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ON THE STABILITY AND BOUNDEDNESS OF SOLUTIONS TO

FOURTH-ORDER NONLINEAR STOCHASTIC DIFFERENTIAL

EQUATIONS WITH VARIABLE DELAY

ZOZAN OKTAN, CEMIL TUNÇ

Abstract. This paper establishes sufficient conditions for the stochastic as-

ymptotic stability (SAS) and uniform stochastic boundedness (USB) of so-
lutions to a class of fourth-order stochastic delay differential equations. By

defining an appropriate Lyapunov–Krasovskii functional (LKF), two new the-

orems are proved that guarantee these stability and boundedness properties.
As an application of the theoretical findings, two illustrative examples are pre-

sented to demonstrate the effectiveness of the established criteria. Finally, the

results provide a novel and meaningful contribution to the qualitative analy-
sis of higher-order stochastic delay differential equations and are expected to

support further theoretical developments and applied investigations.

1. Introduction

The stability, boundedness, and convergence of solutions are fundamental topics
in the theory and applications of ordinary differential equations, delay differential
equations, stochastic differential equations, and stochastic delay differential equa-
tions (SDDEs). In particular, these qualitative properties play a crucial role in the
analysis and modelling of systems governed by ordinary, functional, and stochastic
differential equations, both with and without delays. For comprehensive discussions
and applications, see, e.g., the books by Arnold [6], Hale [14], Mao [25], McCauley
[28], Mickens [29], Oksendal [30], Panik [31], Raffoul [32], Shaikhet [35], Yang [53],
the paper by Lei and Mackey [22] and the references therein.

If the solutions of a differential equation are known in closed form, one can
directly analyze their stability, boundedness, and convergence. In practice, how-
ever, exact solutions are rare, especially for nonlinear or higher-order differential
equations. The presence of delays and stochastic terms complicate further the
analysis. Therefore, qualitative methods are used when explicit solutions are un-
available. Among these, Lyapunov’s second method and the LKF approach are
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well-established. These methods provide sufficient conditions for stability, bound-
edness, and convergence without solving the equations. Their main requirement is
the construction or definition of an appropriate Lyapunov function or LKF. How-
ever, identifying such functions is often challenging and problem-dependent.

In recent decades, numerous results have been obtained on the qualitative be-
haviour of solutions to fourth-order nonlinear differential equations, both with and
without delay, primarily using Lyapunov’s second (direct) method and the Lya-
punov–Krasovskii method (see, e.g., Abou-El-Ela et al. [1], Ademola [3], Adesina
and Ogundare [5], Cai and Meng [7], Cartwright [8], Chin [9], Chukwu [10], Ezeilo
[11, 12], Ezeilo and Tejumola[13], Korkmaz [17], Korkmaz and Tunç [18], Lalli and
Skrapek [20, 21], Lin et al.[23], Liu and Wang [24], Remili and Rahmane [33], Sadek
[34], Sinha [36], Sinha and Hoft [37], Skrapek and Lalli [38], Tejumola and Tcheg-
nani [39], Tiryaki and Tunç [40], Tunç ([41, 42, 43, 44, 45, 46, 47, 48, 49], Wu and
Xiong [54], Yu and Cheng [55] and the references cited in these papers).

Some recent and interesting results on the stability and boundedness of solutions
of higher-order Abou-El-Ela et al. [2], Ademola et al. [4], Mahmoud and Tunç [26],
Tunç and Oktan [50, 51], Tunç and Tunç [52].

Besides, it is worth mentioning that to the best of our knowledge, the present
literature contains only one recent contribution concerning the stability of solutions
to fourth-order stochastic delay differential equations. Specifically, Mahmoud et al.
[27] investigated the following fourth-order nonlinear stochastic delay differential
equation:

x(4)(t) + ax′′′(t) + h(x′′(t)) + φ(x′(t− r)) + f (x(t− r)) + σx(t)ω̇(t) = 0.

Mahmoud et al. [27] employed the Lyapunov–Krasovskii method to derive suffi-
cient conditions ensuring the stochastic asymptotic stability of the zero solution
of this fourth-order nonlinear stochastic delay differential equation. The limited
number of studies addressing the qualitative behavior of such equations is likely
due to the substantial challenge of constructing appropriate Lyapunov–Krasovskii
functionals. Currently, no general framework exists for the systematic construction
of such functionals for higher-order nonlinear stochastic delay differential equations.
This remains an open and significant problem in the field.

Motivated by existing results on the stability of ordinary and stochastic differen-
tial equations, both with and without delay, and the related literature cited therein,
we investigate the following class of fourth-order stochastic delay differential equa-
tions (SDDEs) subject to prescribed initial data:

x(4) + f(x′′)x′′′ + g(x′′(t− r(t))) + ψ(x′(t)) + ϕ(x(t− r(t)))
+σh(t, x′)ω′(t) = q(t, x, x(t− r(t)), ..., x′′′, x′′′(t− r(t))),

x(t) = φ(t), t ∈ [−r0, 0],

(1.1)

where, x ∈ R, t ∈ R+ = [0,∞), r(t) ∈ C1(R+, (0,∞)) is the variable delay,
0 ≤ r(t) ≤ r0, r0 ∈ R, r′(t) ≤ β, β ∈ (0, 1), β ∈ R, σ is positive constant,
φ ∈ C ([−r0, 0]) ,f ∈ C (R,R), ψ, ϕ,g ∈ C1(R,R), h ∈ C(R+ ×R,R), q ∈ C(R+ ×
R8, R), g(0) = ψ(0) = ϕ(0) = h(t, 0) = 0 and ω′(t) ∈ Rn a standard Wiener
process, representing the noise.

The SDDE (1.1) can be reformulated as the following system of the SDDEs (1.2):
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x′ =y, y′ = z, z′ = u,

u′ =− f(z)u− g(z)− ψ(y)− ϕ(x) +

∫ t

t−r(t)
ϕ′(x(s))y(s)ds

+

∫ t

t−r(t)
g′(z(s))u(s)ds− σh(t, y)ω′(t)

+ q(t, x, x(t− r(t)), ..., u, u(t− r(t))).

(1.2)

This article investigates the SAS and USB stochastic boundedness of solutions to
the fourth-order nonlinear SDDE (1.1) when q(...) = q(t, x, x(t − r(t)), ..., u, u(t −
r(t))) = 0 and q(...) 6= 0, respectively. To the best of our knowledge, this is
the first study in the existing literature that addresses the SAS and the SUB of
solutions to a fourth-order SDDEs with variable delay. To achieve this objective, we
construct a new LKF tailored to the system of SDDEs given in (1.2). Two theorems
are established to characterize the SAS and SUB properties of the solutions. The
results presented are new and original, and they contribute to the qualitative theory
of higher-order SDDEs. These findings constitute the novelty and originality of the
present work.

To facilitate the presentation, we introduce the following notations:

f1(z) =

 1
z

z∫
0

f(s)ds, z 6= 0

f(0), z = 0,

g1(z) =

{
g(z)
z , z 6= 0
g′(0), z = 0 ,

ψ1(y) =

{
ψ(y)
y , y 6= 0

ψ′(0), y = 0.

(1.3)

2. Preliminaries

Consider a non-autonomous system of SDDEs:

dx(t) = f(t, x(t), x(t− r))dt+ g(t, x(t), x(t− r))dB(t), t ≥ 0, (2.1)

where f : R+×Rn×Rn → Rn and g : R+×Rn×Rn → Rn×m are given nonlinear
continuous functions, B(t) = (B1(t), B2(t), ..., Bm(t)) is an m− dimensional stan-
dard Brownian motion and x(t) = (x1(t), x2(t), ..., xn(t)) ∈ Rn is a solution of the
system of SDDEs (2.1) with initial data {x(θ) : −r ≤ θ ≤ 0} , x0 ∈ C ([−r, 0], Rn) .
Moreover, assume that the functions f, g satisfy the local Lipschitz condition and
the linear growth condition. Hence, for any given initial value x(0) = x0 ∈ Rn, it is
therefore known that the system of SDDEs (2.1) has a unique continuous solution
on t ≥ 0, which is known as x(t;x0) in this section. Suppose that f(t, 0, 0) = 0 and
g(t, 0, 0) = 0, for all t ≥ 0. Then, the system of SDDEs admits the zero solution
x(t; 0) ≡ 0 for any given initial value x0 ∈ C([−r, 0];Rn).
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Let C1,2 (R+ ×Rn;R+) denote the family of nonnegative functions Υ(t, x) de-
fined on R+ × Rn, which are once continuously differentiable in t and twice con-
tinuously differentiable in x. Suppose that Υ(t, x) ∈ C1,2(R+ ×Rn, R+). Then, by
Ito’s formula, we have

LΥ(t, x) = Υt(t, x) + Υx(t, x)f(t, x, y) +
1

2
trace

[
gT (t, x, y)Υxx(t, x)g(t, x, y)

]
,

Υt = ∂Υ
∂t , Υx =

(
∂Υ
∂x1

, ..., ∂Υ
∂xn

)
,

Υxx =
(

∂2Υ
∂xi∂xj

)
n×n

=


∂2Υ

∂x1∂x1
. . . ∂2Υ

∂x1∂xn

...
. . .

...
∂2Υ

∂xn∂x1
· · · ∂2Υ

∂xn∂xn


n×n

.

Let µ1, µ2 ∈ C(R+, R+), µ1(0) = µ2(0) = 0, µ1(r) > 0, µ2(r) > 0 if r > 0 and
µ1, µ2 are non-decreasing. Next, let K denote the family this kind functions.

Lemma 2.1. (Abou-El-Ela et al. [2]). Let Υ ∈ C1,2(R+×bRn, R+) and µ1, µ2, µ3 ∈
K such that

(A1) Υ(t, 0) = 0, ∀t ≥ 0;

(A2) µ1 (‖x(t)‖) ≤ Υ(t, x) ≤ µ2 (‖x(t)‖) , ∀(t, x) ∈ R+ ×Rn, and µ1(r),

µ2(r)→∞ as r →∞;

(A3) LΥ(t, x) ≤ −µ3 (‖x(t)‖) , ∀(t, x) ∈ R+ ×Rn.

Then, the solution x(t) = 0 of the system of SDDEs (2.1) is stochastically asymp-
totically stable.

Definition 2.2. (Abou-El-Ela et al. [2]). A solution x(t; t0, x0) of the system of
SDDEs (2.1) is said to be stochastically bounded or bounded in probability, if it
satisfies

Ex0 ||x(t; t0, x0)|| ≤ C(||x0||, t0), ∀t ≥ t0,
where Ex0 denotes the expectation operator with respect to the probability law
associated with x0, C : R+ ×R+ → R+ is a constant depending on t0 and x0. We
say that the solutions of the system of SDDEs (2.1) are uniformly stochastically
bounded, if C is independent of t0.

Assumption 2.3. (Abou-El-Ela et al. [2]). We assume that for any solution x(t)
of the system of SDDEs (2.1) and for any fixed 0 ≤ t0 ≤ T < ∞, the following
condition holds:

Ex0

{∫ T

t0

Υ2
xi

(t, x)g2
ik(t, y)dt

}
<∞, (2.2)

1 ≤ i ≤ n, 1 ≤ k ≤ m.

Assumption 2.4. (Abou-El-Ela et al. [2]).A special case of the general condition
(2.2) is the following condition: assume that there exists a function χ(t) such that

|Υxi
(t, x)gik(t, y)| ≤ χ(t), (2.3)

∀x ∈ Rn, 1 ≤ i ≤ n, 1 ≤ k ≤ m,
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and for any fixed 0 ≤ to ≤ T <∞,∫ T

t0

χ2(t)dt <∞. (2.4)

Theorem 2.5. (Abou-El-Ela et al. [2]).Assume that there exists an LF Υ(t, x) ∈
C1,2(R+ × Rn;R+) satisfying Assumption 2.3, such that for all (t, x) ∈ R+ × Rn
the following conditions are satisfied:

(B1) ||x||q1 ≤ Υ(t, x) ≤ ||x||q2 ;
(B2) LΥ(t, x) ≤ −λ(t)||x||r + η(t);
(B3) Υ(t, x)−Υr/q2(t, x) ≤ µ,

where λ, η ∈ C(R+R+), q1, q2 and r are positive constants, q1 ≥ 1, and µ is a
nonnegative constant. Then, all solutions of the system of SDDEs (2.1) satisfy

Ex0 ‖x(t; t0, x0)‖ (2.5)

≤

Υ(t0, x0) exp(−
t∫

t0

λ(s)ds) +

t∫
t0

(µλ(u) + η(u)) exp(−
t∫

u

λ(s)ds)du


1/q1

,

for all t ≥ t0.

Theorem 2.6. (Abou-El-Ela et al. [2]).Assume that there exists an LF Υ(t, x) ∈
C1,2(R+ ×Rn;R+) satisfying Assumption 2.3, such that for all (t, x) ∈ R+ ×Rn

(C1) ||x||q1 ≤ Υ(t, x);
(C2) LΥ(t, x) ≤ −λ(t)Υq2(t, x) + η(t);
(C3) Υ(t, x)−Υq2(t, x) ≤ µ,

where λ, η ∈ C(R+R+), q1 and q2 are two positive constants, q1 ≥ 1 and µ is
a nonnegative constant. Then, all solutions of the system of SDDEs (2.1) satisfy
(2.5) for all t ≥ t0.

Corollary 2.7. (Abou-El-Ela et al. [2]).(D1) Assume that the conditions of The-
orem 2.5 and the following condition hold:

t∫
t0

{µλ(ξ) + η(ξ)} exp

− t∫
ξ

λ(s)ds

dξ ≤M, ∀t ≥ t0 ≥ 0, (2.6)

where M > 0,M ∈ R. Then, all the solutions of (2.1) are uniformly stochastically
bounded.

(D2) Assume that the conditions of Theorem 2.6 hold. If the condition (2.6)
is satisfied, then all the solutions of the system of SDDEs (2.1) are stochastically
bounded.

3. Stochastic stability and boundedness

This section presents two new results on the stochastic asymptotic stability and
the uniform stochastic boundedness of solutions to the SDDE (1.1), respectively.

Let q(...) = 0 in (1.2). The first main result is stated in Theorem 3.1
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Theorem 3.1. Let a, a1, a2, b, c, d, e, h0, k, r0, β, ε, ε0 and δ are positive
constants and the following conditions hold for all t ∈ R+ and x, y, z, u ∈ R :

(H1) a ≤ f(z) ≤ e, f1(z)− f(z) <
δ

2a2c
;

(H2) g(0) = 0, 0 ≤ g1(z)− b ≤ ε0c
3

d2
with ε0 < ε ≤ δ

2acδ0
, 0 < g′(z) ≤ k;

(H3) ψ(0) = 0, 0 ≤ ψ1(y)− c ≤ δ

8c

√
d

2ac
,

abc− cψ′(y)− adf(z) ≥ δ;

(H4) ϕ(0) = 0, 0 < d− aδ

4c
< ϕ′(x) ≤ d;

(H5) h(t, 0) = 0, |h(t, y)| ≤ h0 |y| .

If

r0 < min

[
(ε− ε0)c− 2−1a1σ

2h2
0

K1
,

δ

ac(d+ k)
,
εa

K2

]
, (3.1)

then the zero solution of the SDDE (1.1) is stochastically asymptotically stable,
where

K1 =2−1((a1 + a2 + 1)(1− β)−1d+ (d+ k)a2),

K2 =2−1((a1 + a2 + 1)(1− β)−1k + (d+ k)a1),

a1 =ε+ a−1, a2 = ε+ dc−1, δ0 = ab+ bcd−1.

Proof. To prove this theorem, we introduce an LKF Υ(t) = Υ(t, xt, yt, zt, ut) de-
fined as follows:

2Υ(t) =2a2

∫ x

0

ϕ(η)dη + 2

∫ y

0

ψ(ξ)dξ + 2a1

∫ z

0

g(υ)dυ + 2

∫ z

0

f(s)sds

+2a2y

∫ z

0

f(s)ds+ a1u
2 + 2ϕ(x)y + 2a1ϕ(x)z + 2a1ψ(y)z

+2a2yu+ 2zu+ (ba2 − a1d)y2 − a2z
2 + 2λ

∫ 0

−r(t)

∫ t

t+s

y2(υ)dυds

+2µ

∫ 0

−r(t)

∫ t

t+s

u2(υ)dυds, (3.2)

where λ, µ ∈ R are positive constants to be determined subsequently. It fol-
lows that Υ(t, 0, 0, 0, 0) = 0 and the equation (3.2), representing the LKF, can be
rewritten in the following form:
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2Υ(t) =
1

c
[ϕ(x) + cy + a1cz]

2
+

1

f1(z)
[u+ f1(z)z + a2f1(z)y]

2

+

[
a1 −

1

f1(z)

]
u2 + 2a1

z∫
0

g(υ)dυ − (a2 + a2
1c)z

2

+ 2

z∫
0

f(s)sds− f1(z)z2 +
[
ba2 − da1 − a2

2f1(z)
]
y2

+ 2

y∫
0

ψ(ξ)dξ − cy2 + 2a1 [ψ1(y)− c] yz + 2a2

x∫
0

ϕ(η)dη

− 1

c
ϕ2(x) + 2λ

0∫
−r(t)

t∫
t+s

y2(υ)dυds+ 2µ

0∫
−r(t)

t∫
t+s

u2(υ)dυds.

Let

Υ1 =2a2

x∫
0

ϕ(η)dη − 1

c
ϕ2(x),

Υ2 =
[
ba2 − da1 − a2

2f1(z)
]
y2 + 2

y∫
0

ψ(ξ)dξ − cy2,

Υ3 =2a1

z∫
0

g(υ)dυ − (a2 + a2
1c)z

2 + 2

z∫
0

f(s)sds− f1(z)z2,

Υ4 =

(
a1 −

1

f1(z)

)
u2.

Using a1 = ε+ a−1 from (3.1), ϕ(0) = 0 and ϕ′(x) ≤ d, we have

Υ1 =2

(
ε+

d

c

) x∫
0

ϕ(η)dη − 1

c
ϕ2(x)

=2

x∫
0

[(
ε+

d

c

)
− 1

c
ϕ′(η)

]
ϕ(η)ds

≥2ε

x∫
0

ϕ(η)dη ≥ ε
(
d− aδ

4c

)
x2.

Applying the conditions (H1)− (H5), and the mean value theorem for integrals, we
obtain the following inequalities, respectively:



ON THE STABILITY. . . 33

Υ2 =
[
ba2 − da1 − a2

2f1(z)
]
y2 + 2

y∫
0

(
ψ(ξ)

ξ
− c
)
ξdξ

≥a2 [b− a1ψ1(y)− a2f1(z)] y2 + a1[a2ψ1(y)− d]y2

=a2 [b− a1ψ
′(θ1y)− a2f(θ2z)] y

2 + a1[a2ψ1(y)− d]y2

≥a2

[
b− 1

a
ψ′(θ1y)− d

c
f(θ2z)

]
y2 − εa2

(
ab+

bc

d

)
y2

=
a2

ac
[abc− cψ′(θ1y)− adf(θ2z)] y

2 − εa2δ0y
2

≥
(
a2δ

ac
− εa2δ0

)
y2 ≥ a2δ

2ac
y2 ≥ dδ

2ac2
y2, 0 ≤ θ1, θ2 ≤ 1;

Υ3 ≥(a1b− a2 − a2
1c)z

2 +

z∫
0

[f(s)− f1(s)]sds

≥
[
a1b− a2 − a2

1ψ1(y)
]
z2 −

z∫
0

δ

2a2c
sds

≥a1 [b− a1ψ
′(θ3y)− a2f(z)] z2 + a2f(z)

[
a1 − f−1(z)

]
z2

− δ

4a2c
z2

≥
(
a1δ

ac
− a1δ0ε

)
z2 ≥ δ

2a2c
z2 − δ

4a2c
z2

=
δ

4a2c
z2, 0 ≤ θ3 ≤ 1;

Υ4 =
[
a1 − f−1

1 (z)
]
u2 ≥ εu2;

0∫
−r(t)

t∫
t+s

y2(υ)dυds ≥ 0,

0∫
−r(t)

t∫
t+s

u2(υ)dυds ≥ 0.

By collecting the above results into the LKF (3.2), we derive the following inequal-
ity:

Υ ≥ ε
(
d− aδ

4c

)
+

dδ

2ac2
y2 +

δ

4a2c
z2 + εu2 + 2a1(ψ1(y)− c)yz.

Let

Υ5 =
dδ

4ac2
y2 + 2a1(ψ1(y)− c)yz +

δ

8a2c
z2.

It is evident that the coefficients of this expression are non-negative. By applying
conditions a1 = ε+ a−1 and (H3), we obtain

a2
1[ψ1(y)− c]2 < 4

a2
[ψ1(y)− c]2 < dδ2

32a3c3
, ∀y ∈ R.
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Therefore, we have

Υ5 ≥
dδ

4ac2
y2 − 2a1 |yz|+

δ

8a2c
z2

≥ dδ

4ac2
y2 − δ

2ac

√
d

2ac
|yz|+ δ

8a2c
z2

=

[
1

2c

√
dδ

a
|y| − 1

2a

√
δ

2c
|z|

]2

≥ 0.

By combining this result and the last inequality obtained above for Υ(t), we con-
clude that

2Υ(t) ≥ ε
(
d− aδ

4c

)
x2 +

dδ

4ac2
y2 +

δ

8a2c
z2 + εu2.

Then,

Υ(t) ≥ ρ1

(
x2 + y2 + z2 + u2

)
, (3.3)

where

ρ1 =
1

2
min

{
ε

(
d− aδ

4c

)
,
dδ

4ac2
,
δ

8a2c
, ε

}
.

On the other hand, using the LKF (3.2), the conditions (H1)−(H5) of Theorem 3.1,
the inequality 2|mn| ≤ m2 + n2, and the notation (1.3), we observe the following
inequalities:

2a2

x∫
0

ϕ(η)dη ≤ a2dx
2;

2

y∫
0

ψ(ξ)dξ = 2

y∫
0

ψ(ξ)

ξ
ξdξ ≤

[
δ

8c

√
d

2ac
+ c

]
y2;

2a1

z∫
0

g(υ)dυ = 2a1

z∫
0

g(υ)

υ
υdυ ≤ a1

(
ε0c

3d−2 + b
)
z2;

2

z∫
0

f(s)sds ≤ ez2;

2a2y

z∫
0

f(s)ds ≤ 2a2e |y| |z| ≤ a2ey
2 + a2ez

2;

2ϕ(x)y ≤ dx2 + dy2;

2a1ϕ(x)z ≤ a1dx
2 + a1dz

2;

2a1ψ(y)z ≤ a1

[
δ

8c

√
d

2ac
+ c

]
y2 + a1

[
δ

8c

√
d

2ac
+ c

]
z2.
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Substituting the above inequalities into (3.2) and carrying out similar computations
for the remaining terms of (3.2) as in Mahmoud et al. [27], we obtain a positive
constant ρ2 such that

Υ(t, xt, yt, zt, ut) ≤ ρ2(x2 + y2 + z2 + u2). (3.4)

Consequently, from (3.3) and (3.4), it follows that

ρ1(x2 + y2 + z2 + u2) ≤ Υ(t, xt, yt, zt, ut) ≤ ρ2(x2 + y2 + z2 + u2).

By differentiating the LK F (3.2) along the system (1.2), applying Itô’s formula
(Mao [25]), and making the necessary adjustments, we obtain the relation, as fol-
lows:

LΥ(t) = −[d− ϕ′(x)]
(
y +

a1

2
z
)2

− [g1(z)− b]
(
z +

a2

2
y
)2

−[a2ψ1(y)− d]y2 +
a2

2

4

[
g1(z)− b

]
y2 − [b− a1ψ

′(y)− a2f1(z)]z2

+
a2

1

4

[
d− ϕ′(x)

]
z2 − [a1f(z)− 1]u2 + r(t)[λy2 + µu2]

−(1− r′(t))
∫ t

t−r(t)
[λy2(s) + µu2(s)]ds+

1

2
a1σ

2h2(t, y)

+(a2y + z + a1u)

{∫ t

t−r(t)
ϕ′(x(s))y(s)ds+

∫ t

t−r(t)
g′(z(s))u(s)ds

}
.

(3.5)

Under the assumptions of Theorem 3.1, the following inequalities hold for the cor-
responding terms in the equality (3.5), respectively:
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− [a2ψ1(y)− d] y2 +
a2

2

4
[g1(z)− b] y2 ≤− εcy2 +

d2

c2
ε0c

3

d2
y2

=− (ε− ε0)cy2;

− [b− a1ψ
′(y)− a2f1(z)] z2 +

a2
1

4
[d− ϕ′(x)] z2 ≤− δ

2ac
z2 +

1

a2

aδ

4c
z2

=− δ

2ac
z2;

−[a1f(z)− 1]u2 ≤− εau2;

1

2
a1σ

2h2(t, y) ≤1

2
a1σ

2h2
0y

2;

(a2y + z + a1u)

t∫
t−r(t)

ϕ′(x(s))y(s)ds ≤1

2
r0d

(
a2y

2 + z2 + a1u
2
)

+
1

2
(a1 + a2 + 1)d

t∫
t−r(t)

y2(s)ds;

(a2y + z + a1u)

t∫
t−r(t)

g′(z(s))u(s)ds ≤1

2
r0k

(
a2y

2 + z2 + a1u
2
)

+
1

2
(a1 + a2 + 1) k

t∫
t−r(t)

u2(s)ds.

By substituting these inequalities into equation (3.5), we obtain

LΥ(t) ≤ −[d− ϕ′(x)]

(
y +

a1

a
z

)2

− [g1(z)− b]
(
z +

a2

2
y

)2

−[(ε− ε0)c− 2−1a1σ
2h2

0 − (λ+ 2−1(d+ k)a2)r0]y2

−
[
δ

2ac
− 1

2
(d+ k)r0

]
z2 − [εa− (µ+ 2−1(d+ k)a1)r0]u2

+

[
1

2
(a1 + a2 + 1)d− λ(1− β)

] ∫ t

t−r(t)
y2(s)ds

+

[
1

2
(a1 + a2 + 1)k − µ(1− β)

] ∫ t

t−r(t)
u2(s)ds. (3.6)

Let

λ =
(a1 + a2 + 1)d

2(1− β)
, µ =

(a1 + a2 + 1)k

2(1− β)
, β ∈ (0, 1).

Due to this choice, from (3.6), we obtain
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LΥ(t) ≤ −
[
(ε− ε0)c− 2−1a1σ

2h2
0 − 2−1((a1 + a2 + 1)(1− β)−1d

+(d+ k)a2)r0

]
y2 − 1

2

[
δ

ac
− (d+ k)r0

]
z2

−[εa− 2−1((a1 + a2 + 1)(1− β)−1k + (d+ k)a1)r0]u2. (3.7)

According to the condition in (3.1), there exists a sufficiently small positive constant
ρ such that from (3.7) we conclude that

LΥ(t) ≤ −ρ(y2 + z2 + u2).

Based on the foregoing analysis, we deduce that the zero solution of the SDDE
(1.1) is stochastically asymptotically stable. This completes the proof of Theorem
3.1.

We now present an example of a specific case of the SDDE (1.1) to verify the
conditions of Theorem3.1. �

Example 3.2. In a particular case of the SDDE (1.1) with q(...) = 0, we investigate
the equation in the following form:

x(4) +

(
1 +

1

1 + x′′2

)
x′′′ +

(
5 +

1

2 + x′′2
(
t− 10−1

))x′′ (t− 10−1
)

+

(
1 +

1

1 + x′2

)
x′ + x

(
t− 10−1

)
+

1

4

x′

t2 + x′2 + 1
ω′(t) = 0. (3.8)

Accordingly, the SDDE (3.8) takes the following equivalent form:

x′ =y, y′ = z, z′ = u,

u′ =−
(

1 +
1

1 + z2

)
u−

(
5 +

1

2 + z2

)
z −

(
1 +

1

1 + y2

)
y

− x+

∫ t

t−10−1

y(s)ds+

∫ t

t−10−1

[
5 +

2− z2(s)

(2 + z2(s))2

]
u(s)ds

− 1

4

y

t2 + y2 + 1
ω′(t). (3.9)
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By comparing the system of SDDEs in (3.9) with that in (1.2) and proceeding some
related calculations, we obtain the following relationships, respectively:

f(z) = 1 +
1

1 + z2
≥ 1 = a, ∀z ∈ R,

g(z) = 5z +
z

2 + z2
, g(0) = 0,

g(z)

z
= 5 +

1

2 + z2
≥ 5 = b, (z 6= 0) , ∀z ∈ R,∣∣∣∣∂g(z)

∂z

∣∣∣∣ =

∣∣∣∣∣5 +
2− z2

(2 + z2)
2

∣∣∣∣∣ ≤ 5.5 = k,

ψ(y) = y +
y

1 + y2
, ψ(0) = 0,

ψ(y)

y
= 1 +

1

1 + y2
≥ 1 = c, (y 6= 0) ,

ψ′(y) = 1 +
1− y2

(1 + y2)
2 ≤ 2 < 5 = ab, ∀y ∈ R,

ϕ(x) = x, ϕ(0) = 0,
ϕ(x)

x
= 1, (x 6= 0) ,

ϕ′(x) = 1 = d, ∀x ∈ R,

σh(t, y) =
1

4

y

t2 + y2 + 1
with σ =

1

4
, h(t, 0) = 0,

|h(t, y)| ≤ |y| , h0 = 1, ∀t ∈ R+, ∀y ∈ R,

abc− cψ′(y)− adf(z) = 5− 1− 1− y2

(1 + y2)
2 − 1− 1

1 + z2

= 3− 1− y2

(1 + y2)
2 −

1

1 + z2

≥ 3− 1

1 + y2
− 1

1 + z2
≥ 1 = δ,

1 = d ≥ ϕ′(x) > d− aδ

4c
= 1− 1

4
= 0.75 > 0,

f(z) = 1 +
1

1 + z2
≤ 2 < 5 =

bc

d
,

ε0 < ε ≤ 0.05 =
δ

2acδ0
.

Let ε = 0.05, ε0 = 0.01, and β = 1
2 . Consequently, it is evident that the following

inequalities are also satisfied:
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K1 =2−1
(

(a1 + a2 + 1)(1− β)
−1
d+ (d+ k)a2

)
=2−1 (2(1.05 + 1.05 + 1) + 1.05(1 + 5.5)) = 6.5125 > 0,

K2 =2−1
(

(a1 + a2 + 1)(1− β)
−1
k + (d+ k)a1

)
=2−1 (11(1.05 + 1.05 + 1) + 1.05(1 + 5.5)) = 20.4625 > 0,

a1 =ε+
1

a
= 0.05 + 1 = 1.05 > 0,

a2 =ε+
d

c
= 0.05 + 1 = 1.05 > 0,

δ0 =ab+ bcd−1 = 5 + 5 = 10 > 0,

r0 <min

[
(ε− ε0)c− 2−1a1σ

2h2
0

K1
,

δ

ac(d+ k)
,
εa

K2

]
= min [0.0011, 0.1538, 0.0024] = 0.0011.

Hence, since all the conditions of Theorem 3.1 are fulfilled for the SDDE in (3.8).
Thereby, the zero solution SDDE in (3.8) is stochastically asymptotically stable.

Let q(...) = q (t, x, x(t− r(t)), ..., u, u(t− r(t))) 6= 0 in (1.2).
We next examine the case of uniform stochastic boundedness. The second main

result is stated in Theorem 3.3.

Theorem 3.3. Assume that the conditions (H1)− (H5) of Theorem 3.1, (1.3) and
the following condition hold:

(H6) |q(t, x, x(t− r(t)), ..., u, u(t− r(t)))| ≤ m, ∀t ∈ R+, ∀x, ..., u ∈ R,

where m ∈ R, m > 0. Then, the solutions of the system of SDDEs in (1.2) are
uniformly stochastically bounded.

Proof. Based on Itô’s formula (Mao [25]) and the conditions (H1)− (H6), the time
derivative of the LKF Υ(t) along the trajectories of the system of SDDEs in (1.2)
can be expressed as follows:
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LΥ ≤ −[(ε− ε0)c− 2−1a1σ
2h2

0 − 2−1((a1 + a2 + 1)(1− β)−1d

+(d+ k)a2)r0]y2 −
[
δ

2ac
− 1

2
(d+ k)r0

]
z2

−[εa− 2−1((a1 + a2 + 1)(1− β)−1k + (d+ k)a1)r0]u2

+(a2y + z + a1u)q(t, x, x(t− r(t)), ..., u, u(r − r(t)))
≤ −[(ε− ε0)c− 2−1a1σ

2h2
0 − 2−1((a1 + a2 + 1)(1− β)−1d

+(d+ k)a2)r0]y2 −
[
δ

2ac
− 1

2
(d+ k)r0

]
z2

−[εa− 2−1((a1 + a2 + 1)(1− β)−1k + (d+ k)a1)r0]u2

+a2m|y|+m|z|+ a1m|u|
≤ −ρ(y2 + z2 + u2) + |y||q(.)|+ |z||q(.)|+ |u||q(.)|
≤ −ρ(y2 + z2 + u2) + k0ρ|y|+ k0ρ|z|+ k0ρ|u|

= −1

2
ρ(y2 + z2 + u2)− 1

2
ρ[|y| − k0]2

−1

2
ρ[|z| − k0]2 − 1

2
ρ[|u| − k0]2 +

3

2
ρk2

0

≤ −ρ(y2 + z2 + u2) +
3

2
ρk2

0,

where

k0 = mmax{a2, 1, a1}
Thus, condition (B2) of Theorem 2.5 is satisfied by taking λ(t) = ρ, η(t) = 3

2ρk
2
0,

and r = 2. We can also easily check that the conditions (B1) and (B3) of Theorem
2.5 with q1 = q2 = 2 and µ = 0 are satisfied, using the same techniques which
have already been demonstrated in proof of Theorem 3.1. With λ(t) = ρ, η(t) =
3
2ρk

2
0, µ = 0 and using them in (2.6), we note that

t∫
t0

{µλ(ξ) + η(ξ)} exp

− t∫
ξ

λ(s)ds

 dξ ≤ 3

2
k2

0, k0 > 0, ∀t ≥ t0 ≥ 0.

Thus, the condition (2.6) holds, in the light of the following relations

gT = − σh(t, y),

Υx = a2ϕ(x) + ϕ′(x)y + a1ϕ
′(x)z,

Υy =ψ(y) + a2

z∫
0

f(ς)dς + ϕ(x) + a1ψ
′(y)z + a2u+ (ba2 − a1d)y,

Υz = a1g(z) + f(z)z + a2yf(z) + a1ϕ(x) + a1ψ(y) + u− a2z,

Υu = a1u+ a2y + z,

and the conditions of Theorem 3.3 . Then, depending upon the conditions of
Theorem 3.3, we have
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|Υxi
(t, x(t))gik(t, y(t))| ≤ σh0|y| [a2|y|+ |z|+ a1|u|]

≤ σh0 [a2|y||y|+ |y||z|+ a1|y||u|]

≤ σh0

[
a2y

2 +
1

2
y2 +

1

2
z2 +

a1

2
y2 +

a1

2
u2

]
= σh0

[(
a2 +

a1 + 1

2

)
y2 +

1

2
z2 +

a1

2
u2

]
= χ(t).

Hence, the conditions (2.3) and (2.4) are satisfied. So by Corollary 2.7 (D1), we
find that all solutions of the SDDE (1.1) are uniformly stochastically bounded and
satisfy

Ex0 ‖x(t; t0, x0)‖ ≤
(
Cx2

0 +
3

2
k2

0

)1/2

, ∀t ≥ t0 ≥ 0,

where C is a constant. This completes the proof of Theorem 3.3.
In a specific case of the SDDE (1.1), we will now provide an example to demon-

strate the verification of the conditions in Theorem 3.3. �

Example 3.4. Let q(...) 6= 0 in equation (1.1). As a special case of the SDDE
(1.1), we focus on the following fourth-order nonlinear SDDE:

x(4) +

(
1 +

1

1 + x′′2

)
x′′′ +

(
5 +

1

2 + x′′2
(
t− 10−1

))x′′ (t− 10−1
)

+

(
1 +

1

1 + x′2

)
x′ + x

(
t− 10−1

)
+

1

4

x′

t2 + x′2 + 1
ω′(t)

=
1 + exp(−t)

200 + exp
(
x′2
(
t− 10−1

)
+ x′′2

(
t− 10−1

)
+ x′′′2

(
t− 10−1

)) . (3.10)

Accordingly, the SDDE (3.10) takes the following equivalent form:

x′ =y, y′ = z, z′ = u,

u′ =−
(

1 +
1

1 + z2

)
u−

(
5 +

1

2 + z2

)
z

−
(

1 +
1

1 + y2

)
y − x+

t∫
t−10−1

y(s)ds

+

t∫
t−10−1

{
5 +

2− z2(s)

(2 + z2(s))
2

}
u(s)ds− 1

4

y

t2 + y2 + 1
ω′(t)

+
1 + exp(−t)

200 + exp
(
y2
(
t− 10−1

)
+ z2

(
t− 10−1

)
+ u2

(
t− 10−1

)) . (3.11)

By comparing the system of SDDEs (3.11) with that in (1.2), we observe that
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q(...) =
1 + exp(−t)

200 + exp
(
y2
(
t− 10−1

)
+ z2

(
t− 10−1

)
+ u2

(
t− 10−1

)) .
Then,

|q(...)| = 1 + exp(−t)
200 + exp

(
y2
(
t− 10−1

)
+ z2

(
t− 10−1

)
+ u2

(
t− 10−1

))
≤ 1

100
= m.

Therefore, the condition (H6) in Theorem 3.3 holds true. The remaining functions,
as well as the associated mathematical computations, are identical to those in
Example 3.2 . Therefore, we omit the repetition of these calculations. Consequently,
the solutions of the system of SDDEs in (3.11) are uniformly stochastically bounded.

4. Conclusion

Considering the above information, it can be observed that studies have been
conducted on the qualitative behaviour of solutions to both fourth-order differential
equations and nonlinear stochastic differential equations. In this study, however, a
new model has been developed for the fourth-order variable delayed stochastic dif-
ferential equation, leading to a new result regarding its qualitative behaviour. The
equation model presented here, which takes into account criteria such as variable
delay, h(t, x′)ω′(t), q(...) = 0, q(...) 6= 0 etc., represents a more general study than
previous works and is not found in any literature. Additionally, it is intended to
present this study, along with an example, to the attention of researchers. It is
believed that this study has the potential to prioritize future research related to
the subject.
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[45] C. Tunç, Stability and boundedness of solutions to certain fourth-order differential equations,

Electron. J. Differential Equations 2006, No. 35, 10 pp.
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