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GLOBAL SOLUTION AND BLOW-UP ANALYSIS OF
SELF-DIFFUSION SYSTEM IN POPULATION DYNAMICS

BELKHAMSA ICHRAF, MESSAOUD SOUILAH

ABSTRACT. In this paper, we prove the existence and uniqueness of the global
solution to the reaction-diffusion system SKT without mixed diffusion. We use
the lower and upper solution method and its associated monotone iterations,
where the reaction functions are locally Lipschitz. We study the blowing-up
property of the solution and give sufficient conditions on the reaction parame-
ters of the model to ensure the blow-up of the solution in continuous function
spaces.

1. INTRODUCTION

Various mathematical models from population dynamics translate into reaction-
diffusion systems posed in a bounded domain of R™. For example, the Sheguesada
Kawasaki Teramoto model (see [22]) was proposed in 1978 which includes the fol-
lowing problem:

ury — Al(dy + aruy + frug)ur] = fi(ug,ug) in Qr

uge — A[(dg + aguz + Sour)ug] = fa(ur,uz) in Qp

%Z%ZOOHST (1'1)

oy On

u1(0,x) = u1 9(x), u2(0,x) = ugo(x) on Q
where f1 (ul, UQ) = ul(al - b1U1 + Cﬂtg) and fg(ul, Ug) = UQ(CLQ + b2U1 — CQUQ).
A = YT 9%/0%x; is the Laplace operator,  is a bounded domain in R" with
smooth boundary 0f2, g denotes the directional derivative along the outward nor-
mal on 09, Qr = (0,T] x Q, St = (0,T] x Q. d;, o, Bi, a; and by, ¢; (i = 1,2) are
given positive constants. In the system (L.1), u; are non-negative functions that
represent the population densities of two competing species. d; is their diffusion
rates. The parameters «; is the self-diffusion rate, and 3; denotes the cross-diffusion
rate. Parameters a; is the net birth of the ith species, and by, cy are coefficients
for intra-specific competitions; by, ¢; are coefficients for inter-specific competitions.
Au? describes the self-diffusion of the population u; in Q. A(ujuz) describes the
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mixed diffusion of the populations u,us in €. The problem is an open prob-
lem that has been treated by many researchers, who are devoted to the blow-up of
solution and the global existence with either Neumann or Dirichle boundary condi-
tions by various methods (cf.[7, @] 27, 18, 24]). In 1984, Kim [5] proved the universal
existence of classical solutions to for n =1 when d; = ds, a1 > 0,32 > 0, and
b1 = a1 = 0. Recently, Shim [2I] refined Kim’s findings and established uniform
boundaries for solutions by utilizing a new technique.

In several important papers [1],[2], and [3], Amann established the local exis-
tence of a solution to . His results were based on the use of the Wz}—estimates
(p>1). Ifd; = a; = B; =0 (i = 1,2) the problem is the historical Volterra
model. For a; = §; = 0, is the Lotka-Volterra system; in this case, C.V.Pao
in [31] proved that for byca < ¢1b2 the problem admit a unique solution, and for
bica > c1ba, the solution blows up. In the same case, Lou, Nagylaki, and Ni [I5]
studied the effect of diffusion on the blow-up of solution in finite time 7. For
n =2,Y. Lou, Ni, and Wu showed in [I7] that the system has a unique global
solution.

On the other hand, Choi, Lui, and Yamada [25] examined the problem when
as = 0 and By = 0, for any value of n. However, their findings demonstrated the
global existence of the solution to the problem only when the coefficient /3
was sufficiently small. Subsequently, in 2004, they continued their research and
established that the solution to equation exists globally either when as = 0 or
when as > 0, with 82 = 0 and n < 6 (see [20]). Dung Le utilized a similar concept
in [8], demonstrating the existence of global solutions to the problem on R"
with n < 3.

For B; = 0, the issue represented by equation is written as follows:

Ul — A[(dl + alul)ul] = fl(ul,ug) in Qr = (O,T] x €

132,5 — Ang + OéQUQ)UQ] = fg(ul,u2) in Qr = (O,T] x Q
1 e ﬂ e e

87’[7 = 8’[7 0 on ST (O,T] x 00

u1(0,2) = u1 0(x), u2(0,2) = ugo(z) on Q

This case, treated by Linling.Z, Zhi.Li, and Zhigui.Li in [14], they devoted to the
global existence and blow-up of solutions for system with Dirichlet bound-
ary condition, the global solution is proved by using the upper and lower solution
method and Sufficient conditions are given for the solution to blow up. Indepen-
dently from [4], R.Hoyer and M.Souilah investigated the existence of global and
local solution to the reaction-diffusion system with the same conditions, they
have given sufficient conditions on the reaction parameters to ensure the global
existence of the solution to the problem in the Sobolev space W2,

In this article, we are specially interested in global existence and the blow-up
of solutions for the self-diffusion system , by employing a different approach
and under new assumptions, in which fi,fs are characterized as quasimonotone
nonincreasing functions that satisfy the Lipschitz condition with

(1.2)

fi(ui,up) = ui(—ay +biuy — crug),  folui,us) = uz(—as — bauy + couz)

and we provide sufficient conditions that ensure the existence and blow-up of so-
lutions in spaces of continuous functions. We use the method of upper and lower
solutions along with its associated monotone iterations. This approach fundamen-
tally posits that employing an upper and lower solution as the initial iteration in
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an appropriate iterative process yields a monotonic sequence of iterations that con-
verges to a solution of the issue. To guarantee the existence of a solution, it is
imperative to establish a condition relating to the reaction functions. An essential
assumptiong on f; and f3 is the Lipschitz condition. Furthermore, the creation of
upper and lower sequences also depends on the quasi-monotonicity of the functions
f1,f2. In instance where a lower solution exists but no upper solution in Qr for
large values of T, then it is possible that the solution grows unbounded in finite
time. This ensures the blow upof the solution. For further information, consult
Chapter 2, Chapter 8, and Chapter 6 in [31]

The plan of this paper is arranged as follows: In Section 2, we prove the
existence and uniqueness of a global solution in continuous spaces by using upper
and lower solutions and their associated monotone iterations. Specifically, we create
upper and lower sequences that are monotonous of opposing monotony and converge
to the same limit; the latter is the unique and global solution to the problem (1.2]).
Thereafter, we give sufficient conditions to ensure the global existence of
Section 3 proposes a concept based on creating a lower sequence that reflects the
solution to the Cauchy problem, and we illustrate its convergence towards infinity.
Finally, we provide sufficient conditions to ensure the blow-up.

2. EXISTENCE OF GLOBAL SOLUTION

This section aims to establish the existence of a global solution to ([1.2). First,
we give the definition of ordered upper and lower solutions of (|1.2)):

Definition 2.1. The pair w®) = (w§0)7w§0) 00 = (vgo),véo)) in C(Qr)NC*Y(Qr)
are called order upper and lower solution of 1' if w@ >0 and w©® O satisfies
the following relations:

(i) = Al(dy + arwy i 12wl (—ar + brwy” - ery”)
(W) — Al(dz + azws )ws” 2w (~az — bol” + c2wl”)
ow® (2.1)

077
w (2,0)>u; 0(2)

(2

and
@), = Al(dr + v} )" 1<of” (—a1 + b — 1wl
(Ug())))t — Al(d2 + azvéo))véo)]ﬁvéo)(—ag — b2w§°> + czvéo))
0
v, <0 (22)
on —

o © (x,0)<u;o(x)

We denote C (Qr) = C([0, T]x Q) the space of all bounded and continuous functions
in [0,7] x Q. Let’s define

Ji = {u; € (C(Qp)) : vi<u;<w;}

Jx J ={(u,h) € (C(Qr))*: (v, )<(u,h)<(w, h)}
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Considering only the positive solution of (1.2)), we define:
PZ(U,L) = hz = Oui (dz + 20[7;8)d8 = (dz + azul)uz Z 0

hit = (dl + QQiUi)Uit, 1= 1, 2 (23)
Where
(. 2&1 - q’L 1
We may express the problem (|1.2]) in the equivalent form
(di + 20u3) " hiy — Ah; = fi(u1,uz) in Qr
Ohi _ 0on S
an r (2.4)

hl(l‘,O) = hivoil') in Q
u; = q(hi) in Qr

Define Lh; = Ah; — @;h; where ; is a positive constant and
Fi(u1,uz) = fi(u1,uz) + pihg, i =1,2
For any u; > 0,us > 0, the problem ([2.4) is equivalent to

(di 4+ 2a;u;) " hig — Lh; = Fy(uq,us2)in Qr
%]:; =0on Sy (2.5)
hz($70) = hi,O(x) in Q

First, we present the following positivity lemmas:

Lemma 2.1. Let o(z,t) >0 in Qp, S >0 on St and let either
(i) e(t,z) >0 in Qr or

(i) (70(; t)) be bounded in Q.

If z € C?1(Q7) N C(Qr) satisfies the following inequalities:

o(t,x)ze — Az +e(x,t)z > 0 in Qr
0
a—; + B(z,t)z > 0 in St
z(x,0) >0 in Q
then z > 0 in Qr
Proof. See proof the lemma 1.2 of [31]. O

Using either w(® or v(®) as the initial iteration. We can construct a sequence

(u(k), h(k)) from the iteration process for any k and i = 1, 2.

(di + 2aiu(k))_1h£f) —Lh{® = Fi(ugk_l),uék_l)) in Qr

on®)
an =0on St (2.6)
h9(2,0) = K% (2) in Q

) = q(h) in Qr
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The equation in (2.6) is equivalent to
ulP) — Al(d; + 20,0l + i (ds + 200 )l = FyulFH W)

K3
The existence of the solution u(k) is assured under the identical boundary and
initial conditions, as stated in ([30], Chapter V', Section 7). Furthermore, from the-

orem 7.4, the solution ugk) € C*1(Qr)). Denote the sequences by (w(k),ﬁ(k)) and

(™, L™ respectively, where (w(o),ﬁ(o)) and (v, b9} are the initial iteration of
the sequences.

2.1. Monotone sequences. In the following lemma, we show the monotony of

the sequences (w(k),ﬁ(k)) and (v(’“),ﬁ(k)),

Lemma 2.2. The sequences (w(k),ﬁ(k)) and (v®, ™)) defined by |D possess the
monotone property

(W@, @) < (v®) By < (pk+D) | pE+DY) < (w(k+1)’ﬁ(k+1))

< (w®, 7% < (@@, 7Y) (2.7)

where h and h are the upper and lower bounds of h.
Proof. Vk > 1, where h = P(w) and h = P(v)
Step 1: Initialisation (k= 1)
Let 2P =h® — b and 2V = 1
for ¢ = 1, we replace ggl) in 1D
(dy + 2a1v§1))_1g$) — ngg) =F (vgo) wg ) — (d1 + 2a1v1 ) 'h} O) + I h
= A0, wy”) + Liby” — (d + 2a v(o))‘%)
+[(dr +20000") L = (di + 20007) 1R
AR+ fi(0f” wg”) — (dy + 20001 gy
[+ 2000") 7 (dr + 20007) gy

s

We use to get
(dy + 2alv§1)) 12%) nggl) > —[(d1 + 2alv§1)) —(d1 + 2a1v(0)) N hg(t))

by the mean value theorem, we obtain

—2
(di + 2@1051))71 — (dy + 204111%0))71 = é(ﬁgl) - ﬁgo))

(dq + 2a15§0))3

(0) €]

for some intermediate value §1 % between v, ~ and v, ’. we have,

(d +20001) 72— Loz 4972 2 0 @ (0,7]

—2
where 'yio) e S hgg)

(di + 2041550))3
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on the other hand,

92" oY —n”)  onV  onl”

— = — — =— - ——=0 o0 0,7

an an on an on 02 (0.7]
202,00 = h{Y(2,0) = bV (x,0) > 0 in O

As (U§0)7h(10)) governed by |i satisfies vgo) € C*1(Qr), then ﬁg(z) is bounded,

implies that the coeflicient ’le is bounded. It follows from the lemma ﬂ that

ggl) > (0 and thus v(l) > v%o).

We replace gél) in 1D and use a same reasoning we give gél) > 0 and thus
0 5 (D),

vél) > Ugo). A similar argument gives Z; > 0 and w;
Let 3 =70 —pV, i =1,2

for i = 1 we know that ygl) satisfies

(dy +20qw{) "yl — LtV + 60y = B (w®,0f) — R0l w”) > 0

1
*2‘3‘1@&)

— with 551) is the intermediare value between
(dl + 204151 )‘3

where 5%1) =
w%l) and v§1).

" _

on
y D (z,0) = B (2,0) — B (2,0) = 0

0

It follows again from lemma we have ygl) > 0, implies that Eil) > @gl) and

therefore wgl) > vgl). The same line of reasoning yields yél) > 0, which leads to

Eél) > ﬁgl)and wél) > vgl) .
The foregoing conclusion shows that
0.1 < @7, 1) < @B < @B

i i

Step 2 : Iteration (k > 1)
Assume by induction that

(ng))hl(_k)) < (U§k+1)7h§k+1)> < (w(k+1)7ﬁgk+1)) < (wl(k),ﬁl(.k)),k: -1

and 25+ — ﬁkﬂ) — E(k)
Using |D again, by the quasi monotone nonincreasing of (fi, f2), then z
satisfies

Lot gl(k+1) _ h§k+1) B h§k)
(k+1)
1

(di + 2a10§k+1))_1§g§+1) - Llégkﬂ) + %k)%gkﬂ)

(k+1) - Fl(vﬁk)a wék)) - Fl(Uﬁk_l)vwék_l)) >0
o\t

7377 =0 on 90 x (0,7

g(lkﬂ)(x,()) =01in Q
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-2
where 7?‘“‘) = ﬁhﬁ% fgk) is the intermediare value between
di + 20(151

ng) and vgkﬂ). By lemma we have §(1k+1) > 0 wich leads to ﬁgkﬂ) > ﬁgk) and

(k+1) (k)
vy > vy .
Similarly, we have ggﬁ_l) > 0 impilies that ﬁgﬁl) > Qék) and vékﬂ) > vék). We use
the same procedure to get EEkH) > ng) > Q§k+1), and thus wgk) > wl(kﬂ) > vz(kH)
(i=1,2). O

2.2. Convergence of the two sequences.

Lemma 2.3. ( monotony convergence) From lemma the sequences (w(k)7ﬁ(k))
and (v(k),ﬁ(k)) obtained from li are convergent and verify the following limits

lim (w®,2") = (w, k), lim (® h®) = (v, h)

k—4oc0 k——+o0
In the following, we show that (w,h) = (v, h) = (u*, h*) where u* is the unique

solution for (|1.2)).

2.3. Uniqueness of the solution.

Theorem 2.4. Let (w§0)7 wéo)), (v§0), véo)) be the upper and lower solution of 1'

Then the sequences (w(k),ﬁ(k)) and (v® L™ obtained from 1} converge mono-
tonically to a unique solution (u*,h*) of (2.4), and they satisfy the relation

(®, B8 < (FD pEHDY < (% p*) < (D FEY < (w® B k>0
The proof of this theorem is similar to Theorem 3.1 in [20].

Remark. Creating a pair of ordered upper and lower solutions to guarantees
a global solution to the problem , In fact, we only need to construct an upper
solution bounded since the lower solution is sufficiently small and is bounded by
(0,0). We have the following theorem

2.4. Conditions on the parameters of the model.

Theorem 2.5. Let \y be the first eigenvalue of the Laplacian with
20&1)\0 S bl
20&2/\0 S C2

(20[2)\0 — CQ)(QOQ/\O — bl) —byc; >0
If the following conditions hold

—a1(2a2)\0 — C2) “+ ascy ai1c2 + ascCy
(20200 — €2)(200 Mg — b1) — bacy — caby — c1by

7(12(20&1)\0 — bl) + a1b1 < a1b2 + a2b1
(2042)\0 — 02)(2051)\0 — b1> —bocy T coby — c1ba

then the problem (1.2)) admits a unique global solution (uy,us) in Q x [0,T).
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Proof. Let (wgo),wéo)) (v%o) (0)) the upper and lower solutions of with
(i wi”) = (N1, Na), (0%, 08”) = (p1®o, p2®o) (2:8)

such that (p1Po, p2Po)<(u1(0,z),u2(0,2))<(N1, N2), ®o(x) = P¢ is the positive

eigenfunction corresponding to Ag satisfying : Ad®y = —XgPy and a—o = 0.
n

pi, Ni(i = 1,2) are some positive constant with p; are chosen sufficiently small

(0) (0)

( » Ug )

to prevent the initial lower iteration (v, from vanishing.

The pair (2.8) satisfy the inequality (2.1)), (2.2) if :

(N1)¢ — A[(dr + N1 )N1|>Ni(—ai + b1 N1 — c1p2P0)
(N2)¢ — A[(d2 + aaN2)Na|>Ny(—az — bap1 Po + c2N2)
(p1®o): — Al(d1 + a1p1Po) p1Po] <p1Po(—a1 + bip1 Py — 1 Na2)
(p2®o): — Al(d2 + a2p2P0) p2Po] <p2Po(—az — ba N1 + c2p2P0)

from A(®2) = 2(BeA (Do) + [VBo|*) > —200®Z then

0> — a1 + b1 N1 — c1p2Pg
0> — az — bap1Pg + c2 N2
20101 20P0< — a1 + b1p1Po — c1 N2
2000200 P < — ag — ba N1 + c2p2®Pg

(2.10)

As N; > p;®y > 0 the inequalities (2.10)) become

—ay + by Ny — 1 No
—a — b2N1 + CQNQ

0 (2.11)

IAIA
o

and

ay + (20[1)\0 - bl)Nl + 61N2
as + bo Ny + (2@2)\0 - C2)N2

(2.12)

IN A

with
20&1/\0 — bl S 0 and 2@2)\0 — C2 S 0

Assuming that caby > c1ba, we get from (2.11])

N, < aica + axcy and N, < a1by + azby
caby — c1by caby — c1by

On the other hand, we find from (2.12])

7&1(20&2)\0 — CQ) + ascy
(2(12)\0 — C2)(2O¢1)\0 — bl) — bgcl

7@2(20[1)\0 — bl) + Clel

Ny >
b= (2(12)\0 — CQ)(2O(1)\() — bl) —bacy

and N2 Z

where

(20[2)\0 — CQ)(2CM1)\0 — bl) —bocy >0
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The relations (2.11]) and (2.12]) are satisfied by any constants N7, Ny such that

—a1(2a2)\0 — 62) + agC1 a1Co + asC1
(2@2)\0 — CQ)(ZO&]/\Q — b]) —bocy = coby — c1bg
—a2(2011>\0 — bl) +a1by < < a1bs + ashy

(20[2)\0 — 02)(2a1)\0 — bl) — bQCl =2 = Cle — Cle

This suggests that
—a1(2a9\g — ¢2) + ascy aics + ascy
(2a0 00 — ¢2) (200 M0 — b1) — bacy — caby — c1b
—az(2a1 09 — b1) + ar1by < a1bs + asby
(2a9 X0 — €2) (201 X0 — b1) — baer — caby — c1by

Hence under conditions ([2.13)) and (2.14)), there exist positive constants N, p;

(i = 1,2) such that the pair in (2.8 are coupled upper and lower solutions of (1.2]),
we conclude from lemma that the sequences (w(k)ﬁ(k)), v®) A" converge
monotonically to some (w, k), (v, h). It follows from theorem [2.4] that

(w,h) = (v,h) = (u*, h*) is the unique solution of (1.2) in Q7. O

(2.13)

(2.14)

3. BLOW-UP OF THE SOLUTION

We announce the following general result on blow-up solutions in the partial
differential equations.

Theorem 3.1. Let (f1, f2) be locally Lipschitz functions in RT x RT and let
(vio),véo)) be a positive functions defined in [0,Ty) x Q for a finite Ty and un-
bounded at some point in Q ast — Ty. If (U%O),Uéo)) s a lower solution of
for every T < Ty then there exists T*<Ty such that a unique positive solution

(u1,u2) to (1.2) exists in Q and satisfies the relation :
lim max [u1(t, z) + u2(t, z)] = +oo (3.1)
t—=T*
The proof of theorem [3.1]is similar to that of theorem 11.5.1 of [31].
Based on the result of this theorem, the blowing-up property of the solution to (1.2)
is ensured if there exists a lower solution unbounded on 2 at a finite time 7. The
construction of such a lower solution depends on the type of boundary conditions.
For Neumann boundary conditions, if (f1, f2) satisfy a growth condition, the lower

solution can often be constructed. We have the growth conditions in the following
lemma.

3.1. Conditions on the reaction terms.

Lemma 3.2. Let 91,19 and c be positive constants, such that

Y1 = min {p1b1, paca}, P2 = (p1c1 + paba) /2,
¢ =max{pia, paas}, 1 > 1Py >0 (3.2)

(f1, f2) satisfy the local Lipschitz continuous property.
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If o = (1 — ¥2)/2, then (f1, f2) satisfy the growth condition:
1 fr(ur, ua) + pofo(ur, ug) > ¥(uy +u2)? — c(ug +ug), ug >0, up >0 (3.3)

where p;, 1 = 1,2 are positive constants.

Proof.
pa fi(un, ug) 4 pafa(ur, ug) = —(prayus + poagug) + (pabiuf + pacous)
— (p1c1 + pgbo)uiug (3.4)
by (3.2), the (3.4) becomes
pi fr(ua, ug) + pafa(un, ug) = 1 (uf +u3) — 2¢haurug — c(uy + up) (3.5)

such that
Y1 (ud +u3) — 2¢hourus = (ur +us)® — P(ui +uz) + 1 (uf +ud) — 2(¢ + Y2 )ugus

We get
V1 (Ui +u3) — 20ousug > P(ur + u)? + 2(P1 — 29 — Pa)usus

if = (Y1 —12)/2, So
Y1 (ud +u3) — 2ourus > Y(ur + uz)?.
The relation (3.5) becomes

p1 fr(u, o) 4 po fo(ur, ug) > ¥(ur +u2)? — c(ug +ug), ug >0, ug >0
O

The lower solution can be constructed by using the solution of the Cauchy prob-

lem: R B

{ P+ 7D =yp°

p(0) = po

where 7,1 are arbitrary non-zero constants. In the following, we show the blow-up
of the problem (|1.2)).
Theorem 3.3. Let (f1, f2) be locally Lipschitz function in RT x RT and satisfy
the condition (3.2) and the relation (3.3), and let (u1,uz2) be the positive solution
of (1.2) in [0,Tp) x Q. Then for any nonnegative (uy(0,2),us(0,2)) satisfying the
condition

po > (3.6)

[~

there exists a finite T* < Ty such that (uy,us) possesses the blowing-up property

(3.1), where Ty
»Ppo

Po — T

TO = In

% (3.7)
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Proof. Consider (vgo),véo)) = (p1(t)Po, p2(t)Pp) is a lower solution of |i where
®y is the positive eigenfunction corresponding to the eigenvalue Ag. Let (u1,us2)
be the positive solution of (|1.2) and define the weighted average of the solution

(u1,u2) by
ﬁl(t):|Q|_1/Q<I>0(x)u1(x,t)dx, Pa(t) = \Q|—1/Q<1>O(x)u2(x,t)dx and
ORI /Q o (z)[p1ur(z,t) + poua(z, t)|dr = pip1(t) + pepa(t) (3.8)

with p(0) = po. Multiply the first equation in (1.2)) by ®¢ of the laplacian and
integrate over 2 using Green’s theorem which implies

/U,ltq)odxz / A‘bo[(d1+alu1)u1]dx+/ fl(ul,uQ)‘Ih)dx
Q Q Q

/Uuq)odffz —/ A(J‘Pod1ul($at)d9€—/ )\oaluf(m,t)q)oda;—i—/ J1(ur, uz)®odx
Q Q Q Q
(3.9)

Multiply by w1

pr 91746) = —pn o [9071(0) = Do [90736) + [ g () Bode (3.10)
An analogue reasoning for the second equation in , gives

pia | Q] Py (t) > —p2doda | Pa(t) — Aoaapa |2 P5(t) —|—/Q,u2f2(u1,uz)<1>od:c (3.11)
The combination of the above inequalities and gives

1 (17 (t) + pabs(t)] = —Ao |9 [p1d1D1(t) + padapa(t)]—

Ao |9 [pen i (t) + pacaps (1)) + /Q[/hﬁ(uhuz) + pa fo(ur, ug)|®odr  (3.12)
We notice that
P*(t) > piDi () and °(t) > 13p3(t)
If Ag > 0 multiply the two inequalities by —o || a1, —Ag || g respectively, we get
=0 [Q] a1p?(t) < Ao Q| pfarpi(t) and — Ao [Q] ap®(t) < —Ao |9 p3a2p(t)
taking o = a1 + a9, i = max {1, p2} and substitute in the above inequalities
— o [ aB?(t) < 2o [Tl a1 B3 (t) + pacupl(t)] (3.13)

for d = max {dy, dy}, then by (3.13) and the growth condition (3.3) on (fi, f2), the
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Q1D (£)+ Ao [ dp(t) + Ao [Q a~'P?(t) > [ ¢(w +u2)2<1>od3:—/ c(u1 +ug)Podz
Q Q
‘We use the relation:

(3.14)

I (paun + poug) < (up +uz) < p ' (paus + pouz), p= min(us, po)
We get

- / c(uy + ug)Podz > —/ ep”H(paun + poun)®odr > —cp ' Q| D(t)  (3.15)
Q Q
and

/ V(uy + ug)*®odx > 2 / (1 + pous)*®oda
Q Q

(3.16)
Since by Holder’s inequality,

/ Qo (p1ur + paug)dr < (/ dﬂf)m-(/ [©o(pur + pouz))*dz)'/?
Q Q Q

Relation (3.8) and ®¢ < 1 imply that

/(,ulul + M2U2)2®0dx Z |Q|ﬁ2(t) (317)
Q
The inequality (3.16)) leads to

[ b+ w2 wds = o2 0] (0 (318)
Q
We replace (3.15) and (3.18)) in the inequality (3.14]), we obtain

P(t) + (Nod + cp™ M )p(t) > (Y2 — Noam™ )P (t)

(3.19)
taking 7 = \od + CH_l; P = Y2 — Noafi !, this gives

() +7P(t) = ¥p°(t)
Integrate the above inequality to get

. exp(—Tt)
pt) 2 <

0<t<Ty (3.20)
=(1 — exp(—7t

= (1~ exp(~T7t))

)y _

V1 ", Uy

==
With this function p(t), ( (0) ) = (p1(t)Po, P2(t)Pp) is a lower solution of l}

for every T < T, where T is given by the right-hand side of (3.7). Since for
po > T/ the function p(t) grows unbounded as ¢t — Tp, there exists 7% < Tj
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such that p(t) — +oo as t — T™. By relation (3.8), (u1,u2) must be unbounded
in [0,7*] x €, which implies that the unique positive solution (u1,us) possess the
blowing-up property (3.1)). a

3.2. Discussion on the blow-up parameters.
Following the notations in (3.2), we obtain the two conditions on the parameters
causing blow-up of the solution

e If 0 < 1 < po we choose ¥ = p1b1 then

pic1 + p1by < o + p2bo

by < poby &
1102 H202 B B)

pic1 + piba

5 < <Y

we obtain the first condition
c1 + by < 2bq (321)
o If iy > ps > 0, we choose Y1 = pocy then

pict + pabs pact + pabs
2 > 2

pic1 + probo S H2a1 + f2bo

v > 2 2

focy + fi2bo

H2C2 > 9

we obtain the second condition :

2¢o9 > ¢1 + by (322)

4. CONCLUSIONS

We have obtained the following conditions for the existence of a global solution
to the SKT problem:

If 2041)\0 - b1 S 0, 20&2)\0 —C2 S 0 and (2042)\0 - 62)(26)[1)\0 - bl) - b201 > 0 with
c2b1 > c1ba,
—a1(2a2)\0 — 02) “+ agcy a1C2 + azCy
(2042)\0 — CQ)(20[1)\O — bl) —byc; T coby —c1bs
—a2(2a1)\0 — bl) + a1b1 < a1b2 + a261
(2042)\0 — 62)(2051)\0 — bl) —bocy T coby — c1ba

Then the problem (|1.2)) admits a unique global solution (uy,uz) in € x [0, +-00).

For the blow-up conditions parameters, we have obtained :

. + p2b .

if 1 = by, Yo = M with 19 < 11 and 0 < p1 < ps then ¢ +bs < 2b;.

(p1cr + p2bo)
2

Under these conditions the solution of problem (1.2)) blows up as t — T*.

if ¢1 = loCo, Yo = with Yo < U and w1 > pe >0 then ¢q +by < 2¢9.
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