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ABSTRACT. This paper is devoted to introducing a novel numerical approach
for approximating solutions to Fractional Linear Boundary Value Problems
(FLBVPs). Such an approach will be carried out by using a new fractional
version of the shooting method, which would convert the FLBVP into a linear
system of two fractional initial value problems. This system can then be solved
by the so-called fractional Euler method. The numerical solution of the main
FLBVP will ultimately be a linear combination of the solutions of the two
equations of the fractional-order system. A number of illustrative examples
will be presented in order to confirm that the suggested numerical technique
is valid.

1. INTRODUCTION

A system of ordinary differential equations (ODEs) with a solution and deriva-
tive values given at many points is known as the boundary value problem (BVP).
Typically, a two-point BVP is defined by the solution and derivatives being given
at just two places (the boundaries). As an explicit first order system of ODEs,
a two-point BVP of total order n on a finite interval [a,b] can be expressed with
boundary values evaluated at two points as

y'(z) = fz,y(x)), x€lab), g(yla),yb))=0. (1.1)
Here, y, f, and g € R", and since the derivative 3’ is stated openly, the system is
referred to as explicit. Since they cannot be represented in terms of one another,
the n boundary conditions defined by ¢ must be independent (if g is linear, the
boundary conditions must be linearly independent) [1].

Integration and differentiation of non-integer (fractional) order are covered by
fractional calculus, a subset of classical calculus [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12].
Almost simultaneously with the introduction of classical operators came the intro-
duction of fractional operators [13]. The concept of a non-integer order integral
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or derivative has been fit with a number of definitions over the years by numerous
mathematicians, each using their own notation and methodology.

The Fractional Boundary Value Problem (FBVP) is a Cauchy problem
with boundary condition expressed in terms of a fractional equation, or a time-
fractional derivative equation in the sense of Caputo [14, 15, 16, 17]. The life times
and additive functionals characterizing should be taken into account when setting
the BVP. [18].

The Shooting Method is a strategy that solves BVPs by breaking them down
into initial value problems (IVPs). It entails solving the IVP under various initial
conditions until a solution is found that also complies with the boundary conditions
of the BVP. Put simply, one “shoots” out trajectories from one boundary in various
directions until they identify the trajectory that ”hits” the other boundary condition
[19].

The Shooting Method reduces the BVP to identifying the initial conditions that
yield a root by viewing the boundary conditions as a multivariate function of initial
conditions at some time. The shooting method’s benefit is that it makes use of IVP
techniques’ quickness and adaptability. The disadvantage of the method is that it
is not as robust as finite difference or collocation methods. In other words, some
IVPs with growing modes are inherently unstable even though the BVP itself may
be quite well posed and stable [20].

2. PRELIMINARIES

In this part, some essential definitions and preliminaries in connection with frac-
tional calculus are recalled. This would set the way for the main results later on.

Definition 2.1. Let « be a real non-negative number. Then J$, defined on L1[a, b)
where Ly[a, b] is the set of all functions such that their absolute values are integrable
on [a,b], is given by [21]

1 t
JOf(t) = —/ (t —w)* ! f(w)dw, a <t <b, (2.1)
L(a) Ja
which is called the Riemann-Liouville fractional-order integral operator of order c.
In what follow, we mention some properties of the Riemann-Liouville fractional-
order integral operator:

(1) Let myn >0 and f € Ly[a,b]. Then we have J"J» f= Jm+"f.
(2) For m,n >0, we have J*J2 f= J}J"f.
(3) For m,n >0, we have Jm+" f= Jmtn=1jlf

Definition 2.2. Let o € R and r = [«]. The operator D defined by
Dgf=D"J; ", (2.2)
is called the Riemann-Liouville fractional-order differential operator of order c.

Definition 2.3. Let « € R and r = [a]. The Caputo fractional derivative operator
D¢ is defined by

Def=JI D" f. (2.3)
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Definition 2.4. Let « € RY and r = [«] such that r —1 < a < r. Then the
Caputo fractional-order derivative operator of order « is given by [21]

! /t(t — )T (nydr, t > a. (2.4)

D3 f(t) = Tor—a)

In view of Equation (2.4), the power rule property can be obtained as follows:

Let) yp—a < a<r p>r—1, peR

Dotr = { Tp—a+D) (2.5)

0 , r—1<a<r, p<r—1, peN

Theorem 2.5. (Generalized Taylor’s Formula) Suppose that D§* f(x) € C((0,]),
fork=1,2,--- . n+1, where 0 < a < 1. Then, we have

(D" 1) i

I'((n+1)a+1) ’ (2:6)

_ - ( 70)1'0( e
f(x)*;m(Do H04) +

where 0 < ¢ <z, Va e (0,b] [22].

Lemma 2.6. A system of FDEs of order na with functions having values in R?
can be transformed into a system of FDEs of order o with values in R™ forn € Z+
and 0 < o <1 [23].

3. FRACTIONAL EULER METHOD

In this section, the so-called Fractional Euler Method (FEM) will be recalled,
which can be used to find an approximate solution of the FIVP of the form
D%(t) = f(t,y(t)), where a<t<b, (3.1)
with initial condition
y(a) = yo. (3.2)
In order to handle problem (3.1)-(3.2), we discretize the interval [a, b] as

a=tg <t <---<tp,=0,

with the step size h = b’T“, for a positive integer n. Then, one can use the FEM,
which can be expressed as [22]

e 2c

mf (ti,y(t:)) + mD%y(g), (3.3)

for i =0,1,2,--- ,n— 1 and for some ¢ € (t;,t;41). In fact, formula (3.3) gives the
true solution of the FIVP (3.1)-(3.2) and due to ¢ is an unknown value belonging
to (a,b), we then assume that

w; =y(t;), for i=0,1,2,--- n—1,

y(tiv1) = y(t:) +

and consequently we get
Wo = Yo,
h® (3.4)
—— f (i, wi),
Tlag 1! v
fori =0,1,2,--- ,n—1. Actually, formula (3.4) is called the FEM that can generate
an approximate solution to the FIVP (3.1)-(3.2) [22].

In a similar manner for estimating the error bound of the classical Euler method,
we estimate the error bound of the FEM in what follow. But first we shall recall

Wit1 = w; +
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some useful theoretical result to pave the way for establishing one of the main
results of this work that aims to estimate the error bound for FEM.

Lemma 3.1. [24] For a positive integer m and x > —1, we have
0<(14a)" <e™

Theorem 3.2. [24] Suppose that t and s are two positive real numbers and {a; }¥_,
is a sequence satisfying ag > _Tt” and a;y1 < (14+8)a;+t, ¥i=0,1,2,--- k. Then
we have

. t t
a4y < 0FD* <ao + —> - -
s) s

Theorem 3.3. Consider f is a continuous real-valued function satisfying Lipschitz
condition with constant L on D = [a,b] xR, i.e.,

‘f(t,el) - f(t,€2)| < L|61 — €2|.
Suppose that a constant M exists such that
|D™y(t)] < M, Vt€ [a,b].
Then, we have
|y(tl) — wi| < 'y(ei‘s —-1), Vi=0,1,2,...,n,
where
_ h*MT(a+1) h*L

7 Izt ™ 0T Far

Proof. In order to prove this result, we first substract (3.4) from (3.3) to get

[e%

TCES) f(ty(ts) = f (i, wi)

Y(tiv1) — witr = y(ti) —wi +

h2a

+ mDQay(C),

for some ¢ € (a,b). This consequently yields
hCE
|y(tir1) — wipr| < |y(ts) — wi| + m\f (ti, y(ti)) = f (ti,wy) |
h2a

i veremyi

D**y(Q)],

or

h® h2* M

ly(tiv1)—wig1| < ‘y(ti)*wi|+m‘f(ti;y(ti))*f(tivwi) ‘er- (3.5)

By using Lipschitz condition in the above equality, we get:
h*L h2* M
tiv1) —wit1| < |y(ts) —w;| + =—=|y(t;) —wi| + =—
‘y( +1) w+1| |y( i) wz|+F(a+1)|y( i) wz|+F(

or

h*L h2e M
|y(tiv1) —wipa| < (1 + m) ly(ti) — wi| + == (3.6)
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Now, by considering the assumptions of Theorem (3.2) in the form:

aip1 = |y(tivr) — wir1], a; = |y(t:) — wq,

koL LM
TTary " T TRat 1)

we get
i1 < (S + 1)ai +t, Vi=0,1,2,..., k.

So, by the previous theorem (3.2), we obtain:

. t t
a4y < 0FD* <a0 + —> -,
s) s

which means that

2a
(i+1) phoL h*eM  T(a+1)
ltirs) = win ] < 7R <‘y(t°) “wlt Toas D) T heL

h2M  T(a+1)

I(2a+1)  hol

This gives

(i1) ps h*MI(a+1)  h*MID(a+1)
LT (2a+1) LT(2a+1) ’

[y(tiv1) —wip1| <e

or
hEMT(a+1) ( (1) b
t; —w; < — ( TletD) — 1) )
[ultis) —winl < gy (@
or
|y(tl) _w’i| Sfy(eié - 1)7 VZ:O,l,Q, , 1,
where
heMT 1 af,
— & and § = hi
LT'(2a+1) Ia+1)

4. HANDLING FBVPS WITH FRACTIONAL SHOOTING METHOD

The shooting method’s central notion is to convert the BVP into an IVPs by
introducing unknown initial conditions at one of the boundaries. The IVPs are then
solved iteratively, and the process is continued until the second boundary condition
is met satisfactorily. Overall, the shooting method is a powerful and frequently used
numerical technique for addressing BVPs in a variety of scientific and engineering
disciplines [25].

In this work, we intend to propose a fractional-order version of shooting method
so that we will implement the FEM to find an approximate solution for the linear
FBVP. For this purpose, we next introduce the fractional linear shooting method.



6 H. O. AL-KHAWALDEH ET AL.

4.1. Fractional linear shooting approach. In order to illustrate this method,
we consider the following linear FBVP:

D*z(t) +p(t)Dg2(t) + q(t)=(t) = r(t) (4.1)
with boundary conditions
z(a) =k, z()=I, (4.2)

where a <t < b, for t € [a,b]. The manner of this method is to convert (4.1)-(4.2)
into two FIVPs each of them is of order 2q;, i.e.

D2 z1(t) + p(t) Dy 21 (1) + q(t)z1 () = (1) (4.3)

with initial conditions

z1(a) =k, D5z(a)=0 (4.4)
and
D%z (t) + p(1) Dg za(t) + q(t)22(t) = 0 (4.5)
with initial conditions
zo(a) =0, DSzg(a) =1 (4.6)

for t € [a, b], where z1 and 29 stand for the solutions of the non-homogeneous FIVP
(4.3)-(4.4) and the homogeneous FIVP (4.5)-(4.6), respectively. In this regard, we
assume that the general solution z(¢) of the FBVP (4.1)-(4.2) is a linear combination
of the solutions of problems (4.3)-(4.4) and (4.5)-(4.6). This means that we can
suppose

z(t) = c121(t) + caza(t), (4.7)

for t € [a,b], where ¢; and co are two constant. Accordingly, to determine the
values of such constants, we also assert that

D§z(t) = e1 D5z (t) + ca DS zo(t) (4.8)
and
D2%%(t) = 1 D221 (t) + ca D> 25(t). (4.9)
Consequently, substituting (4.7), (4.8) and (4.9) into (4.1) gives
(c1D2%21(t) 4+ c2D2%25(t)) + p(t) (c1 DS 21 (t) + 2Dy 2a(t))
+q(t) (c1z1(t) + caz2(t)) = r(t),
- c1D% 21 (t) + 2D 25(t) + c1p(t) DY 21 (t) 4 cop(t) D2 2(2)
+ c1q(t)z1(t) + caq(t)z2(t) = r(t).
This gives
c1 (D321 (t) + p(t) DGz () + q(t) 21 (1))
+ 3 (D2*25(t) + p(t) Dy 2a(t) + q(t)z2(t)) = r(t).
With the use of (4.3) and (4.5), we get
crr(t) + c2(0) = r(t),

which directly yields ¢; = 1. As a result, the general solution z(t) given in (4.7)
becomes

2(t) = z1(t) + caz2(t), (4.10)
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for ¢ € [a,b]. In the same regard, in order to outline the value of ¢, we utilize the
boundary conditions given in (4.2). In other words, we can have

z(a) = z1(a) + caz2(a) = k (4.11)
z(b) = z1(b) + caz2(b) = L. (4.12)

This means that

which is true, and

o - z1 (b)
C2 = O (4.13)
Now, substituting (4.13) into (4.10) yields
(0= 21(0) + (i) 22 (4.14)

for t € [a,b]. In fact, formula (4.14) indicates the solution of the aimed problem
(4.1)-(4.2). Tt is important to mention that the solution (4.14) of problem (4.1)-(4.2)
verifies its boundary conditions, i.e.,

— 21 (a Z—Zl(b) 2o(a) = Z—Zl(b)
)=o)+ (S ) s =k (S50 ) 0
which implies
z(a) = k.
In addition, we have
2(b) = 21(b) + (%) 2a(b) = 1.

4.2. Dealing with FIVP of order 2a. This section aims to employ the FEM
to deal with the FIVPs (4.3)-(4.4) and (4.5)-(4.6). In particular, to address such
problems, we shall make a reduction to each of them so that they become fractional
differential equations of order a. To carry out such a reduction, we should use

Lemma 2.6. As a consequence, to use such a lemma, we respectively re-express
problems (4.3)-(4.4) and (4.5)-(4.6) as follows:

D321 (t) = —p(t) D z1(t) — q(t)z1 () + (1) (4.15)

with initial conditions

zi(a) =k, Dgz(a)=0 (4.16)
and
D3*2(t) = —p(t) Dy z2(t) — q(t)z2(t) (4.17)
with initial condition
zo(a) =0, Dgze(a)=1, (4.18)

where t € [a,b]. In this regard, we assume
91 (t,21(t), Dgz1(t)) = —p(t) Dg 1 (t) — q(t)z1(t) + (1)
92 (t, 22(t), D za(t)) = —p(t) Dg 22(t) — q(t)z2(t)-
In light of (4.19), the two problems (4.15)-(4.16) and (4.17)-(4.18) become
D22 (t) = g1 (t, 21(t), D21 (1)) (4.20)

(4.19)
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with initial conditions

z1(a) =k, Dgz(a)=0 (4.21)
and
D?%2(t) = ga (t, 22(t), DY 25(t)) (4.22)
with initial conditions
zo(a) =0, Dgze(a)=1. (4.23)

Accordingly, each of the above 2a-order FIVPs can be transformed into a fractional
system of order a.. In other words, we can suppose

Dgzi(t) = wi(t)
DZ‘ZQ (t) = W2 (t)

With the help of these assumptions, problems (4.20)-(4.21) and (4.22)-(4.23) can
be re-expressed in the form

Dgzi(t) =wi(t) = fi(t z1(t),wi(?))
Dg‘wl (t) = Dgazl (t) =3g1 (t, Z1 t , W1 (t)) (424)
zi(a) =k, wi(a)=0
and
Dgz(t) =wa(t) = fa(t, 22(1), wa(?))
Dgu&(t) = DgaZQ(t) = g2 (t, Zg(t),(UQ(t)) (425)
z9(a) =0, wa(a)=1
This means that
Dgzi(t) = fi(t,z1(t), wi(t))
Do (t) = g1 (t, 21(t),w1(t)) (4.26)
z1(a) =k, wi(a)=0
and
Dgz(t) = fa(t 22(t),wa(t))
Dgu&(t) = g2 (t, Zg(t), wg(t)) (427)
zo(a) =0, waa)=1,
where
f1 (@, z1(t), wi(t) = wi(t)
g1 (t, 21(t), wi(t)) = —p(t)wi(t) — q(t)z1(t) +7(t)
and

f2 (t7 Zg(t),&)g(t)) = w2(t)
g2 (t, 22(t), w2 (t)) = —p(t)wa(t) — q(t)22(t).

As a consequence, for the purpose of solving the above systems using the FEM, the

interval [a, b] is divided in the form:
a=tg<ti=tg+h<ty=tg+2h<---<t,=tog+nh=0>

for which the step size h = b*T“ and the mesh points are t; = a + ih, for i =

0,1,2,---,n. In this regard, we apply the primary formula of FEM to obtain

{ z1(tiv1) =2(t) + F(Z—il)fl (tis 21(ts), wi(ti))

& 4.28
wi(tiv1) =wi(t:) + %91 (ti, 21(ti), w1(ti)) (4.28)
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TABLE 1. Absolute error between the exact solution and numerical
solution of problem (5.1)-(5.2).

x | Approximate solution Ezact solution Absolute error

0 2.000000000000000 | 2.000000000000000 0
0.1 2.094405487628509 | 2.085016666666667 | 0.009388820961842
0.2 | 2.158810975257019 | 2.140266666666667 | 0.018544308590352
0.3 | 2.193118443083548 | 2.166350000000000 | 0.026768443083548
0.4 | 2.197629833225386 | 2.164266666666667 | 0.033363166558719
0.5 | 2.173048851391846 | 2.135416666666667 | 0.037632184725179
0.6 | 2.120482459893488 | 2.081600000000000 | 0.038882459893488
0.7 2.041441975452990 | 2.005016666666667 | 0.036425308786323
0.8 | 1.937843765034016 | 1.908266666666667 | 0.029577098367349
0.9 | 1.812009588864896 | 1.794350000000000 | 0.017659588864896
1 1.666666666666667 | 1.666666666666667 0

and

{ 2(tin1) = 22(t) + ey fo (ts 22(t:), wa (t:)) (4.29)

wa(tis1) = wa(ti) + oy (ti, 22(ts), wa(ti) -
As a result, the two systems (5.3) and (5.4) represent approximate solutions of
systems (5.1) and (5.2), respectively. Therefore, the desired solutions z;(¢) and
zo(t) of the FIVPs (4.3)-(4.4) and (4.5)-(4.6) can be obtained accordingly, and
hence the general solution z(t) of the main problem (4.1)-(4.2) can be consequently

yielded as
2(t;) = z1(t;) + (m> 22(t4),

0 (4.30)

for t; € [a,b] and i =0,1,2,--- ,n.
5. ILLUSTRATIVE EXAMPLES

In this section, we will illustrate some numerical examples to verify our proposed
scheme. These examples would provide a clear illustration on how one can apply
on the numerical scheme we present.

Example 5.1. Consider the following fractional boundary value problem [24]:
2

T 2
D**y(z) — D~ =2 +1 1
Y(w) — e D(a) + () = o + 1, (1)
with boundary conditions
5
Y0 =2, y(1) = (52)
It should be noted here that the exact solution of this problem when o =1 is
4 3 2
y(x) = %—%4—3@—}—2.

With the use of the aforesaid procedure discussed in Sections 4.1 and 4.2, we can
plot Figure 1 that represents a numerical comparison between the exact solution and
approzimate solution (4.30) when o =1 and h = 0.1. To verify the validity of our
proposed solution, we display Figure 2 and Table 1 that depict the absolute errors
between the exact and approximate solutions of problem (5.1)-(5.2)
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Exact vs. Numerical Solution

2.2

——The proposed solution
Exact solution

2.1

0 0.2 0.4 0.6 0.8 1
X

FIGURE 1. A numerical comparison between the proposed solution
and the exact solution when o =1 and h = 0.1.

Absolute error
0.04 T .

0.035 1
0.03 - 1
0.025 - 1

0.02 - 4

Error

0.015 4

0.01 1

0.005 1

X

FIGURE 2. Absolute error between the proposed solution and the
exact solution when o =1 and h = 0.1.

In order to obtain more accurate results regarding to problem (5.1)-(5.2), we take
h = 0.01 to gather with fixing the value of « = 1. This gives Figure 3 that depicts
another graphical comparison between the proposed approximate solution and the
exact solution, and Figure 4 that depicts the absolute errors generated between these
two solutions.

In the same regard, to illustrate the behaviour of the approximate solution of
problem (5.1-5.2) according to different fractional-order values, we plot Figure 5.
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Exact vs. Numerical Solution

2.2

® The proposed solution
Exact solution

0 0.2 0.4 0.6 0.8 1
X

FIGURE 3. A numerical comparison between the proposed solution
and the exact solution when o« = 1 and A = 0.01.

-3 Absolute error
2510 ‘ ‘
2 il
15 b
S
L
1r il
05 b
0 ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1

X

FIGURE 4. Absolute error between the proposed solution and the
exact solution when o = 1 and h = 0.01.

Obuviously, one can observe, from all previous numerical results, that our approx-
imate solution is very close to the exact one, especially when we take h = 0.01 and
a = 1. In particular, we clearly observe that the approximate solution of the FBVP
(5.1)-(5.2) when h = 0.01 is better than the other approximate solution generated
when h = 0.1. Also, it can be noticed, from Figure 5, that the closer we get to the
value of a = 1, the closer we get to the precise solution. This confirms also the
validity of our proposed numerical approach.
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Exact vs. Numerical Solutions
T T

4
- = e e e - . -
2 o) " o) s — ™ —{
0 |-
2F
—_ —4 [
X
=
B
8t
*  Numerical solution when a=1
-10 Numerical solution when a=0.8
Numerical solution when a=0.6
-12F Numerical solution when a=0.4
Exact solution
14 1 1 | |
0 0.2 0.4 0.6 0.8 1

X

FIGURE 5. Numerical solutions for problem (5.1)—-(5.2) according
to different fractional-order values.

Example 5.2. Consider the following fractional boundary value problem [24]:
D**y(z) — 4y(z) = —4x, (5.3)

with boundary conditions
y(0) =0, y(1) =2. (5.4)
It should be noted here that the exact solution of this problem when oo =1 is

y(z) = e?(e* — 1)1 (e*™ — e ) 4 1.

Using the approach outlined in Sections 4.1 and 4.2, we can plot Figure 6 that
represents a numerical comparison between the precise solution and approximate
solution (4.30) for « =1 and h = 0.1. Figure 7 and Table 2 show the absolute errors
between the precise and approzimate solutions of problem (5.3)-(5.4) to validate our
proposed solution.

In order to obtain more accurate results regarding to problem (5.3)-(5.4), we take
h = 0.01 to gather with fixing the value of « = 1. This gives Figure 8 that depicts
another graphical comparison between the proposed approximate solution and the
exact solution, and Figure 9 that depicts the absolute errors generated between these
two solutions.

In the same regard, Figure 10 depicts the behavior of the approximate solution
of problems (5.3)-(5.4) at various fractional-order values.

Based on prior numerical results, our approximation solution is quite near to
the precise one, especially when h = 0.01 and o = 1. We can easily see that the
approzimate solution of the FBVP (5.3)-(5.4) when h = 0.01 is better than the
other approximate solution given when h = 0.1. Figure 10 shows that getting closer
to a = 1 leads to a more precise results. This confirms also the validity of our
proposed numerical approach.

Example 5.3. Consider the following fractional boundary value problem [24]:

D**y(z) — D*y(z) — 2y(x) = cosz, (5.5)



A NUMERICAL APPROACH FOR SOLVING FRACTIONAL

Exact vs. Numerical Solution

2
— The proposed solution
Exact solution
15 1
E o} .
>
0.5 1
0 | | | |
0 0.2 0.4 0.6 0.8 1

X

FIGURE 6. A numerical comparison between the proposed solution
and the exact solution when o« = 1 and h = 0.1.

Absolute error
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Error
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FIGURE 7. Absolute error between the proposed solution and the
exact solution when o =1 and h = 0.1.

with boundary conditions

y(0) = 0.3, y (g) = 0.1.

It should be noted here that the exact solution of this problem when o =1 is

1
y(x) = fﬁ(sinx + 3 cosx).

13

(5.6)

Using the approach described in Sections 4.1 and 4.2, we can plot Figure 11, which
represents a numerical comparison between the precise solution and the approximate
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TABLE 2. Absolute error between the exact solution and numerical
solution of problem (5.3)-(5.4).

x | Approximate solution Ezact solution Absolute error

0 0 0 0

0.1 0.165742305310211 | 0.155512476329524 | 0.010229828980687
0.2 | 0.331484610620422 | 0.313252863251676 | 0.018231747368746
0.3 | 0.499856608143042 | 0.475538485233892 | 0.024318122909150
0.4 | 0.673487990090478 | 0.644869082985971 | 0.028618907104507
0.5 | 0.8551136363636536 | 0.824027136831943 | 0.031086499531693
0.6 | 1.047678802240414 | 1.016189537415426 | 0.031489264824988
0.7 1.254448513571737 | 1.225055085475972 | 0.029393428095765
0.8 | 1.479125376992676 | 1.454992937710117 | 0.024132439282559
0.9 | 1.725980180956484 | 1.711217956370760 | 0.014762224585724
1 2.000000000000000 | 2.000000000000000 0

Exact vs. Numerical Solution

25 T
® The proposed solution
Exact solution
2+ 1
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=
=
1 |- -
0.5 il
0 ' ' ' '
0 0.2 0.4 0.6 0.8 1
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FIGURE 8. A numerical comparison between the proposed solution
and the exact solution when aw =1 and h = 0.01.

solution (4.30) for « = 1 and h = 0.1. To wvalidate our proposed solution, we
provide Figure 12 and Table 3, which depict the absolute errors between the exact
and approzimate solutions of problem (5.5)-(5.6)

In order to obtain more accurate results regarding to problem (5.5)-(5.6), we take
h = 0.01 to gather with fixing the value of « = 1. This gives Figure 13 that depicts
another graphical comparison between the proposed approximate solution and the
exact solution, and Figure 14 that depicts the absolute errors generated between
these two solutions.

In the same regard, figure 15 depicts the behavior of the approximate solution of
problems (5.5)-(5.6) at various fractional-order values.

Our approximation solution is quite near to the exact one, especially when h =
0.01 and oo = 1, as demonstrated by prior numerical results. We plainly note that
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FIGURE 9. Absolute error between the proposed solution and the
exact solution when o = 1 and h = 0.01.

Exact vs. Numerical Solutions
: :
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Numerical solution when a=0.8
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5 —Numerical solution when a=0.4
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FIGURE 10. Numerical solutions for problem (5.3)—(5.4) according
to different fractional-order values.

the approzimate solution of the FBVP (5.5)-(5.6) when h = 0.01 is superior to
the other approximate solution given when h = 0.1. Figure 15 shows that when we
approach the value of a = 1, we mowve closer to the precise solution. This confirms
also the validity of our proposed numerical approach.

A detailed observation of the numerical results in Examples 5.1 to 5.3 reveals
a consistent trend in the behavior of the error. In all cases, the absolute error is
minimal near the boundary points and increases toward the center of the interval.
This pattern is a natural consequence of the numerical behavior of the fractional
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Exact vs. Numerical Solution

T T
— The proposed solution
Exact solution

FIGURE 11. A numerical comparison between the proposed solu-
tion and the exact solution when o« = 1 and h = 0.1.

%1073 Absolute error

0 | | | | | | |
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

X

FIGURE 12. Absolute error between the proposed solution and the
exact solution when o =1 and h = 0.1.

shooting method applied to boundary value problems. The boundary conditions,
being strictly enforced at the endpoints, anchor the solution and suppress error
near the boundaries, while numerical approximationsand their associated trunca-
tion errorsaccumulate toward the midpoint. This central increase in error is further
influenced by the non-local nature of the fractional derivative and the sensitivity
of the method to the step size h. However, this error can be significantly reduced
by refining the step size. For instance, when using a finer grid (e.g., h = 0.01), the
error across the entire intervalincluding the midpointis substantially minimized, as
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TABLE 3. Absolute error between the exact solution and numerical
solution of problem (5.5)-(5.6).

x | Approximate solution Ezact solution Absolute error

0 | -0.300000000000000 | -0.300000000000000 0
0.1 -0.313773774020361 | -0.311949948682564 | 0.001823825337797
0.2 | -0.319841523003361 | -0.316218654326041 | 0.003622868677320
0.3 | -0.317976273889786 | -0.312701007230465 | 0.005275266659321
0.4 | -0.308135199698741 | -0.301483623541732 | 0.006651576157009
0.5 | -0.290455088568396 | -0.282842712474619 | 0.007612376093777
0.6 | -0.265241960470752 | -0.257237275125237 | 0.008004685345515
0.7 -0.232954587076000 | -0.225297802340701 | 0.007656784735299
0.8 | -0.194181671247990 | -0.187810749942000 | 0.006370921305990
0.9 -0.149612401547394 | -0.145699173571583 | 0.003913227975811

1 | -0.100000000000000 | -0.100000000000000 0

-0.05 T

Exact vs. Numerical Solution

T T
® The proposed solution
Exact solution

FIGURE 13. A numerical comparison between the proposed solu-
tion and the exact solution when v =1 and A = 0.01.
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shown by the improved numerical results presented in the relevant plots. These
trends collectively confirm the reliability and convergence behavior of the proposed

method.

5.1. Comparison with Theoretical Error Bound. To validate the theoretical
convergence behavior predicted in Theorem 3.3, we analyze the relationship be-
tween the maximum absolute error and step size h. The data reported in Table 4
summarizes this trend for Example 5.1.
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14. Absolute error between the proposed solution and the

exact solution when o« = 1 and h = 0.01.

-0.05

FIGURE

Exact vs. Numerical Solutions

% Numerical solution when a=1
Numerical solution when a=0.8

— Numerical solution when a=0.6
E|{= Numerical solution when a=0.4 i
Exact solution

15. Numerical solutions for problem (5.5)—(5.6) according

to different fractional-order values.

TABLE 4. Observed maximum absolute error for different step
sizes h in Example 5.1.

h | Max Abs. Error

0.1 4.23 x 1073
0.05 2.17 x 10~3
0.01 4.98 x 10~4
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The numerical results obtained in Examples 5.1-5.3 are consistent with the theo-
retical error estimate established in Theorem 3.3. In particular, the observed abso-
lute errors exhibit convergence behavior of order O(h%), as expected from the local
truncation analysis. This agreement verifies the reliability of the fractional Euler
shooting method and supports the sharpness of the derived bound. As seen in the
numerical tables, smaller step sizes lead to significantly reduced errors throughout
the domain, especially at midpoints, which aligns with the theoretical prediction.

6. CONCLUSION

This paper presents a novel numerical approach for approximating solutions
to Fractional Linear Boundary Value Problems (FLBVPs) through an innovative
fractional variant of the shooting method. This technique reformulates the FLBVP
into a linear system consisting of two fractional initial value problems, which can
then be addressed using the fractional Euler method. The ultimate numerical solu-
tion to the FLBVP is derived as a linear combination of the solutions to these two
fractional-order equations. The validity and effectiveness of the proposed numerical
method are demonstrated through a series of illustrative examples.

Acknowledgments. The authors would like to thank the anonymous referee for
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