JOURNAL OF MATHEMATICAL ANALYSIS
ISSN: 2217-3412, URL: HTTP://WWW.ILIRIAS.COM
VOLUME 3 ISSUE 2(2012), PAGES 1-9

SOME NEW SEQUENCE SPACES DEFINED BY
A MODULUS FUNCTION AND AN INFINITE
MATRIX IN A SEMINORMED SPACE

MURAT CANDAN

ABSTRACT. Let ¢ denotes the space of almost convergent sequences introduced
by G.G. Lorentz [A contribution to the theory of divergent sequences, Acta
Math. 80(1948), 167-190]. The main purpose of the present paper is to intro-

duce the sequence spaces wo (A,p, fa, s) ,w (A,p, fq, s) and weo (/Lp, fa, s)
defined by a modulus function f. Some topological properties of that spaces
are examined. Also we exposed some inclusion relations among the variations
of the space.

1. INTRODUCTION

Some definitions and conventions are made this section and some lemmas will
be given as they become necessary. By a sequence space, we understand a lin-
ear subspace of the space w = CN of all complex sequences which contains ¢,
the set of all finitely non-zero sequences, where C denotes the complex field and
N ={0,1,2,---}. We write I, ¢, ¢y and [, for the classical sequence spaces of
all bounded, convergent, null and absolutely p—summable sequences, respectively,
where 1 < p < oo. Also by bs and cs, we denote the spaces of all bounded and
convergent series, respectively. bv is the space consisting of all sequences () such
that (xy — zk4+1) in [y and by is the intersection of the spaces bv and co. wh, w?
and w?, are the spaces of sequences that are strongly summable to zero, summable
and bounded of index p > 1 by the Cesaro method of order 1.

Let A denotes any of the sets loo, ¢, co, lp, bs, ¢s,bv,bug, wf), w? and wh . It is
a routine verification that A is a linear space with respect to the co-ordinatewise
addition and scalar multiplication of sequences.

A sequence space \ with a linear topology is called a K —space provided each of
the maps p; : A — C defined by p; () = ; is continuous for all i € N. A K —space A
is called an F' K-space provided A is a complete linear metric space. An F'K—space
whose topology is normable is called a BK —space.
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Now, we focus on the a—, f— and y—duals of the classical sequence spaces. For
the sequence spaces A and p, the set S (A, p) defined by

SA\p)=4{z=(zx) Ew:zz=(wpzg) € p for all x = (zx) € A} (1.1)

is called the multiplier space of A and p. One can easily observe for a sequence
space v that the inclusions S (A, u) C S(v,p) if v C XA and S (A, pn) C S(\v) if
1 C v hold. With the notation of the a—, 5— and y—duals of a sequence
space A, which are respectively denoted by A%, A\ and A7, are defined by \* =
S\, M= 8(\es), \Y = S(\bs). The a—dual, 3—dual and y—dual are
also refered to as Kdthe-Toeplitz dual, generalized Kothe-Toeplitz dual and Garling
dual, respectively [2].

We give a short survey on the concept of almost convergence. A linear functional
© on ly is said to be a Banach limit if it has the properties, ¢ () > 0 when the
sequence © = (x,) has x, > 0 for all n, p(e) = 1, where e = (1,1,1,---) and
@ (Zny1) = @ (x,) for all € I [I]. For more detail on the Banach limit, the reader
may refer to Colak and Cakar [5], and Das [6]. The concept of almost convergence
was defined by Lorentz in [9], using the idea of Banach limits. A sequence z =
(zk) € lw is said to be almost convergent to the generalized limit « if all Banach
limits of x are coincide and are equal to « [9], this is denoted by f — limzy = «.
Lorentz [9] proved that f —limz = « if and only if lim,, .. %—i—l S e Ttk = @,
uniformly in n. In the case « = 0, the sequence x is called almost null. The
spaces of almost convergent and almost null sequences are denoted by ¢ and ¢,
respectively. It is well-known that a convergent sequence is almost convergent such
that its ordinary and generalized limits are equal.

Maddox [12] [I3] defined the strong almost convergence of a complex sequence x

m

to number [ by %Z |Zntr — I = 0, as m — oo, uniformly in n which leads to the
k=0

concept of strong almost convergence. By [¢], we denote the space of all strongly

almost convergence sequences. It is immediate that the inclusion [¢] C ¢é strictly

holds. Also [¢] is a closed subspace of I, and the inclusions ¢ C [¢] C é C I strictly

hold.

Notation of modulus function introduced by Nakano [14] in 1953 and used to
solve some structural problems of the scalar F'K-spaces theory. For example, the
question; ”is there an F'K—space in which the sequence of coordinate vectors is
bounded”, exposed by A. Wilansky, was solved by W. H. Ruckle with negative
answer [I7]. The problem was treated by constructing a class of scalar F K —spaces
L (f) where f is a modulus function. L (f), in fact, is a generalization of the spaces
I, (0 <p<1). Another extension of [, (p > 0) spaces with respect to a positive
real sequence r = (1) was given by Simons [20]. For the definition of modulus
function and some related results, the reader may refer to [I7].

Ruckle [I7] proved that the inclusion L (f) C I holds for any modulus f and
L) =ls-

A sequence z = (zy) is said to be summable (C,1) iff lim, L Y7 | z; exists.
Spaces of strongly Cesaro summable sequences were discussed by Kuttner [8] and
this concept was generalized by Maddox [10] and some others. The class of se-
quences which are strongly Cesaro summable with respect to a modulus was intro-
duced by Maddox [I1] as an extension of the concept of the strong Cesaro summa-
bility. Connor [4] extended this definition by replacing the Cesaro matrix with
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an arbitrary nonnegative regular summability method. In [I8], following Connor
[], Savag defined the concept of strongly almost A—summability with respect to a
modulus, but the definition introduced there is not very satisfactory and seems to
be unnatural. By specialising the infinite matrix in the definition introduced in [I8],
we don’t get strongly almost convergent sequences with respect to a modulus. In
[19] Savag introduced an alternative definition of strongly almost A—summability
with respect to a modulus. This definition seems to be more natural and contains
the definition of strongly almost convergence with respect to a modulus as a special

case. The sets wy (fl, 1, p) , w (A, 1, p) and wee (121, f, p) will called the spaces of

strongly almost summable to zero, strongly almost summable and strongly almost
bounded with respect to the modulus f respectively [19].

The argument s, that is, the factor £~° was used by Bulut and Cakar [3], to
generalize the Maddox sequence space [ (p), where p = (px) is a bounded sequence
of positive real numbers and s > 0. It performs an extension mission. For example,
the space [ (p,s) = {z € w: Y ;- k™% |zx|"" < oo} contains [ (p) as a subspace for
s> 0, and it coincides with [ (p) only for s = 0.

In the present note, we introduce some new sequence spaces defined by using a
modulus function.

2. THE SEQUENCE SPACE w(A,p, f,q, s)

Let X be a complex linear space with zero element 6 and X = (X, ¢) be a semi-
normed space with the seminorm ¢. By S(X) we denote the set of all X —valued
sequences & = (xj) which is the linear space under the usual coordinatewise op-
erations. If A = (\r) is a scalar sequence and x € S(X) then we shall write
Az = (Apxg). Taking X = C we get w, the space of all complex-valued sequences.
This case is called scalar-valued case.

Let A = (amk) be a nonnegative matrix and suppose that p = (px) be a sequence
of positive real numbers and f be a modulus function. We define the sequence spaces
over the complex field C as follows

wo(A,p, f,4,5) = {x €5(X): lim 37 TS (alanea))I =0,

uniformly in n, s> O}

w(A7pvfaQ75) = {JT S S(X) :dle C>s lim Zaisk[f(q(xk_,'_n _le))]pk — 07

m— 00 k
k
uniformly in n,l € C, s > 0}

a

wOO(Avpv faqu) = {.’L‘ € S(X) : Supz ]:;k [f(q(karn))}pk < 00, 8 Z O}
m,n Ty

If ¢(X) is the space of finite sequences in X, then we have ¢(X) C w(fl,p, fa,9).
The following inequality and the sequence p = (pg) will be frequently used through-
out this paper.

These spaces are reduced to some sequence spaces in the literature in the special
case. For example, taking (X, q) = (C,|,|), A = (C,1), the Cesaro matrix, py = 1,
for all k£ and s = 0, we get the spaces [¢ (f)], [¢(f)] and [¢(f)],, introduced by

oo
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Pehlivan [I6]. Moreover, we derive the spaces investigated in [7, 12} [13] 15 19] as
a special case.

If ag,br € C and 0 < py < suppy = H for each k, we have (see Maddox [10,
p.346))

|ak + bi["* < Clar™ + [b&[™), (2.1)

where C' = max (1,2H-1),
We now establish a number of useful theorems about the sequence spaces which
were defined above. We now have

Theorem 2.1. Let f be a modulus, p = (pr) € oo and A = (ami) be a nonnegative

Proof. 1t is obvious that wo(fl,p, fiaq,8) C w(/i,p7 fyq,8). Suppose that z €
w(A,p, f,q,s). Since ¢ is a seminorm, there exists an integer R such that ¢ (1) < R.

Then, because of f is a modulus function and A = (a,,) is a nonnegative regular
matrix we can write from ([2.1]) that

> amek™* [f (q (wryn)) " < C {Zamkks [f (¢ (@kgn — 1))
K K

+[Rf ()] Zamkk—S} .
k

Therefore x € we (A,p, f,q,s) and this completes the proof. O

Theorem 2.2. Let p = (pg) be a bounded, then wo(fl,p, fia,9), w(fl,p, fiq,s) and
woo(fl,p, fyq,s) are linear spaces over the complex field C.

Proof. We consider only w(/L D, f,q,s). Others can be treated similarly. Let
T,y € w(fl,p, fyq,8) and A\, u € C, suppose that x — I3 [w(fl,p, f,q,s)} and
y — I [w(fl,p, f,q,s)] For A, p there exist the integers M, and N, such that
|A] < My and |p| < N,. Combining (2.1]) with the definitions of f and g, we have
Ak (GOT R+ 1Ystn — N+ pl2))) Y < Cagnpk™ MR [f(q(@hn — 1))

+ Campk ™ N [F(q(Yrsn — 12))]P

which leads us by summing over 1 < k < oo that we get Az + uy € w(fl,p, fia,9).
O

Theorem 2.3. The spaces wg (A,p, frq,8) and w(fl,p, f,q,8) are paranormed spaces
by g defined by

m

g(z) = sup {Z amphk [ (q(2h4n))]P" }

where M = max (1, H = supy, p,) -

Proof. From Teorem 2.1} g () exists for each 2 € wo(A, p, f,q, s). Clearly g (6) =0,
g(x) = g(—z) and by Minkowski’s inequality g (z +y) < g(z) + g (y). For the
continuity of scalar multiplication suppose that (u!) is a sequence of scalars such
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that ! — p| — 0 and g (z! — &) — 0 for arbitrary sequence (z') € wo(A, p, f, ¢, s).
We shall show that g (u'z" — px) — 0 as t — oco. Say 7 = |u* — p| then

{Z amik ™ [f (g’ whyr, — uwmn))]”k} < {Z {afkk_ﬁ A (¢, k)] ¥
k k

SR P MY M
Ak B (k)]

where A(t,k,n) = Rf (¢ (2}, — Tk4n)), B(t,k,n) = f(7eq(xp4n)) and R =
1+ max {1, sup ||} .

o2 ) <78 S [

m, 7L

+ sup {Zamkk [B(t, k,n)}pk}

m,n

L
M

1

_ R%g (.%'t _ 1’) + sup {Zamkk‘_s [B (t7 k; n)]pk} .

m,n &

1
Because of g (z' — ) — 0 we must only show that sup,,, , {3, amrk ™ [B (t, k,n)]"* }
— 0 as t — oo. There exists a positive integer ty such that 0 < 73 < 1 for t > to.
Write

sup { Z Ak ™? (osk+n))]p’“} =0 (m — 00).

k=m+1

Hence, for every € > 0, there exists a positive integer mg such that

[NCRNO)

Sup{ > amkks[f(Q($k+n))]p’“} <

m,n k=mo+1
For t > tg, since 7¢q (Tk4n) < ¢ (z1), we get

ik ™% [f (7 (@ (2rgn) )P < @ik ™ [f (@ (Tpgn))]"

for each n and k. This implies

sup{ 3 amkw[f<n<q<wk+n>>>1”} <sup{ 3 amW[ﬂq(mHn))JM}
m,n k=mo+1 m,n k=mo+1
e
<§.

Now, the function sup,, ,, {37 @mrk™* [f (7 (¢ (2r4n)))]"* } is continuous. Hence,
there exists a d (0 < & < 1) such that sup,, ,, {3120 amrk ™ [f (7¢ (¢ (xr4n)))]"*} <

(%)M for 0 < 74 < §. Also we can find a number A such that 74 < 6 for t > A. So, for
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1
t > A, we have sup,, , {3210 amrk™* [f (7¢ (¢ (xx4n)))]"* }M < §, so eventually,

S8

sup {Z amrk ™ [f (¢ (q (%Jm))ﬂpk} <sup {Z amrk ™ [f (¢ (q ($k+n)))}pk}
m,n %

m,n k=1

L

+sup{ > amkk_s[f(Tt(q(xk-&-n)))]pk}

m,n k=mo+1

<
2

This shows that sup,, ,, {> 5 amrk ™ [f (1¢ (¢ (3J°k+n)))]p’“]>ﬁ — 0 (t = 00). Thus
wo(/i,p, f,q,s) is paranormed space by g. (I

Theorem 2.4. wy (fl,p, f,q, s) is complete with respect to its paranorm whenever
(X, q) is complete.
Proof. Suppose (z?) is a Cauchy sequence in wo(fl, p, f,q,s). Therefore
. Pk ﬁ
g(z" — 27) = sup {Zamkks [f (q (:pfﬁ_n — xi%))} } —0as 1,7 — 00
m,n &
(2.2)
also, for each n and k
, . P
k—® [f (q<$}c+n_xi+n))] " 0 as i,j — 00
and so ¢ (x}Hn — aﬁﬁn) — 0 (i,j — o0) from the continuity of f. It follows that

the sequence (:U}c +n) is a Cauchy in (X, q) for each fixed n and k. Then by the
completeness of (X, q) we get the sequence (zp1,) € X such that

q (Thyn — Thgn) = 0 (j = 00). (2.3)

It is easy to see the validity of the inequality

‘q ($§c+n - x;ﬁLn) —q (x}chn - karn) <q ($;<:+n - karn) .
We have _
q (I§c+n - :C?c-i-n) —q (:E}f-‘rn - l'k-i—n) (j - OO) :
from (2.3)) . Now, for each € > 0 there exist i (¢) such that [g(2’ — Cﬂj)]M < eM for
1,5 > 1g. Also

aup {'"Z ol [1 (s - x@n))rk} <sup {zmk 7 (o (b mfk;n))}”’“}
M k=1 ' k
= [g(a’ =)™
Letting j — oo we have

sup {mZ k™ |1 (3 (ko - wi+n))}p"'} - sup {mzmk 7 (0 ke - xk+n>>]pk}

m,n k=1

<€M
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for ¢ > ig. Since my is arbitrary, by taking my — oo we obtain

ﬁ
sup {Z amik ™ [f (¢ (Thyn — $k+n))}pk} <e€
m,n &
for all m and n that is
g(xifx)%()asi%oo.

We first need to show = € wo(/l,p, f,4,s). We know that g(x?) is bounded, say,
g(z%) < K. Futhermore we have

amik™? [f (q (x}wrn - karn))]pk =0 (i > 00).
Now we can determine a sequence 7 € cg (0 <ni < 1) for each k, such that
k™ [ (@ (i = 2r40))]™ < k™ [f (a (2hin))]™
On the other hand,

[F (@ @) < C{If (0 @ — 2ran))]™ + [f (0 (k)] }
where C' = max (1, 2H’1) ; H = sup pg. Also we have

@ik ™ [F (@ (@) < Carnik™ { 7 ( (#hpn — 2i0))]™ + [ (0 ()™ }
< C (1 + 1) amik™ [ (4 (#isn))]™

from the last inequality above, we obtain x € wo(/l, D, f,q,s) and this completes
the proof of the theorem. O

Lemma 2.5. Let f1, fo are modulus function and 0 < 6 < 1. If f1 (t) > d for
€ [0,00) then

(fao iy < 220 f

[11].
Theorem 2.6. Let f1, fo are the modulus function and s, s1,s2 > 0. Then

i) limsup ;;Eg < 0 lmphes wO(A>p7 f2uq7s) - U}O(A7p7 f17q78)7

li) wO(A7p7 fla q, S) N wO(Aapv f2a q, S) - wO(A7p7 fl + f27 q, 3)7 R
iii) If the matrix A = (@) is a regular matrix and s > 1, then wo (A4, p, f1,4,s) C

wO(A7pafl Of2,q,3), R .
iV) 81 < 82 lnlpheb wO(A7pa faQ781) - wO(Aap7 f7Q752)'

Proof. i) Since there exists a K > 0 such that f; (t) < f2 (t) by the hypothesis,
therefore we can write that

ik ™ [f1 (@ (@rin)))”* < K ampk™ [f2 (¢ (24n))]P"

Let x € w()(/i,p, f2,4,s). When adding the above inequality from k = 1 to oo, we
have @ € wo(4,p, f1,4, ).
ii) The relation follows from the inequality

amiek ™ [(f1 + f2) (@ (@rsn))]”" = @mik ™ [f1 (¢ (@kgn)) + f2 (@ (@p1n))]*
< Camk™ {[f1 (¢ @han)™* + [f2 (¢ (@hpn))]™* }

where C = max (1,2H’1) .
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iii) Let 0 < § < 1, and define the sets Ny = {k € N: f1 (¢ (vg+n)) < I} and
Ny ={k € N: fi (q(z4n)) > 6}. It follows from Lemma [2.5] that

(Fro 1) @ isn)) < 220 gy g @)

when k € Ny. If £ € Ny then
(fao f1) (q(Tryn)) < f2 (),

and so

k7 [(f20 1) (q (@)™ < 17
for z € wo(A, p, f1,q,s), where ¢; = max{[fg (&)™P% [y (5)]Supp"'} . On the other
hand

k™ 20 1) @ oren < amid™ |22 1 )|

< €amik ™ [f1 (¢ (ryn))]"*

] inf pg

su
for k € No. Where €2 = max { [2sz(1) , [2]‘27(1)} ppk} . Now, say € = max {e1, €2}

and we get

S ik~ [(f2 0 1) (a (@rn))* <& {Z ik ™+ k™ [f (g <xk+n>>1”k}
k k k

for k € N1 U Ny = N. This implies x € wo(fl,p, fiofa,q,8). O

Theorem 2.7. Let s > 1 and f be bounded and A be a nonnegative regular matriz.
When = € wao (A,p, fa, s)

Zakxk is convergent iff (ax) € .
k

Proof. The sufficiency is trivial.

For the necessity, suppose that a ¢ ¢. Then there is an increasing sequence (my,)
of positive integers such that |a,, | > 0.

Let us define

e = {q<u>amk v k=g
0 . k£m

where u € X such that ¢(u) > 0. Since f is bounded and s > 1,

> ik [ (@(Grsn)]P* < o0
k

hence y € wOO(A,p, fyaq,8) but Y apyr =1+ 1+ 14+ = 00, a contradiction the
k
fact (aryx) € cs. This completes the proof. O
. B
Corollary 2.8. Let s > 1 and f be bounded. Then, w (A,p, f,q,s) = ¢.

Proof. One can easily show this fact by the similar way used in proving Theorem
So, we omit the detail. O
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