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GLOBAL SOLUTION AND BLOW-UP ANALYSIS OF

SELF-DIFFUSION SYSTEM IN POPULATION DYNAMICS

BELKHAMSA ICHRAF, MESSAOUD SOUILAH

Abstract. In this paper, we prove the existence and uniqueness of the global

solution to the reaction-diffusion system SKT without mixed diffusion. We use
the lower and upper solution method and its associated monotone iterations,

where the reaction functions are locally Lipschitz. We study the blowing-up

property of the solution and give sufficient conditions on the reaction parame-
ters of the model to ensure the blow-up of the solution in continuous function

spaces.

1. Introduction

Various mathematical models from population dynamics translate into reaction-
diffusion systems posed in a bounded domain of Rn. For example, the Sheguesada
Kawasaki Teramoto model (see [22]) was proposed in 1978 which includes the fol-
lowing problem:

u1t −∆[(d1 + α1u1 + β1u2)u1] = f1(u1, u2) in QT
u2t −∆[(d2 + α2u2 + β2u1)u2] = f2(u1, u2) in QT
∂u1

∂η
=
∂u2

∂η
= 0 on ST

u1(0, x) = u1,0(x), u2(0, x) = u2,0(x) on Ω

(1.1)

where f1(u1, u2) = u1(a1 − b1u1 + c1u2) and f2(u1, u2) = u2(a2 + b2u1 − c2u2).
∆ =

∑n
i=1 ∂

2/∂2xi is the Laplace operator, Ω is a bounded domain in Rn with

smooth boundary ∂Ω, ∂
∂η denotes the directional derivative along the outward nor-

mal on ∂Ω, QT = (0, T ]×Ω, ST = (0, T ]× ∂Ω. di, αi, βi, ai and bi, ci (i = 1, 2) are
given positive constants. In the system (1.1), ui are non-negative functions that
represent the population densities of two competing species. di is their diffusion
rates. The parameters αi is the self-diffusion rate, and βi denotes the cross-diffusion
rate. Parameters ai is the net birth of the ith species, and b1, c2 are coefficients
for intra-specific competitions; b2, c1 are coefficients for inter-specific competitions.
∆u2

i describes the self-diffusion of the population ui in Ω. ∆(u1u2) describes the
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mixed diffusion of the populations u1, u2 in Ω. The problem (1.1) is an open prob-
lem that has been treated by many researchers, who are devoted to the blow-up of
solution and the global existence with either Neumann or Dirichle boundary condi-
tions by various methods (cf.[7, 9, 27, 18, 24]). In 1984, Kim [5] proved the universal
existence of classical solutions to (1.1) for n = 1 when d1 = d2, α1 > 0, β2 > 0, and
β1 = α1 = 0. Recently, Shim [21] refined Kim’s findings and established uniform
boundaries for solutions by utilizing a new technique.

In several important papers [1],[2], and [3], Amann established the local exis-
tence of a solution to (1.1). His results were based on the use of the W 1

p -estimates
(p > 1). If di = αi = βi = 0 (i = 1, 2) the problem (1.1) is the historical Volterra
model. For αi = βi = 0, (1.1) is the Lotka-Volterra system; in this case, C.V.Pao
in [31] proved that for b1c2 < c1b2 the problem admit a unique solution, and for
b1c2 > c1b2, the solution blows up. In the same case, Lou, Nagylaki, and Ni [15]
studied the effect of diffusion on the blow-up of solution in finite time T ∗. For
n = 2, Y. Lou, Ni, and Wu showed in [17] that the system (1.1) has a unique global
solution.

On the other hand, Choi, Lui, and Yamada [25] examined the problem when
α2 = 0 and β2 = 0, for any value of n. However, their findings demonstrated the
global existence of the solution to the problem (1.1) only when the coefficient β1

was sufficiently small. Subsequently, in 2004, they continued their research and
established that the solution to equation (1.1) exists globally either when α2 = 0 or
when α2 > 0, with β2 = 0 and n < 6 (see [26]). Dung Le utilized a similar concept
in [8], demonstrating the existence of global solutions to the problem (1.1) on Rn

with n ≤ 3.
For βi = 0, the issue represented by equation (1.1) is written as follows:

u1t −∆[(d1 + α1u1)u1] = f1(u1, u2) in QT = (0, T ]× Ω
u2t −∆[(d2 + α2u2)u2] = f2(u1, u2) in QT = (0, T ]× Ω
∂u1

∂η
=
∂u2

∂η
= 0 on ST = (0, T ]× ∂Ω

u1(0, x) = u1,0(x), u2(0, x) = u2,0(x) on Ω

(1.2)

This case, treated by Linling.Z, Zhi.Li, and Zhigui.Li in [14], they devoted to the
global existence and blow-up of solutions for system (1.2) with Dirichlet bound-
ary condition, the global solution is proved by using the upper and lower solution
method and Sufficient conditions are given for the solution to blow up. Indepen-
dently from [4], R.Hoyer and M.Souilah investigated the existence of global and
local solution to the reaction-diffusion system (1.2) with the same conditions, they
have given sufficient conditions on the reaction parameters to ensure the global
existence of the solution to the problem in the Sobolev space W 2,p.

In this article, we are specially interested in global existence and the blow-up
of solutions for the self-diffusion system (1.2), by employing a different approach
and under new assumptions, in which f1,f2 are characterized as quasimonotone
nonincreasing functions that satisfy the Lipschitz condition with

f1(u1, u2) = u1(−a1 + b1u1 − c1u2), f2(u1, u2) = u2(−a2 − b2u1 + c2u2)

and we provide sufficient conditions that ensure the existence and blow-up of so-
lutions in spaces of continuous functions. We use the method of upper and lower
solutions along with its associated monotone iterations. This approach fundamen-
tally posits that employing an upper and lower solution as the initial iteration in
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an appropriate iterative process yields a monotonic sequence of iterations that con-
verges to a solution of the issue. To guarantee the existence of a solution, it is
imperative to establish a condition relating to the reaction functions. An essential
assumptiong on f1 and f2 is the Lipschitz condition. Furthermore, the creation of
upper and lower sequences also depends on the quasi-monotonicity of the functions
f1,f2. In instance where a lower solution exists but no upper solution in QT for
large values of T , then it is possible that the solution grows unbounded in finite
time. This ensures the blow upof the solution. For further information, consult
Chapter 2, Chapter 8, and Chapter 6 in [31]

The plan of this paper is arranged as follows: In Section 2, we prove the
existence and uniqueness of a global solution in continuous spaces by using upper
and lower solutions and their associated monotone iterations. Specifically, we create
upper and lower sequences that are monotonous of opposing monotony and converge
to the same limit; the latter is the unique and global solution to the problem (1.2).
Thereafter, we give sufficient conditions to ensure the global existence of (1.2).
Section 3 proposes a concept based on creating a lower sequence that reflects the
solution to the Cauchy problem, and we illustrate its convergence towards infinity.
Finally, we provide sufficient conditions to ensure the blow-up.

2. Existence of global solution

This section aims to establish the existence of a global solution to (1.2). First,
we give the definition of ordered upper and lower solutions of (1.2):

Definition 2.1. The pair w(0) = (w
(0)
1 , w

(0)
2 ), v(0) = (v

(0)
1 , v

(0)
2 ) in C(QT )∩C2,1(QT )

are called order upper and lower solution of (1.2), if w(0)≥v(0) and w(0), v(0) satisfies
the following relations:



(w
(0)
1 )t −∆[(d1 + α1w

(0)
1 )w

(0)
1 ]≥w(0)

1 (−a1 + b1w
(0)
1 − c1v(0)

2 )

(w
(0)
2 )t −∆[(d2 + α2w

(0)
2 )w

(0)
2 ]≥w(0)

2 (−a2 − b2v(0)
1 + c2w

(0)
2 )

∂w
(0)
i

∂η
≥0

w
(0)
i (x, 0)≥ui,0(x)

(2.1)

and 

(v
(0)
1 )t −∆[(d1 + α1v

(0)
1 )v

(0)
1 ]≤v(0)

1 (−a1 + b1v
(0)
1 − c1w(0)

2 )

(v
(0)
2 )t −∆[(d2 + α2v

(0)
2 )v

(0)
2 ]≤v(0)

2 (−a2 − b2w(0)
1 + c2v

(0)
2 )

∂v
(0)
i

∂η
≤0

v
(0)
i (x, 0)≤ui,0(x)

(2.2)

We denote C(QT ) = C([0, T ]×Ω) the space of all bounded and continuous functions
in [0, T ]× Ω. Let’s define

Ji ≡ {ui ∈ (C(QT )) : vi≤ui≤wi}

.

J × J = {(u, h) ∈ (C(QT ))2 : (v, h)≤(u, h)≤(w, h)}
.
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Considering only the positive solution of (1.2), we define:

Pi(ui) = hi =
∫ ui

0
(di + 2αis)ds = (di + αiui)ui ≥ 0

hit = (di + 2αiui)uit, i = 1, 2
(2.3)

Where

ui =
−di +

√
d2
i + 4αihi

2αi
= qi(hi)

We may express the problem (1.2) in the equivalent form
(di + 2αiui)

−1hit −∆hi = fi(u1, u2) in QT
∂hi
∂η

= 0 on ST

hi(x, 0) = hi,0(x) in Ω
ui = q(hi) in QT

(2.4)

Define Lhi = ∆hi − ϕihi where ϕi is a positive constant and

Fi(u1, u2) = fi(u1, u2) + ϕihi, i = 1, 2

For any u1 > 0, u2 > 0, the problem (2.4) is equivalent to
(di + 2αiui)

−1hit − Lhi = Fi(u1, u2)in QT
∂hi
∂η

= 0 on ST

hi(x, 0) = hi,0(x) in Ω

(2.5)

First, we present the following positivity lemma:

Lemma 2.1. Let σ(x, t) > 0 in QT , β ≥ 0 on ST and let either
(i) e(t, x) > 0 in QT or

(ii) (− e

σ(x, t)
) be bounded in QT .

If z ∈ C2,1(QT ) ∩ C(QT ) satisfies the following inequalities:
σ(t, x)zt −∆z + e(x, t)z ≥ 0 in QT
∂z

∂η
+ β(x, t)z ≥ 0 in ST

z(x, 0) ≥ 0 in Ω

then z ≥ 0 in QT

Proof. See proof the lemma 1.2 of [31]. �

Using either w(0) or v(0) as the initial iteration. We can construct a sequence(
u(k), h(k)

)
from the iteration process for any k and i = 1, 2.

(di + 2αiu
(k)
i )−1h

(k)
it − Lh

(k)
i = Fi(u

(k−1)
1 , u

(k−1)
2 ) in QT

∂h
(k)
i

∂η
= 0 on ST

h
(k)
i (x, 0) = h

(k)
i,0 (x) in Ω

u
(k)
i = q(h

(k)
i ) in QT

(2.6)
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The equation in (2.6) is equivalent to

u
(k)
it −∆[(di + 2αiu

(k)
i )u

(k)
i ] + ϕi(di + 2αiu

(k)
i )u

(k)
i = Fi(u

(k−1)
1 , u

(k−1)
2 )

The existence of the solution u
(k)
i is assured under the identical boundary and

initial conditions, as stated in ([30], Chapter V , Section 7). Furthermore, from the-

orem 7.4, the solution u
(k)
i ∈ C2,1(QT )). Denote the sequences by (w(k), h

(k)
) and

(v(k), h(k)) respectively, where (w(0), h
(0)

) and (v(0), h(0)) are the initial iteration of
the sequences.

2.1. Monotone sequences. In the following lemma, we show the monotony of

the sequences (w(k), h
(k)

) and (v(k), h(k)).

Lemma 2.2. The sequences (w(k), h
(k)

) and (v(k), h(k)) defined by (2.6) possess the
monotone property

(v(0), h(0)) ≤ (v(k), h(k)) ≤ (v(k+1), h(k+1)) ≤ (w(k+1), h
(k+1)

)

≤ (w(k), h
(k)

) ≤ (w(0), h
(0)

) (2.7)

where h and h are the upper and lower bounds of h.

Proof. ∀k ≥ 1, where h = P (w) and h = P (v)
Step 1: Initialisation (k = 1)

Let z
(1)
i = h

(1)
i − h

(0)
i and z

(1)
i = h

(0)

i − h
(1)

i

for i = 1, we replace z
(1)
1 in (2.6)

(d1 + 2α1v
(1)
1 )−1z

(1)
1t − L1z

(1)
1 =F1(v

(0)
1 , w

(0)
2 )− (d1 + 2α1v

(1)
1 )−1h

(0)
1t + L1h

(0)
1

= F1(v
(0)
1 , w

(0)
2 ) + L1h

(0)
1 − (d1 + 2α1v

(0)
1 )−1h

(0)
1t

+ [(d1 + 2α1v
(0)
1 )−1 − (d1 + 2α1v

(1)
1 )−1]h

(0)
1t

= ∆h
(0)
1 + f1(v

(0)
1 , w

(0)
2 )− (d1 + 2α1v

(0)
1 )−1h

(0)
1t

+ [(d1 + 2α1v
(0)
1 )−1 − (d1 + 2α1v

(1)
1 )−1]h

(0)
1t

We use (2.2) to get

(d1 + 2α1v
(1)
1 )−1z

(1)
1t − L1z

(1)
1 ≥ −[(d1 + 2α1v

(1)
1 )−1 − (d1 + 2α1v

(0)
1 )−1] h

(0)
1t

by the mean value theorem, we obtain

(d1 + 2α1v
(1)
1 )−1 − (d1 + 2α1v

(0)
1 )−1 =

−2α1

(d1 + 2α1ξ
(0)
1 )3

(h
(1)
1 − h

(0)
1 )

for some intermediate value ξ
(0)
1 between v

(0)
1 and v

(1)
1 . we have,

(d1 + 2α1v
(1)
1 )−1z

(1)
1t − L1z

(1)
1 + γ

(0)
1 z

(1)
1 ≥ 0 in Ω× (0, T ]

where γ
(0)
1 =

−2α1

(d1 + 2α1ξ
(0)
1 )3

h
(0)
1t
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on the other hand,

∂z
(1)
1

∂η
=

∂(h
(1)
1 − h

(0)
1 )

∂η
=
∂h

(1)
1

∂η
− ∂h

(0)
1

∂η
= 0 on ∂Ω× (0, T ]

z
(1)
1 (x, 0) = h

(1)
1 (x, 0)− h(0)

1 (x, 0) ≥ 0 in Ω

As (v
(0)
1 , h

(0)
1 ) governed by (2.6) satisfies v

(0)
1 ∈ C2,1(QT ), then h

(0)
1t is bounded,

implies that the coefficient γ
(0)
1 is bounded. It follows from the lemma 2.1 that

z
(1)
1 ≥ 0 and thus v

(1)
1 ≥ v(0)

1 .

We replace z
(1)
2 in (2.6) and use a same reasoning we give z

(1)
2 ≥ 0 and thus

v
(1)
2 ≥ v(0)

2 . A similar argument gives zi ≥ 0 and w
(0)
i ≥ w

(1)
i .

Let y
(1)
i = h

(1)

i − h
(1)
i , i = 1, 2

for i = 1 we know that y
(1)
1 satisfies

(d1 + 2α1w
(1)
1 )−1y

(1)
1t − L1y

(1)
1 + δ

(1)
1 y

(1)
1 = F1(w

(0)
1 , v

(0)
2 )− F1(v

(0)
1 , w

(0)
2 ) ≥ 0

where δ
(1)
1 =

−2α1h
(1)
1t

(d1 + 2α1ξ
(1)
1 )3

with ξ
(1)
1 is the intermediare value between

w
(1)
1 and v

(1)
1 .

∂y
(1)
1

∂η
= 0

y
(1)
1 (x, 0) = h

(1)

1 (x, 0)− h(1)
1 (x, 0) = 0

It follows again from lemma 2.1, we have y
(1)
1 ≥ 0, implies that h

(1)

1 ≥ h
(1)
1 and

therefore w
(1)
1 ≥ v

(1)
1 . The same line of reasoning yields y

(1)
2 ≥ 0, which leads to

h
(1)

2 ≥ h(1)
2 and w

(1)
2 ≥ v(1)

2 .
The foregoing conclusion shows that

(v
(0)
i , h

(0)
i ) ≤ (v

(1)
i , h

(1)
i ) ≤ (w

(1)
i , h

(1)

i ) ≤ (w
(0)
i , h

(0)

i )

Step 2 : Iteration (k > 1)
Assume by induction that

(v
(k)
i , h

(k)
i ) ≤ (v

(k+1)
i , h

(k+1)
i ) ≤ (w

(k+1)
i , h

(k+1)

i ) ≤ (w
(k)
i , h

(k)

i ), k > 1

Let z
(k+1)
i = h

(k+1)
i − h(k)

i and z
(k+1)
i = h

(k+1)

i − h(k)

i .

Using (2.6) again, by the quasi monotone nonincreasing of (f1, f2), then z
(k+1)
1

satisfies 

(d1 + 2α1v
(k+1)
1 )−1z

(k+1)
1t − L1z

(k+1)
1 + γ

(k)
1 z

(k+1)
1

= F1(v
(k)
1 , w

(k)
2 )− F1(v

(k−1)
1 , w

(k−1)
2 ) ≥ 0

∂z
(k+1)
1

∂η
= 0 on ∂Ω× (0, T ]

z
(k+1)
1 (x, 0) = 0 in Ω
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where γ
(k)
1 =

−2α1

(d1 + 2α1ξ
(k)
1 )3

h
(k)
1t , ξ

(k)
1 is the intermediare value between

v
(k)
1 and v

(k+1)
1 . By lemma 2.1, we have z

(k+1)
1 ≥ 0 wich leads to h

(k+1)
1 ≥ h(k)

1 and

v
(k+1)
1 ≥ v

(k)
1 .

Similarly, we have z
(k+1)
2 ≥ 0 impilies that h

(k+1)
2 ≥ h(k)

2 and v
(k+1)
2 ≥ v

(k)
2 . We use

the same procedure to get h
(k+1)

i ≥ h(k)

i ≥ h(k+1)
i , and thus w

(k)
i ≥ w(k+1)

i ≥ v(k+1)
i

(i = 1, 2). �

2.2. Convergence of the two sequences.

Lemma 2.3. ( monotony convergence) From lemma 2.2 the sequences (w(k), h
(k)

)

and (v(k), h(k)) obtained from (2.6) are convergent and verify the following limits

lim
k→+∞

(w(k), h
(k)

) = (w, h), lim
k→+∞

(v(k), h(k)) = (v, h)

In the following, we show that (w, h) = (v, h) = (u∗, h∗) where u∗ is the unique
solution for (1.2).

2.3. Uniqueness of the solution.

Theorem 2.4. Let (w
(0)
1 , w

(0)
2 ), (v

(0)
1 , v

(0)
2 ) be the upper and lower solution of (1.2).

Then the sequences (w(k), h
(k)

) and (v(k), h(k)) obtained from (2.6) converge mono-
tonically to a unique solution (u∗, h∗) of (2.4), and they satisfy the relation

(v(k), h(k)) ≤ (v(k+1), h(k+1)) ≤ (u∗, h∗) ≤ (w(k+1), h
(k+1)

) ≤ (w(k), h
(k)

), k ≥ 0

The proof of this theorem is similar to Theorem 3.1 in [20].

Remark. Creating a pair of ordered upper and lower solutions to (1.2) guarantees
a global solution to the problem (1.2). In fact, we only need to construct an upper
solution bounded since the lower solution is sufficiently small and is bounded by
(0, 0). We have the following theorem

2.4. Conditions on the parameters of the model.

Theorem 2.5. Let λ0 be the first eigenvalue of the Laplacian with 2α1λ0 ≤ b1
2α2λ0 ≤ c2
(2α2λ0 − c2)(2α1λ0 − b1)− b2c1 > 0

If the following conditions hold

−a1(2α2λ0 − c2) + a2c1
(2α2λ0 − c2)(2α1λ0 − b1)− b2c1

≤ a1c2 + a2c1
c2b1 − c1b2

−a2(2α1λ0 − b1) + a1b1
(2α2λ0 − c2)(2α1λ0 − b1)− b2c1

≤ a1b2 + a2b1
c2b1 − c1b2

then the problem (1.2) admits a unique global solution (u1, u2) in Ω× [0, T ].
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Proof. Let (w
(0)
1 , w

(0)
2 ), (v

(0)
1 , v

(0)
2 ) the upper and lower solutions of (1.2) with

(w
(0)
1 , w

(0)
2 ) = (N1, N2), (v

(0)
1 , v

(0)
2 ) = (ρ1Φ0, ρ2Φ0) (2.8)

such that (ρ1Φ0, ρ2Φ0)≤(u1(0, x), u2(0, x))≤(N1, N2), Φ0(x) ≡ Φ0 is the positive

eigenfunction corresponding to λ0 satisfying : ∆Φ0 = −λ0Φ0 and
∂Φ0

∂η
= 0.

ρi, Ni(i = 1, 2) are some positive constant with ρi are chosen sufficiently small

to prevent the initial lower iteration (v
(0)
1 , v

(0)
2 ) from vanishing.

The pair (2.8) satisfy the inequality (2.1), (2.2) if :
(N1)t −∆[(d1 + α1N1)N1]≥N1(−a1 + b1N1 − c1ρ2Φ0)
(N2)t −∆[(d2 + α2N2)N2]≥N2(−a2 − b2ρ1Φ0 + c2N2)
(ρ1Φ0)t −∆[(d1 + α1ρ1Φ0)ρ1Φ0]≤ρ1Φ0(−a1 + b1ρ1Φ0 − c1N2)
(ρ2Φ0)t −∆[(d2 + α2ρ2Φ0)ρ2Φ0]≤ρ2Φ0(−a2 − b2N1 + c2ρ2Φ0)

(2.9)

from ∆(Φ2
0) = 2(Φ0∆(Φ0) + |∇Φ0|2) ≥ −2λ0Φ2

0 then
0≥− a1 + b1N1 − c1ρ2Φ0

0≥− a2 − b2ρ1Φ0 + c2N2

2α1ρ1λ0Φ0≤− a1 + b1ρ1Φ0 − c1N2

2α2ρ2λ0Φ0≤− a2 − b2N1 + c2ρ2Φ0

(2.10)

As Ni > ρiΦ0 > 0 the inequalities (2.10) become

−a1 + b1N1 − c1N2 ≤ 0 (2.11)

−a2 − b2N1 + c2N2 ≤ 0

and

a1 + (2α1λ0 − b1)N1 + c1N2 ≤ 0 (2.12)

a2 + b2N1 + (2α2λ0 − c2)N2 ≤ 0

with

2α1λ0 − b1 ≤ 0 and 2α2λ0 − c2 ≤ 0

Assuming that c2b1 > c1b2, we get from (2.11)

N1 ≤
a1c2 + a2c1
c2b1 − c1b2

and N2 ≤
a1b2 + a2b1
c2b1 − c1b2

On the other hand, we find from (2.12)

N1 ≥
−a1(2α2λ0 − c2) + a2c1

(2α2λ0 − c2)(2α1λ0 − b1)− b2c1
and N2 ≥

−a2(2α1λ0 − b1) + a1b1
(2α2λ0 − c2)(2α1λ0 − b1)− b2c1

where

(2α2λ0 − c2)(2α1λ0 − b1)− b2c1 > 0
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The relations (2.11) and (2.12) are satisfied by any constants N1, N2 such that

−a1(2α2λ0 − c2) + a2c1
(2α2λ0 − c2)(2α1λ0 − b1)− b2c1

≤ N1 ≤
a1c2 + a2c1
c2b1 − c1b2

−a2(2α1λ0 − b1) + a1b1
(2α2λ0 − c2)(2α1λ0 − b1)− b2c1

≤ N2 ≤
a1b2 + a2b1
c2b1 − c1b2

This suggests that

−a1(2α2λ0 − c2) + a2c1
(2α2λ0 − c2)(2α1λ0 − b1)− b2c1

≤ a1c2 + a2c1
c2b1 − c1b2

(2.13)

−a2(2α1λ0 − b1) + a1b1
(2α2λ0 − c2)(2α1λ0 − b1)− b2c1

≤ a1b2 + a2b1
c2b1 − c1b2

(2.14)

Hence under conditions (2.13) and (2.14), there exist positive constants Ni, ρi
(i = 1, 2) such that the pair in (2.8) are coupled upper and lower solutions of (1.2),

we conclude from lemma 2.3 that the sequences (w(k), h
(k)

), (v(k), h(k)) converge
monotonically to some (w, h), (v, h). It follows from theorem 2.4 that
(w, h) = (v, h) ≡ (u∗, h∗) is the unique solution of (1.2) in QT . �

3. Blow-up of the solution

We announce the following general result on blow-up solutions in the partial
differential equations.

Theorem 3.1. Let (f1, f2) be locally Lipschitz functions in R+ × R+ and let

(v
(0)
1 , v

(0)
2 ) be a positive functions defined in [0, T0) × Ω for a finite T0 and un-

bounded at some point in Ω as t −→ T0. If (v
(0)
1 , v

(0)
2 ) is a lower solution of (1.2)

for every T < T0 then there exists T ∗≤T0 such that a unique positive solution
(u1, u2) to (1.2) exists in Q and satisfies the relation :

lim
t→T∗

max [u1(t, x) + u2(t, x)] = +∞ (3.1)

The proof of theorem 3.1 is similar to that of theorem 11.5.1 of [31].
Based on the result of this theorem, the blowing-up property of the solution to (1.2)
is ensured if there exists a lower solution unbounded on Ω at a finite time T ∗. The
construction of such a lower solution depends on the type of boundary conditions.
For Neumann boundary conditions, if (f1, f2) satisfy a growth condition, the lower
solution can often be constructed. We have the growth conditions in the following
lemma.

3.1. Conditions on the reaction terms.

Lemma 3.2. Let ψ1, ψ2 and c be positive constants, such that

ψ1 = min {µ1b1, µ2c2} , ψ2 = (µ1c1 + µ2b2) /2,

c = max {µ1a1, µ2a2} , ψ1 > ψ2 > 0 (3.2)

(f1, f2) satisfy the local Lipschitz continuous property.
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If ψ = (ψ1 − ψ2)/2, then (f1, f2) satisfy the growth condition:

µ1f1(u1, u2) + µ2f2(u1, u2) ≥ ψ(u1 + u2)2 − c(u1 + u2), u1 ≥ 0, u2 ≥ 0 (3.3)

where µi, i = 1, 2 are positive constants.

Proof.

µ1f1(u1, u2) + µ2f2(u1, u2) = −(µ1a1u1 + µ2a2u2) + (µ1b1u
2
1 + µ2c2u

2
2)

− (µ1c1 + µ2b2)u1u2 (3.4)

by (3.2), the (3.4) becomes

µ1f1(u1, u2) + µ2f2(u1, u2) = ψ1(u2
1 + u2

2)− 2ψ2u1u2 − c(u1 + u2) (3.5)

such that

ψ1(u2
1 + u2

2)− 2ψ2u1u2 = ψ(u1 + u2)2 − ψ(u2
1 + u2

2) + ψ1(u2
1 + u2

2)− 2(ψ + ψ2)u1u2

We get

ψ1(u2
1 + u2

2)− 2ψ2u1u2 ≥ ψ(u1 + u2)2 + 2(ψ1 − 2ψ − ψ2)u1u2

ifψ = (ψ1 − ψ2)/2, So

ψ1(u2
1 + u2

2)− 2ψ2u1u2 ≥ ψ(u1 + u2)2.

The relation (3.5) becomes

µ1f1(u1, u2) + µ2f2(u1, u2) ≥ ψ(u1 + u2)2 − c(u1 + u2), u1 ≥ 0, u2 ≥ 0

�

The lower solution can be constructed by using the solution of the Cauchy prob-
lem: {

p̂′ + τ p̂ = ψp̂2

p̂(0) = p̂0

where τ ,ψ are arbitrary non-zero constants. In the following, we show the blow-up
of the problem (1.2).

Theorem 3.3. Let (f1, f2) be locally Lipschitz function in R+ × R+ and satisfy
the condition (3.2) and the relation (3.3), and let (u1, u2) be the positive solution
of (1.2) in [0, T0) × Ω. Then for any nonnegative (u1(0, x), u2(0, x)) satisfying the
condition

p̂0 >
τ

ψ
(3.6)

there exists a finite T ∗ ≤ T0 such that (u1, u2) possesses the blowing-up property
(3.1), where T0

T0 =
1

τ
ln[

ψp̂0

ψp̂0 − τ
]. (3.7)
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Proof. Consider (v
(0)
1 , v

(0)
2 ) = (p̂1(t)Φ0, p̂2(t)Φ0) is a lower solution of (1.2) where

Φ0 is the positive eigenfunction corresponding to the eigenvalue λ0. Let (u1, u2)
be the positive solution of (1.2) and define the weighted average of the solution
(u1, u2) by

p̂1(t) = |Ω|−1
∫

Ω

Φ0(x)u1(x, t)dx, p̂2(t) = |Ω|−1
∫

Ω

Φ0(x)u2(x, t)dx and

p̂(t) = |Ω|−1
∫

Ω

Φ0(x)[µ1u1(x, t) + µ2u2(x, t)]dx = µ1p̂1(t) + µ2p̂2(t) (3.8)

with p(0) = p̂0. Multiply the first equation in (1.2) by Φ0 of the laplacian and
integrate over Ω using Green’s theorem which implies∫

Ω

u1tΦ0dx ≥
∫

Ω

∆Φ0[(d1 + α1u1)u1]dx+

∫
Ω

f1(u1, u2)Φ0dx∫
Ω

u1tΦ0dx ≥ −
∫

Ω

λ0Φ0d1u1(x, t)dx−
∫

Ω

λ0α1u
2
1(x, t)Φ0dx+

∫
Ω

f1(u1, u2)Φ0dx

(3.9)

Multiply (3.9) by µ1

µ1 |Ω| p̂′1(t) ≥ −µ1λ0d1 |Ω| p̂1(t)− λ0α1µ1 |Ω| p̂2
1(t) +

∫
Ω

µ1f1(u1, u2)Φ0dx (3.10)

An analogue reasoning for the second equation in (1.2), gives

µ2 |Ω| p̂′2(t) ≥ −µ2λ0d2 |Ω| p̂2(t)− λ0α2µ2 |Ω| p̂2
2(t) +

∫
Ω

µ2f2(u1, u2)Φ0dx (3.11)

The combination of the above inequalities (3.10) and (3.11) gives

|Ω| [µ1p̂
′
1(t) + µ2p̂

′
2(t)] ≥ −λ0 |Ω| [µ1d1p̂1(t) + µ2d2p̂2(t)]−

λ0 |Ω| [µ1α1p̂
2
1(t) + µ2α2p̂

2
2(t)] +

∫
Ω

[µ1f1(u1, u2) + µ2f2(u1, u2)]Φ0dx (3.12)

We notice that

p̂2(t) > µ2
1p̂

2
1(t) and p̂2(t) > µ2

2p̂
2
2(t)

If λ0 > 0 multiply the two inequalities by −λ0 |Ω|α1, −λ0 |Ω|α2 respectively, we get

−λ0 |Ω|α1p̂
2(t) < −λ0 |Ω|µ2

1α1p̂
2
1(t) and − λ0 |Ω|α2p̂

2(t) < −λ0 |Ω|µ2
2α2p̂

2
2(t)

taking α = α1 + α2, µ = max {µ1, µ2} and substitute in the above inequalities

− λ0 |Ω|αp̂2(t) < −λ0 |Ω|µ[µ1α1p̂
2
1(t) + µ2α2p̂

2
2(t)] (3.13)

for d = max {d1, d2}, then by (3.13) and the growth condition (3.3) on (f1, f2), the
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relation (3.12) becomes

|Ω| p̂′(t)+λ0 |Ω| dp̂(t)+λ0 |Ω|αµ−1p̂2(t) >

∫
Ω

ψ(u1 +u2)2Φ0dx−
∫

Ω

c(u1 +u2)Φ0dx

(3.14)
We use the relation:

µ−1(µ1u1 + µ2u2) ≤ (u1 + u2) ≤ µ−1(µ1u1 + µ2u2), µ = min(µ1, µ2)

We get

−
∫

Ω

c(u1 + u2)Φ0dx ≥ −
∫

Ω

cµ−1(µ1u1 + µ2u2)Φ0dx ≥ −cµ−1 |Ω| p̂(t) (3.15)

and ∫
Ω

ψ(u1 + u2)2Φ0dx ≥ ψµ−2

∫
Ω

(µ1u1 + µ2u2)2Φ0dx (3.16)

Since by Holder’s inequality,∫
Ω

Φ0(µ1u1 + µ2u2)dx ≤ (

∫
Ω

dx)1/2.(

∫
Ω

[Φ0(µ1u1 + µ2u2)]2dx)1/2

Relation (3.8) and Φ0 ≤ 1 imply that∫
Ω

(µ1u1 + µ2u2)2Φ0dx ≥ |Ω| p̂2(t) (3.17)

The inequality (3.16) leads to∫
Ω

ψ(u1 + u2)2Φ0dx ≥ ψµ−2 |Ω| p̂2(t) (3.18)

We replace (3.15) and (3.18) in the inequality (3.14), we obtain

p̂′(t) + (λ0d+ cµ−1)p̂(t) ≥ (ψµ−2 − λ0αµ
−1)p̂2(t) (3.19)

taking τ = λ0d+ cµ−1; ψ = ψµ−2 − λ0αµ
−1, this gives

p̂′(t) + τ p̂(t) ≥ ψp̂2(t)

Integrate the above inequality to get

p̂(t) ≥ exp(−τt)
1

p̂0
−
ψ

τ
(1− exp(−τt))

, 0 ≤ t ≤ T0 (3.20)

With this function p̂(t), (v
(0)
1 , v

(0)
2 ) = (p̂1(t)Φ0, p̂2(t)Φ0) is a lower solution of (1.2)

for every T < T0 where T0 is given by the right-hand side of (3.7). Since for
p̂0 > τ/ψ the function p̂(t) grows unbounded as t → T0, there exists T ∗ ≤ T0
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such that p̂(t) → +∞ as t → T ∗. By relation (3.8), (u1, u2) must be unbounded
in [0, T ∗] × Ω, which implies that the unique positive solution (u1, u2) possess the
blowing-up property (3.1). �

3.2. Discussion on the blow-up parameters.
Following the notations in (3.2), we obtain the two conditions on the parameters
causing blow-up of the solution

• If 0 < µ1 < µ2 we choose ψ1 = µ1b1 then

µ1b2 < µ2b2 ⇔
µ1c1 + µ1b2

2
<
µ1c1 + µ2b2

2

µ1c1 + µ1b2
2

< ψ2 < ψ1

we obtain the first condition

c1 + b2 < 2b1 (3.21)

• If µ1 > µ2 > 0, we choose ψ1 = µ2c2 then

µ1c1 + µ2b2
2

>
µ2c1 + µ2b2

2

ψ1 >
µ1c1 + µ2b2

2
>
µ2c1 + µ2b2

2

µ2c2 >
µ2c1 + µ2b2

2

we obtain the second condition :

2c2 > c1 + b2 (3.22)

4. Conclusions

We have obtained the following conditions for the existence of a global solution
to the SKT problem:

If 2α1λ0 − b1 ≤ 0, 2α2λ0 − c2 ≤ 0 and (2α2λ0 − c2)(2α1λ0 − b1)− b2c1 > 0 with
c2b1 > c1b2,

−a1(2α2λ0 − c2) + a2c1
(2α2λ0 − c2)(2α1λ0 − b1)− b2c1

≤ a1c2 + a2c1
c2b1 − c1b2

−a2(2α1λ0 − b1) + a1b1
(2α2λ0 − c2)(2α1λ0 − b1)− b2c1

≤ a1b2 + a2b1
c2b1 − c1b2

Then the problem (1.2) admits a unique global solution (u1, u2) in Ω× [0,+∞).
For the blow-up conditions parameters, we have obtained :

if ψ1 = µ1b1, ψ2 =
(µ1c1 + µ2b2)

2
with ψ2 < ψ1 and 0 < µ1 < µ2 then c1 +b2 < 2b1.

if ψ1 = µ2c2, ψ2 =
(µ1c1 + µ2b2)

2
with ψ2 < ψ1 and µ1 > µ2 > 0 then c1 +b2 < 2c2.

Under these conditions the solution of problem (1.2) blows up as t→ T ∗.
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