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PROPERTIES OF NON-BAZILEVIC FUNCTIONS INVOLVING
THE GENERALIZED M-SERIES
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ABSTRACT. The so-called non-Bazilevi¢ functions have not been studied very
extensively unlike the class of Bazilevi¢ functions. Here we intend to introduce
and study a new class of functions whose analytic characterization would be
expressed as a convex combination of the class of non-Bazilevi¢ functions and
its Alexander transform characterization. The function class is defined using
a differential operator which involves generalized M-series. The generalized
M-series unifies two popular special functions namely generalized Gaussian
hypergeometric function and Mittag-Leffler function, so our study will not
only unify but also generalizes various well-known studies in univalent function
theory. Estimates involving the initial coefficients of the functions having
Maclaurin series, which belong to the defined function class are our main
results. Some examples along with graphs have been used to establish the
inclusion and closure properties. Also, we obtain the logarithmic and inverse
coefficients for the defined function class.

1. INTRODUCTION
2. INTRODUCTION AND DEFINITIONS

Mittag-Leffler function has been an extensively used in the study of The study
of fractional differential equations. Also, the generalized Gaussian hypergeometric
function which is a solution of the well-known Gaussian hypergeometric differential
equation has played a very decisive role in the study of Geometric Function Theory
in dual with Theory of Special Functions. It is an important tool generalized M-
series is one such generalization which has proved to be an important tool in the
studies pertaining to duality theory. Unifying the Mittag-Leffler function and the
Gaussian hypergeometric function, recently Sharma and Jain in [22] Eq. 1] (also
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see [26]) defined the generalized M-series, which is given by
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z,m, 0 € C,Re(n) > 0 and (K;)n, (0;)n are the well-known Pochhammer symbol.
Further the primary condition for the existence of the series is that the de-
nominator terms O’;S, (j = 1,2,...s) are never zero or negative integer. Whereas
if any of the numerator terms «’s, (j = 1,2,...7) is zero or negative integer, then
the infinite series terminates to be polynomial in z. For formal definition and con-
vergence pertaining to the generalized M-series, refer to [22) Eq. 1] (also see [26]).
Also, note that the g-analogue of the generalized M-series was studied by Shimelis
and Suthar [23] 24 25].

Recently, Karthikeyan et al. in [I0] introduced an operator using Hadamard
product and the generalized M-series

Dy (k1, 015 m, 0)f(2) =

3 m(K1)n—1 - (Kr)n_1 I'(0) anz"
2+ ; e o W P may rgg 1) o o rgn y wewr L G

where m > 0, 0 < A < 1 and the range of the parameters are same as in (2.1).
Further f(z) in (2.2)) belongs to the class A, the class of functions analytic in the
unit disc U = {z € C; |z| < 1} which have an expansion of the form

fz)=2+ Z anz", (a, € C). (2.3)
n=2

Regarding the special cases and applications of the operator DY (k1, o1; 1, ) f(2),
refer to Karthikeyan et al. [10]. Here we have intentionally decided not to repeat
the significance and applications of the operator DY'(k1, o1; 1, 0)f(2) as it was
dealt in detail in [I0] (see [4] Bl @, [18]). We intend to publish this paper only as a
short note.

Motivated by Shanmuam et al. [20 21], we now introduce the following:

Definition 2.1. For parameters range mentioned as in the operator DY (k1, o1; 0, 0) f
and 0 < ~,d < 1, a function f(z) € A is said to be in N (k1,01; 7; d; ¢) if and
only if it satisfies the condition

2 (DR e, i 1) 5 (DRG0 OS]
(DY (K1, o151, G)f(z)]1+’7 [(D&”(m, o1; 1, Q)f(z))’}“'”* )

/!

(1-0)

(2.4)
where ¢(z) is starlike symmetric with respect to horizontal axis and maps the unit
disc onto a right-half plane which has an expansion of the form

d(2) =1+ P12 +Pa2® + 32 + -+, (11 > 0; z € U). (2.5)
Remark. The class N (k1,01; 7; 0; ¢) would reduce to

DY k1, 0151, 0) f(2)
Dy (k1, o3 1, 0) f(2)] 7

S\ (k1,013 73 05 ¢) = {f €A: < qS(z)}. (2.6)



18 K. R. KARTHIKEYAN, D. MOHANKUMAR, MUSTHAFA IBRAHIM

and

2D™ (K1, o1; n, 0)f(2)]

[ m)\( 1 157 )/f ( 1)+’Y = ¢(Z) (27)
(D3 (K1, o151, 0) f/(2)]
by letting 6 =0 and 6 = 1 in (2.4) respectively. Note that f(z) € C¥*(k1,01; v; 6; @)
if and only if zf'(z) € S (k1,015 ; 0; ¢). Hence, the class N{" (k1,015 v; 0; @) is
same as famous Mocanu class which unifies two classes related by the Alexander
theorem.

CY (k1,015 7; 0; @) = {f ceA:

Remark. We will now discuss the significance of the defined function class.

(1) Lettingn =0=2¢ in (2.4), we get the class By (k1,01; v; @) introduced and
studied by Selvaraj and Karthikeyan [19] whose analytic characterization is
given by

z

031, 1 (s

where DY (1, 01)f(2) = 2+ 3072, [14 (n = DA™ (eetsiisfant sy

(61)n—-1 - (0s)n—1 (n—1)!"
In [19, Theorem 7], they obtained sufficient conditions for a normalized

analytic functions f to satisfy

14
)f(z)) < ¢(z), Vzel,

1+
’ z
DY _—
0(2) < ORI (G ) <
where q1 and qs are given univalent functions in U with ¢1(0) = 1 and
32(0) = 1.
(2) For the choice ¢(z) = }f‘;, d=n=m=0,r=2s=1,Kk =01, ky =1,

the class N (k1,015 v; 85 ¢) reduces to N(7y) (0 < v < 1) which is defined

by
Re{f'(z)(f(zz))lﬂ} >0, VzeU

The class N'(v) was introduced and studied by Obradovié¢ [1T], he called
this class to be non-Bazilevié type. Obradovié in [17] obtained the conditions
on v or the radius of the disc, for which the class N (v) would be nested
into the class of univalent functions or into the class of starlike functions.

(3) Similarly, ¢(z) = H=Z, vy =n=m=0,r =2,s =1,k = 01, k2 = 1,
the class N (k1,015 7; 65 ¢) reduces to Mocanu’s 0-convex functions (see

[15]).
Further, various other new and well-known classes of univalent functions can be
obtained by specializing the parameter involved in the operator (2.2)) and the general
function ¢(z) (seel3,[T]).

We let F be the class of Carathéodory’s function (see [6]), a class of analytic
functions with normalization p(0) = 1 and which map the unit disc onto a right
half plane. Also, we let the class of starlike and convex functions by S* and C
respectively. We will need the following lemmas to establish our main results.

&)
Lemma 2.1. [8, Theorem 1] If L(z) =1+ > 4,.2" € F, and p € C, then
r=1

|0 — plrle_r| < 2max{1;|2p— 1|},
foralll <r<e-—1.
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Note that the above results is generalization of the well-known results of Ma-
Minda [13] p. 162] and Livingston [I2, Lemma 1].
3. COEFFICIENT INEQUALITIES

‘We will obtain the bounds for the initial coefficients and solution to the Fekete-
Szegd problem for f € N (kq1,01; 7; 95 ¢).

Theorem 3.1. Let f(z) € N{"(k1,01; 7; 6; ¢) and 0 <~ < 1, then we have
L

el = s &
Y1 e A 430) (v +1)(2 =)
o5l < @)1 + 2015 ma"{l’ A I T g } 3.2)

and for all p € C

2 ! e A430) (v +1)(2 =)
a3 = o] < {5 5T+ 20Ty max{l’ P R cl R -

i (1+20)(2— )5 } (3.3)
The inequalities are sharp.

(1-+ 6721 — )13
Proof. As f(z) € N7"(k1,01; 7; 95 ¢), by , we have
2D (R, 015, 0)f'(2) | < [2DR (K1, 0151, 0)f(2)]
(1-9) m . T+~ 0 m . T kan
[D)\ (Klv 015 1, Q)f(z)} [D)\ (’%17 g1; 1, e)f (Z)]

For function ¢ of the form ¥(z) =1+ Y ;- ¥,2" € F, the right side of (3.4) will
be of the form

¢[w(z)]=1+191¢1z+¢1{192—19%<1—¢2>}z2+---. (3.5)

= o[w(z)]. (3.4)

2 2 2 o
The left hand side of will be of the form
ATYDT (ke 015, 0) f(2) 5 (2D (K1, o1; 1, 0) f'(2)]
(D3 (1, o0 0, O)f ()] (DX a0z 1, 0) ()]
(1+38)(y + 1)a§rg] 2

(1-9)

=14+(14+6) A —9)aT2z+(2—7) [ag(l +26)T5 —

2
(3.6)
From and , we obtain
B V191
2T 91 +0)(1—)T, (3.7)
and
_ 1 V7 Yo (1+38)(y+1)(2—7)

w=gairan 2 (b e )] 69

Equation (3.1)) can be obtained by applying |91| < 2 ([I6, p. 41]) in (3.7). Using
Lemma [2.1]in (3.8]), we get (3.2]).
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Now to prove (3.3), we consider

_ 1 9 e (14307 + 12— )t
% = P3| = | 20T {1922<1w1 2(1+6)2(1—7)? ﬂ
pITYT

_ Y1 { _19?(1_%_(1+35)(v+1)(2—v)w1
T 22—y +20)05 [ 0 2 0 2(1+ 0)2(1 — 7)2
p1(2 —)(1+25)0
i (1+5)2(1—7)2F§3)]
P1 93 0% (o (14+30)(v+1)(2—7)Ys
T 22— )1+ 2000, [192 ) (w TR

_pw1(2—v)(1+25)F3)]
(L+o2(1—r3 ||

< P1
T 2|(2 )1 +20)L]

9 |91/ (1/)2+ (1+30)(y+ 12 =)

2 \|th 2(1+0)2(1—7)?
)] e

va (1430 + DE—)er  pta2—7)(1+20)T
(o 2(146)*(1 —9)? (140)2(1 —7)2I3
if B <1, from we obtain

(2= 7)(1+ 20D
(1+0)°(1— 7)1}

Denoting

B =

)

).

2 h
as — pas| < . 3.10
=l S e (310
Further, if %6 > 1 from (3.9) we deduce
o< (|4 Lo _ gt 200
PRI @ =) (T 20)Ts] \ | 2(1+0)*(1 —~)? (146)%(1 — )13
(3.11)
An examination of the proof shows that the equality for (3.10) holds if ¥y = 0,
1 2
5 = 2. Equivalently, by Lemma we have ¢(22) = ¢o(2) = % Therefore,
—z
the extremal function of the class N (k1,01; v; 0; @) is given by

2ATYDT (K, o1 m, 0)f!(2 2D (kq, o1; n, 0)F'(2)]
(1_5) — )\(1 LN )f1(+3+5[7n/\(1 17 ),f(l)l7:¢2(z2)'
[D)\ (K’lv o151, Q)f(z)] ['D)\ ("{17 a1; 1, 9)f (Z)]
Similarly, the equality for (3.11) holds if J5 = 2. Equivalently, by Lemma we

have ¢(z2) = ¢1(2) = % Therefore, the extremal function in N"(k1, 01; 7; 6; @)




NON-BAZILEVIC FUNCTIONS INVOLVING THE GENERALIZED M-SERIES 21

is given by
) 5 Zl+'YD;\n(K117 o1, 1, Q)f’(z) 5 [ZDZ\n(Hla o151, @)f’(z)]' _
( o ) m 1+~ m / I+y ¢1(2)’
[D)\ (Rlv o151, o)f(z)] [DA (’{1’ o1; 1, 9)f Z)]
and the proof of the theorem is complete. O

Letting ¢(z) = 22,6 =n=m =0,r = 2,5 = 1, k1 = 01, k2 = 1 in Theorem

[3:1] we get the following result.
Corollary 3.2. If f(z) € N(v)( see Remari3 (2)), then we have

] < 1
A A=
T SRS e
o < 2y e {1 -+ 2
and for all p € C
] < s |14 DR =) 2002 )
‘ag p2‘§|(277)| {1,‘1—&- (1—)2 (1 — )2 }

Let 6 =1 in Theorem [3.1] we get the following.

Corollary 3.3. If f(z) € CT*(k1,01; 7; 65 @) ( see Remark@) and 0 < v < 1, then
we have

()
2|(1 =) Tal’
and for all p € C

()

Y1 ax e (v D2 =)
31@ - )rs ™ {1’

—= 4+

loa] < T e

las| <

B |2 EDC ==
3[(2 =T K 2(1—~9)? 4(1—)?

Lettingd =y =n=m =0,r =2,s =1, k&1 = 01, and k2 = 1 in Theorem [3.1}
we get the following result.

|a3 - pa§| <

Vo

Corollary 3.4. [27, Theorem 3.1.] If f(2) = 2 + a22% + a3z3 + - -- € S*(¢), then
1 + o 2pn

for all p € C we have
The inequality is sharp for the function f, given by

zexp/z¢(t)_1dt, if ‘wﬁﬁnmpl’zl,
B 0

’ag —pa§| < ?max{l;

t Y1
f«(2) 2y (3.12)
wml¢@2%uu\m+z—mMSL

Proof. In Theorem taking 6 =y =n=m =0,7r = 2,s = 1, ks = o1, and
ko =1, we get the inequality

P V2

, 5 if ‘% + ¢ —2P¢1‘ <1,
1
|as — pa3| < P1 P . o
S+ 22 =200, A [+ 22— 20| 2 1,
2 P1 1
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Finally, following a similar technique to that for the sharpness of Theorem 3.1

of [27], we obtain (3.12]). O

Letting w =0, d =1, r =2, s =1, kg = 01,02 =q, m=1n =0, ¢(z) =
(14 2)/(1 - z) and ¢ — 1— in Theorem [3.1] we get

Corollary 3.5. If f(z) € S*, then the bounds of the initial coefficients of f are
given by

|a2| S 27 |a3| S 3.

and the Fekete-Szego inequality for p € C is given by

las — pa3| < max {1, [4p — 3|} .

4. COEFFICIENT ESTIMATES OF f~!(2)

The inverse f~1, defined by f~1(f(2)) = 2,2z € U and f(f~(t)) = ¢, (Jt| <
r; r > 1/4). The coefficient inequalities of the inverse functions N"(k1,01; v; 5 ¢)
are valid only for the functions which are univalent. From [I1, Lemma 2.1.], for
) =w+ Y07, bet®,  (|t] < r;r > 1/4), we have

by = —ap, by =2a2—a3 and bz —7b3 =242 — asz — Tai.

Taking modulus in the above equality and using the inequalities (3.1]) and .,
we get the following result.

Theorem 4.1. Let f € N{"(k1,01; 7; 6; ¢) and let f~1 be the inverse of f defined
by

o0
L) = w+Zbktk, (lt| <r;r>1/4),

then we have

Y1
e (TR NSRS oy
and
by < 1 max{l' (1+30)(y+1)2 -1 241 (2—)T; }
| e 2(1+6)2(1 — )2 (1+6)2(1 — )23
Also, for all T € C
) ¢2 (1436)(y +1)(2 =)t
lbs = 82l < {5 ] r3|max{ 21+ 0)2(1— )2
( 2)11 (2 )Fs}
(1+0)2(1 w?r% ’

where v # 1.
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5. LOGARITHMIC COEFFICIENTS FOR FUNCTIONS BELONGING TO
N,(n(/fl,ffl; v; 6 ¢)

Logarithmic coefficients took the spotlight when Milin in [I4] studied its proper-
ties which would imply the bounds of the Taylor coefficients of univalent functions.
For detailed study, refer to [I} [2].

If f is analytic in U, with @ # 0 for all z € U, then the well-known logarithmic
coefficients ¢, := ¢, (f),n € N, of f are given by

OTIS
log ™7 =23 ¢,2" 2 €U, logl=0. 5.1
0g = n:1cz z og (5.1)

Now we will add additional criterion to the class N"(k1,01; 7; 85 ¢), so that
logarithmic coefficients of NJ"(k1,01; 7; 05 ¢) is well-defined. That is, we let

LN (k1,015 7; 85 @) = N (k1,015 7; 65 ¢)ﬂ{f is analytic in U : @ #0,z¢€ U}.
Note that for all functions LAY (k1,01; 7; ; ¢), the relation (5.1)) is well-defined.

Theorem 5.1. If f(z) € LNV (k1,015 7; 0; ¢) with the logarithmic coefficients
given by , then we have for v # 1

1
< S Ay (5:2)
c2|<¢1max{1. Yo, (L+30)(y+1)2—MY1 (2T }
~ (2= K 2(140)%2(1 —~)? 2(1+0)2(1 —~)212|J°

(5.3)
and
1

e maxd 1: Y2 4 Q30O+ D=7y L+ @) (2 —9)Ts
o =] € Ly {

(0 2(1+0)*(1 —9)? (1+0)2(1 —~)2I3
(5.4)

Proof. From f(z) = z4+> -, a,2™ and equating the first two coefficients of relation

(1), we get
as 1 a3
C1l=—, C=—\|lagz — — | .
1 2 y €2 2 3 2

Using (3.7)) and (3.8) in the above equation and applying Lemma we obtain
(5.2) and (5.3). To obtain (5.4]), consider

1 { (1+u)a2]

b

’@—ucﬂzi g — —5 a3

Changing p = 14’7“ in (3.3), we get the desired result. O

6. CONCLUSIONS

Using the defined operator, we have defined a subclass of analytic functions
whose analytic characterization is associated with the class of non-Bazilevi¢ func-
tions. Though one has to be content with the parameters involved, but it helps in
specializing most of the subclass of the univalent function theory. Some bounds of
the initial coefficients are our main results.

The defined class is not only new but the results obtained here is also new.
That is, for a class of non-Bazilevi¢ functions only conditions for starlikeness or
univalence have been found but the coefficient bounds have not been established.
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