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FABER POLYNOMIAL COEFFICIENT BOUNDS FOR ANALYTIC
BI-CLOSE-TO-CONVEX FUNCTIONS WITH BOUNDED
BOUNDARY ROTATION

S. KAVITHA, PRATHVIRAJ SHARMA AND SRIKANDAN SIVASUBRAMANIAN

ABSTRACT. In the current article, the authors obtain Faber polynomial coeffi-
cient bounds for analytic bi-close-to-convex functions with bounded boundary
rotation for two new subclasses. For these new classes, the authors estimate
general coefficient bounds. Furthermore, the famous Fekete-Szeg6 inequality
are also obtained for the newly defined subclasses of bi-univalent functions.

1. Introduction

Let U := {z € C : |z| < 1} be an open unit disk. Let A denote the class of
analytic functions in open unit disk U and given of the form

h(z) :z+§:hkzk (1.1)
k=2

and § C A which are univalent functions in U. For fixed 0 £ « < 1, let S*(«) and
C(«) the classes of starlike and convex functions of order a respectively, defined by

S*(a) == {h ‘heAand R (Z:(?) > a}

C(a) = {h:heA and 1+%(zgé§)) > a}.

For fixed ¥ > 2, let Vy denote the class of analytic function h(z) given in the form

(1.1) and
/27\' %(1_,'_ zh”(z))
0

h'(z)
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and

df < Y.

z=reif
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Let Sy be the subclass of Vy whose members h(z) are univalent in U. Paatero [13]
proved that Vy coincides with Sy whenever 2 < 9 < 4. Later Rényi [15] showed
that in this case h € Sy is also convex in one direction in U. Robertson [16] showed
that the Bieberbach conjecture

lak| £k, k=2,3,...,
holds for functions convex in one direction. If h € Vy and n = 2, 3, the sharp results

9 92 42
hal S5 and [hy| < ; .

Let Py() be the class of functions ¢(z) analytic in the unit disc U satisfying the
properties ¢(0) = 1 and
2 _
/ mdg < 9,
0 l-«o

where 0 < a < 1 and z = re'®. If a = 0, we obtain the class Py(0) = Py introduced
by Pinchuk [I4]. Also, for ¢ € Py(«), we can write ¢(z) = a + (1 — a)q1(2),
q1(z) € Py. We can also write, for ¢ € Py(a),

1 /2” 14+ (1 —2a)z"%
0

q(z) = 5 1 — 2¢if dﬂ“(t)

where p(t) is a function with bounded variation on [0, 27] such that

27 27
du(t) = 27 and / \du(t)] < o
0 0

Now we introduce the following classes:

h/
Ro(a) = {h heA and Zh(? € Pﬂ(a)}
and L
Vol(a) := {h ‘heAand 1+ Zh,(z) € Pﬁ(a)}.
For a = 0, we obtain the well-known classes Ry and Vy of analytic functions with
bounded radius and bounded boundary rotations, respectively. A relation between
the functions of bounded boundary and bounded radius rotations is given by

heVy <= zheRy.
Clearly, every function (see [5]), h € S has an inverse h~! defined by
R Hh(z) =2 2€U

and )
h(h™ Y (w)) = w, (|w| S ro(h); ro(h) > 4) .
Furthermore, the Taylor-Maclaurin series of h~! is given by
E(w) = w — how? + (2h2 — hg)w® — (5h3 — Shaohs 4+ hy)w? + - . (1.2)

A function h € S is said to be bi-univalent, if both A and h~! are univalent in U.
Let 3 denote the class of bi-univalent functions in U. Since the functions
_11 1-=
2 it 1+z
are bi-univalent functions. Hence, the class ¥ is non-empty. The bi-univalent

functions class ¥ was investigated for the first time by Lewin [9] and proved that

and —log(l —2)
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|ha| < 1.51. Following Lewin, Brannan and Clunie [3] conjectured that |ho| < /2.
On the other hand, Netanyahu [I1] proved that maxpes |ha| = %. Earlier, Brannan
and Taha [4] introduced certain subclasses of bi-univalent function class ¥, namely
bi-starlike functions of order denoted by Si(a) and bi-convex functions of order
denoted by Cs.(a) corresponding to the function classes $* () and C(«) respectively.
For each of the function classes S&(a) and Cs; (), they found non-sharp bounds on
the first two Taylor-Maclaurin coefficients |ha| and |hg|.

A function h € A is close-to-convex of order « if there exists a starlike function

g such that
R (Zh (Z)) >«
9(2)

The family of all close-to-convex functions of order « is denoted by K[a]. In similar
way, a function h € A is quasi-convex of order « if there exists a starlike function

g such that
R (Z(zh(@)> >
9(2)
The family of all quasi-convex functions of order « is denoted by Q[«a]. K[0] and
Qla] was introduced respectively by Koepf [7] and Noor [12]. Consider h(z) given
in the form . Then by using Faber polynomial technique the coefficients of its
inverse function & is given by

o0 o0 1
€<w) = h_l(w) =w+ ZHk’wk =w+ Z Esl;fl(hz’h& .. .,hk)wk,

k=2 k=2
where
K (=k)! k-1 (=k)! k-3
= h —h h
k-1 (—2k + 1)1(k —1)! 2 +2( —k)(k—317?
(=Fk)! -
hy “h
M EC Ty 4
(=k)! k-5 2
—_ 2)h
+2( myaTTT 5)h (hs + (—k 4+ 2)h3)
(=k)! k—6 -
h h —2k hsh hs 7 X;
TR ez ot +5)34)+; 2 "
and X is a homogeneous polynomial in the variables hg, hs, ..., hy, for some 7 <
Jsk
In general, for a € Z, an expansion of S is given by:
ala—1) al al &
P = NO=p2, & p3 —— D
Sk = abn + =Dt g D T G e Y
where
v =Di(ha, hs,...),
and, from [I] we get
> pl M1 17k
DZ(hQah3a"'7 Zb h2 hk) ) fO’I" b§k7

1 ’Yk)
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and the sum is taken over all non-negative integers 1, . . ., yx satisfying the following
conditions:

Nty o+ =0

and

m+2y+ otk =k
Clearly,

Dy (hy, ha, ..., hy) = DY,
and the first and last polynomials are

Df =tk and D} =b.
In particular, the first three terms of S];kl are given

Sy? = —2hy,

Sy = 3(2h3 — hs)
and
Syt = —4(5h3 — 5hohs + hy).

Consider the function g € §* given in the form

g(2) =2+ gnz" =2+ g2 + g3+ (1.3)
n=2

L' = ¢ is given by

the corresponding inverse function g~

oo oo 1 _
¢<UJ) =w+ Z kak =w+ Z Ewk,kl(927g37 s 7gk>wk'
k=2 k=2

In particular, the first three terms of Wk__kl are given by
W2 = ~2gs,

W% =3(295 — g3)
and
Wit = —4(5g5 — 59293 + g4).

Note that using Faber polynomial expansion, certain coefficient bounds for few
subclasses of bi-univalent functions have been estimated earlier by Hamidi and Ja-
hangiri [6] and [I8].

In the current article, the authors obtain Faber polynomial coefficient bounds for
analytic bi-close-to-convex functions of order o with bounded boundary rotation for
bi-close-to-convex functions and bi-quasi-close-to-convex of order . For these new
classes, the authors estimate general coefficient bounds. Furthermore, the famous
Fekete-Szego6 inequality are also obtained for the newly defined subclasses of bi-
univalent functions. Results which are existing in the literature are obtained as
corollary of our main results.
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2. Main Definitions and Lemmas
We start this section by introducing our new definitions.

Definition 1. ([I7]) For fired2 £ 9 <4 and 0 < «a < 1, a function h € X is said
to be bi-close-to-convex of order o with bounded boundary rotation if there exist two
starlike functions g and ¢ such that

zh' (2)
) € Py(a)

and
wé’ (w)
——— € Py(a
o) <P
where g~ (w) = ¢(w). The class of all bi-close-to-convex functions with bounded
boundary rotation of order « is denoted by Ks[¥, a].

Definition 2. ([I7]) For fized2 <9 <4 and 0 £ « < 1, a function h € X is said
to be bi-quasi-convexr with bounded boundary rotation of order « if there exist two
starlike functions g and ¢ such that

z(zh'(2))
—— € Py(a
o02) ()
and
w(wg' (w))’
————= € Py
9(w) o)
where g~ (w) = ¢(w). The class of all bi-quasi-convexr functions with bounded

boundary rotation of order « is denoted by QOx[9, .

Remark 1. Choosing ¢ = 2, in Definition |1}, the class Kx[2, o] reduces to Ks[a],
that represent the class of all bi-close-to-convex functions of order c.

Remark 2. Choosing ¥ = 2, in Definition[d the class Qx[2, 0] reduces to Qx[a]
that represent the class of all bi-quasi-conver functions of order a.

In order to prove our main theorems we need some lemmas.
Lemma 2.1. [2] If g(2) = 1+ Y32, qiz" belongs to the class Py(c), then
lge| €91 —a), ¥V k>2.
Lemma 2.2. [5] Let g(2) = 2 + Y 4y grz" be a starlike function. Then,
gkl =k, VvV k>2.
Lemma 2.3. [§] Let g(z) = 2+ Y ey gr2" be a bi-starlike function. Then

1
—4N: A< =
3 <3

1 3

. - < < Z

lgs — g2l < ¢ 1 5 SA= g

AN—-3: A>

| W
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3. Coefficient bounds for the classes Kx[J,a] and QOx[9, o]

Let us now prove the general coefficient bounds for the classes Kx[V, o] and
QZ [197 OZ}.
Theorem 3.1. For fited 2 S 9 <4 and 0 £ a < 1, let a function h € Kx[¥,a]. If
hp,=0;25n<k—1, then
(1 — )
k

Proof. Let h € K[, a]. Then by Definition [1], there exists two analytic functions
q(z) and r(w) with ¢(0) = r(0) = 1, belonging to the class Py(a) and satisfying
conditions:

|| < +1, YV k>3 (3.1)

zh'(2)
=q(z 3.2
=) (32)
and ¢/(w)
wé' (w
= 7r(w 5 3.3
Sy =) (33)
where
q(2) =1+ @z + 2" + g32° + - - (3.4)
and
r(w) =1+ rw+row” +rgw’ + - - . (3.5)
By using Faber polynomials, we have
zh' (2 =
#:1+2X£(q1,q2,...7qk)zk7 (3.6)
9(2) =
and
w¢' (w) - 1 k
=1+ X (r1,7r9, .., rR)wW". 3.7

For any function h given in (1.1) and g given in (1.3)), we have
zh'(2)

9(2)
[e%s) k—2

=1+ Z (khy, — gr) + Z D, "(ha,h3, ... hog1) (K — D hg—p — gk_n)] 2L
k=2 n=1

(3.8)
and for Faber polynomial expansion of the inverse map h~' = ¢ and ¢~ ! = ¢,
w’ (w)
$(w)

=1+)
k=2

Hence, from (3.6), (3-7), (3-8) and (B-9), we get
k—2

(khi — gx) + ZD;”(hg,hg, o b)) (B = Dhien — gren) = X3 (01,02, - -, k)

n=1
(3.10)

k—2
(kHy, — Gi) + > _ D" (Hy, Hs, ..., Hyy1)((k = n)Hi—p — Gin)
n=1
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and
k—2
(kHy—Gr)+Y D, "(Hz, Hs, ..., Hyp1)((k—n)Hy—p—Gr_n) = X} (r1,72,...,73).
n=1
(3.11)
For special case k = 2, from Equations (3.10]) and (3.11)), we have
2h2 — g2 =q1 (312)
and
2H2 —G2 =Ti. (313)
Now, solving for ho, we have
hy = 22 ;L n (3.14)
By using Lemma [2.1] and Lemma in (3.14), we have
91—«
lho| = % +1

Now, for h, =0; 0 < n < k—1, we have Hy, = —hy. Hence, from and ,
we get
khi — gk = qr—1 (3.15)
and
—khy, — G = r)_1. (3.16)
Solving for hy, by an application of Lemma and Lemma either in or

(3-16), we get
9(1 —
|hy| < % +1. (3.17)

This completes the assertion of Theorem [3.1] O

For ¥ = 2 in Theorem we get the following corollary for the functions
belonging to the class Kx[a].

Corollary 3.2. For fized 0 £ o < 1, let a function h € Kxla]. If h, =0;2 < n <
k —1, then

|he| =

qu, vV k>3

Remark 3. C’orollary verifies the results obtained by Hamidi et al. [0].

Theorem 3.3. For firzed2 <9 <4 and 0 £ a < 1, let a function h € Ox[¥,al. If
hn=0;2<n<k—1, then

91 —a)+k

|| = vV k>3 (3.18)

Proof. Let h € Qx[d, a]. Then by Definition [2| there exists two analytic functions
q(z) and r(w) with ¢(0) = r(0) = 1, that belongs to the class Py(a) and satisfying
conditions:

Z(Z:(/Z()Z))/ — () (3.19)
and ) )
wlwe W)’ ), (3.20)

p(w)
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where ¢(z) and r(w) given in (3.4) and (3.5). By using Faber polynomials, we have

z2(zh'(2)) ol
& :1+ZX,€1(ql,qg,...,qk)zk, (3.21)
9(2) Pt
and
w(wg' (w))’ o~ K
———— =14+ )Y X, (r1,re,...,rp)w". (3.22)
$(w) ,; :
For any function h given in (1.1) and g given in (1.3)), we have
2(zh(2))'
9(2)
[e%s) k—2
Z thk - gk + Z D;n(h27 h37 ey h’n+1)((k - n)2h‘k?*’ﬂ - gkn)‘| Zk_l'
k=2 n=1
(3.23)
and for Faber polynomial expansion of the inverse map ™! = £ and g~ = ¢, we
have
w(w¢' (w))’
p(w)
e} k—2
=1+ [(KHy — G) + > _ D" (Hy, Hs, ..., Hyy1)((k = n)’Hy—py — G | wF .
= n=1
(3.24)
Hence, from (3.21)), (3.22)), (3.23)) and (3.24)), we get
k-2
(Bhi = g) + > Dy (ha, ha, o by ) (k= n)?hi—n — gi—n) = X (@1, q2, - - &)
n=1
(3.25)
and
k—2
(K*Hy—Gy)+Y D, "(Ha, Hs, ..., Hyir)(k—n)*Hy—n—Gr—n) = X} (11,72, ..., 7%).
n=1
(3.26)
For special case k = 2, from Equations (3.25)) and (| -7 we have
4h2 — g2 = q1 (327)
and
4H2 - G2 =T. (328)
Now, solving for ho, we have
hy = &1 1'92 (3.29)
By using Lemmas and m in , we have
) + 2
Iho| < %

Now, for b, =0; 0 £ m £ k—1, we have By, = —by. Hence, from ([3.25)) and -7
we get
k*hi = gk = qr—1 (3.30)
and
- thk — Gk = Tk—-1- (331)
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Solving for hy, by an application of Lemma [2.1] and either of (3.30)) or (3.31]),

we get
I1—a)+k
il £ 22 (3.32)
This completes the assertion of Theorem [3.3 O

For ¢4 = 2 in Theorem we get the following corollary for the functions
belonging to the class Ox[a].

Corollary 3.4. For fired 0 £ a < 1, let a function h € Qxla]. If h, =0;2<n <

k—1, then

21— ) +k
k2 ’

Remark 4. Comllary verifies the results obtained by Yong et al. [20].

|| < v k>3

Theorem 3.5. For fized 2 <9 < 4 and 0 £ a < 1, let a function h € Kx[9, q],

then
|| < \/74+319§1 —a), (3.33)
Ihs] <1+ 9(1 - a) (3.34)
and
(3—4\) + 319?()1 —a)(1- ) for A <0,
BN+ -0)3-2) o 1
3 2
by — g < § LHULZ QB2 for s <A<, (3.35)
(4)\—3)+19(:1))—a)(2)\—1) IrlEAL,
MA—@+3%1—@MA—D P

where X\ is any real number.

Proof. For k =2 and k = 3 in Equations (3.10) and (3.11)), respectively, we obtain

2he — g2 = qu, (3.36)
3hs — g3 — 2hags + g5 = @2, (3.37)
— 2h2 +g2=1m (338)
and
— 3h3 + gs — 2hags — g5 + 6h3 = 7. (3.39)
Adding (3.37)) and (3.39)), we get
6h3 = 4hogs + q2 + 7. (3.40)

By using ([3.36) in , we get
6h5 = 292 + 2g2¢1 + g2 + 12. (3.41)
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By an application of Lemma [2.1] and Lemma in (3.41)), we get
4+ 39(1 —
Iho|? < y.

Equation (3.42)) gives the upper bound of |hg| given in (3.33]). Again, from (3.37)
and (3.39)), we get

(3.42)

6hs = 2g3 + 6h3 — 293 + g2 — T2 (3.43)
By using in , we get
3hs = g3 + 921 + G- (3.44)
By an application of Lemma and Lemma in , we get
lhs] £ 14+ 9(1 — ). (3.45)

Equation ({3.45) gives the upper bound of |h3| given in (3.34]). For any A € R and
from (3.41) and (3.44)), we get

6(hs — Ah3) = 2(gs — Ag3) + 292q1 (1 — A) + q2(2 — A) — 2\, (3.46)
By an application of Lemma and Lemma in , we get

6hs — AR3| < 2[gs — Ag3| +9(1 — a)[4]1 — A + 2 — A[ +|A[]. (3.47)
By an application of Lemma in gives the upper bound of |h3 — Ah3| given
in . This completes the proof of Theorem [

Remark 5. Theorem verifies the results obtained by Sharma et ol. [17].
Theorem 3.6. Let 2 <9 <4 and 0 £ a < 1. Let a function h € Qx[9, ], then
44 39(1 — o)

e / | (3.48)
iy < LHPE=0) (349
and
(3—4N) + 31951 =N <o,
B=N+90-a)B=2Y . oy L
5 2
(4)\—3)+19(£1)—0‘)(2/\_1) for1<A<2,
(4N —3) + 31951 —)A=D asa,

where X\ is any real number.
Proof. For k = 2 and k = 3 in Equations (3.25) and (3.26)), respectively, we obtain
4h2 — g2 =41, (351)

9h3 — g3 — 4g2h2 + g5 = o, (3.52)
—4dha+g2 =11 (3.53)
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and
18h3 — 9h3 + g3 — 4gaha — g3 = 1a. (3.54)
Adding and , we get
18h3 = 8gohg + g2 + 2. (3.55)
By using in , we get
19h3 = 263 + 292q1 + g2 + 7o (3.56)
By an application of Lemma and Lemma in , we get
o2 < 2L Z) (3.57)

Equation (3.57) gives the upper bound of |hg| given in (3.48). Again, from (3.52)
and (3.54)), we get

18h3 = 2g3 + 18h3 — 2¢2 + ¢z — 75. (3.58)
By using (B50) in (553), we get
18h3 = 293 + 292q1 + qo. (359)
By an application of Lemma and Lemma in , we get
1+9(1—
Ihg| < (3 ) (3.60)

Equation (3.60) gives the upper bound of |hs3| given in (3.49)). For any A € R and
from (3.56) and (3.59)), we get

18(hg — Ah3) = 2(93 — Ag3) + 202¢1 (1 = A) + g2(2 = A) = r2\. (3.61)
By an application of Lemma and Lemma in , we get

3— \g3 201 —a)|1 = A  9(1 - 2—A A
9 9 18
By using Lemma in (3.62) gives the upper bound of |h3 — ph3| given in (3.50)).
This completes the assertion of Theorem [3.6 (]

4. Further observations for special choices of functions

For the particular choice of the function g(z) = h(z) in Definition [l the class
Ks[9,a] reduces to the class Rx[d, ] introduced by Li et al. [I0]. The class
R |11, V] will contain functions h € ¥ that satisfies the condition

zh/(2)
h(2)

wg' (w)
&(w)
We get the following corollary for the functions belonging to the class R[4, ).

Corollary 4.1. Fix2 £ 9 <4 and 0 < a < 1. Let h € Re[d,q]. If h, = 0;2 <
n< k-1, then

€ 7319(05)

and

€ Py(a).

(1 — «)

hi| <
[Pl & ——

vV k>3



118 S. KAVITHA, PRATHVIRAJ SHARMA AND SRIKANDAN SIVASUBRAMANIAN

For the particular choice of the function g(z) = h(z) in Definition [2| the class
Ox[9, a] reduces to the class Vs [, o] introduced by Li et al.[I0]. The class Zx [, 9]
will contain functions i € ¥ that satisfy the conditions

zh" (2)

1+W EP&(O&)

and

wg(w)
14+ ——= € Py(a).
) <7
For the particular choice of h, we get the following corollary for the functions
belonging to the class Vs [¥, a.

Corollary 4.2. Fiz2<9=<4 and0S a<1. Let h € Vs[¥,al]. If h, =0;2 < n <
k —1, then

(1 — «)
hyl £ ————-
Remark 6. Corollary [[.1] and Corollary [].9 verifies the bound obtained by Tang
et al. [19].

vV k>3
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