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A FOUR-STEP ITERATIVE SCHEME FOR SUZUKI-TYPE

MAPPINGS WITH APPLICATION TO SPLIT FEASIBILITY

PROBLEMS

S. KANEEZ, F. ALI, A. ALAM

Abstract. To approximate fixed points of Suzuki generalized nonexpansive

mappings, this paper investigates a four-step iterative scheme. Within the

framework of uniformly convex Banach spaces, we establish both weak and
strong convergence results for the proposed method. Numerical experiments

reveal that our iterative approach achieves faster convergence compared to sev-

eral existing schemes designed for Suzukis generalized nonexpansive mappings.
To support our theoretical results, we provide illustrative numerical examples

and compute fixed points using MATLAB. As a practical application, we intro-

duce a projection-based iterative process for solving split feasibility problems
(SFP) in a Hilbert space setting. The results presented in this study are orig-

inal and extend several related findings previously reported in the literature.

1. Introduction

In this article, we denote the set of all positive integers by N. Let C be a
nonempty subset of a Banach space X, and let F (V ) represent the set of fixed points
of a mapping V defined on C. A mapping V : C → C is said to be nonexpansive if
it satisfies

‖V r − V s‖ ≤ ‖r − s‖, for all r, s ∈ C.
The mapping V is called quasi-nonexpansive if F (V ) 6= ∅ and

‖V r − q‖ ≤ ‖r − q‖, for all r ∈ C, q ∈ F (V ).

It is known (cf. [1]) that if X is a uniformly convex Banach space and C is
a nonempty, bounded, closed, and convex subset of X, then every nonexpansive
mapping V : C → C has at least one fixed point; that is, F (V ) 6= ∅.

In 2008, Suzuki [2] introduced a broader class of mappings known as generalized
nonexpansive mappings, often characterized by condition (C). A self-mapping V :
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C → C is said to satisfy condition (C) if

1

2
‖r − V r‖ ≤ ‖r − s‖ ⇒ ‖V r − V s‖ ≤ ‖r − s‖, for all r, s ∈ C.

Suzuki established convergence and fixed point existence results for mappings sat-
isfying condition (C), demonstrating that this class is a proper generalization of
the classical nonexpansive mappings.

The following example illustrates that a mapping can satisfy Suzukis condition
(C) without being nonexpansive.

Example 1.1. [2] Let V : [0, 3]→ [0, 3] be defined by

V (r) =

{
0, if r 6= 3,

1, if r = 3.

This mapping V satisfies Suzuki’s condition (C), yet it does not satisfy the condition
of a nonexpansive mapping.

Fixed point theory is a fundamental area of mathematical analysis that deals with
the existence and properties of fixed points of various types of mappings. While
fixed points of contractive mappings can often be determined using classical meth-
ods such as the Picard iterative process, the analysis becomes significantly more
challenging when dealing with nonexpansive mappings and their generalizations. In
the context of contraction mappings, the well-known Banach contraction principle
ensures the existence and uniqueness of fixed points and supports the convergence
of the Picard iteration in complete metric spaces. However, this iterative technique
is generally not effective for nonexpansive mappings, where the convergence to fixed
points cannot be guaranteed in the same straightforward manner. To address this,
Mann [3] introduced a new iterative method tailored for approximating fixed points
of nonexpansive mappings. Building upon this, Ishikawa [4] proposed a two-step
Mann-type iteration to approximate fixed points of pseudocontractive mappings.
Noor (2000) [5] later introduced an iterative scheme specifically designed for solving
variational inequalities. In 2007, Agarwal et al. [6] developed a two-step iterative
method, called S iterative scheme, for approximating fixed points of asymptotically
nonexpansive mappings. This method has since become a valuable tool in the anal-
ysis of nonlinear problems.

It is not feasible to enumerate all iterative schemes developed for approximating
fixed points. Nonetheless, this article highlights several notable iteration methods
and introduces relevant foundational definitions and lemmas.

One such approach, proposed by Gursoy and Karakaya [7] introduced an iteration
process with improved convergence speed over that of Agarwal et al. (2007), given
by: 

r = r1 ∈ C,
tm = (1− dm)rm + dmV rm,
sm = (1− cm)V rm + cmV tm,
rm+1 = V sm,

(1.1)

Thakur et al. (2016) [8] further extended this line of research and proposed the
following iteration for sequences {cm}, {dm} ⊂ (0, 1):
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r = r1 ∈ C,
tm = (1− dm)rm + dmV rm,
sm = V ((1− cm)rm + cmtm) ,
rm+1 = V sm,

(1.2)

They provided numerical evidence to show that this method demonstrates faster
convergence for a variety of mappings compared to existing methods such as those
of Noor (2000) [5], Agarwal et al. (2007) [6], Mann (1953) [3], and Abbas and Nazir
(2014) [9].

Motivated by the need for even faster convergence, Ali and Ali (2020) [10] pro-
posed a new iteration process that outperformed many existing methods including
those by Agarwal et al. (2007), Gursoy and Karakaya (2007), Thakur et al. (2016)
and Ullah and Arshad (2016). Their iteration is defined for {cm} ⊂ (0, 1) as follows:

r = r1 ∈ C,
tm = V ((1− cm)rm + cmV rm) ,
sm = V tm,
rm+1 = V sm,

(1.3)

Recently, Ali et al. (2023) [11] introduced and investigated the so-called D∗∗ it-
eration scheme for nearly contractive and β-nonexpansive mappings. For sequences
{cm}, {dm} ⊂ (0, 1), their process is defined as:

r = r1 ∈ C,
tm = V ((1− dm)rm + dmV rm) ,
sm = V ((1− cm)V rm + cmV tm) ,
rm+1 = V 2sm,

(1.4)

More recently, Alam and Rohen [12] proposed a novel iteration scheme (we called
it the AR iteration scheme) that exhibits an accelerated rate of convergence when
applied to contraction mappings. Their newly developed iteration process, for se-
quences {cm}, {dm}, {em} ⊂ (0, 1), is given by:

r = r1 ∈ C,
um = V ((1− em)rm + emV rm) ,
tm = V ((1− dm)um + dmV um) ,
sm = V ((1− cm)tm + cmV tm) ,
rm+1 = V 2sm,

(1.5)

This iteration demonstrates superior performance in approximating fixed points,
as evidenced by its faster convergence compared to the existing methods mentioned
above.

The central aim of this paper is to investigate the approximation of fixed points
for mappings that fulfill the (C)-condition. Motivated by the limitations observed
in classical iteration methods, we considered a modified iterative process designed
to enhance convergence speed and reliability. The rest of the paper is structured
as follows:

• Section 2 outlines essential preliminaries including definitions, founda-
tional concepts, and lemmas related to fixed point theory, nonexpansive
mappings, and the (C)-condition. These components form the theoretical
groundwork for our subsequent results.
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• Section 3 presents the core results concerning weak and strong convergence
of the proposed iterative method. This section includes rigorous proofs and
discussions validating the scheme under appropriate assumptions.
• Section 4 provides a numerical example illustrating the performance of a

mapping that satisfies the (C)-condition but not the nonexpansive mapping.
It further includes a comparative analysis of convergence rates for various
iterative schemes using numerical data and graphical plots.
• Section 5 explores an application of the developed theory to the split feasi-

bility problem (SFP). A projection-based iterative scheme is introduced and
its convergence behavior is examined within the setting of Hilbert spaces.
• Section 6 concludes the paper by highlighting the principal contributions

and outlining future directions, including potential generalizations of the
iterative scheme and further applications in broader functional analytic
contexts.

2. Preliminaries

This section provides the foundational definitions, propositions, and lemmas that
are essential for establishing our main results.

Definition 2.1. Let C be a nonempty, closed, and convex subset of a Banach space
X. A mapping V : C → X is said to be demiclosed at a point y ∈ X if, whenever
a sequence {rm} ⊂ C converges weakly to r ∈ C and {V rm} converges strongly to
s ∈ X, it follows that V r = s.

Definition 2.2. A Banach space X is said to satisfy Opial’s condition [13] if for
every sequence {rm} ⊂ X that converges weakly to r ∈ X, the inequality

lim
m→∞

inf ‖rm − r‖ < lim
m→∞

inf ‖rm − s‖

holds for all s ∈ X, s 6= r.

Definition 2.3. [14] Let C be a subset of a Banach space and let V : C → C be
a self-mapping. The mapping V is said to satisfy condition (I) if there exists a
nondecreasing function h : [0,∞)→ [0,∞) satisfying:

• h(0) = 0,
• h(r) > 0 for all r > 0,

such that for every x ∈ C, the inequality

d(x, V x) ≥ h (d(x, F (V )))

holds, where F (V ) denotes the set of fixed points of V , and d(x, F (V )) = inf{d(x, p) :
p ∈ F (V )}.

Definition 2.4. Let {rm} be a bounded sequence in a Banach space X, and let
s ∈ C ⊂ X. Define

r(s, {rm}) = lim
m→∞

sup ‖rm − s‖.

The asymptotic radius of {rm} relative to C is given by

r(C, {rm}) = inf{r(s, {rm}) : s ∈ C}.

The asymptotic center of {rm} relative to C is the set

A(C, {rm}) = {s ∈ C : r(s, {rm}) = r(C, {rm})}.
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It is well known that if X is a uniformly convex Banach space, then A(C, {rm})
consists of exactly one point.

Proposition 2.5 ([2]). Let V be a self-mapping on a nonempty subset C of a
Banach space X. Then:

(i) If V is nonexpansive, then it satisfies condition (C).
(ii) Any mapping with a fixed point that satisfies condition (C) is quasi-nonexpansive.

(iii) If V satisfies condition (C), then for all r, s ∈ C, we have

‖r − V s‖ ≤ 3‖V r − r‖+ ‖r − s‖.

Lemma 2.6 ([2]). Let V be a self-mapping on a subset C of a Banach space X that
satisfies Opial’s condition. Suppose V also satisfies condition (C). If {rm} ⊂ C
converges weakly to t and lim

m→∞
‖rm − V rm‖ = 0, then V t = t. That is, I − V is

demiclosed at zero.

Lemma 2.7 ([2]). Let V be a self-mapping on a weakly compact, convex subset C
of a uniformly convex Banach space X. If V satisfies condition (C), then V has at
least one fixed point.

Lemma 2.8 ([15]). Let X be a uniformly convex Banach space, and let {rm}, {sm} ⊂
X be sequences such that for some constants 0 < c ≤ sm ≤ d < 1, we have

lim
m→∞

sup ‖rm‖ ≤ d, lim
m→∞

sup ‖sm‖ ≤ d,

and

lim
m→∞

sup ‖smrm + (1− sm)sm‖ = d.

Then it follows that

lim
m→∞

‖rm − sm‖ = 0.

3. Main Results

Lemma 3.1. Let V : C → C be a generalized nonexpansive mapping in the sense
of Suzuki, with F (V ) 6= ∅, where C is a nonempty, closed, and convex subset of a
uniformly convex Banach space X. Let {rm} be the sequence generated by iterative
process 1.5. Then, for every q ∈ F (V ), the limit lim

m→∞
‖rm − q‖ exists.

Proof. Let q ∈ F (V ). Since V satisfies Condition (C), it is quasi-nonexpansive, so
for all x ∈ C,

‖V x− q‖ ≤ ‖x− q‖.
From the iterative scheme (1.5), we have:

‖um − q‖ = ‖V ((1− em)rm + emV rm)− q‖
≤ (1− em)‖rm − q‖+ em‖V rm − q‖
≤ ‖rm − q‖. (3.1)

Similarly,

‖tm − q‖ = ‖V ((1− dm)um + dmV um)− q‖
≤ (1− dm)‖um − q‖+ dm‖V um − q‖
≤ ‖um − q‖ ≤ ‖rm − q‖. (3.2)
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And,

‖sm − q‖ = ‖V ((1− cm)tm + cmV tm)− q‖
≤ (1− cm)‖tm − q‖+ cm‖V tm − q‖
≤ ‖tm − q‖ ≤ ‖rm − q‖. (3.3)

Now,

‖rm+1 − q‖ = ‖V 2sm − q‖
≤ ‖V sm − q‖
≤ ‖sm − q‖ ≤ ‖rm − q‖. (3.4)

This shows that the sequence {‖rm − q‖} is nonincreasing and bounded below
by zero. Hence, it converges:

lim
m→∞

‖rm − q‖ exists for every q ∈ F (V ).

�

Lemma 3.2. Let V : C → C be a generalized nonexpansive mapping in the sense
of Suzuki, and let C be a nonempty, closed, and convex subset of a uniformly convex
Banach space X. Consider the sequence {rm} defined by the iterative process (1.5).
Then lim

m→∞
‖rm − V rm‖ = 0 if and only if {rm} is bounded and F (V ) 6= ∅.

Proof. By Lemma 3.1, lim
m→∞

‖rm − q‖ exists for each q ∈ F (V ), {rm} is bounded.

Let

lim
m→∞

‖rm − q‖ = β. (3.5)

From the inequalities used in Lemma 3.1, we recall:

lim sup
m→∞

‖um − q‖ ≤ lim sup
m→∞

‖rm − q‖ = β, (3.6)

lim sup
m→∞

‖tm − q‖ ≤ lim sup
m→∞

‖rm − q‖ = β, (3.7)

lim sup
m→∞

‖sm − q‖ ≤ lim sup
m→∞

‖rm − q‖ = β. (3.8)

Since V satisfies condition (C), it follows that

‖V rm − q‖ = ‖V rm − V q‖ ≤ ‖rm − q‖.

Hence,

lim sup
m→∞

‖V rm − q‖ ≤ β. (3.9)

Next, observe that from the equations (3.1)–(3.4):

‖rm+1 − q‖ ≤ ‖sm − q‖ ≤ ‖tm − q‖ ≤ ‖um − q‖ ≤ ‖rm − q‖.

From the equation (3.5), we obtain

β = lim
m→∞

‖rm+1 − q‖ ≤ lim
m→∞

‖um − q‖ ≤ lim
m→∞

‖rm − q‖ = β.

This means that

lim
m→∞

‖um − q‖ = β. (3.10)
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Also from the iteration:

um = V ((1− em)rm + emV rm) ,

‖um − q‖ = ‖V ((1− em)rm + emV rm)− q‖
≤ ‖(1− em)(rm − q) + em(V rm − q)‖
≤ (1− em)‖rm − q‖+ em‖V rm − q‖
≤ (1− em)‖rm − q‖+ em‖rm − q‖ = ‖rm − q‖.

Which implies that

β = lim
m→∞

‖um − q‖

≤ lim
m→∞

‖(1− em)(rm − q) + em(V rm − q)‖

≤ lim
m→∞

‖rm − q‖ = β.

It means that

lim
m→∞

‖(1− em)(rm − q) + em(V rm − q)‖ = β. (3.11)

Using Lemma 2.8 again with (3.6), (3.9) and (3.11), we conclude:

lim
m→∞

‖rm − V rm‖ = 0.

Conversely, assume {rm} is bounded and limm→∞ ‖rm − V rm‖ = 0. Let p ∈
A(C, {rm}). Then by Proposition 2.5,

r(V q, {rm}) = lim sup
m→∞

‖rm − V q‖

≤ lim sup
m→∞

(3‖V rm − rm‖+ ‖rm − q‖)

= lim sup
m→∞

‖rm − q‖ = r(q, {rm}) = r(C, {rm}).

Thus, V q ∈ A(C, {rm}). Since X is uniformly convex, A(C, {rm}) is a singleton,
and hence V q = q, i.e., q ∈ F (V ). Therefore, F (V ) 6= ∅. �

Theorem 3.3. Let C be a nonempty, closed, and convex subset of a uniformly
convex Banach space X, and let V : C → C be a Suzuki’s generalized nonexpansive
mapping. Let {rm} be a sequence generated by the iterative scheme (1.5). If X
satisfies Opial’s condition, then {rm} converges weakly to a point in F (V ).

Proof. By Lemma 3.2, the sequence {rm} satisfies

lim
m→∞

‖rm − V rm‖ = 0.

Also, for any q ∈ F (V ), Lemma 3.2 ensures that limm→∞ ‖rm − q‖ exists.
Let {rmi} and {rmj} be two weakly convergent subsequences of {rm}, with weak

limits r and s, respectively. Since limm→∞ ‖rm−V rm‖ = 0 and I−V is demiclosed
at zero (by Lemma 2.6), it follows that

r = V r and s = V s,

i.e., r, s ∈ F (V ).
To show uniqueness of the weak limit, suppose r 6= s. Then, by Opials condition:

lim
m→∞

‖rm − r‖ = lim
mi→∞

‖rmi
− r‖ < lim

mi→∞
‖rmi

− s‖ = lim
m→∞

‖rm − s‖,
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and similarly,

lim
m→∞

‖rm − s‖ = lim
mj→∞

‖rmj − s‖ < lim
mj→∞

‖rmj − r‖ = lim
m→∞

‖rm − r‖,

which is a contradiction. Hence, r = s. Thus, the entire sequence {rm} converges
weakly to a point in F (V ). �

Theorem 3.4. Let X be a uniformly convex Banach space, and let C be a nonempty,
closed, and convex subset of X. Let V : C → C be a Suzuki’s generalized nonex-
pansive mapping. Let {rm} be a sequence defined by the iterative process (1.5).
If

d(rm, F (V )) = inf{‖rm − q‖ : q ∈ F (V )},
then either limm→∞ inf d(rm, F (V )) = 0 or limm→∞ sup d(rm, F (V )) = 0.

Proof. The assertion is clear. We show the contrapositive: suppose limm→∞ inf d(rm, F (V )) =
0. Then for any q ∈ F (V ), it follows from Lemma 3.1 that limm→∞ ‖rm−q‖ exists.
We now demonstrate that {rm} is a Cauchy sequence in C.

Let ε > 0. Since limm→∞ d(rm, F (V )) = 0, there exists n0 ∈ N such that for all
m ≥ n0,

d(rm, F (V )) <
ε

2
⇒ inf{‖rm − q‖ : q ∈ F (V )} < ε

2
.

In particular, for m = n0, there exists q ∈ F (V ) such that

‖rn0
− q‖ < ε

2
.

Now for any m,n ≥ n0, we estimate:

‖rn+m − rm‖ ≤ ‖rn+m − q‖+ ‖rm − q‖ ≤ ‖rn0
− q‖+ ‖rn0

− q‖ = 2‖rn0
− q‖ < ε.

Hence, {rm} is a Cauchy sequence in C. Since C is closed and X is complete, there
exists q ∈ C such that limm→∞ rm = q.

Moreover, since limm→∞ d(rm, F (V )) = 0, it follows that d(q, F (V )) = 0, imply-
ing q ∈ F (V ). �

Theorem 3.5. Let C be a nonempty, compact, and convex subset of a uniformly
convex Banach space X, and let V : C → C be a mapping satisfying the Suzuki’s
condition (C). Suppose that the sequence {rm} ⊂ C is generated by the iterative
process given in (1.5). Then the sequence {rm} converges strongly to a fixed point
of V .

Proof. By Lemma 2.7, we know that F (V ) 6= ∅. From Lemma 3.2, it follows that

lim
m→∞

‖V rm − rm‖ = 0.

Since C is compact, there exists a subsequence {rmi
} of {rm} such that rmi

→ q
strongly for some q ∈ C.

By Proposition 2.5, for all i ≥ 1, we have

‖rmi
− V q‖ ≤ 3‖V rmi

− rmi
‖+ ‖rmi

− q‖.
Taking the limit as i→∞, and using the fact that rmi → q, we get

lim
i→∞

‖rmi − V q‖ = 0.

This implies that rmi
→ V q, and since rmi

→ q, we conclude that V q = q, i.e.,
q ∈ F (V ).
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Additionally, since limm→∞ ‖rm − q‖ exists by Lemma 3.1, it follows that q is
the strong limit of the sequence {rm}.

Thus, the sequence {rm} converges strongly to the fixed point q ∈ F (V ). �

Theorem 3.6. Let V : C → C be a generalized non-expansive mapping of Suzuki
type, which satisfies condition (I). Let C be a closed, convex, and nonempty subset
of a uniformly convex Banach space X. If the sequence {rm} is generated by the
iterative scheme 1.5, then the sequence {rm} converges strongly to a fixed point of
V .

Proof. First, from Lemma 3.2, we know that

lim
m→∞

‖rm − V rm‖ = 0. (1)

Now, applying condition (I) and equation (1), we derive the following:

0 ≤ lim
m→∞

h(d(rm, F (V ))) ≤ lim
m→∞

‖rm − V rm‖ = 0.

Thus, it follows that
lim
m→∞

h(d(rm, F (V ))) = 0.

Since h is a non-decreasing function from [0,∞) to [0,∞) with h(0) = 0 and
h(r) > 0 for any r > 0, we conclude that

lim
m→∞

d(rm, F (V )) = 0.

At this point, applying Theorem 3.4, we can confirm that {rm} converges strongly
to a fixed point of V , since all the necessary conditions for strong convergence are
satisfied.

Therefore, the sequence {rm} converges strongly to a fixed point of V . �

4. Numerical Results

In this section, we present an example to support our findings.

Example 4.1. Define the self-mapping V on the interval [1, 3] as follows:

V (r) =

{
4− r, if r ∈

[
1, 1514

)
,

r+39
14 , if r ∈

[
15
14 , 3

]
.

Although V is a generalized non-expansive mapping of Suzuki, it is not non-expansive
in this context.

Verification: Let r = 111
100 and s = 15

14 . Then we compute the distance:

‖r − s‖ =

∣∣∣∣111

100
− 15

14

∣∣∣∣ =
27

700
.

Next, we calculate:

‖V (r)− V (s)‖ =

∣∣∣∣4− 111

100
− 561

196

∣∣∣∣ =
136

4900
>

27

700
= ‖r − s‖.

Thus, V is not a non-expansive mapping.
Now we verify that V is indeed a generalized non-expansive mapping of Suzuki

by considering the following cases.
Case I: If both r, s ∈

[
1, 1514

)
or r, s ∈

[
15
14 , 3

]
, then V is non-expansive in both

cases, and thus V is a generalized non-expansive mapping of Suzuki.
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Case II: Let r ∈
[
1, 1514

)
. Then we have:

1

2
‖r − V (r)‖ =

1

2
‖r − (4− r)‖ =

1

2
‖2r − 4‖ ∈

(
13

14
, 1

]
.

For 1
2‖r − V (r)‖ ≤ ‖r − s‖, we must have:

4− 2r

2
≤ s− r ⇒ s ≥ 4

2
.

Thus, s ∈
[
4
2 , 3
]
. Now, we compute:

‖V (r)− V (s)‖ =

∣∣∣∣s+ 39

14
− 4 + r

∣∣∣∣ =

∣∣∣∣s+ 14r − 17

14

∣∣∣∣ < 1

14
,

and

‖r − s‖ = |r − s| >
∣∣∣∣15

14
− 4

2

∣∣∣∣ =
13

14
>

1

14
.

Therefore, 1
2‖r − V (r)‖ ≤ ‖r − s‖ implies ‖V (r)− V (s)‖ ≤ ‖r − s‖.

Case III: Let r ∈
[
15
14 , 3

]
. We then have:

1

2
‖r − V (r)‖ =

1

2

∣∣∣∣r + 39

14
− r
∣∣∣∣ =

1

2

∣∣∣∣39− 13r

14

∣∣∣∣ ∈ [0, 351

392

]
.

For 1
2‖r − V (r)‖ ≤ ‖r − s‖, we must have:

39− 13r

14
≤ |r − s|.

This leads to two cases:
(a) If r < s, then 39−13r

14 ≤ s− r, which implies:

r + 39

14
≤ s ⇒ s ∈

[
561

196
, 3

]
⊂
[

15

14
, 3

]
.

Thus:

‖V (r)− V (s)‖ =

∣∣∣∣r + 39

14
− s+ 39

14

∣∣∣∣ =
1

14
‖r − s‖ ≤ ‖r − s‖.

(b) If r > s, then 39−13r
14 ≤ r − s, which implies:

s ≤ 27r − 39

14
.

Thus, s ∈ [1, 3] and the condition s ≤ 27r−39
14 holds. We then find:

‖V (r)− V (s)‖ =

∣∣∣∣r + 39

14
− 4 + s

∣∣∣∣ =

∣∣∣∣r + 14s− 17

14

∣∣∣∣ < 1

14
,

and

‖r − s‖ = |r − s| >
∣∣∣∣34

26
− 15

14

∣∣∣∣ =
43

182
>

1

14
.

Thus, 1
2‖r − V (r)‖ ≤ ‖r − s‖ implies ‖V (r)− V (s)‖ ≤ ‖r − s‖.

Hence, V satisfies the conditions of a generalized non-expansive mapping of
Suzuki.

Using MATLAB software, we generate the following comparison table and graph
for various iterative schemes with control sequences cm = 0.85, dm = 0.65, em =
0.45, and the initial guess r1 = 1.2.
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Table 1. Comparison of Iterative Schemes

Ite. S Picard-S Tahkur F D** AR (1.6)
1 1.2000000000 1.2000000000 1.2000000000 1.2000000000 1.2000000000 1.2000000000
2 2.8863520408 2.9918822886 2.9918822886 2.9994963036 2.9999644102 2.9999987831
3 2.9928612334 2.9999635777 2.9999635777 2.9999998570 2.9999999993 3.0000000000
4 2.9995522336 2.9999998368 2.9999998368 3.0000000000 3.0000000000 3.0000000000
5 2.9999719330 2.9999999993 2.9999999993 3.0000000000 3.0000000000 3.0000000000
6 2.9999982413 3.0000000000 3.0000000000 3.0000000000 3.0000000000 3.0000000000
7 2.9999998898 3.0000000000 3.0000000000 3.0000000000 3.0000000000 3.0000000000
8 2.9999999931 3.0000000000 3.0000000000 3.0000000000 3.0000000000 3.0000000000
9 2.9999999996 3.0000000000 3.0000000000 3.0000000000 3.0000000000 3.0000000000
10 3.0000000000 3.0000000000 3.0000000000 3.0000000000 3.0000000000 3.0000000000
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Figure 1. Convergence comparison of iterative schemes

5. Application

In this section, we present an application of our results to the split feasibility
problem (SFP) using the iterative scheme (1.5). Let X1 and X2 be real Hilbert
spaces, and let B : X1 → X2 be a bounded linear operator. The SFP is formulated
as (see, e.g., [16] and others):

Find r∗ ∈ Y such that Br∗ ∈ Z, (5.1)

where Y ⊆ X1 and Z ⊆ X2 are nonempty, closed, convex, and compact sets.
The problem (5.1) can be reformulated as a fixed point problem:

r = PY (Id− νB∗(Id− PZ)B) r,
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Figure 2. 3D Convergence Plot of Iterative Schemes

where PY and PZ denote the metric projections onto Y and Z, respectively, ν > 0,
and B∗ is the adjoint of B. Hence, the solution set Ω of the split feasibility problem
coincides with the set of fixed points of the operator V , given by

F (V ) = Ω = Y ∩B−1(Z) 6= ∅.

Recently, Garodia and Uddin [19], and Garodia et al. [20] proved the convergence
results by introducing new iterative schemes and discussed the solutions of split
feasibility problems. However, in this paper, we consider a more general iterative
scheme to prove convergence results and the solution of split feasibility problems.
For comprehensive discussions and additional references, see [17, 18].

Now, define the operator

V := PY (Id− νB∗(Id− PZ)B) . (5.2)

It is known that if η is the spectral radius of B∗B, then V is nonexpansive for
0 < ν < 2

η (see [21]). However, in our approach, we consider the case where V

satisfies Suzuki’s generalized nonexpansive condition.
We now present the following modified iterative process:

r = r1 ∈ Y,
um = V ((1− em)rm + emV rm) ,
tm = V ((1− dm)um + dmV um) ,
sm = V ((1− cm)tm + cmV tm) ,
rm+1 = V 2sm,

(5.3)

where {cm}, {dm}, {em} ⊂ (0, 1) are control sequences and V is defined in (5.2).

Theorem 5.1. Suppose the SFP (5.1) has a nonempty solution set Ω, and that
0 < ν < 2

η . Assume also that the operator V = PY (Id− νB∗(Id− PZ)B) satisfies
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Suzuki’s generalized nonexpansive condition. Then the sequence {rm} generated by
the iterative scheme (5.3) converges weakly to a fixed point r∗ ∈ Ω, which is a
solution to the SFP (5.1).

Proof. Since every Hilbert space enjoys the Opial property, and V satisfies Suzuki’s
generalized nonexpansive condition, the result follows directly from Theorem 3.3.
Hence, the sequence {rm} converges weakly to a fixed point r∗ ∈ F (V ) = Ω, solving
the SFP. �

Theorem 5.2. Under the assumptions of the previous theorem, suppose further
that the set Y is compact. Then the sequence {rm} generated by (5.3) converges
strongly to a solution r∗ ∈ Ω of the SFP (5.1).

Proof. Compactness of Y implies norm-compactness of the orbit of {rm}, and since
V satisfies Suzuki’s generalized nonexpansive condition, strong convergence follows
from Theorem 3.5. �

6. Conclusion

In this paper, we have considered and analyzed a new iterative scheme (1.5) for
approximating fixed points of Suzuki’s generalized nonexpansive mappings in the
framework of Hilbert spaces. Specifically, we established both weak and strong con-
vergence results for the proposed scheme under the (C)-condition, which generalizes
several known results in the literature. Furthermore, we demonstrated the applica-
bility of our method to solving the split feasibility problem (SFP), by reformulating
the SFP as a fixed point problem involving Suzukis generalized nonexpansive map-
pings. We proved that the proposed projection-type iteration not only converges
but also retains flexibility in dealing with operators that are not necessarily nonex-
pansive in the classical sense. The Suzuki’s (C)-condition considered in this work
allows us to include a broader class of mappings beyond standard nonexpansive
operators, thereby extending the practical utility of our scheme in real-world ap-
plications such as signal processing, image reconstruction, and optimization.

Future Work. Several promising directions for future research emerge from this
study:

• Investigating the performance of the proposed scheme under perturbation
errors, stochastic noise, or inexact projections, which are common in prac-
tical scenarios.
• Extending the iterative process to other generalized classes of mappings,

such as quasi-nonexpansive or demicontractive mappings, and studying the
associated convergence behavior.
• Applying the scheme to more generalized feasibility problems, such as the

multiple-set split feasibility problem or split equality problem, where the
underlying operator structure is more complex.
• Developing accelerated or hybrid variants of the scheme, potentially incor-

porating inertial or extrapolation terms, to enhance convergence speed in
large-scale or high-dimensional applications.
• Implementing the proposed algorithms and testing their numerical perfor-

mance on real-world data sets in fields such as medical imaging, machine
learning, and resource allocation.
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We believe that the proposed iterative process, due to its generality, and con-
vergence guarantees, offers a valuable addition to the toolkit for fixed point ap-
proximation and feasibility problem solving, and invites further theoretical and
computational developments.
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