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GENERALIZED SYSTEM OF MULTI-VALUED MIXED YOSIDA
VARIATION-LIKE INEQUALITIES IN HILBERT SPACES

MOHAMMAD AKRAM, MOHAMMAD DILSHAD

ABSTRACT. This work aims at the investigation of a system of generalized
multi-valued mixed Yosida variation-like inequalities in Hilbert spaces. We
define A-n-proximal mapping and an analogous generalized Yosida approxima-
tion mapping. Some of its attributes are discussed. We employed A-n-proximal
mapping to form generalized system of fixed point problems. Existence result
for the system of generalized multi-valued mixed Yosida variation-like inequal-
ities is reported. Further, an algorithm based on the fixed point problem is
structured and convergence result is examined to obtain the solution of pro-
posed problem.

1. INTRODUCTION

The variational inequality (VI) theory contains comprehensively several mathe-
matical problems, including, optimization, complementarity, fixed point problems
(FPPs) and nonlinear equations. The theory was originally planted to study certain
problems arising in mechanics using tools of partial differential equations in infinite-
dimensional spaces. More precisely, VI theory is a generalization of boundary value
problems which enable us to examine and analyze problems appearing in diverse
fields of mathematical sciences, such as mechanics, physics, engineering, convex
programming, operations research, image processing problems encompassing image
recovery, image restoration, initial and boundary value problems, optimization and
the theory of control, see, [2] 8, 10, 17, 25, B 111 23].

Moreover, several important models of applications namely, equilibrium prob-
lems [, 24], such as equilibrium problems in a traffic network and oligopolistic
market equilibrium problems [23] 5] are examined using variational formulations.
Variational inequalities have been generalized in diverse directions. One of such
generalizations is named as variational-like inequalities which involve a nonlinear
term.

The classical VI an analogous of FPP is one of the most worthwhile aspects of
variational inequality and VIs have been significantly impacted by this alternative
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equivalent formulation. Particularly, a new direction of dealing variational inequal-
ities using fixed point iterative methods has been initiated, see, [7,[9]. Several other
approaches such as projection and relaxed projection methods, extra gradient, sub-
gradient extragradient, regularization and auxiliary principle methods have been
developed to deal with these problems, see, [16] 19, 211 [26].

One of the most challenging task is to develop coherent and methodical iterative
algorithms for exploring VIs. However, iterative method involving projection can
not be employed to solve generalized variational-like inequalities due to involvement
of nonlinear term. To conquer such limitations, Ding [12] [[3] and Ding and Luo
[14] brought forward the concept of n-proximal mapping involving n-subdifferential
and designed some iterative schemes to examine generalized variational-like in-
equalities in the setting of Hilbert spaces. So far, several iterative schemes have
been designed and implemented to examine generalized variational-like inequalities
by employing n-proximal mapping involving n-subdifferentiable proper functional.
Recently, Balooee et al. [6] studied a system of generalized multi-valued variational-
like inequalities in the setting of Banach spaces. The authors set up the equivalent
system of FPPs by implementing the concept of P-n-proximal mapping and de-
signed iterative scheme predicated on FPP. Existence and convergence results are
also reported by imposing some suitable presumptions on the involved mappings.

Encouraged and induced by marvellous and creative research work stated above,
it is worthwhile to examine a system of generalized multi-valued mixed Yosida
variation-like inequalities. We define A-n-proximal mapping and utilized it to form
the generalized system of fixed point problems. An algorithm based on the fixed
point problem is structured and convergence result is analyzed to obtain the solution
of proposed problem.

2. AUXILIARY TOOLS AND RELEVANT NOTIONS

Throughout the paper, we designate a real Hilbert space by H with inner product
(+,+) and induced norm || - ||. Suppose CB(H) (resp. C(H)) denotes the family of
all nonempty closed and bounded (resp. compact) subsets of H. An extended real
valued function g : H — R U {400} is called proper, if dom(g) # @ and it does
not take the value —oco. The function g : X — R U {400} is referred to as lower
semicontinuous at ¢ € H if for any sequence {¢,} in H converging strongly to 9,
we have

g(9¥) < lim inf g(¢,).

n—oo

The function ¢ is known as lower semicontinuous, if it is lower semicontinuous at
every point of the domain. Recall that g is referred to as convex if and only if

g + (1= Nw) < Ag(d) + (1 — N)g(w), YA € [0,1],9, = € H.

An extended real-valued function g : H x H — R U {£oo} is referred to as 0-
diagonally quasi concave (0-DQCV) in the first argument if for any finite subset
{1,902, - , 0, } of Hand any ¥ € Co({1,V2, - ,9,}), we have 1I<m£1 g(¥;,9) <0,

where Co(A) represents the convex hull of A for any given set ACH. Similarly,
0-diagonally quasi concave property of ¢ in the second argument can be defined.

Definition 2.1. Let n: H x H — H be a vector-valued mapping. A proper func-
tional ¢ : H — R U {400} is said to be n-subdifferentiable at point & € H, if
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39* € H complies with
(0, n(w,9)) < (@) — ¢(¥),Vw € H

and the point 9* € H is known as n-subgradient of ¢ at 9. The n-subdifferential of
¢ at ¥ is defined as

B, 6(0) = {0* e H: (V" n(w,V)) < p(w) — ¢(I),Vw € H}, € dom¢
! 0,9 ¢ dome.
Lemma 2.1. [I5] Let @ # C be a convex subset of a topological vector space and

0 # K be a compact subset of C. Let g : C x C — R U {+oo} be an extended
real-valued functional such that

(i) g is lower semicontinuous in the second argument on K;
(i) g is 0-DQCYV in the first argument;
(iii) there exists a nonempty compact convex subset Cy of C such that for each
w € C\ K, there is an 9 € Co(Co U {w}) satisfying g(¥,w) > 0.
Then there exists © € K such that g(¥,%) <0,V € C.

Definition 2.2. A mapping ¢ : H — CB(H) is said to be Ly-D-Lipschitz contin-
uous if 3Ly > 0 such that

D(ﬂ)(ﬁ)ﬂ/}(w)) < Ld)H'& - w||,V19,w € Ha

where, the Hausdorff metric D is expressed as

D(C,Q) = max{;gg nf 19—, sup i 9 - | },¥C,Q € CB(H).

Definition 2.3. Letn : HxH — H be a vector-valued mapping, ¢ : H — RU{+o0}
be a proper n-subdifferentiable (not necessarily convex) functional and A : H — H be
a single-valued mapping. If for any constant o > 0 and ¥* € H, IV € H complying
with the relation

(A(W) =", n(w,V)) + op(w) — p(¥) > 0,VV € A. (2.1)
Then the mapping ¥* — 9, signified by Pi"f is known as A-n-prorimal mapping
of ¢. Also, from , 9 — A(Y) € 00,¢(¥) which yields 9 = ’Pg”f(ﬁ*) =(A+
00,6) "1 (9").
Definition 2.4. Let n : H X H — H be a vector-valued mapping. A mapping
A:H — H is known as
(i) p-strongly n-monotone, if Iu > 0 complying
(A(W) = A(w), n(0,@)) > plld — w||*, V9, @ € H;
(ii) La-Lipschitz continuous, if AL 4 > 0 complying
[A(W) — A(@)|| < Lal|¥ — @], ¥, @ € H.
Definition 2.5. A mapping U : H x H — H is known as (s,e)-mized Lipschitz
continuous if 3¢, > 0 so that
U, @) — U, )| <s||¥— | + el — |, V), @, 0", =" € H.

Definition 2.6. A mapping n : HxH — H is referred to as T-Lipschitz continuous,
if 31 > 0 so that |n(Y, @)| < 7||¥ — w|, VY, w € H.
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Lemma 2.2. [22] Let (X,d) be a complete metric space and G : X — C(X) be a
multi-valued mapping. Then for some ¥,e € X and pu € G(V), there exists v € G(¢)
satisfies the following inequality:
d(p,v) < D(G(V),G(e)). (2.2)
Lemma 2.3. [22] Let (X,d) be a complete metric space and G : X — CB(X) be a
multi-valued mapping such that
D(G(19),G(e)) < ud(V,¢),V0,e € X, (2.3)
where 0 < v < 1. Then G owns a fixed point.
Lemma 2.4. [22] Let (X,d) be a complete metric space and G : X — CB(X) be a
multi-valued mapping. Then for given € > 0 and for any 9, € X and p € G(9),
there exists v € G(e) satisfies the following inequality:
d1,v) < (1+OD(G(), G (e)). (2.4)
Proposition 2.5. [20] Let n: H x H — H be a o-Lipschitz continuous satisfying
n(d, @) + n(w,d) = 0,V € H. Let A : H — H be p-strongly n-monotone
continuous mapping. Suppose that for given 9* € H, the function h(w,d) = (9* —
A(0),n(w,9)) € RU{+o0} is 0-DQCYV in the first argument, ¢ : H — R U {400}
is a lower semicontinuous n-subdifferentiable proper functional on H and o > 0.
Then n-proximal mapping 'P?f TH —H s g—Lipschizfz continuous, i.e.,
: 1

6,,
1PY2(9) — P

A o
od @) < 0 = ., € (2.5)

Definition 2.7. The generalized Yosida approximation mapping aligned with A-n-
proximal mapping Pg"f is expressed as

1
ny(ﬂ) = E[A - PZ’f] (9),V0 € H. (2.6)

Next, we present some vital results to furnish desired objectives.

Proposition 2.6. Let A : H — H be p-Lipschitz continuous and n: H x H — H

be o-Lipschitz continuous. Then yfjfg” :'H — H is Oy-Lipschitz continuous, where
g = P+ 0)
y=—
e

Proof. Entailing the p-Lipschitz continuity of A and making use of (2.6]), we derive
00, ¢, 1 00, ¢,
195%7(9) = V%" (@) || = EIIA(ﬁ) —P5"0) = (A(@) = P53 (@)

1 | 00,
< EIIA(ﬁ) - A(@)|| + EHPQ,A"(ﬁ) =P %" (@] 27)

[0 — =]

p o (pp +0)
<=9 —wl|+ — |19 — @] =
0 110 I

=0y||Y —w|,VI,w € H.
O

Proposition 2.7. Let A : H — H be p-strongly n-monotone mapping and 7 :
H x H — H be o-Lipschitz continuous. Then ygqj;” :H — H ois Ay-strongly
(1 = ?)
n-monotone, where Ay = ——=.
[0
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Proof. Entailing the p-strongly n-monotone assumption of A, o-Lipschitz continuity
of n and recalling (2.6)), we acquire

(YVO%UM9) — Yo% (@), (0, =)

= Law) - A@) - (P%(9) - P24 (@), 00, ),

o
- §<A<ﬁ> A(w), n(9, @) - <7>8¢"< 9) = P2 (@), n(9, @),
> gnﬂ—wnté[wﬁ“( ) — P‘%"( (9, )] (2.8)
> g~ w2 = L 9 - w|?
o Ho
2 70.2
~ Wy e
po

= Ay|¥ — w|*, V0, w € H.

3. PROBLEM OUTLINE AND EXISTENCE RESULT

For each i € A = {1, 2}, throughout the paper, we consider a Real Hilbert space
H; with inner product (-,-); and norm || - ||;. For each i € A,j € A\ {i};9: :
H; — Hi G H;y — Hi Uy - Hy x Hy — H; and n; : H; x H; — H; be the
single-valued mappings and ¢; : H;, — CB(#,;),&,( + H; — CB(#H;) be the
multi-valued mappings. Assume an extended real-valued function ¢; : H; — R U
{+o0} is a proper, lower-semicontinuous and 7;-subdifferentiable on H; complying
with dom(g;) N dom(d¢p;) # 0. Let ygfjg:“ : H; — H; be the generalized Yosida
approximation operator. We contemplate the problem of discerning (1, 92) € Hj x
Ha, (K1, K2) € 1 (V1) Xa(V2), (w1, w2) € (1(V2) X C2(V1), (w1, @2) € &1 (V2) x&a(Vh)

so that
(Ur(k1,w1) + s1G1 (1), m1 (g1 ( 5?14?1 ), 91( 31¢f4?1 1))
> 71 (o1 (o (Vo d! (01))) — 61 (9 (ygf’;g?l )] € Ha,
(U (152, w2) + 52Ga(@2), 12 (92 (Vr 517 (12)) 92 (Vg 5, (92))))
> 72 [p2(ga( 3;%34:2(192))) (gz(yjifq’zz( 2))], Vy2 € Ha,

where 7; > 0 is a real constant. We name the Problem (3.1)) as system of generalized
multi-valued mixed Yosida variational-like inequalities (SGMYVLI).

(3.1)

Lemma 3.1. For eachi € A, suppose that the mappings g;, G, Us, i, Viy &y Ciy Piy Y a@ "
are identical as aforementioned in SGMYVLI (H) and the continuous mappmg
s Hi X Hy — H; complies with n;(9;,w;) + ni(w;, ;) = 0,Y9;,w; € H;. Let
AZ- : H; — H; be pi-strongly n;-monotone continuous mapping so that for each
97 € H;, the function

h; : (Vi,lgi) e H; X H; — hi(Vi,’Lgi) = <19;k — Ai(ﬂi)vni(yiaﬁi»i eERU {+OO}

be 0-DQCYV in the first argument. Then, the following affirmations are analogous:

(1) (91,92, K1, K, w1, w2, @1, @2) € HiXHa X1 (91) X1 (P2) x (1 (F2) X C2(V1) X
&1(01) x &(02) solves SGMYVLI (3.1).
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(ii) For eachi € A and j € A\ {i},

On,; i On,; bi O, Pi

gV (9:)) = P (A (Vo (9))) — 00U (i wi) + 5:Gi(@i)],
where Py 0 (9:) = [A; + 00,61~ (9,).

(iii) (91,92) € Fiz(0), where © : Hy x Ho — 271%H2 s defined as:

@(191,192) = (81(191,192),82(191,192)),V(191,192) S Hl X HQ, (32)

where, S; : Hi x Ho — 2 s expressed as:

Si01,02) = 9i—gi(Vy s W)+ | Py [Au(gi(Vyia (00))) =i U (11, wi) +5:Gi (1)), 03 > .

K €Yi(94)
Wi 641( )
w; €E; (19 )

Theorem 3.2. Suppose that n; : H; x H; — H; is 7;-Lipschitz continuous complies
with n;(Y;,v;) + (v, 9:) = 0,V v; € Hy; g« Hi — H; is Lg,-Lipschitz continu-
ous, sy’ﬁl is Oy, -Lipschitz continuous and g; o Z:ﬁi is 0g,y-strongly monotone;
A; + H; — H; is La,-Lipschitz continuous. Let ¢; : H; — CB(H;) and &,¢ :
MH; — CB(H;) be Ly,-D; and L¢,-D;, L¢,-Dj-Lipschitz continuous mappings, re-
spectively; U; - H; X Hyj — H; is (s;, m;)-mized Lipschitz continuous; G; : H; — H;
s Lg,-Lipschitz continuous mapping. Suppose that for each 97 € H,;, the function
h; - (I/i,'l%') € H; x H; — hz(l/l,ﬁl) = <19:< - Az(ﬂl),nl(l/z,l%»z € RU {+OO} be
0-DQCYV in the first argument and supposed that an extended real-valued function
@i+ Hi = R U {400} is proper, lower-semicontinuous and n;-subdifferentiable on
H; with dom(g;) N dom(d¢;) £ 0. If \i, 0; > 0 comply with

o
\/1 - 2691‘3} + Lgﬂg;, +;(LAiLgi9yi + QigiLil)i) +
2691'3} <1+ Lgﬁi

0i% (TerCj + Tngngj) <1
Hj

(3.3)
Then (91,02, K1, K2, w1, wa, W1, w2) 1S a solution of SGMYVLI ,

Proof. Foreachi € A,j € {1,2}\{i}, continuities of mappings U;, g;, G, ¥, ¢;, &, A
P, YOl vields that (01, 92) € C(H;). Thus, ©(0y,92) € C(Hy) x C(Ha) =
C(H1 x Hz2). Next, we shall corroborate that the multi-valued mapping © de-
fined in (3.2) is contraction. Suppose that (a1,a3) € O(¥1,02), then for each
ie A je{1,2}\ {i}, 3r; € ¥i(Vs),w; € G(V¥5) and @; € &(1¥;) such that

am; i anl i 8’q1 o))
a; = 191 — gi(yghA ( )) +7D [ 1(9 (yg“A (191))) - Qz(uz(/ilawl) + Slgl(wl))]
(3.4)
For each i € A,j € A\ {i}, by efficacy of the Lemma EI/{; € wi(si),w; € Giley)
and w; € & (g;) so that

(3.5)
Letting
a; = e — g (Vpria (e0)) + Pora [As (gz-(yj;ﬁf(si)))—gi(ui(n;,w;)+sigi(w;(>)],>
3.6
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such that a; € S;(¥1,92) and so (a],ay) € O(91,Vs). Invoking the Proposition
taking (3.4]) and (3.6]) into consideration, one can write

lo: = aills < 19 = &2 — (o (Vra (92)) = 5 (Va E)),
+|\7>‘9"z¢1[ AVt (92))) = ei (U i(s3,) + 5iG(w0))]
— PO A (G (VT () — 0 (Ui(riswp) + 5:Gi (@) ]|,
< 9 = i = (o (9015 (00) - <:?:,”? I

*HA (9: (yin,l@ (791))) — 0i (Ui (ki wi) + $iGi(@;))
A ) - () + 5G],

<9 =25 = (g, (02)) = 9: (Vi (=),
*||A (g (Vs (9))) = Au(gi (W ), (3.7)

7
on'z

0

+

e (ks i) — Ui (g 0p) |5 + QZZ’SZHQz(wz) Gi(@)||s-

Recalling that g; o yj”ifi is d4,y-strongly monotone, and invoking L, and 6y-

Lipschtz continuities of g; and yg";f‘, respectively, we acquire
On; bi 3%%
19 = & = (9:(Vria 90)) = 9a (Vi DIy
< 10; — sz-n? —2gi (Vi (9)) — g (ya"ﬂ v(ed),Ui — )i
0, i
+ llgs (Vorid (9)) = g (ygj; ei)I?
< |10 = eillf — 2843 [10; — 203,195 — &4ll?
= (1—26g,y + L3 035)]19: — &l
which yields
19: = £ = (0: (Vo 90)) = 0s (Vs G, < (/1= 2050y + L2,63, 19 — il

(3.8)
Now, employing the Lipschitz continuities of A;, g; and J}g"lfl, we acquire
|4 (g: (V! 09)) = Al Ve @), < LaL by, |10 = =illi (3.9)

Utilizing the (s;, 7;)-mixed Lipschitz continuity of Uf; and Ly,-D; and L,-D;-Lipschitz
continuity of v¥; and (;, respectively provides

04 (i 00) = Us (7))
< Gillmi = milli + millws — wli
< GiH(Yi(94),vi(e:)) + miH;(Gi(95), Ciley))
< 6Ly, |9 — €illi + miLe, |95 — €515
Taking Lipschitz continuities of G; and &; into account, we acquire

1Gs(w:) — Gi(w)li < Lg, llws — will; < Lg, H; (&:(9;),&(e5)) < L, Le, 19; *(€j||j->
3.11

(3.10)
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Substituting (3.8)-(3.11)) into (3.7) yields

%
Ja; - af]) < w ~ 20,y + L83, 10: — il + 7 Lo Ly, by, 10: il

0i0; 0i0;

+ GiLy, |9 — €ill4 miLe, ||V — €
1L Pi H Hz i ¢ || ]”] (3'12)
QlO-ZTl

+ " = Lg, L¢, |95 — €l
= Al|9; —&ills +Bz||?9j - Ej”j?

where,
Ay =1- 26,0+ 12,63 + “La Lo byt - G Ly, By = Qiiingi—i—Qﬁile L.
Now, we consider a norm (7—[1 X Ha, |l - [lo) as below:

(01, 92)llo = 1911 + [[92]]2, V(1,T2) € Hi X Ho. (3.13)

Evidently, (1 x Ha, || - ||¢) is complete. Then, bringing (3.13)) into play, (3.12)) can

be expressed as

[(a1,a2) = (ay,as)|lo = llar — ay 1 + [Jaz — as|l2
= A1][91 —e1l1 + B1l[¥2 — &2z
+ Ag||¥2 — e2]|2 + Ba||th — 1] (3.14)

= (A1 +Bo) |91 — 1|1 + (B2 + Ag)||¥2 — 2|2
< max{sy, s2}||(¥1,72) — (e1,€2)||¢»

where, s1 = A; + By and sy = As + By. Assumption (3.3)) guarantees that 0 <
max{sy, s2} < 1. Thus, (3.14]) turns into

d((a1,a2),0©(e1,e2)) = | inf (a1, a2) — (a, ay)llo
(a1,a5)€O(e1,62) (3.15)
< max{sy, s2}|(91,92) — (€1, €2)]l6-
Since (a},ay) € O(e1,e2) is arbitrary, thus we acquire
sup d((a1,a2),©(e1,22)) < max{s1, s2}([(V1,02) — (e1,€2) [0,  (3.16)
(al,a2)€®(191,192)
and like-wise, one can write

sup  d(©(V1,92), (ay,a,)) < max{si, so}|(91,92) — (e1,22) [0 (3.17)

(a},a)€0(e1,e2)

Recalling the Hausdorff metric D on C(H; x Hs), bring (3.16) and (3.17)) into play,

we acquire

D(O(V1,V2),O(e1,2)) < max{si, sa}||(V1,92)—(e1,€2) o, V(I1,92), (e1,62) € H1xHa.
(3.18)

Thus, © is a multi-valued contraction mapping and by virtue of Lemma owns

a fixed point (¥1,%2) € O(1,92). By ., we obtain ¥ € S1(¥1,02) and Y9 €

S2(91,92). Accordingly, for each i € A, j € {1,2}\ {i}, Tr; € ¥ (), w; € Gi(9;)

and w; € &;(9;) such that

On,; bi am‘bt O, i
Si(V1,92) = V9i—gi(V, "4, () +R," 4 [Ai(gi (yg“A (9:)))—0i(Ui(ki, wi)+7i ()], 0 > 0.

0i,A 0i,A
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Consequently, according to Lemma (91,9, K1, K2, w1, wWs, W1, W2) is a solution
SGMYVLI (31). 0

We provide the following numerical example to validate the Theorem [3.2}

Example 3.1. For each i = {1,2}; let H; = R with inner product (9, u) = dp and
norm | - |;. Define the mappings g; - Hi — Hi, Gi : Hj — Hi,Us - Hi x Hj — H;i by
¥ Vo

2 1, A5(92) = i

%) )
g1 (91) = = + 1, 4:(0h) = =, g2(92) = 1

3 3

Then g1, A1,92 and Ag are Lipschitz continuous with constant Ly, = La, = %
and Ly, = La, = %, respectively. Define ¢; : H; — RU{+oo} andn; : H;xH; — H,;

by
¢1(’l91) = 120’(9%7(152(192) = 480’19%,771(’191,91) = 40(191—01), and 772(’192,92) = 120(192—92).

Then for each i = {1,2},1m;(9;,6;) + n:(0;,9;) = 0. Now, for any 9;,2z; € R,
the mapping h;(v;, ;) = (z; — A (%), m:(vi,9:))i is 0-DQCV in v;. If not, then
there exists a finite set {v{,vi,--- v} and 99 = S°\L tpvl with t;, > 0 and
kazltk =1 so that for i =1 and for each k =1,2,--- ,m,

ha (v, 99) = (21 — Ay (99), mu (v, 09))

0% I
= (21 — 3»40@1 —97))

= 40(21 — %(1)) (l/f — kz_:ltkuf) =0,

which is not possible. Thus, for any U1,z € R, the mapping hq(v1,91) is 0-DQCV
in vi. Similarly, for any 92,20 € R, the mapping ha(va,¥2) is 0-DQCV in vs.
Since

(391, m (p1,91)) = (301,40(p1 — V1))
= 120’(91(#1 — 191)

< 120(uf — 07)
= ¢1(p1) — ¢1(V1).

Similarly, (492, n2(pz2,92)) < d2(p2) — ¢2(92), then the ny-subdifferential of ¢y is
On, 91 (V1) = {301} and ne-subdifferential of ¢a is Oy, P2(¥2) = {402}.

For o; = 1, the proximal operators R‘Zﬁfj‘?l and R‘zizzz are given by

3 10
Rgii&?l =[A1 + 010y, 1) (V1) = Eﬁl, where [A; + 010y, ¢1](V1) = 3191-

4 17
s, -

RJZT = [A2 + 020, 62] 1 (V2) = 1—7192, where [Az + 020y, ¢2](V2) = Zﬁz-
In view of n;-proximal operators estimated above, the generalized Yosida approxi-
mation operators are given by

y6¢17771 _ g%[Al _ R8¢1’7]1](191) _ 3710191, and yg;?i{;h _ ?12[142 _ R0¢27?72](192) _

01,A1 01,A1 02,A2

1 9p1,m pOP2,m2 ,0¢1,m Aepa,m : : : ;
gaV2. Then Ry A Ry ay s Vo, 4, and Yo 72 are Lipschitz continous mappings
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with constants ”1 = 130, % = 17,03;1 = —0 and 0y, = 8. Also,
Ip1,m db1,m1 4 0t 79/ 4 m
(910 V204 (02) — g1 0 V2T (9),my (9, 91) = (02 — UL 40(9y — o)) = ¢ o — o2

vy Uy

’ 15 ’
= 12 = 2|9y — 952,
575~ 5y 120002 = 05)) = [z — 5|

(920 VOP%1 (0) — g3 0 Vor i1 (¥2), ma(2,95)) =

Thus, g1 oY f’;ﬂ“ and gs © yjjf;’;'z are M and n2-strongly monotone with dg,y = %

and bg,y = ﬂ Let us define G; : Hj — M, Us - Hi x Hj — Hi 00« Hy — CB(H,)
and &, G« " — CB(H;) by

Y1 (V1) = {%},51(?92) = {%},Cl(ﬁz) = {%},Z/ﬁ(/ﬁ,wl) = k1 +wy,Gi(wr) = %,
Pa(Vo) = {%},52(?91) = {%},C2(191) = {%},Uz(@,a&) = kg + w2, Ga(w2) = %,

where, V; € H;, ki € Yi(0;),w; € G(Y5),m; € &(Y;),i € A,j € A\ {i}. Then
for each z' =1,2, ¢;,& and CZ are D; szschztz contmuous with constants Ly, =
%,L% = L£1 = 10,L52 =1,Le =3 and L¢e, == and G; is Lipschitz continuous

with Lg, = % and Lg, = %

12’

e (51, 001) — U (K, wp)|| = [[(81 +w1) = (57 +wy)]|
B 191 192 V)

1 /
g||?91 Il + - ||192 s |-
Then U, is (3, 1)-mized Lipschitz continuous and similarly, Us is (1, 1)-mized Lips-

chitz continuous. Next, we show that the estimated constants for different mappings

satisfy the condition .

g
\/1 69131 + L2 9 L (LAngle)h + nglel) + Q; 2 (7T2L42 + T2L92L§2) =0.5788 <1
H1 2

\/1 — 20, + 2,603 + %(LAngQQyQ + 026 Ly,) + 91(1” (m1Le¢, + 1 LgLe,) = 0.37818 < 1.

Thus all the assumption of the Theorem are satisfied. Therefore, (0,0) € Hy X
Ho is the unique solution of SGMYVLI

4. ITERATIVE PROCEDURE AND CONVERGENCE

In accordance with Lemma and technique of Nadler [22], we put forward the
following iterative scheme to achieve approximate solution of SGMYVLI (3.1)).

Algorithm 4.1. For cachi € A, j € {1,21\{i}, let Hy, gi, GosUs, 1, iy Gos &4, As Pori Y010
are identical as in Lemma . For given (99,99, k%, k3, w?,wd, @, @), where

07 € €,

k) € (1Y), W? € Ci(ﬁ?) and @) € fi(ﬁ?), we estimate the iterative sequences
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n |00 n 1o 7 | 00 n1oo .
{07 1o AR Fno, Wi }aZo, and {@]' )72, as under:

Dnsr = (L= )97 + 0007 — gu(Vyrn! (90)) + Rr4 [Au (g (Vorid: (07))

(ki wi') + 8:Gi(@;"))]},

KPP € i(97) ¢ |ley T — K7l < (14 (4 1)) Ha (s (97), s

W € G(07) : Jlwi —will; < (L4 (n+1)~ )Hy(@(ﬁ?),@@?)
@} € &(97) o — il < (L4 (n+ )7 H; (&), &i(e])), »

where n =0,1,2,---,0; > 0 and D; represents the Hausdorff metric on CB(?-L). :

Theorem 4.1. For eachi € A, j € {1,2}\{i}, let Hi,gi,gi,ui,m,Ai,PZiﬁi,yiﬁﬁi
are identical as in Theorem . Let ¢; : H; — CB(H,;) be Ly,-D;-Lipschitz con-
tinuwous; &,¢ : H; — CB(H;) be L¢,-Dj, L¢,-Dj-Lipschitz continuous mappings,
respectively. If constants \;, 0; > 0 satisfy (-i and sequences {97}, {KI}5%,,
{wh}ee,, and {wl}>2, produced by Algorithm|4.1| converges strongly to ¥;, ki, wi,
and w;, respectively and (U1, V2, K1, ke, w1, ws, w1, ws) solves SGMYVLI ,

Proof. Taking ([2.5)) of Proposition into account and repeating the analogous
statements utilized in Theorem it follows from (4.1]) that

n n n n— n n— 6n1¢z
17 =92 < (1= )97 =97 s + 01197 — 07 = (ga (V"0 (

0i,A

— GV O+ OIR G (A (9 (Vs (97)

97
o )
— 0 (Ui (K}, ]) + 5,Gi (! >>1—R‘Zf:,f:[A< (1)
— oW (52wl + 5:Gi(@ )|

< (1= )97 — 02 i+ 097 — 971 — (g (Vo (7))

0i,A

— g O+ 65 A5 YIS )))

— iUy (KT, W) + 5,Gi(w ))—[Axgi(yZWw” b))
— o (Ui (k! W) + 5G]
< (L= )07 — M|+ 0107 — 977 — (Vi (7))

— g @)+ 65 A5 V)]

)

— AV, @) + Hmflluz-(ﬁi swi) = U7~ Wi )|

+99i3i#”gi(wi) Gi(w; )l

< (= 0)97 = 97l + O(AT|19; — ealls + B9 — &5l1),
(4.2)

where, for each i € A,j € {1,2}\ {i}, A" = \/1 — 284,y + L2,6% + 2L (La, Ly 0y, +
K2 k2 ul
0i0;

7

0i5iLy, (1+n"")) and B = (miL¢, + siLg, Le,)(1 +n~1). Appealing to (3.13),
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for each n € N, we can express as
107,05+ — (97, 95) o
= 97 = 0|1 + 95T — 05
< (1= 0)(97,95) — (97,957 )le
+O0[(AT +B3) |97 — 97l + (A5 +BY)|[95) — 957 1)) (4.3)
< (1= 0)(97,95) — (97,957 )le
+ Omax{st, sy }|(97,95) — (97,957 )|o
= [1 = 6(1 — max{s}, s })][|(97,95) — (077,957 ) lo,

where, s7 = A} 4+ BY and s§ = A} + B?. Letting P(n) = 1 — 6(1 — max{s}, s§}).
We deduce P(n) — P as n — oo, where P = 1 — (1 — max{s1,s2}). In fact
max{sy,s2} € (0,1), so we infer that P € (0,1). Then there exists P € (0,1) and
ng € N so that P(n) < ﬁ”, Vn > ng. Thus, Vn > ng, we deduce from that

17,9570 = (97, 95l
< Pl7,95) = 077,957 o
I~ 957h) = (072 057l

AN
as)
N

IN A CIN ]

< B (950 950 — (950,950 o

Since 0 < P < 1, thus, we deduce that [|(97F%, 951 — (92, 93)lo — 0 as n — oo.
Thus, for each i € A, {97} is a Cauchy sequence in H; and the completeness of H;
guarantees that 39; € H; so as ¥}’ — ¥; as n — co. Recalling the L,-D;-Lipschitz
continuity of v¢; and invoking , we acquired that

677 = w7l < (L (4 1) TR0, (7))
< (L4 (n+ )7Ly, 977 = 97 .
Thus, we infer that {«}'} is a Cauchy sequence in H; as well and hence there exists
ki € ¥;(¥;) so that lim k' = k; and we obtain
n—oo
di(ki; ¥i(03)) = mf{{lr; — lli - & € i(9:)}
< l&i = &3 [ls + di(w]s i(95))
< Ik = w5 i + Ha (i (97), (D)
< ||ki — ki |li + Ly, |95 — 07 ]]i = 0 as n — oo.

(4.5)

(4.6)

Thus, k; € 1¥;(9¥;) and in the same manner, we conclude that for each j € {1,2}\
{A},{w;} and {w;} are also Cauchy sequences in #; and there exist w; € (;(9;)
and w; € &;(V;), respectively so that lim w}’ = w; and lim @} = w;.

n— oo n—o0

5. CONCLUSIONS

In this paper, we investigated SGMYVLI in Banach spaces. We define A-n-
proximal mapping and an analogous generalized Yosida approximation mapping.
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We discussed some attributes of generalized Yosida approximation mapping. A-7-
proximal mapping is utilized to form generalized system of fixed point problems.
An iterative algorithm predicated on the fixed point problem is structured. Ex-
istence and convergence results for the system of generalized multi-valued mixed
Yosida variation-like inequalities are reported.
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