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FABER POLYNOMIAL COEFFICIENT BOUNDS FOR ANALYTIC

BI-CLOSE-TO-CONVEX FUNCTIONS WITH BOUNDED

BOUNDARY ROTATION

S. KAVITHA, PRATHVIRAJ SHARMA AND SRIKANDAN SIVASUBRAMANIAN

Abstract. In the current article, the authors obtain Faber polynomial coeffi-
cient bounds for analytic bi-close-to-convex functions with bounded boundary

rotation for two new subclasses. For these new classes, the authors estimate

general coefficient bounds. Furthermore, the famous Fekete-Szegö inequality
are also obtained for the newly defined subclasses of bi-univalent functions.

1. Introduction

Let U := {z ∈ C : |z| < 1} be an open unit disk. Let A denote the class of
analytic functions in open unit disk U and given of the form

h(z) = z +

∞∑
k=2

hkz
k (1.1)

and S ⊂ A which are univalent functions in U. For fixed 0 5 α < 1, let S∗(α) and
C(α) the classes of starlike and convex functions of order α respectively, defined by

S∗(α) :=

{
h : h ∈ A and <

(
zh′(z)

h(z)

)
> α

}
and

C(α) :=

{
h : h ∈ A and 1 + <

(
zh′′(z)

h′(z)

)
> α

}
.

For fixed ϑ ≥ 2, let Vϑ denote the class of analytic function h(z) given in the form
(1.1) and ∫ 2π

0

∣∣∣∣<(1 +
zh′′(z)

h′(z)

)∣∣∣∣
z=reiθ

dθ 5 ϑπ.
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Let Sϑ be the subclass of Vϑ whose members h(z) are univalent in U. Paatero [13]
proved that Vϑ coincides with Sϑ whenever 2 5 ϑ 5 4. Later Rényi [15] showed
that in this case h ∈ Sϑ is also convex in one direction in U. Robertson [16] showed
that the Bieberbach conjecture

|ak| 5 k, k = 2, 3, . . . ,

holds for functions convex in one direction. If h ∈ Vϑ and n = 2, 3, the sharp results

|h2| 5
ϑ

2
and |h3| 5

ϑ2 + 2

6
.

Let Pϑ(α) be the class of functions q(z) analytic in the unit disc U satisfying the
properties q(0) = 1 and ∫ 2π

0

q(z)− α
1− α

dθ 5 ϑπ,

where 0 5 α < 1 and z = reiθ. If α = 0, we obtain the class Pϑ(0) ≡ Pϑ introduced
by Pinchuk [14]. Also, for q ∈ Pϑ(α), we can write q(z) = α + (1 − α)q1(z),
q1(z) ∈ Pϑ. We can also write, for q ∈ Pϑ(α),

q(z) =
1

2

∫ 2π

0

1 + (1− 2α)z−iθ

1− zeiθ
dµ(t)

where µ(t) is a function with bounded variation on [0, 2π] such that∫ 2π

0

dµ(t) = 2π and

∫ 2π

0

|dµ(t)| 5 ϑπ.

Now we introduce the following classes:

Rϑ(α) :=

{
h : h ∈ A and

zh′(z)

h(z)
∈ Pϑ(α)

}
and

Vϑ(α) :=

{
h : h ∈ A and 1 +

zh′′(z)

h′(z)
∈ Pϑ(α)

}
.

For α = 0, we obtain the well-known classes Rϑ and Vϑ of analytic functions with
bounded radius and bounded boundary rotations, respectively. A relation between
the functions of bounded boundary and bounded radius rotations is given by

h ∈ Vϑ ⇐⇒ zh′ ∈ Rϑ.
Clearly, every function (see [5]), h ∈ S has an inverse h−1 defined by

h−1(h(z)) = z, z ∈ U
and

h(h−1(w)) = w,

(
|w| 5 r0(h); ro(h) ≥ 1

4

)
.

Furthermore, the Taylor-Maclaurin series of h−1 is given by

ξ(w) = w − h2w
2 + (2h2

2 − h3)w3 − (5h3
2 − 5h2h3 + h4)w4 + · · · . (1.2)

A function h ∈ S is said to be bi-univalent, if both h and h−1 are univalent in U.
Let Σ denote the class of bi-univalent functions in U. Since the functions

−1

2
log

1− z
1 + z

and − log(1− z)

are bi-univalent functions. Hence, the class Σ is non-empty. The bi-univalent
functions class Σ was investigated for the first time by Lewin [9] and proved that
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|h2| < 1.51. Following Lewin, Brannan and Clunie [3] conjectured that |h2| 5
√

2.
On the other hand, Netanyahu [11] proved that maxh∈S |h2| = 4

3 . Earlier, Brannan
and Taha [4] introduced certain subclasses of bi-univalent function class Σ, namely
bi-starlike functions of order denoted by S∗Σ(α) and bi-convex functions of order
denoted by CΣ(α) corresponding to the function classes S∗(α) and C(α) respectively.
For each of the function classes S∗Σ(α) and CΣ(α), they found non-sharp bounds on
the first two Taylor-Maclaurin coefficients |h2| and |h3|.

A function h ∈ A is close-to-convex of order α if there exists a starlike function
g such that

<
(
zh′(z)

g(z)

)
> α.

The family of all close-to-convex functions of order α is denoted by K[α]. In similar
way, a function h ∈ A is quasi-convex of order α if there exists a starlike function
g such that

<
(
z(zh′(z))′

g(z)

)
> α.

The family of all quasi-convex functions of order α is denoted by Q[α]. K[0] and
Q[α] was introduced respectively by Koepf [7] and Noor [12]. Consider h(z) given
in the form (1.1). Then by using Faber polynomial technique the coefficients of its
inverse function ξ is given by

ξ(w) = h−1(w) = w +

∞∑
k=2

Hkw
k = w +

∞∑
k=2

1

k
S−kk−1(h2, h3, . . . , hk)wk,

where

S−kk−1 =
(−k)!

(−2k + 1)!(k − 1)!
hk−1

2 +
(−k)!

2(1− k)!(k − 3)!
hk−3

2 h3

+
(−k)!

(−2k + 3)!(k − 4)!
hk−4

2 h4

+
(−k)!

2(2− k)!(k − 5)!
hk−5

2 (h5 + (−k + 2)h2
3)

+
(−k)!

(−2k + 5)!(k − 6)!
hk−6

2 (h6 + (−2k + 5)h3h4) +
∑
j≥7

hk−j2 Xj

and Xj is a homogeneous polynomial in the variables h2, h3, . . . , hk, for some 7 5
j 5 k.

In general, for a ∈ Z, an expansion of Sak is given by:

Sak = abk +
a(a− 1)

2
D2
k +

a!

(a− 3)!3!
D3
k + · · ·+ a!

(a− k)!k!
Dkk ,

where

Dak = Dak(h2, h3, . . . ),

and, from [1] we get

Dbk(h2, h3, . . . , hk) =

∞∑
k=1

b!(h2)!γ1 . . . (hk)!γk

(γ1)! . . . (γk)!
, for b 5 k,
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and the sum is taken over all non-negative integers γ1, . . . , γk satisfying the following
conditions:

γ1 + γ2 + · · ·+ γk = b

and

γ1 + 2γ2 + · · ·+ kγk = k.

Clearly,

Dkk(h1, h2, . . . , hk) = Dk1 ,

and the first and last polynomials are

Dkk = bk1 , and D1
k = bk.

In particular, the first three terms of S−kk−1 are given

S−2
1 = −2h2,

S−3
2 = 3(2h2

2 − h3)

and

S−4
3 = −4(5h3

2 − 5h2h3 + h4).

Consider the function g ∈ S∗ given in the form

g(z) = z +

∞∑
n=2

gnz
n = z + g2z

2 + g3z
3 + · · · . (1.3)

the corresponding inverse function g−1 = φ is given by

φ(w) = w +

∞∑
k=2

Gkw
k = w +

∞∑
k=2

1

k
W−kk−1(g2, g3, . . . , gk)wk.

In particular, the first three terms of W−kk−1 are given by

W−2
1 = −2g2,

W−3
2 = 3(2g2

2 − g3)

and

W−4
3 = −4(5g3

2 − 5g2g3 + g4).

Note that using Faber polynomial expansion, certain coefficient bounds for few
subclasses of bi-univalent functions have been estimated earlier by Hamidi and Ja-
hangiri [6] and [18].

In the current article, the authors obtain Faber polynomial coefficient bounds for
analytic bi-close-to-convex functions of order α with bounded boundary rotation for
bi-close-to-convex functions and bi-quasi-close-to-convex of order α. For these new
classes, the authors estimate general coefficient bounds. Furthermore, the famous
Fekete-Szegö inequality are also obtained for the newly defined subclasses of bi-
univalent functions. Results which are existing in the literature are obtained as
corollary of our main results.
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2. Main Definitions and Lemmas

We start this section by introducing our new definitions.

Definition 1. ([17]) For fixed 2 5 ϑ 5 4 and 0 5 α < 1, a function h ∈ Σ is said
to be bi-close-to-convex of order α with bounded boundary rotation if there exist two
starlike functions g and φ such that

zh′(z)

g(z)
∈ Pϑ(α)

and
wξ′(w)

φ(w)
∈ Pϑ(α)

where g−1(w) = φ(w). The class of all bi-close-to-convex functions with bounded
boundary rotation of order α is denoted by KΣ[ϑ, α].

Definition 2. ([17]) For fixed 2 5 ϑ 5 4 and 0 5 α < 1, a function h ∈ Σ is said
to be bi-quasi-convex with bounded boundary rotation of order α if there exist two
starlike functions g and φ such that

z(zh′(z))′

g(z)
∈ Pϑ(α)

and
w(wξ′(w))′

φ(w)
∈ Pϑ(α)

where g−1(w) = φ(w). The class of all bi-quasi-convex functions with bounded
boundary rotation of order α is denoted by QΣ[ϑ, α].

Remark 1. Choosing ϑ = 2, in Definition 1, the class KΣ[2, α] reduces to KΣ[α],
that represent the class of all bi-close-to-convex functions of order α.

Remark 2. Choosing ϑ = 2, in Definition 2, the class QΣ[2, α] reduces to QΣ[α]
that represent the class of all bi-quasi-convex functions of order α.

In order to prove our main theorems we need some lemmas.

Lemma 2.1. [2] If q(z) = 1 +
∑∞
k=1 qkz

k belongs to the class Pϑ(α), then

|qk| 5 ϑ(1− α), ∀ k ≥ 2.

Lemma 2.2. [5] Let g(z) = z +
∑∞
k=2 gkz

k be a starlike function. Then,

|gk| 5 k, ∀ k ≥ 2.

Lemma 2.3. [8] Let g(z) = z +
∑∞
k=2 gkz

k be a bi-starlike function. Then

|g3 − λg2
2 | 5



3− 4λ : λ <
1

2
,

1 :
1

2
5 λ 5

3

2
,

4λ− 3 : λ >
3

2
.
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3. Coefficient bounds for the classes KΣ[ϑ, α] and QΣ[ϑ, α]

Let us now prove the general coefficient bounds for the classes KΣ[ϑ, α] and
QΣ[ϑ, α].

Theorem 3.1. For fixed 2 5 ϑ 5 4 and 0 5 α < 1, let a function h ∈ KΣ[ϑ, α]. If
hn = 0; 2 5 n 5 k − 1, then

|hk| 5
ϑ(1− α)

k
+ 1, ∀ k ≥ 3. (3.1)

Proof. Let h ∈ KΣ[ϑ, α]. Then by Definition 1, there exists two analytic functions
q(z) and r(w) with q(0) = r(0) = 1, belonging to the class Pϑ(α) and satisfying
conditions:

zh′(z)

g(z)
= q(z) (3.2)

and
wξ′(w)

φ(w)
= r(w), (3.3)

where

q(z) = 1 + q1z + q2z
2 + q3z

3 + · · · (3.4)

and

r(w) = 1 + r1w + r2w
2 + r3w

3 + · · · . (3.5)

By using Faber polynomials, we have

zh′(z)

g(z)
= 1 +

∞∑
k=1

X 1
k (q1, q2, . . . , qk)zk, (3.6)

and
wξ′(w)

φ(w)
= 1 +

∞∑
k=1

X 1
k (r1, r2, . . . , rk)wk. (3.7)

For any function h given in (1.1) and g given in (1.3), we have
zh′(z)

g(z)

= 1 +

∞∑
k=2

[
(khk − gk) +

k−2∑
n=1

D−nn (h2, h3, . . . , hn+1)((k − 1)hk−n − gk−n)

]
zn−1.

(3.8)
and for Faber polynomial expansion of the inverse map h−1 = ξ and g−1 = φ,
wξ′(w)

φ(w)

= 1+

∞∑
k=2

[
(kHk −Gk) +

k−2∑
n=1

D−nn (H2, H3, . . . ,Hn+1)((k − n)Hk−n −Gk−n)

]
wk−1.

(3.9)
Hence, from (3.6), (3.7), (3.8) and (3.9), we get

(khk − gk) +

k−2∑
n=1

D−nn (h2, h3, . . . , hn+1)((k − 1)hk−n − gk−n) = X 1
k (q1, q2, . . . , qk)

(3.10)
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and

(kHk−Gk)+

k−2∑
n=1

D−nn (H2, H3, . . . ,Hn+1)((k−n)Hk−n−Gk−n) = X 1
k (r1, r2, . . . , rk).

(3.11)
For special case k = 2, from Equations (3.10) and (3.11), we have

2h2 − g2 = q1 (3.12)

and

2H2 −G2 = r1. (3.13)

Now, solving for h2, we have

h2 =
g2 + q1

2
. (3.14)

By using Lemma 2.1 and Lemma 2.2, in (3.14), we have

|h2| 5
ϑ(1− α)

2
+ 1.

Now, for hn = 0; 0 5 n 5 k− 1, we have Hk = −hk. Hence, from (3.10) and (3.11),
we get

khk − gk = qk−1 (3.15)

and

− khk −Gk = rk−1. (3.16)

Solving for hk, by an application of Lemma 2.1 and Lemma 2.2, either in (3.15) or
(3.16), we get

|hk| 5
ϑ(1− α)

k
+ 1. (3.17)

This completes the assertion of Theorem 3.1. �

For ϑ = 2 in Theorem 3.1, we get the following corollary for the functions
belonging to the class KΣ[α].

Corollary 3.2. For fixed 0 5 α < 1, let a function h ∈ KΣ[α]. If hn = 0; 2 5 n 5
k − 1, then

|hk| 5
2(1− α)

k
+ 1, ∀ k ≥ 3.

Remark 3. Corollary 3.2, verifies the results obtained by Hamidi et al. [6].

Theorem 3.3. For fixed 2 5 ϑ 5 4 and 0 5 α < 1, let a function h ∈ QΣ[ϑ, α]. If
hn = 0; 2 5 n 5 k − 1, then

|hk| 5
ϑ(1− α) + k

k2
, ∀ k ≥ 3. (3.18)

Proof. Let h ∈ QΣ[ϑ, α]. Then by Definition 2, there exists two analytic functions
q(z) and r(w) with q(0) = r(0) = 1, that belongs to the class Pϑ(α) and satisfying
conditions:

z(zh′(z))′

g(z)
= q(z) (3.19)

and
w(wξ′(w))′

φ(w)
= r(w), (3.20)
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where q(z) and r(w) given in (3.4) and (3.5). By using Faber polynomials, we have

z(zh′(z))′

g(z)
= 1 +

∞∑
k=1

X 1
k (q1, q2, . . . , qk)zk, (3.21)

and
w(wξ′(w))′

φ(w)
= 1 +

∞∑
k=1

X 1
k (r1, r2, . . . , rk)wk. (3.22)

For any function h given in (1.1) and g given in (1.3), we have
z(zh′(z))′

g(z)

= 1 +

∞∑
k=2

[
(k2hk − gk) +

k−2∑
n=1

D−nn (h2, h3, . . . , hn+1)((k − n)2hk−n − gk−n)

]
zk−1.

(3.23)
and for Faber polynomial expansion of the inverse map h−1 = ξ and g−1 = φ, we
have
w(wξ′(w))′

φ(w)

= 1+

∞∑
k=2

[
(k2Hk −Gk) +

k−2∑
n=1

D−nn (H2, H3, . . . ,Hn+1)((k − n)2Hk−n −Gk−n)

]
wk−1.

(3.24)
Hence, from (3.21), (3.22), (3.23) and (3.24), we get

(k2hk − gk) +

k−2∑
n=1

D−nn (h2, h3, . . . , hn+1)((k− n)2hk−n − gk−n) = X 1
k (q1, q2, . . . , qk)

(3.25)
and

(k2Hk−Gk)+

k−2∑
n=1

D−nn (H2, H3, . . . ,Hn+1)((k−n)2Hk−n−Gk−n) = X 1
k (r1, r2, . . . , rk).

(3.26)
For special case k = 2, from Equations (3.25) and (3.26), we have

4h2 − g2 = q1 (3.27)

and
4H2 −G2 = r1. (3.28)

Now, solving for h2, we have

h2 =
q1 + g2

4
. (3.29)

By using Lemmas 2.1 and 2.2, in (3.29), we have

|h2| 5
µ(1− ϑ) + 2

4
.

Now, for bm = 0; 0 5 m 5 k−1, we have Bk = −bk. Hence, from (3.25) and (3.26),
we get

k2hk − gk = qk−1 (3.30)

and
− k2hk −Gk = rk−1. (3.31)
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Solving for hk, by an application of Lemma 2.1 and 2.2, either of (3.30) or (3.31),
we get

|hk| 5
ϑ(1− α) + k

k2
. (3.32)

This completes the assertion of Theorem 3.3. �

For ϑ = 2 in Theorem 3.3, we get the following corollary for the functions
belonging to the class QΣ[α].

Corollary 3.4. For fixed 0 5 α < 1, let a function h ∈ QΣ[α]. If hn = 0; 2 5 n 5
k − 1, then

|hk| 5
2(1− α) + k

k2
, ∀ k ≥ 3.

Remark 4. Corollary 3.4, verifies the results obtained by Yong et al. [20].

Theorem 3.5. For fixed 2 5 ϑ 5 4 and 0 5 α < 1, let a function h ∈ KΣ[ϑ, α],
then

|h2| 5
√

4 + 3ϑ(1− α)

3
, (3.33)

|h3| 5 1 + ϑ(1− α) (3.34)

and

|h3 − λh2
2| 5



(3− 4λ) + 3ϑ(1− α)(1− λ)

3
for λ < 0,

(3− λ) + ϑ(1− α)(3− 2λ)

3
for 0 5 λ <

1

2
,

1 + ϑ(1− α)(3− 2λ)

3
for

1

2
5 λ < 1,

(4λ− 3) + ϑ(1− α)(2λ− 1)

3
for 1 5 λ 5 2,

(4λ− 3) + 3ϑ(1− α)(λ− 1)

3
for λ ≥ 2,

(3.35)

where λ is any real number.

Proof. For k = 2 and k = 3 in Equations (3.10) and (3.11), respectively, we obtain

2h2 − g2 = q1, (3.36)

3h3 − g3 − 2h2g2 + g2
2 = q2, (3.37)

− 2h2 + g2 = r1 (3.38)

and

− 3h3 + g3 − 2h2g2 − g2
2 + 6h2

2 = r2. (3.39)

Adding (3.37) and (3.39), we get

6h2
2 = 4h2g2 + q2 + r2. (3.40)

By using (3.36) in (3.40), we get

6h2
2 = 2g2 + 2g2q1 + q2 + r2. (3.41)
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By an application of Lemma 2.1 and Lemma 2.2, in (3.41), we get

|h2|2 5
4 + 3ϑ(1− α)

3
. (3.42)

Equation (3.42) gives the upper bound of |h2| given in (3.33). Again, from (3.37)
and (3.39), we get

6h3 = 2g3 + 6h2
2 − 2g2

2 + q2 − r2. (3.43)

By using (3.41) in (3.43), we get

3h3 = g3 + g2q1 + q2. (3.44)

By an application of Lemma 2.1 and Lemma 2.2, in (3.44), we get

|h3| 5 1 + ϑ(1− α). (3.45)

Equation (3.45) gives the upper bound of |h3| given in (3.34). For any λ ∈ R and
from (3.41) and (3.44), we get

6(h3 − λh2
2) = 2(g3 − λg2

2) + 2g2q1(1− λ) + q2(2− λ)− r2λ. (3.46)

By an application of Lemma 2.1 and Lemma 2.2, in (3.46), we get

6|h3 − λh2
2| 5 2|g3 − λg2

2 |+ ϑ(1− α)[4|1− λ|+ |2− λ|+ |λ|]. (3.47)

By an application of Lemma 2.3, in (3.47) gives the upper bound of |h3−λh2
2| given

in (3.35). This completes the proof of Theorem 3.5. �

Remark 5. Theorem 3.5, verifies the results obtained by Sharma et al. [17].

Theorem 3.6. Let 2 5 ϑ 5 4 and 0 5 α < 1. Let a function h ∈ QΣ[ϑ, α], then

|h2| 5
√

4 + 3ϑ(1− α)

3
, (3.48)

|h3| 5
1 + ϑ(1− α)

3
(3.49)

and

|h3 − λh2
2| 5



(3− 4λ) + 3ϑ(1− α)(1− λ)

9
for λ < 0,

(3− λ) + ϑ(1− α)(3− 2λ)

9
for 0 5 λ <

1

2
,

1 + ϑ(1− α)(3− 2λ)

9
for

1

2
5 λ < 1,

(4λ− 3) + ϑ(1− α)(2λ− 1)

9
for 1 5 λ 5 2,

(4λ− 3) + 3ϑ(1− α)(λ− 1)

9
for λ ≥ 2,

(3.50)

where λ is any real number.

Proof. For k = 2 and k = 3 in Equations (3.25) and (3.26), respectively, we obtain

4h2 − g2 = q1, (3.51)

9h3 − g3 − 4g2h2 + g2
2 = q2, (3.52)

− 4h2 + g2 = r1 (3.53)
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and

18h2
2 − 9h3 + g3 − 4g2h2 − g2

2 = r2. (3.54)

Adding (3.52) and (3.54), we get

18h2
2 = 8g2h2 + q2 + r2. (3.55)

By using (3.51) in (3.55), we get

19h2
2 = 2g2

2 + 2g2q1 + q2 + r2. (3.56)

By an application of Lemma 2.1 and Lemma 2.2, in (3.56), we get

|h2|2 5
4 + 3ϑ(1− α)

9
. (3.57)

Equation (3.57) gives the upper bound of |h2| given in (3.48). Again, from (3.52)
and (3.54), we get

18h3 = 2g3 + 18h2
2 − 2g2

2 + q2 − r2. (3.58)

By using (3.56) in (3.58), we get

18h3 = 2g3 + 2g2q1 + q2. (3.59)

By an application of Lemma 2.1 and Lemma 2.2, in (3.59), we get

|h3| 5
1 + ϑ(1− α)

3
. (3.60)

Equation (3.60) gives the upper bound of |h3| given in (3.49). For any λ ∈ R and
from (3.56) and (3.59), we get

18(h3 − λh2
2) = 2(g3− λg2

2) + 2g2q1(1− λ) + q2(2− λ)− r2λ. (3.61)

By an application of Lemma 2.1 and Lemma 2.2, in (3.61), we get

|h3 − λh2
2| 5

|g3− λg2
2 |

9
+

2ϑ(1− α)|1− λ|
9

+
ϑ(1− α)[|2− λ|+ |λ|]

18
. (3.62)

By using Lemma 2.3, in (3.62) gives the upper bound of |h3 − ρh2
2| given in (3.50).

This completes the assertion of Theorem 3.6. �

4. Further observations for special choices of functions

For the particular choice of the function g(z) = h(z) in Definition 1, the class
KΣ[ϑ, α] reduces to the class RΣ[ϑ, α] introduced by Li et al. [10]. The class
RΣ[µ, ϑ] will contain functions h ∈ Σ that satisfies the condition

zh′(z)

h(z)
∈ Pϑ(α)

and
wξ′(w)

ξ(w)
∈ Pϑ(α).

We get the following corollary for the functions belonging to the class RΣ[ϑ, α].

Corollary 4.1. Fix 2 5 ϑ 5 4 and 0 5 α < 1. Let h ∈ RΣ[ϑ, α]. If hn = 0; 2 5
n 5 k − 1, then

|hk| 5
ϑ(1− α)

k − 1
, ∀ k ≥ 3.
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For the particular choice of the function g(z) = h(z) in Definition 2, the class
QΣ[ϑ, α] reduces to the class VΣ[ϑ, α] introduced by Li et al.[10]. The class RΣ[µ, ϑ]
will contain functions h ∈ Σ that satisfy the conditions

1 +
zh′′(z)

h′(z)
∈ Pϑ(α)

and

1 +
wξ′′(w)

ξ′(w)
∈ Pϑ(α).

For the particular choice of h, we get the following corollary for the functions
belonging to the class VΣ[ϑ, α].

Corollary 4.2. Fix 2 5 ϑ 5 4 and 0 5 α < 1. Let h ∈ VΣ[ϑ, α]. If hn = 0; 2 5 n 5
k − 1, then

|hk| 5
ϑ(1− α)

k(k − 1)
, ∀ k ≥ 3.

Remark 6. Corollary 4.1 and Corollary 4.2 verifies the bound obtained by Tang
et al. [19].
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