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GENERALIZED SYSTEM OF MULTI-VALUED MIXED YOSIDA

VARIATION-LIKE INEQUALITIES IN HILBERT SPACES

MOHAMMAD AKRAM, MOHAMMAD DILSHAD

Abstract. This work aims at the investigation of a system of generalized
multi-valued mixed Yosida variation-like inequalities in Hilbert spaces. We

define A-η-proximal mapping and an analogous generalized Yosida approxima-

tion mapping. Some of its attributes are discussed. We employed A-η-proximal
mapping to form generalized system of fixed point problems. Existence result

for the system of generalized multi-valued mixed Yosida variation-like inequal-

ities is reported. Further, an algorithm based on the fixed point problem is
structured and convergence result is examined to obtain the solution of pro-

posed problem.

1. Introduction

The variational inequality (VI) theory contains comprehensively several mathe-
matical problems, including, optimization, complementarity, fixed point problems
(FPPs) and nonlinear equations. The theory was originally planted to study certain
problems arising in mechanics using tools of partial differential equations in infinite-
dimensional spaces. More precisely, VI theory is a generalization of boundary value
problems which enable us to examine and analyze problems appearing in diverse
fields of mathematical sciences, such as mechanics, physics, engineering, convex
programming, operations research, image processing problems encompassing image
recovery, image restoration, initial and boundary value problems, optimization and
the theory of control, see, [2, 8, 10, 17, 25, 5, 11, 23].

Moreover, several important models of applications namely, equilibrium prob-
lems [4, 24], such as equilibrium problems in a traffic network and oligopolistic
market equilibrium problems [23, 5] are examined using variational formulations.
Variational inequalities have been generalized in diverse directions. One of such
generalizations is named as variational-like inequalities which involve a nonlinear
term.

The classical VI an analogous of FPP is one of the most worthwhile aspects of
variational inequality and VIs have been significantly impacted by this alternative
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Submitted January 5, 2025. Accepted May 25, 2025. Published May 30, 2025.

Communicated by M. Asadi.
The researchers are grateful to the Deanship of Scientific Research, Islamic University of

Madinah.
21



22 M. AKRAM, M. DILSHAD

equivalent formulation. Particularly, a new direction of dealing variational inequal-
ities using fixed point iterative methods has been initiated, see, [7, 9]. Several other
approaches such as projection and relaxed projection methods, extra gradient, sub-
gradient extragradient, regularization and auxiliary principle methods have been
developed to deal with these problems, see, [16, 19, 21, 26].

One of the most challenging task is to develop coherent and methodical iterative
algorithms for exploring VIs. However, iterative method involving projection can
not be employed to solve generalized variational-like inequalities due to involvement
of nonlinear term. To conquer such limitations, Ding [12, 13] and Ding and Luo
[14] brought forward the concept of η-proximal mapping involving η-subdifferential
and designed some iterative schemes to examine generalized variational-like in-
equalities in the setting of Hilbert spaces. So far, several iterative schemes have
been designed and implemented to examine generalized variational-like inequalities
by employing η-proximal mapping involving η-subdifferentiable proper functional.
Recently, Balooee et al. [6] studied a system of generalized multi-valued variational-
like inequalities in the setting of Banach spaces. The authors set up the equivalent
system of FPPs by implementing the concept of P -η-proximal mapping and de-
signed iterative scheme predicated on FPP. Existence and convergence results are
also reported by imposing some suitable presumptions on the involved mappings.

Encouraged and induced by marvellous and creative research work stated above,
it is worthwhile to examine a system of generalized multi-valued mixed Yosida
variation-like inequalities. We define A-η-proximal mapping and utilized it to form
the generalized system of fixed point problems. An algorithm based on the fixed
point problem is structured and convergence result is analyzed to obtain the solution
of proposed problem.

2. Auxiliary tools and relevant notions

Throughout the paper, we designate a real Hilbert space byH with inner product
〈·, ·〉 and induced norm ‖ · ‖. Suppose CB(H) (resp. C(H)) denotes the family of
all nonempty closed and bounded (resp. compact) subsets of H. An extended real
valued function g : H → R ∪ {±∞} is called proper, if dom(g) 6= ∅ and it does
not take the value −∞. The function g : H → R ∪ {+∞} is referred to as lower
semicontinuous at ϑ ∈ H if for any sequence {ϑn} in H converging strongly to ϑ,
we have

g(ϑ) ≤ lim
n→∞

inf g(ϑn).

The function g is known as lower semicontinuous, if it is lower semicontinuous at
every point of the domain. Recall that g is referred to as convex if and only if

g(λϑ+ (1− λ)$) ≤ λg(ϑ) + (1− λ)g($),∀λ ∈ [0, 1], ϑ,$ ∈ H.

An extended real-valued function g : H × H → R ∪ {±∞} is referred to as 0-
diagonally quasi concave (0-DQCV ) in the first argument if for any finite subset

{ϑ1, ϑ2, · · · , ϑn} ofH and any ϑ̂ ∈ Co({ϑ1, ϑ2, · · · , ϑn}), we have min
1≤i≤n

g(ϑi, ϑ̂) ≤ 0,

where Co(A) represents the convex hull of A for any given set A ⊂ H. Similarly,
0-diagonally quasi concave property of g in the second argument can be defined.

Definition 2.1. Let η : H ×H → H be a vector-valued mapping. A proper func-
tional φ : H → R ∪ {+∞} is said to be η-subdifferentiable at point ϑ ∈ H, if
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∃ϑ∗ ∈ H complies with

〈ϑ∗, η($,ϑ)〉 ≤ φ($)− φ(ϑ),∀$ ∈ H
and the point ϑ∗ ∈ H is known as η-subgradient of φ at ϑ. The η-subdifferential of
φ at ϑ is defined as

∂ηφ(ϑ) =

{
{ϑ∗ ∈ H : 〈ϑ∗, η($,ϑ)〉 ≤ φ($)− φ(ϑ),∀$ ∈ H}, ϑ ∈ domφ
∅, ϑ /∈ domφ.

Lemma 2.1. [15] Let ∅ 6= C be a convex subset of a topological vector space and
∅ 6= K be a compact subset of C. Let g : C × C → R ∪ {±∞} be an extended
real-valued functional such that

(i) g is lower semicontinuous in the second argument on K;
(ii) g is 0-DQCV in the first argument;
(iii) there exists a nonempty compact convex subset C0 of C such that for each

$ ∈ C \ K, there is an ϑ ∈ Co(C0 ∪ {$}) satisfying g(ϑ,$) > 0.

Then there exists $̂ ∈ K such that g(ϑ, $̂) ≤ 0,∀ϑ ∈ C.

Definition 2.2. A mapping ψ : H → CB(H) is said to be Lψ-D-Lipschitz contin-
uous if ∃Lψ > 0 such that

D(ψ(ϑ), ψ($)) ≤ Lψ‖ϑ−$‖,∀ϑ,$ ∈ H,
where, the Hausdorff metric D is expressed as

D(C,Q) = max
{

sup
ϑ∈C

inf
$∈Q

‖ϑ−$‖, sup
$∈Q

inf
ϑ∈C
‖ϑ−$‖

}
,∀C,Q ∈ CB(H).

Definition 2.3. Let η : H×H → H be a vector-valued mapping, φ : H → R∪{+∞}
be a proper η-subdifferentiable (not necessarily convex) functional and A : H → H be
a single-valued mapping. If for any constant % > 0 and ϑ∗ ∈ H, ∃ϑ ∈ H complying
with the relation

〈A(ϑ)− ϑ∗, η($,ϑ)〉+ %φ($)− φ(ϑ) ≥ 0,∀ϑ ∈ A. (2.1)

Then the mapping ϑ∗ → ϑ, signified by P∂ηφ%,A is known as A-η-proximal mapping

of φ. Also, from (2.1), ϑ∗ − A(ϑ) ∈ %∂ηφ(ϑ) which yields ϑ = P∂ηφ%,A (ϑ∗) = (A +

%∂ηφ)−1(ϑ∗).

Definition 2.4. Let η : H × H → H be a vector-valued mapping. A mapping
A : H → H is known as

(i) µ-strongly η-monotone, if ∃µ > 0 complying

〈A(ϑ)−A($), η(ϑ,$)〉 ≥ µ‖ϑ−$‖2,∀ϑ,$ ∈ H;

(ii) LA-Lipschitz continuous, if ∃LA > 0 complying

‖A(ϑ)−A($)‖ ≤ LA‖ϑ−$‖,∀ϑ,$ ∈ H.

Definition 2.5. A mapping U : H × H → H is known as (ς, ε)-mixed Lipschitz
continuous if ∃ς, ε > 0 so that

‖U(ϑ,$)− U(ϑ∗, $∗)‖ ≤ ς‖ϑ− ϑ∗‖+ ε‖$ −$∗‖,∀ϑ,$, ϑ∗, $∗ ∈ H.

Definition 2.6. A mapping η : H×H → H is referred to as τ -Lipschitz continuous,
if ∃τ > 0 so that ‖η(ϑ,$)‖ ≤ τ‖ϑ−$‖,∀ϑ,$ ∈ H.
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Lemma 2.2. [22] Let (X , d) be a complete metric space and G : X → C(X ) be a
multi-valued mapping. Then for some ϑ, ε ∈ X and µ ∈ G(ϑ), there exists ν ∈ G(ε)
satisfies the following inequality:

d(µ, ν) ≤ D(G(ϑ),G(ε)). (2.2)

Lemma 2.3. [22] Let (X , d) be a complete metric space and G : X → CB(X ) be a
multi-valued mapping such that

D(G(ϑ),G(ε)) ≤ ιd(ϑ, ε),∀ϑ, ε ∈ X , (2.3)

where 0 < ι < 1. Then G owns a fixed point.

Lemma 2.4. [22] Let (X , d) be a complete metric space and G : X → CB(X ) be a
multi-valued mapping. Then for given ε > 0 and for any ϑ, ε ∈ X and µ ∈ G(ϑ),
there exists ν ∈ G(ε) satisfies the following inequality:

d(µ, ν) ≤ (1 + ε)D(G(ϑ),G(ε)). (2.4)

Proposition 2.5. [20] Let η : H ×H → H be a σ-Lipschitz continuous satisfying
η(ϑ,$) + η($,ϑ) = 0,∀ϑ,$ ∈ H. Let A : H → H be µ-strongly η-monotone
continuous mapping. Suppose that for given ϑ∗ ∈ H, the function h($,ϑ) = 〈ϑ∗ −
A(ϑ), η($,ϑ)〉 ∈ R ∪ {+∞} is 0-DQCV in the first argument, φ : H → R∪ {+∞}
is a lower semicontinuous η-subdifferentiable proper functional on H and % > 0.

Then η-proximal mapping P∂ηφ%,A : H → H is
σ

µ
-Lipschitz continuous, i.e.,

‖P∂ηφ%,A (ϑ)− P∂ηφ%,A ($)‖ ≤ σ

µ
‖ϑ−$‖,∀ϑ,$ ∈ H. (2.5)

Definition 2.7. The generalized Yosida approximation mapping aligned with A-η-

proximal mapping P∂ηφ%,A is expressed as

Y∂ηφ%,A (ϑ) =
1

%

[
A− P∂ηφ%,A

]
(ϑ),∀ϑ ∈ H. (2.6)

Next, we present some vital results to furnish desired objectives.

Proposition 2.6. Let A : H → H be ρ-Lipschitz continuous and η : H ×H → H
be σ-Lipschitz continuous. Then Y∂φ,η%,A : H → H is θY -Lipschitz continuous, where

θY =
(µρ+ σ)

µ%
.

Proof. Entailing the ρ-Lipschitz continuity of A and making use of (2.6), we derive

‖Y∂φ,η%,A (ϑ)− Y∂φ,η%,A ($)‖ =
1

%
‖A(ϑ)− P∂φ,η%,A (ϑ)− (A($)− P∂φ,η%,A ($))‖

≤ 1

%
‖A(ϑ)−A($)‖+

1

%
‖P∂φ,η%,A (ϑ)− P∂φ,η%,A ($)‖

≤ ρ

%
‖ϑ−$‖+

σ

µ%
‖ϑ−$‖ =

(µρ+ σ)

µ%
‖ϑ−$‖

= θY‖ϑ−$‖,∀ϑ,$ ∈ H.

(2.7)

�

Proposition 2.7. Let A : H → H be µ-strongly η-monotone mapping and η :

H × H → H be σ-Lipschitz continuous. Then Y∂φ,η%,A : H → H is ∆Y -strongly

η-monotone, where ∆Y =
(µ2 − σ2)

µ%
.
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Proof. Entailing the µ-strongly η-monotone assumption of A, σ-Lipschitz continuity
of η and recalling (2.6), we acquire

〈Y∂φ,η%,A (ϑ)− Y∂φ,η%,A ($), η(ϑ,$)〉

=
1

%
〈A(ϑ)−A($)− (P∂φ,η%,A (ϑ)− P∂φ,η%,A ($)), η(ϑ,$)〉,

=
1

%
〈A(ϑ)−A($), η(ϑ,$)〉 − 1

%
〈P∂φ,η%,A (ϑ)− P∂φ,η%,A ($), η(ϑ,$)〉,

≥ µ

%
‖ϑ−$‖2 − 1

%
[‖P∂φ,η%,A (ϑ)− P∂φ,η%,A ($)‖‖η(ϑ,$)‖]

≥ µ

%
‖ϑ−$‖2 − σ2

µ%
‖ϑ−$‖2

=
(µ2 − σ2)

µ%
‖ϑ−$‖2

= ∆Y‖ϑ−$‖2,∀ϑ,$ ∈ H.

(2.8)

�

3. Problem Outline and Existence Result

For each i ∈ Λ = {1, 2}, throughout the paper, we consider a Real Hilbert space
Hi with inner product 〈·, ·〉i and norm ‖ · ‖i. For each i ∈ Λ, j ∈ Λ \ {i}; gi :
Hi → Hi,Gi : Hj → Hi,Ui : Hi × Hj → Hi and ηi : Hi × Hi → Hi be the
single-valued mappings and ψi : Hi → CB(Hi), ξi, ζi : Hj → CB(Hj) be the
multi-valued mappings. Assume an extended real-valued function φi : Hi → R ∪
{+∞} is a proper, lower-semicontinuous and ηi-subdifferentiable on Hi complying

with dom(gi) ∩ dom(∂φi) 6= ∅. Let Y∂φi,ηi%i,Ai
: Hi → Hi be the generalized Yosida

approximation operator. We contemplate the problem of discerning (ϑ1, ϑ2) ∈ H1×
H2, (κ1, κ2) ∈ ψ1(ϑ1)×ψ2(ϑ2), (ω1, ω2) ∈ ζ1(ϑ2)×ζ2(ϑ1), ($1, $2) ∈ ξ1(ϑ2)×ξ2(ϑ1)
so that

〈
U1(κ1, ω1) + s1G1($1), η1

(
g1

(
Y∂φ1,η1
%1,A1

(ι1)
)
, g1

(
Y∂φ1,η1
%1,A1

(ϑ1)
))〉

≥ τ1
[
φ1

(
g1

(
Y∂φ1,η1
%1,A1

(ϑ1)
))
− φ1

(
g1

(
Y∂φ1,η1
%1,A1

(ι1
))]

,∀y1 ∈ H1,〈
U2(κ2, ω2) + s2G2($2), η2

(
g2

(
Y∂φ2,η2
%2,A2

(ι2)
)
, g2

(
Y ∂φ2

%2,A2
(ϑ2)

))〉
≥ τ2

[
φ2

(
g2(Y∂φ2,η2

%2,A2
(ϑ2))

)
−
(
g2(Y∂φ2,η2

%2,A2
(ι2)
)]
,∀y2 ∈ H2,

(3.1)

where τi > 0 is a real constant. We name the Problem (3.1) as system of generalized
multi-valued mixed Yosida variational-like inequalities (SGMYVLI).

Lemma 3.1. For each i ∈ Λ, suppose that the mappings gi,Gi,Ui, ηi, ψi, ξi, ζi, φi,Y∂φi,ηi%i,Ai

are identical as aforementioned in SGMYVLI (3.1) and the continuous mapping
ηi : Hi × Hi → Hi complies with ηi(ϑi, $i) + ηi($i, ϑi) = 0,∀ϑi, $i ∈ Hi. Let
Ai : Hi → Hi be µi-strongly ηi-monotone continuous mapping so that for each
ϑ∗i ∈ Hi, the function

hi : (νi, ϑi) ∈ Hi ×Hi → hi(νi, ϑi) = 〈ϑ∗i −Ai(ϑi), ηi(νi, ϑi)〉i ∈ R ∪ {+∞}

be 0-DQCV in the first argument. Then, the following affirmations are analogous:

(i) (ϑ1, ϑ2, κ1, κ2, ω1, ω2, $1, $2) ∈ H1×H2×ψ1(ϑ1)×ψ2(ϑ2)×ζ1(ϑ2)×ζ2(ϑ1)×
ξ1(ϑ1)× ξ2(ϑ2) solves SGMYVLI (3.1).
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(ii) For each i ∈ Λ and j ∈ Λ \ {i},

gi(Y
∂ηiφi
%i,Ai

(ϑi)) = P∂ηiφi%i,Ai
[Ai(gi(Y

∂ηiφi
%i,Ai

(ϑi)))− %i(Ui(κi, ωi) + siGi($i))],

where P∂ηiφi%i,Ai
(ϑi) = [Ai + %i∂ηiφi]

−1(ϑi).

(iii) (ϑ1, ϑ2) ∈ Fix(Θ), where Θ : H1 ×H2 → 2H1×H2 is defined as:

Θ(ϑ1, ϑ2) = (S1(ϑ1, ϑ2),S2(ϑ1, ϑ2)),∀(ϑ1, ϑ2) ∈ H1 ×H2, (3.2)

where, Si : H1 ×H2 → 2Hi is expressed as:

Si(ϑ1, ϑ2) = ϑi−gi(Y
∂ηiφi
%i,Ai

(ϑi))+
⋃

κi∈ψi(ϑi)
ωi∈ζi(ϑj)
$i∈ξi(ϑj)

P∂ηiφi%i,Ai
[Ai(gi(Y

∂ηiφi
%i,Ai

(ϑi)))−%i(Ui(κi, ωi)+siGi($i))], %i > 0.

Theorem 3.2. Suppose that ηi : Hi×Hi → Hi is τi-Lipschitz continuous complies
with ηi(ϑi, νi) + ηi(νi, ϑi) = 0,∀ϑi, νi ∈ Hi; gi : Hi → Hi is Lgi-Lipschitz continu-

ous, Y∂ηiφi%i,Ai
is θYi-Lipschitz continuous and gi ◦ Y

∂ηiφi
%i,Ai

is δgiY -strongly monotone;

Ai : Hi → Hi is LAi-Lipschitz continuous. Let ψi : Hi → CB(Hi) and ξi, ζi :
Hj → CB(Hj) be Lψi-Di and Lξi-Di, Lζi-Dj-Lipschitz continuous mappings, re-
spectively; Ui : Hi ×Hj → Hi is (ςi, πi)-mixed Lipschitz continuous; Gi : Hj → Hi
is LGi-Lipschitz continuous mapping. Suppose that for each ϑ∗i ∈ Hi, the function
hi : (νi, ϑi) ∈ Hi × Hi → hi(νi, ϑi) = 〈ϑ∗i − Ai(ϑi), ηi(νi, ϑi)〉i ∈ R ∪ {+∞} be
0-DQCV in the first argument and supposed that an extended real-valued function
φi : Hi → R ∪ {+∞} is proper, lower-semicontinuous and ηi-subdifferentiable on
Hi with dom(gi) ∩ dom(∂φi) 6= ∅. If λi, %i > 0 comply with
√

1− 2δgiY + L2
giθ

2
Yi +

σi
µi

(LAiLgiθYi + %iςiLψi) +
%jσj
µj

(πjLζj + τjLGjLξj ) < 1,

2δgiY < 1 + L2
giθ

2
Yi .

(3.3)
Then (ϑ1, ϑ2, κ1, κ2, ω1, ω2, $1, $2) is a solution of SGMYVLI (3.1).

Proof. For each i ∈ Λ, j ∈ {1, 2}\{i}, continuities of mappings Ui, gi,Gi, ψi, ζi, ξi,Ai,
P∂ηiφi%i,Ai

, Y∂ηiφi%i,Ai
yields that Si(ϑ1, ϑ2) ∈ C(Hi). Thus, Θ(ϑ1, ϑ2) ∈ C(H1)×C(H2) =

C(H1 × H2). Next, we shall corroborate that the multi-valued mapping Θ de-
fined in (3.2) is contraction. Suppose that (a1, a2) ∈ Θ(ϑ1, ϑ2), then for each
i ∈ Λ, j ∈ {1, 2} \ {i}, ∃κi ∈ ψi(ϑi), ωi ∈ ζi(ϑj) and $i ∈ ξi(ϑj) such that

ai = ϑi − gi
(
Y∂ηiφi%i,Ai

(ϑi)
)

+ P∂ηiφi%i,Ai

[
Ai
(
gi
(
Y∂ηiφi%i,Ai

(ϑi)
))
− %i(Ui(κi, ωi) + siGi($i))

]
.

(3.4)

For each i ∈ Λ, j ∈ Λ \ {i}, by efficacy of the Lemma 2.2, ∃κ′

i ∈ ψi(εi), ω
′

i ∈ ζi(εj)
and $

′

i ∈ ξi(εj) so that

(3.5)

Letting

a
′

i = εi − gi
(
Y∂ηiφi%i,Ai

(εi)
)

+ P∂ηiφi%i,Ai

[
Ai
(
gi
(
Y∂ηiφi%i,Ai

(εi)
))
− %i

(
Ui(κ

′

i, ω
′

i) + siGi($
′

i)
)]
,

(3.6)
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such that a
′

i ∈ Si(ϑ1, ϑ2) and so (a
′

1, a
′

2) ∈ Θ(ϑ1, ϑ2). Invoking the Proposition 2.5,
taking (3.4) and (3.6) into consideration, one can write

‖ai − a
′

i‖i ≤
∥∥ϑi − εi − (gi(Y∂ηiφi%i,Ai

(ϑi)
)
− gi

(
Y∂ηiφi%i,Ai

(εi)
))∥∥

i

+
∥∥P∂ηiφi%i,Ai

[
Ai
(
gi(Y

∂ηiφi
%i,Ai

(
ϑi)
))
− %i

(
Ui(κi, ωi) + siGi($i)

)]
− P∂ηiφi%i,Ai

[
Ai
(
gi(Y

∂ηiφi
%i,Ai

(εi)
))
− %i

(
Ui(κ

′

i, ω
′

i) + siGi($
′

i)
)]∥∥

i

≤
∥∥ϑi − εi − (gi(Y∂ηiφi%i,Ai

(ϑi)
)
− gi

(
Y∂ηiφi%i,Ai

(εi)
))∥∥

i

+
σi
µi

∥∥Ai(gi(Y∂ηiφi%i,Ai
(ϑi)

))
− %i

(
Ui(κi, ωi) + siGi($i)

)
−
[
Ai
(
gi
(
Y∂ηiφi%i,Ai

(εi)
))
− %i

(
Ui(κ

′

i, ω
′

i) + siGi($
′

i)
)]∥∥

i

≤
∥∥ϑi − εi − (gi(Y∂ηiφi%i,Ai

(ϑi)
)
− gi

(
Y∂ηiφi%i,Ai

(εi)
))∥∥

i

+
σi
µi

∥∥Ai(gi(Y∂ηiφi%i,Ai
(ϑi)

))
−Ai

(
gi
(
Y∂ηiφi%i,Ai

(εi)
))∥∥

i

+
%iσi
µi
‖Ui(κi, ωi)− Ui(κ

′

i, ω
′

i)‖i +
%iσisi
µi
‖Gi($i)− Gi($

′

i)‖i.

(3.7)

Recalling that gi ◦ Y
∂ηiφi
%i,Ai

is δgiY -strongly monotone, and invoking Lgi and θY -

Lipschtz continuities of gi and Y∂ηiφi%i,Ai
, respectively, we acquire∥∥ϑi − εi − (gi(Y∂ηiφi%i,Ai

(ϑi)
)
− gi

(
Y∂ηiφi%i,Ai

(εi)
))∥∥2

i

≤ ‖ϑi − εi‖2i − 2
〈
gi
(
Y∂ηiφi%i,Ai

(ϑi)
)
− gi

(
Y∂ηiφi%i,Ai

(εi)
)
, ϑi − εi〉i

+ ‖gi
(
Y∂ηiφi%i,Ai

(ϑi)
)
− gi

(
Y∂ηiφi%i,Ai

(εi)
)
‖2i

≤ ‖ϑi − εi‖2i − 2δgiY‖ϑi − εi‖2i + L2
giθ

2
Yi‖ϑi − εi‖

2
i

= (1− 2δgiY + L2
giθ

2
Yi)‖ϑi − εi‖

2
i ,

which yields∥∥ϑi − εi − (gi(Y∂ηiφi%i,Ai
(ϑi)

)
− gi

(
Y∂ηiφi%i,Ai

(εi)
))∥∥

i
≤
√

1− 2δgiY + L2
giθ

2
Yi‖ϑi − εi‖i.

(3.8)

Now, employing the Lipschitz continuities of Ai, gi and Y∂ηiφi%i,Ai
, we acquire∥∥Ai(gi(Y∂ηiφi%i,Ai

(ϑi)
))
−Ai

(
gi
(
Y∂ηiφi%i,Ai

(εi)
))∥∥

i
≤ LAiLgiθYi‖ϑi − εi‖i. (3.9)

Utilizing the (ςi, πi)-mixed Lipschitz continuity of Ui and Lψi-Di and Lζi-Dj-Lipschitz
continuity of ψi and ζi, respectively provides

‖Ui(κi, ωi)− Ui(κ
′

i, ω
′

i)‖i
≤ ςi‖κi − κ

′

i‖i + πi‖ωi − ω
′

i‖i
≤ ςiHi(ψi(ϑi), ψi(εi)) + πiHj(ζi(ϑj), ζi(εj))

≤ ςiLψi‖ϑi − εi‖i + πiLζi‖ϑj − εj‖j .

(3.10)

Taking Lipschitz continuities of Gi and ξi into account, we acquire

‖Gi($i)− Gi($
′

i)‖i ≤ LGi‖$i −$
′

i‖j ≤ LGiHj(ξi(ϑj), ξi(εj)) ≤ LGiLξi‖ϑj − εj‖j .
(3.11)
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Substituting (3.8)-(3.11) into (3.7) yields

‖ai − a
′

i‖ ≤
√

1− 2δgiY + L2
giθ

2
Yi‖ϑi − εi‖i +

σi
µi
LAiLgiθYi‖ϑi − εi‖i

+
%iσi
µi

ςiLψi‖ϑi − εi‖i +
%iσi
µi

πiLζi‖ϑj − εj‖j

+
%iσiτi
µi

LGiLξi‖ϑj − εj‖j

= Ai‖ϑi − εi‖i + Bi‖ϑj − εj‖j ,

(3.12)

where,

Ai =
√

1− 2δgiY + L2
giθ

2
Y+

σi
µi
LAiLgiθYi+

%iσi
µi

ςiLψi ,Bi =
%iσi
µi

πiLζi+
%iσisi
µi

LGiLξi .

Now, we consider a norm (H1 ×H2, ‖ · ‖♦) as below:

‖(ϑ1, ϑ2)‖♦ = ‖ϑ1‖1 + ‖ϑ2‖2,∀(ϑ1, ϑ2) ∈ H1 ×H2. (3.13)

Evidently, (H1×H2, ‖ · ‖♦) is complete. Then, bringing (3.13) into play, (3.12) can
be expressed as

‖(a1, a2)− (a
′

1, a
′

2)‖♦ = ‖a1 − a
′

1‖1 + ‖a2 − a
′

2‖2
= A1‖ϑ1 − ε1‖1 + B1‖ϑ2 − ε2‖2
+ A2‖ϑ2 − ε2‖2 + B2‖ϑ1 − ε1‖1
= (A1 + B2)‖ϑ1 − ε1‖1 + (B2 + A2)‖ϑ2 − ε2‖2
≤ max{s1, s2}‖(ϑ1, ϑ2)− (ε1, ε2)‖♦,

(3.14)

where, s1 = A1 + B2 and s2 = A2 + B1. Assumption (3.3) guarantees that 0 <
max{s1, s2} < 1. Thus, (3.14) turns into

d((a1, a2),Θ(ε1, ε2)) = inf
(a

′
1,a

′
2)∈Θ(ε1,ε2)

‖(a1, a2)− (a
′

1, a
′

2)‖♦

≤ max{s1, s2}‖(ϑ1, ϑ2)− (ε1, ε2)‖♦.
(3.15)

Since (a
′

1, a
′

2) ∈ Θ(ε1, ε2) is arbitrary, thus we acquire

sup
(a1,a2)∈Θ(ϑ1,ϑ2)

d((a1, a2),Θ(ε1, ε2)) ≤ max{s1, s2}‖(ϑ1, ϑ2)− (ε1, ε2)‖♦, (3.16)

and like-wise, one can write

sup
(a

′
1,a

′
2)∈Θ(ε1,ε2)

d(Θ(ϑ1, ϑ2), (a
′

1, a
′

2)) ≤ max{s1, s2}‖(ϑ1, ϑ2)− (ε1, ε2)‖♦. (3.17)

Recalling the Hausdorff metric D on C(H1×H2), bring (3.16) and (3.17) into play,
we acquire

D(Θ(ϑ1, ϑ2),Θ(ε1, ε2)) ≤ max{s1, s2}‖(ϑ1, ϑ2)−(ε1, ε2)‖♦,∀(ϑ1, ϑ2), (ε1, ε2) ∈ H1×H2.
(3.18)

Thus, Θ is a multi-valued contraction mapping and by virtue of Lemma 2.3, owns
a fixed point (ϑ1, ϑ2) ∈ Θ(ϑ1, ϑ2). By (3.2), we obtain ϑ1 ∈ S1(ϑ1, ϑ2) and ϑ2 ∈
S2(ϑ1, ϑ2). Accordingly, for each i ∈ Λ, j ∈ {1, 2} \ {i}, ∃κi ∈ ψi(ϑi), ωi ∈ ζi(ϑj)
and $i ∈ ξi(ϑj) such that

Si(ϑ1, ϑ2) = ϑi−gi(Y
∂ηiφi
%i,Ai

(ϑi))+R
∂ηiφi
%i,Ai

[Ai(gi(Y
∂ηiφi
%i,Ai

(ϑi)))−%i(Ui(κi, ωi)+τi($i))], %i > 0.
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Consequently, according to Lemma 3.1, (ϑ1, ϑ2, κ1, κ2, ω1, ω2, $1, $2) is a solution
SGMYVLI (3.1). �

We provide the following numerical example to validate the Theorem 3.2.

Example 3.1. For each i = {1, 2}; let Hi = R with inner product 〈ϑ, µ〉 = ϑµ and
norm | · |i. Define the mappings gi : Hi → Hi,Gi : Hj → Hi,Ui : Hi ×Hj → Hi by

g1(ϑ1) =
ϑ1

3
+ 1, A1(ϑ1) =

ϑ1

3
, g2(ϑ2) =

ϑ2

4
− 1, A2(ϑ2) =

ϑ2

4
.

Then g1, A1, g2 and A2 are Lipschitz continuous with constant Lg1 = LA1
= 1

3

and Lg2 = LA2 = 1
4 , respectively. Define φi : Hi → R∪{+∞} and ηi : Hi×Hi → Hi

by

φ1(ϑ1) = 120ϑ2
1, φ2(ϑ2) = 480ϑ2

2, η1(ϑ1, θ1) = 40(ϑ1−θ1), and η2(ϑ2, θ2) = 120(ϑ2−θ2).

Then for each i = {1, 2}, ηi(ϑi, θi) + ηi(θi, ϑi) = 0. Now, for any ϑi, zi ∈ R,
the mapping hi(νi, ϑi) = 〈zi − Ai(ϑi), ηi(νi, ϑi)〉i is 0-DQCV in νi. If not, then
there exists a finite set {ν1

1 , ν
2
1 , · · · , νm1 } and ϑ0

1 =
∑m
k=1 tkν

k
1 with tk ≥ 0 and∑m

k=1 tk = 1 so that for i = 1 and for each k = 1, 2, · · · ,m,

h1(νk1 , ϑ
0
1) = 〈z1 −A1(ϑ0

1), η1(νk1 , ϑ
0
1)〉

= 〈z1 −
ϑ0

1

3
, 40(νk1 − ϑ0

1)〉

= 40
(
z1 −

ϑ0
1

3

)(
νk1 −

m∑
k=1

tkν
k
1

)
= 0,

which is not possible. Thus, for any ϑ1, z1 ∈ R, the mapping h1(ν1, ϑ1) is 0-DQCV
in ν1. Similarly, for any ϑ2, z2 ∈ R, the mapping h2(ν2, ϑ2) is 0-DQCV in ν2.
Since

〈3ϑ1, η1(µ1, ϑ1)〉 = 〈3ϑ1, 40(µ1 − ϑ1)〉
= 120ϑ1(µ1 − ϑ1)

≤ 120(µ2
1 − ϑ2

1)

= φ1(µ1)− φ1(ϑ1).

Similarly, 〈4ϑ2, η2(µ2, ϑ2)〉 ≤ φ2(µ2) − φ2(ϑ2), then the η1-subdifferential of φ1 is
∂η1φ1(ϑ1) = {3ϑ1} and η2-subdifferential of φ2 is ∂η2φ2(ϑ2) = {4ϑ2}.

For %i = 1, the proximal operators R∂φ1,η1
%1,A1

and R∂φ2,η2
%2,A2

are given by

R∂φ1,η1
%1,A1

= [A1 + %1∂η1φ1]−1(ϑ1) =
3

10
ϑ1, where [A1 + %1∂η1φ1](ϑ1) =

10

3
ϑ1.

R∂φ2,η2
%2,A2

= [A2 + %2∂η2φ2]−1(ϑ2) =
4

17
ϑ2, where [A2 + %2∂η2φ2](ϑ2) =

17

4
ϑ2.

In view of ηi-proximal operators estimated above, the generalized Yosida approxi-
mation operators are given by

Y∂φ1,η1
%1,A1

= 1
%1

[A1 − R∂φ1,η1
%1,A1

](ϑ1) = 1
30ϑ1, and Y∂φ2,η2

%2,A2
= 1

%2
[A2 − R∂φ2,η2

%2,A2
](ϑ2) =

1
68ϑ2. Then R∂φ1,η1

%1,A1
,R∂φ2,η2

%2,A2
,Y∂φ1,η1

%1,A1
and Y∂φ2,η2

%2 are Lipschitz continous mappings
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with constants σ1

µ1
= 3

10 ,
σ2

µ2
= 4

17 , θY1
= 1

30 and θY2
= 1

68 . Also,

〈g1 ◦ Y∂φ1,η1
%1,A1

(ϑ1)− g1 ◦ Y∂φ1,η1
%1,A1

(ϑ2), η1(ϑ1, ϑ
′

1)〉 = 〈ϑ1

90
− ϑ

′

1

90
, 40(ϑ1 − ϑ

′

1)〉 =
4

9
‖ϑ1 − ϑ

′

1‖2,

〈g2 ◦ Y∂φ2,η2
%2,A2

(ϑ2)− g2 ◦ Y∂φ2,η2
%2,A2

(ϑ2), η2(ϑ2, ϑ
′

2)〉 = 〈 ϑ2

272
− ϑ

′

2

272
, 120(ϑ2 − ϑ

′

2)〉 =
15

34
‖ϑ2 − ϑ

′

2‖2.

Thus, g1 ◦ Y∂φ1,η1
%1,A1

and g2 ◦ Y∂φ2,η2
%2,A2

are η1 and η2-strongly monotone with δg1Y = 4
9

and δg2Y = 15
34 . Let us define Gi : Hj → Hi,Ui : Hi ×Hj → Hi, ψi : Hi → CB(Hi)

and ξi, ζi : Hj → CB(Hj) by

ψ1(ϑ1) =
{ϑ1

5

}
, ξ1(ϑ2) =

{ϑ2

10

}
, ζ1(ϑ2) =

{ϑ2

4

}
,U1(κ1, ω1) = κ1 + ω1,G1($1) =

$1

20
,

ψ2(ϑ2) =
{ϑ2

4

}
, ξ2(ϑ1) =

{ϑ1

12

}
, ζ2(ϑ1) =

{ϑ1

5

}
,U2(κ2, ω2) = κ2 + ω2,G2($2) =

$2

15
,

where, ϑi ∈ Hi, κi ∈ ψi(ϑi), ωi ∈ ζi(ϑj), $i ∈ ξi(ϑj), i ∈ Λ, j ∈ Λ \ {i}. Then
for each i = 1, 2, ψi, ξi and ζi are Di-Lipschitz continuous with constants Lψ1 =
1
5 , Lψ2

= 1
4 , Lξ1 = 1

10 , Lξ2 = 1
12 , Lζ1 = 1

4 and Lζ2 = 1
5 and Gi is Lipschitz continuous

with LG1 = 1
20 and LG2 = 1

15 .

‖U1(κ1, ω1)− U1(κ
′

1, ω
′

1)‖ = ‖(κ1 + ω1)− (κ
′

1 + ω
′

1)‖

= ‖(ϑ1

5
+
ϑ2

4
) + (

ϑ
′

1

5
− ϑ

′

2

4
)‖

≤ 1

5
‖ϑ1 − ϑ

′

1‖+
1

4
‖ϑ2 − ϑ

′

2‖.

Then U1 is ( 1
5 ,

1
4 )-mixed Lipschitz continuous and similarly, U2 is ( 1

4 ,
1
5 )-mixed Lips-

chitz continuous. Next, we show that the estimated constants for different mappings
satisfy the condition (3.3).√

1− 2δg1Y + L2
g1θ

2
Y1

+
σ1

µ1
(LA1

Lg1θY1
+ %1ς1Lψ1

) +
%2σ2

µ2
(π2Lζ2 + τ2LG2Lξ2) = 0.5788 < 1√

1− 2δg2Y + L2
g2θ

2
Y2

+
σ2

µ2
(LA2

Lg2θY2
+ %2ς2Lψ2

) +
%1σ1

µ1
(π1Lζ1 + τ1LGLξ2) = 0.37818 < 1.

Thus all the assumption of the Theorem 3.2 are satisfied. Therefore, (0, 0) ∈ H1 ×
H2 is the unique solution of SGMYVLI (3.1).

4. Iterative Procedure and Convergence

In accordance with Lemma 3.1 and technique of Nadler [22], we put forward the
following iterative scheme to achieve approximate solution of SGMYVLI (3.1).

Algorithm 4.1. For each i ∈ Λ, j ∈ {1, 2}\{i}, let Hi, gi,Gi,Ui, ηi, ψi, ζi, ξi,Ai,P
∂ηiφi
%i,Ai

,Y∂ηiφi%i,Ai

are identical as in Lemma (3.1). For given (ϑ0
1, ϑ

0
2, κ

0
1, κ

0
2, ω

0
1 , ω

0
2 , $

0
1, $

0
2), where

ϑ0
i ∈ E0

i ,
κ0
i ∈ ψi(ϑ

0
i ), ω

0
i ∈ ζi(ϑ

0
j ) and $0

i ∈ ξi(ϑ
0
j ), we estimate the iterative sequences
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{ϑni }∞n=0,{κni }∞n=0, {ωni }∞n=0, and {$n
i }∞n=0 as under:

ϑn+1 = (1− θ)ϑni + θ{ϑni − gi(Y
∂ηiφi
%i,Ai

(ϑni )) +R∂ηiφi%i,Ai
[Ai(gi(Y

∂ηiφi
%i,Ai

(ϑni )))

−%i(Ui(κni , ωni ) + siGi($n
i ))]},

κni ∈ ψi(ϑni ) : ‖κn+1
i − κni ‖i ≤ (1 + (n+ 1)−1)Hi(ψi(ϑni ), ψi(ε

n
i )),

ωni ∈ ζi(ϑnj ) : ‖ωi − ω
′

i‖j ≤ (1 + (n+ 1)−1)Hj(ζi(ϑnj ), ζi(ε
n
j )),

$n
i ∈ ξi(ϑnj ) : ‖$i −$

′

i‖j ≤ (1 + (n+ 1)−1)Hj(ξi(ϑnj ), ξi(ε
n
j )),

(4.1)
where n = 0, 1, 2, · · · , %i > 0 and Di represents the Hausdorff metric on CB(Hi).

Theorem 4.1. For each i ∈ Λ, j ∈ {1, 2}\{i}, let Hi, gi,Gi,Ui, ηi,Ai,P
∂ηiφi
%i,Ai

,Y∂ηiφi%i,Ai

are identical as in Theorem 3.2. Let ψi : Hi → CB(Hi) be Lψi-Di-Lipschitz con-
tinuous; ξi, ζi : Hj → CB(Hj) be Lξi-Dj, Lζi-Dj-Lipschitz continuous mappings,
respectively. If constants λi, %i > 0 satisfy (3.3) and sequences {ϑni }∞n=0, {κni }∞n=0,
{ωni }∞n=0, and {$n

i }∞n=0 produced by Algorithm 4.1 converges strongly to ϑi, κi, ωi,
and $i, respectively and (ϑ1, ϑ2, κ1, κ2, ω1, ω2, $1, $2) solves SGMYVLI (3.1).

Proof. Taking (2.5) of Proposition 2.5 into account and repeating the analogous
statements utilized in Theorem 3.2, it follows from (4.1) that

‖ϑn+1
i − ϑni ‖ ≤ (1− θ)‖ϑni − ϑn−1

i ‖i + θ‖ϑni − ϑn−1
i − (gi(Y

∂ηiφi
%i,Ai

(ϑni ))

− gi(Y
∂ηiφi
%i,Ai

(ϑn−1
i )))‖+ θ‖R∂ηiφi%i,Ai

[Ai(gi(Y
∂ηiφi
%i,Ai

(ϑni )))

− %i(Ui(κni , ωni ) + siGi($n
i ))]−R∂ηiφi%i,Ai

[Ai(gi(Y
∂ηiφi
%i,Ai

(ϑn−1
i )))

− %i(Ui(κn−1
i , ωn−1

i ) + siGi($n−1
i ))]‖

≤ (1− θ)‖ϑni − ϑn−1
i ‖i + θ‖ϑni − ϑn−1

i − (gi(Y
∂ηiφi
%i,Ai

(ϑni ))

− gi(Y
∂ηiφi
%i,Ai

(ϑn−1
i )))‖+ θ

σi
ϑi
‖Ai(gi(Y

∂ηiφi
%i,Ai

(ϑni )))

− %i(Ui(κni , ωni ) + siGi($n
i ))− [Ai(gi(Y

∂ηiφi
%i,Ai

(ϑn−1
i )))

− %i(Ui(κn−1
i , ωn−1

i ) + siGi($n−1
i ))]‖

≤ (1− θ)‖ϑni − ϑn−1
i ‖i + θ‖ϑni − ϑn−1

i − (gi(Y
∂ηiφi
%i,Ai

(ϑni ))

− gi(Y
∂ηiφi
%i,Ai

(ϑn−1
i )))‖+ θ

σi
ϑi
‖Ai(gi(Y

∂ηiφi
%i,Ai

(ϑni )))]

−Ai(gi(Y
∂ηiφi
%i,Ai

(ϑn−1
i )))]‖+ θ%i

σi
ϑi
‖Ui(κni , ωni )− Ui(κn−1

i , ωn−1
i )‖

+ θ%isi
σi
ϑi
‖Gi($n

i )− Gi($n−1
i )‖

≤ (1− θ)‖ϑni − ϑn−1
i ‖i + θ(Ani ‖ϑi − εi‖i + Bni ‖ϑj − εj‖j),

(4.2)

where, for each i ∈ Λ, j ∈ {1, 2}\{i}, Ani =
√

1− 2δgiY + L2
giθ

2
Yi +

σi
µi

(LAiLgiθYi +

%iςiLψi(1 + n−1)) and Bni =
%iσi
µi

(πiLζi + siLGiLξi)(1 + n−1). Appealing to (3.13),
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for each n ∈ N, we can express (4.2) as

‖(ϑn+1
1 , ϑn+1

2 )− (ϑn1 , ϑ
n
2 )‖�

= ‖ϑn+1
1 − ϑn1‖1 + ‖ϑn+1

2 − ϑn2‖2
≤ (1− θ)‖(ϑn1 , ϑn2 )− (ϑn−1

1 , ϑn−1
2 )‖�

+ θ[(An1 + Bn2 )‖ϑn1 − ϑn−1
1 ‖1 + (An2 + Bn1 )‖ϑn2 )− ϑn−1

2 )‖2]

≤ (1− θ)‖(ϑn1 , ϑn2 )− (ϑn−1
1 , ϑn−1

2 )‖�
+ θmax{sn1 , sn2}‖(ϑn1 , ϑn2 )− (ϑn−1

1 , ϑn−1
2 )‖�

= [1− θ(1−max{sn1 , sn2})]‖(ϑn1 , ϑn2 )− (ϑn−1
1 , ϑn−1

2 )‖�,

(4.3)

where, sn1 = An1 + Bn2 and sn2 = An2 + Bn1 . Letting P(n) = 1 − θ(1 −max{sn1 , sn2}).
We deduce P(n) → P as n → ∞, where P = 1 − θ(1 − max{s1, s2}). In fact

max{s1, s2} ∈ (0, 1), so we infer that P ∈ (0, 1). Then there exists P̂ ∈ (0, 1) and

n0 ∈ N so that P(n) ≤ P̂,∀n ≥ n0. Thus, ∀n ≥ n0, we deduce from (4.3) that

‖(ϑn+1
1 , ϑn+1

2 )− (ϑn1 , ϑ
n
2 )‖�

≤ P̂‖(ϑn1 , ϑn2 )− (ϑn−1
1 , ϑn−1

2 )‖�
≤ P̂2‖(ϑn−1

1 , ϑn−1
2 )− (ϑn−2

1 , ϑn−2
2 )‖�

≤ · · ·
≤ · · ·
≤ · · ·

≤ P̂n−n0‖(ϑn0+1
1 , ϑn0+1

2 )− (ϑn0
1 , ϑn0

2 )‖�.

(4.4)

Since 0 < P̂ < 1, thus, we deduce that ‖(ϑn+1
1 , ϑn+1

2 )− (ϑn1 , ϑ
n
2 )‖� → 0 as n→∞.

Thus, for each i ∈ Λ, {ϑni } is a Cauchy sequence in Hi and the completeness of Hi
guarantees that ∃ϑi ∈ Hi so as ϑni → ϑi as n→∞. Recalling the Lψi-Di-Lipschitz
continuity of ψi and invoking (4.1), we acquired that

‖κn+1
i − κni ‖i ≤ (1 + (n+ 1)−1)Hi(ψi(ϑn+1

i ), ψi(ϑ
n
i ))

≤ (1 + (n+ 1)−1)Lψi‖ϑn+1
i − ϑni ‖i.

(4.5)

Thus, we infer that {κni } is a Cauchy sequence in Hi as well and hence there exists
κi ∈ ψi(ϑi) so that lim

n→∞
κni = κi and we obtain

di(κi, ψi(ϑi)) = inf{‖κi − κ‖i : κ ∈ ψi(ϑi)}
≤ ‖κi − κni ‖i + di(κ

n
i , ψi(ϑi))

≤ ‖κi − κni ‖i +Hi(ψi(ϑni ), ψi(ϑi))

≤ ‖κi − κni ‖i + Lψi‖ϑi − ϑni ‖i → 0 as n→∞.

(4.6)

Thus, κi ∈ ψi(ϑi) and in the same manner, we conclude that for each j ∈ {1, 2} \
{Λ}, {ωi} and {$i} are also Cauchy sequences in Hj and there exist ωi ∈ ζi(ϑj)
and $i ∈ ξi(ϑj), respectively so that lim

n→∞
ωni = ωi and lim

n→∞
$n
i = $i. �

5. Conclusions

In this paper, we investigated SGMYVLI in Banach spaces. We define A-η-
proximal mapping and an analogous generalized Yosida approximation mapping.
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We discussed some attributes of generalized Yosida approximation mapping. A-η-
proximal mapping is utilized to form generalized system of fixed point problems.
An iterative algorithm predicated on the fixed point problem is structured. Ex-
istence and convergence results for the system of generalized multi-valued mixed
Yosida variation-like inequalities are reported.
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