmllp,g;a — 0 as n,m — oo. Since L, 4. (5) is complete so we can
find g € Ly 4.a(S) such that f, — g. Using the continuity of Wi, 19, W(e 1) has
closed range.

Conversely, W4 1) has closed range then there exists an € > 0, such that

Wi, ) fllpgia = el fllpgia
for all f € L, 4.0(S). Let if possible the set given by
E={zeX:|¢(x)] <}
has positive measure then xg € Ly 4.0(S5). Also
Wi lpasa < k7 11Ms XElpgia
< k58] xs|

p,q;x

which is a contradiction. Thus,
|p(z)| > 6 a.eon S. O

Corollary 4.5. If T~(E.) C E for each € > 0 and W, 1) has closed range, then
|o(x)| > 6 a.e. on S, the support of ¢ for some § > 0.
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