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EXPANDING FIXED POINT THEORY: A STUDY OF
KANNAN-TYPE F-CONTRACTIONS AND COMMON FIXED
POINTS IN INCOMPLETE METRIC SPACES

ABEER M. M. JARADAT!'*, TAWSEEF RASHID2, M.M.M. JARADATS

ABSTRACT. This paper introduces a novel Kannan-type F-contraction that
extends Wardowskis F- contraction to ordered metric spaces.”. Our research
expands the boundaries of fixed point theory by applying this innovative con-
traction to a broader class of spaces. Additionally, we develop a new approach
to investigate common fixed points in incomplete metric spaces, assuming the
metric space possesses the t-property. To demonstrate the practical signif-
icance of these findings, we provide a series of illustrative examples. The
implications of our contributions are further underscored by their potential
applications in mathematical analysis, particularly within the domain of frac-
tional calculus.

1. INTRODUCTION AND PRELIMINARIES

In 2012, the Banach contraction principle was reinforced by Wardowski [32]
by the introduction of F-contractions, a new class of contractions. Numerous re-
searchers were drawn to this idea and decided to contribute to the field. Several
studies have documented the presence of fixed points in various spaces using F-
contractions; these may be found in [11 2, 8] [5].

Consider F the family of mapping F : (0,00) — R with the following assump-
tions:

(Fy) F is strictly growing, i.e., V I,m € (0,00) with [ < m, then F(I) < F(m);
(Fy) For each sequence {f3,} of positive numbers,

lim 8, =0 < lim F(f,) = —o;
n—oo

n—oo

(F3) 3 k€ (0,1) such that lim I*F(l) = 0.
=0+

Let Fi(8) =1Ing, Fo(8) =Inp+ 3, F3(8) = —ﬁ & Fy(B) = In(8%*+ B) and one
has F,, e FVn=1,23& 4.
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Definition 1.1. [I8]. A sequence {&,,} in an ordered set (#H, =) is called ascending
if 8,, <X &,, for m < n. I‘E is termed strictly increasing if &,, < &,, & &,, # &,,.
We denote this by &,, < &,,.

Definition 1.2. [I8]. An ordered metric space (#, <) is said to be O-complete, if
every increasing Cauchy sequence in H converges in H. In an ordered metric space,
completeness implies O-completeness.

2. MAIN RESULT

We present some definitions before moving on to the major finding.

Definition 2.1. Let (#, £2) be any metric space. Then mapping G : H — H is said
to be Kannan-type F-contraction, if 3 7 > 0 such that V &,n € H with & # ¢&,
n#Gn & G& # g,

1

7+ F(2(96,9m)) < 5 [F(2(8,G6)) + F(£2(n, Gn))]- (2.1)
We provide example to illustrate above definition.

Example 2.2. Let F} : RT — R be defined as F/(z) = In(z). Clearly, F'(z) satisfies
the hypothesis (Fy — F3). In fact, (F3) holds for every k € (0,1). Furthermore,
condition (1) above can be written as:

(£2(66,6Gn)) < 67%[(9(@3,9@5)) + F(£2(n,Gn))] (2.2)

V &,n e H with G& # Gn.
Thus, if G : H — H be a kannan mapping with constant k € (0, 1) satisfying

for every &,n € H. Then, it is also satisfies (2) & (1) with 7 = In(4).

Theorem 2.3. Let (H,{2) be any complete metric space and G : H — H be a
continuous mapping which is Kannan-type F-contraction. Then G admits fized
point in H.

Proof. For any &, € H, we define a sequence {&,, } in H such that Q5n+1 G(®,).
We denote £, Q(Qﬁn+1,® ). If there exists n, Grp1 = G, e, Q(@ ) = &,
then &, is a fixed point of G & proof is done in this case. So, we assume &, # &,

V n € N° where N = NU {0}. Then by utilizing (|2 7 one has V n € NV
T+ F(R,) = 7+F(2
= 7+ F(2

< C[F(2(8,,68,)) + F(2(8,-1,G8,_1))],

= F(Q(génagén—l)) < F(Q(énaén—l))_QTv or F(Q(én-i-lv 671)) < F(Q(éna ®n—1))_
27.
Thus,
F(ﬁn) < F(ﬁn—l) — 27
similarly, we can show that

F(ﬁn_l) S F(ﬁn_g) — 27.
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Continuing this process, one obtains
F(8,) < F(8,_1) — 27 < ... < F(f) — 2nr. (2.3)
From |D we get nhHH;O F(R,) = —oo which together with (F3) gives

lim &, = 0. (2.4)
n—oo
Utilizing (F3), 3 k € (0,1)
lim fEFP(R,) =0. (2.5)
By (2.3), one has V n
REF(R,) — REF(8Ry) < —&inr <0. (2.6)

Letting n — oo in (2.6) & using (2.4), (2.5)), we get

lim n&* = 0.

n—oo
Hence, 3 n; € N so that V n > ny, we get n& <1i.e,

< 1
no= Tk

] (2.7)

Now, one demonstrate that {@n} is a Cauchy sequence. Let n,m € N with n; <
n < m. Utilizing (2.7)), we write

Q(ény ém) S -Q(éna én-i-l) + Q(én-‘rla én-i-Q) =+ ... + Q(@m_l, 6771)
= Rn+ﬁn+1+---+ﬁmfl

m—1 oo 00 1
= ZﬁzfzﬁzSZm

We take n — oo, one gets lim 2(&,,,&,,) = 0. Therefore, {&,} is a Cauchy

n,m— 00
sequence in H. But H is given to be complete, therefore there exists u € H such

that &,, — p. Also, G is continuous so, G&,, — Gu. Thus,
2(Gp. p) = lim 2(G6,,6,) = lim 2(G,11,6,) =0.
Hence p is the fixed point of G in H. O

3. A New Approach To Common Fixed Point of Mappings in
Incomplete Metric Spaces With t-Property

In this section, we use a novel method to examine whether there are common
fixed points in incomplete metric spaces. To accomplish this, we suppose that the
metric space is not complete but has ¢-property. We review a few definitions before
continuing.

Definition 3.1. [I7]. Let (H,(2,=<) be any ordered metric space. H has the ¢-
property if every strictly increasing Cauchy sequence {7,} in H has a strict upper
bound in H, i.e., there exists u € H such that 5, < u.

We present the following examples illustrating Definition [3.1

Example 3.2. [I7]. Let H = R,Q, (a,b],a,b € R be equipped with the natural
ordering < and the usual metric. Then H has the t-property.
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Theorem 3.3. Let (H,{2,=X) be any ordered metric space with t-property and f
and g be self maps on H. Further if f is monotonic increasing and there exists
(’50 € H such that &y < f&o. Moreover, if for all &, 1 € H with & < 1, there exists
€ (0,1) such that

Q2(n, f1) + 2(n, gn) < a[2(8, [&) + (6, 98)]. (3.1)
Then f and g have a common fixed point in H.
Proof. By given assumption, By < fBy. If By = f@o we are done, otherwise
Gy < fBy = By. By monotonicity of f, &y < f&. If &, = &y = fHB; we
are done, otherwise &; < f&; = G,. Contmulng this process we get monotonic
increasing sequence {&,} € H such that &,,,1 = f&,,. Now for By < &, we have

by using
d(éh f&1) + 2(61,961) < a[2(o, f&o) + 2(60, g&o)].
Again for &; < &5, we have by using and above inequality
(B, [E3) + 2(2,965) < a[2(S1, fE1) + 2(61,961)]
< QP[RS fBo) + 2(S0, gB))]
Continuing this process, we get
QGn, [E,) + 2(E,,,96,) < a"[2(B0, fEo) + 2(, 960)] (3:2)

Now, by using , we have

26, 6,41) = (6, f6,) A&y, [E,) + (G, 965)
n[ (®O7f60)+0(607g®0)]

= o".K where K = (&g, f&q) + 2(6, 9%3)3)
We now show that {&,} is a Cauchy sequence in H. Let n,m € N with n < m, we
have by using (3.3) and triangular inequality

<
<

28,6, < 26,,6,1)+ 261, E000)+ ..+ (1, E,)
A" K+a" 'K+ ... +a™ LK
[@" + " + o™ K

n

IN

(%

l1—«

By letting n,m — oo in the above inequality, we deduce that {&,} is a Cauchy
sequence in H. Since H is given to have t-property, therefore there exists u € H

such that &,, < u. Then by using and (3.3), we get
Qu, fu) + Qu,gu) < a[2(&,, [&,) + 2(S,,96,)
< oa"TK
— 0, asn — oo.
Using non negativity of 2 we get, 2(u, fu) = 0 and 2(u, gu) = 0. Hence fu=1u =

gu. Thus u is the common fixed point of f and ¢ in H.
O

Example 3.4. Let H = {ay : ant1 = 2a,;n € N® and ap = —1} U (—1, 0] endowed
with the natural ordering and usual metric 2. Define f,g: H — H by
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; 26,6 < —1 ;

f(®) = ’ and g(&) = {
Clearly, (H, {2) is ordered metric space satisfying t-property and f is monotonic
increasing function. Therefore it remains to prove (3.1). Let &,n € H such that
® < n, there are three cases.

16,6 < —1

B &, elsewhere ®, elsewhere.

_Case I: when (;5V< n<-—1,
f&=28,96 =46, fn=2n,gn=4n.
ThUS, Q(®7f®) = _67 0(6796) = _367 Q(n:f’?) ==, Q(nagn) = _3777 then for
1
o = 5

a[2(8, f6) + 2(8,g6)] — [2n, fn) + 2n,gn)] = 4ln—

%
o

Which proves case 1.

_Case II: when —1 < B<n<0
J&=6,96=06,fn=mn.9n=n
Thus 2(8, f&) = 0,2(6, gB) = 0,2(n, fn) =0, 2(n, gn) =0, then for a = %

2
[2(n, fn) + 2, gn)] < a[2(E, ) + 2(6, )]

_Case III: when 6 < —1 <7 <0.
f& =206,96 =46, fn=n,91=1 )
Thus 2(6, f6) = —6,2(6,96) = —38,2(n, fn) = 0,2(n,gn) = 0, then for
1

o=

|

[2(n, fn) + 2, gn)] < a[2(E, ) + 2(&, )]

Thus all the conditions of Theorem are satisfied. Hence f and ¢ have a
common fixed point in H.

4. Fixed Point Results Kannan-type F-Contraction in ordered metric
spaces.

This section will demonstrate the existence of a fixed point for the Kannan
version of the F-contraction without making the assumption of completeness rather
we use ordered completeness. Prior to discussing the primary finding, we provide
a definition.

Definition 4.1. Let (#, 2, =) be any ordered metric space. Then mapping G :
H — H is called Kannan-type Fi-contraction, if 3 7 > 0 such that V &,n € H with
& <1, 17 Gnand G& # Gn

T F(2(n,Gn) < 3[F(2(&,) + F(2(G8,6m)] (11)

Theorem 4.2. Let G : H — H be a non-decreasing continuous self map on an
ordered metric space (H, (2, <) which is O complete. Further, if there exists an
By € H such that By =< GBg and G satisfies , then G possess a fixed point in
H.
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Proof. By assumption, we have &y € H such that &y < G(&). If &y = G(&;), we
are done. Otherwise, choose &; = g(éo) such that &y < &,. By monotonicity of G,
we have G(&g) < G(B), that is, &; < G(&,). If &; = G(B), then we are through.
Otherwise, choose G5 = g(él) such that &; < &,. Again, by monotonicity of G,
we have G(6) < G(B,). By carrying on with this procedure, we get a strictly
growing sequence {®,} in H such that

B, =G(6,). (4.2)
Now, as & < &, by (4.1, we have for 7 > 0

- - 1 .. - -
T+ F(2(61,G61)) < §[F(~Q(@507 61)) + F(£2(G60,761))],
which gives by using (4.2)

F((6,,66,)) < F(2(80,G8,)) — 27. (4.3)
Again for &; < G4, repeat the process as above, we get
F(2(2,G65)) < F(2(61,G6,)) — 27 (4.4)
which on using gives
F(2(64,06,)) < F(2(&y,G6,)) — 4r. (4.5)
Continuing as above, we get
F(R,) < F(Rn-1) — 27 < ... < F(&9) — 2nr, (4.6)

where &, = 2(&,,,G6,,). From l} we get li_>m F(R,) = —oo which, along with
n [ee]
(Fy), yields

nll_}II;o R, =0. (4.7)
Using (F3), 3 k € (0,1) so that
lim REF(R,) =0. (4.8)
By , one has V n
REF(R,) — REF(Ro) < —fknr <. (4.9)

Letting n — oo in (4.9) & using (4.7)), (4.8]), we get

lim n&Y = 0.

n—oo
Hence 3 nq1 € N such that nﬁﬁ <1V n>ng,ie.,

< 1
no= Tk

] (4.10)

Now, one demonstrate that {Qvin} is a Cauchy sequence. Let n,m € N with n; <
n < m. Using (4.10)), we have
Q(@n, ém) < Q(én, ®n+1) + Q(én_;,_l, én_;,_g) + ..+ Q(ém—h ém)
= R+ Rttt Rt

m—1 00 o]
= YasYym<Y oo
i=n i=n i=nZ

Asn — oo, we obtain  lim  2(&,,,&,,) = 0. Thus, {&,} is an increasing Cauchy

n,m—co

sequence in . Since, H is O complete, therefore 3 i € H such that &,, — pu.
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We now prove that p is the required fixed point of §. As G is continuous so
G®,, — Gu. Thus by using (4.6) and (F,), we have
F(2Gu,p)) = lim F(2(G6,,86,))

n— oo

g, F(5n)

lim F(Ry) — 2n7
n—oo

—00

IAN

1

=
(G, ) =0
So, p is the fixed point of G in H.

5. APPLICATION

Now, we proceed to demonstrate the existence of solutions for a nonlinear frac-
tional differential equation. Let D¢ denote the Caputo fractional derivative of order
o. Consider the following problem:

De&(0) = f(0,6(0)), 0€(0,1), 1<o<2, (5.1)
via the integral boundary conditions

5
B(0) =0,8(1) = /0 G(p)dp, 0<d<1

Consider a continuous function & : [0,1] x R — R & a Banach space (H,||.||s) of
continuous functions C([0,1], R) from [0, 1] into R. Define a Caputo derivative of
fractional order p for a continuous function G : (0,00) — R as follows:

F(nl—g)/o (0 —p)" 271G (p)dp, n—1<p<nn=][g+1,

where [p] denotes the integer part of the real number p. Additionally, the
Riemann-Liouville fractional derivative of order ¢ is defined as

DeG(o) =

N B L N
RDG0) = gy |, = pemender n=le 1

Now, we demonstrate the existence theorem

Theorem 5.1. 1. For allo € [0,1] & ¢,v € R with h(s,v) > 0, suppose a function
h:[0,1] xR — R & 7 > 0 such that

T(o+1)
5

2. For some po € H such that h(p0(0), gue(0)) > 0, o € [0,1], define g : H — H
as:

|h(0,¢) = h(o,v)] < e e —vl.

1 o o1 20 ! o—1
i) = s / (0= )% o) o — s / (1= 0)* o, u(p))dp

+ﬁ /06 </Op(pk)@1h(k,u(k))dk>dp, s e[0,1],
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and

20

1 [° o ' o1
gz(a) = @/0 (0 —p) lh(Pa Iu(p))dp — m/@ (1= p)? " h(p; gpu(p))dp

20 4 P o1
+m/® (/0 (p—k) h(k,gu(k))dk‘) dp, (o €10,1]),

3. for each o € [0,1] & p,v € H, h(u(o),v(0)) > 0 implies (9,(0), Gv(s)) > 0.

4. if {un} is a sequence in H such that pn, — o in H & h(pin, ups1) >0V neN,
then h(pp, ) >0V n e N.

Therefore, problem (21) has at least one solution.

Proof. Since u € H represents the solution to (21), iff it satisfies the following
integral equation
20

1 o o1 1 ot
n(o) = F()/o (o —p)° " h(p, u(p))dp — (2_5%/0 (1= p)? " h(p,o(p))dp

Y
20 o ° o1
+(2_52)r(g)/0 </0 (p—k) h(k,u(k))dk)dp, o €[0,1].

The problem (21) is equivalent to finding p* € H that satisfies H(u*) = p.
Now, Consider u,v € H such that h(u(o),v(0)) >0V o € [0,1]. We obtain

I . 20 ! o
970y — 1(0)| = ‘F(Q)/o (0= p)° " hlp, gpu(p))dp — (2_5%/0 (1= )2 hlp, gu(p))dp

e /06 (/op(p B k)g_lh%,gum)dk) dp

1 7 o—1 20 1 o—1
_@/o (@ =») h(p’“(p))dﬁm/o (1= p)2 h(p, u(p))dp

e | ’ ([ =0 tn i )

1

) /O" (0= 2)* " 1h(p: () = hlp, 1(p)))ldp

(2*‘?%/0 (1= )2~ 1P, guipy) — 1o, 1)) ldp

20 3
e /

o 1F -7

20 1 o Tle+1) _.
+(2_52)p(9)/0 (1= p)? ' =" |u(p) = gupldp

_|_

/ (0 — W) (e () — h(k,gm)))dk]dp

5
20 J P o F(g—|—1) .
e fy () 00 HEe 0 — ol

Fo+1) _ 1 ! 1 1
< ————¢ "lgn — plles sup 7/ (0 —=p)* " lo—pl*dp
5 se0,1) \I'(2) Jo

20 1 o1 20 5 prp o1
+<2—62>r<g>/0(1”) d”+<2—62>r<g>/o / o= H ”””lp)
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< e lgn — plloo
Thus for each p, g, € H, we have

11 = gilloe < e Tlli = gulloo,
or,
2, g7) < e T2, gu)-
By applying logarithm, we can write
(2w, g3)) < In(e™"2(k, g)),
and hence

Sn(2n,9,0) + (20, 9.))]

which proves that the existence of p* € H such that p* € g;. Hence, u* is a
solution to problem(21).

T+ n(2(p, g;)) <

6. CONCLUSION

This paper presents a novel generalisation of the Wardowski-original F-contraction,
which we refer to as the Kannan type of F-contraction. Using this new contraction
mapping, our main contribution is the construction of fixed points in ordered spaces
that are not necessarily complete. This generalisation greatly expands the field of
fixed point theory and increases the variety of spaces in which F-contractions can be
applied. We have verified the efficacy and reliability of our theoretical results with
multiple illustrative cases. We have also emphasised how our results have applica-
tions in fractional calculus. Our generalised F-contraction presents a novel method
for solving fractional differential equations and demonstrates its applicability to
issues with dynamics of non-integer order.
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