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GAMMA DISTANCE MAPPINGS WITH APPLICATION TO

FRACTIONAL BOUNDARY DIFFERENTIAL EQUATION

ANWAR BATAIHAH, TARIQ QAWASMEH, IQBAL M. BATIHA, IQBAL H. JEBRIL,

THABET ABDELJAWAD

Abstract. The aim of this manuscript is to showcase novel distance map-

pings, specifically gamma distance mappings. Through the utilization of these

mappings, we can effectively introduce substantial contractions on a mapping
f : B → B. In order to demonstrate the importance and applicability of our

work, a significant example and application are presented.

1. Introduction

The Banach principle [1] stands as a fundamental outcome in fixed point theory,
establishing that each contraction possesses a singular fixed point. Afterwards,
several mathematicians have pursued diverse extensions of Banach’s theorem in
multiple directions. For instance, a novel notion of generalized metric spaces is
introduced by Jleli and Samet [6], wherein they expand upon several established
fixed point theorems such as the Banach contraction principle, and various other
forms of contractions. Whereas the concept of Proinov-C -contraction mapping was
first proposed in [2], and subsequently analyzed, within the context of b-metric
spaces, which are considered to be one of the most intriguing abstract structures in
mathematics. In fact the examination of fixed point theory encompasses a broad
scope, as evidenced by the extensive references provided in [3, 4, 5, 7, 10, 11, 12,
13, 14, 15, 16, 17, 18, 19, 20, 21] for further reading.

2. γ-distance and fixed point results

2.1. γ-distance.

Definition 2.1. Let d be a metric on B. A function γ : [0,∞)×B ×B → [0,∞)
is said to be γ-distance over (B, d) if γ satisfying:

(γ1) For all t ≥ 0, γ(t, λ, v) ≥ td(λ, v),
(γ2) for each sequences (λn), (vn) in B and (tn) in (0,∞), we have

d(λn, vn)→ ξ > 0 and tn → t > 0 imply lim inf
n→∞

γ(tn, λn, vn) > ξt.
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Now, we give some examples onγ-distance functions.

Example 2.2. Let B = R and let d : B ×B → [0,+∞) be the usual metric on
B; i.e. d(λ, v) = |λ− v|. Then γ : [0,+∞)×B ×B → [0,+∞) which defined by

γ(t, λ, v) = α t ( |λ|+ |v| ),

where α > 1 is γ-distance on (B, d).

In the following example we consider the functions γ1, γ2, γ3, γ4, γ5 to be defined
from [0,+∞)×B ×B to [0,+∞)

Example 2.3. On (B, d), let φ : [0,∞) → [0,∞) is continuous function with
φ(a) > 0 for a > 0. Then, γ1, γ2, γ3, γ4 γ5and γ6 are γ-distance over (B, d).

(1) γ1(t, λ, v) = t d(λ, v) + φ(d(λ, v)),
(2) γ2(t, λ, v) = t d(λ, v) + φ(t),
(3) γ3(t, λ, v) = etd(λ, v),

(4) γ4(t, λ, v) =
(t+ ε)2 + [d(λ, v)]2

2
, ε > 0,

(5) γ5(t, λ, v) = t [1 + d(λ, v)]td(λ, v),

(6) γ6(t, λ, v) =
t2 + 1

2
d(λ, v),

The subsequent part of this study necessitates the inclusion of the subsequent
lemma.

Lemma 2.4. Let (B, d) be a metric space and (λn) is a sequence where

lim
n→∞

d(λn, λn+1) = 0. (2.1)

If (λn) is not Cauchy, then an ε > 0 exists, and two sub-sequences (λnk
) and (λmk

)
of (λn) such that lim

k→∞
d(λnk

, λmk
) and lim

k→∞
d(λnk−1, λmk−1) equal ε.

Proof. Since (λn) is not Cauchy. Therefore, there is ε > 0 and two sub-sequences
(λnk

) and (λmk
) of (λn) such that (mk) is selected as the minimum index such that

d(λnk
, λmk

) ≥ ε, mk > nk > k. (2.2)

So,
d(λnk

, λmk−1) < ε. (2.3)

Using the triangle inequality and Equations (2.2),(2.3), we get
ε ≤ d(λnk

, λmk
) ≤ d(λnk−1, λmk

) + d(λmk
, λmk−1)

< ε+ d(λmk
, λmk−1).

By considering condition 2.1 and evaluating the limit as k →∞, we get

lim
k→∞

d(λnk
, λmk

) = ε. (2.4)

Again, using the triangle inequality, we get

d(λnk−1, λmk−1)− d(λnk
, λmk

) ≤ d(λnk−1, λnk
) + d(λmk

, λmk−1),

and
d(λnk

, λmk
)− d(λnk−1, λmk−1) ≤ d(λnk

, λnk−1) + d(λmk−1, λmk
).

Therefore,

|d(λnk−1, λmk−1)− d(λnk
, λmk

)| ≤ d(λnk−1, λnk
) + d(λmk

, λmk−1).
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So, by taking the limit as k → ∞ and taking into account condition 2.1 and
Equation (2.4), we get

lim
k→∞

d(λnk−1, λmk−1) = ε. (2.5)

�

Henceforth, we mean by (B, d) a metric space and γ a γ-distance over (B, d)

2.2. Fixed point results for weak non-expansive γ-contractions.

Definition 2.5. Suppose there is γ over (B, d). A self mapping f : B → B is
said to be weak non-expansive γ-contraction if

λ 6= v =⇒ γ(d(fλ, fv), fλ, fv) ≤ [d(λ, v)]2. (2.6)

Remark 2.6. If f : B → B is weak γ-contraction, then for each λ, v ∈ B, we
have

d(fλ, fv) ≤ d(λ, v).

Lemma 2.7. Suppose f : B → B is weak γ-contraction. If λ, v ∈ Ff , then λ = v.

Proof. The proof follows from Remark 2.6. �

Lemma 2.8. Suppose f is weak γ-contraction, and λ0 ∈ B. Then for the Picard
sequence (λn) generated by f at λ0, if λn 6= λn+1 for each n ∈ N, then

lim
n→∞

d(λn, λn+1) = 0.

Proof. Since λn 6= λn+1, by Condition 2.6

γ(d(λn, λn+1), λn, λn+1) ≤ [d(λn−1, λn)]2.

From Remark 2.6, we have

d(λn, λn+1) ≤ d(λn−1, λn).

Hence (d(λn, λn+1) : n ∈ N) is a non-increasing sequence in (0,∞). So, there is
r ≥ 0 such that lim

n→∞
d(λn, λn+1) = r. Suppose on the contrary; that is r > 0. Let

tn = d(λn−1, λn). Then, tn → r. Therefore, by γ2 of Definition 2.1, we have

r2 < lim inf
n→∞

γ(d(λn−1, λn), λn, λn+1) ≤ r2,

which is a contradiction. Hence the result. �

Theorem 2.9. Suppose that (B, d) is complete and there is γ-distance γ on (B, d).
Assume that f : B → B is weak non-expansive γ-contraction. Then Ff consists
of only one element.

Proof. Let λ0 ∈ B be arbitrary, and consider the Picard sequence (λn) generated
by f at λ0. If there is l ∈ N such that λl = λl+1, then λl ∈ Ff . So assume that for
each n ∈ N, λn 6= λn+1. Now, we claim that (λn) is a Cauchy sequence in (B, d).
Suppose to the contrary; that is (λn) is not Cauchy. Therefore, by Lemma 2.4 there
is ε > 0 and two sub-sequences (λnk

) and (λmk
) of (λn) such that

lim
k→∞

d(λnk
, λmk

) = ε. (2.7)

and
lim
k→∞

d(λnk−1, λmk−1) = ε. (2.8)
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Now, set tk = d(λnk−1, λmk−1), ak = λnk
and bk = λmk

. Then, lim
k→∞

tk =

lim
k→∞

d(ak, bk) = ε > 0. So, by Lemma 2.8, (γ2) and condition 2.6, we get

ε2 < lim inf
k→∞

γ(tk, ak, bk) ≤ ε2,

a contradiction. Hence, (λn) is Cauchy, so there is λ ∈ B such that (λn) converges
to λ. Now, by Remark 2.6, we have

d(fλ, λn+1) ≤ d(λ, λn).

So, if we pass n→ +∞, we get λn → fλ, and so, then by uniqueness of the limit,
we get λ = fλ.

The uniqueness follows from Lemma 2.7.
�

In the next example, we employ Theorem 2.9 to show that the equation

λ =
1− λm

B + λm
, m ∈ N, B ≥ m+ 1.

has a unique solution in [0,1].

Example 2.10. Let B = [0, 1] and let f : B → B be defined by fλ =
1− λm

B + λm
,

where m ∈ N, B ≥ m+ 1. Then f has a unique fixed point.

Proof. Let B = [0, 1] provided with the usual metric d(λ, v) = |λ− v|. Then

f : B → B which defined by fλ =
1− λm

B + λm
, where m ∈ N, B ≥ m+1 is a self map.

Let γ : [0,∞) ×B ×B → [0,∞) be defined by γ(t, λ, v) =
(t+ ε)2 + [d(λ, v)]2

2
,

ε > 0.
Now, for each λ, v ∈ [0, 1] with λ 6= v, we have

d(fλ, fv) = |fλ− fv|

=

∣∣∣∣ 1− λm

B + λm
− 1− vm

B + vm

∣∣∣∣
=

B + 1

(B + λm)(B + vm)
|λm − vm|

≤ m(B + 1)

B2
|λ− v|

≤ m(B + 1)

B2
d(λ, v)

≤ B2 − 1

B2
d(λ, v).

Since λ 6= v, then w.l.o. generality, we may assume 0 < ε ≤ 1
B2 d(λ, v).

So,
γ(d(fλ, fv), fλ, fv) = 1

2

(
[d(fλ, fv) + ε]2 + [d(fλ, fv)]2

)
= 1

2

(
[ |fλ− fv|+ ε]2 + |fλ− fv|2

)
≤ 1

2

([
B2 − 1

B2
|λ− v|+ ε

]2
+

[
B2 − 1

B2
|λ− v|

]2)
≤ |λ− v|2
= [d(λ, v)]2.
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Consequently, f fulfills every requirement outlined in of Theorem 2.9 and The-
orem 2.9 ensures that Ff has only one element. �

1. The same reasoning as in Theorem 2.9 leads us to the subsequent outcome.

Theorem 2.11. Suppose that (B, d) is complete and there is f : B → B such that
f satisfies

λ 6= v =⇒ γ(d(λ, v), fλ, fv) ≤ [d(λ, v)]2. (2.9)

Then Ff consists of only one element.

Employing Example 2.3 and Theorems 2.9, 2.11, we get the following results:

Corollary 2.12. Suppose that (B, d) is complete and φ : [0,∞) → [0,∞) be con-
tinuous with φ(a) > 0 for a > 0. Suppose f : B → B be a self map satisfies

λ 6= v =⇒ [d(fλ, fv)]2 ≤ [d(λ, v)]2 − φ(d(fλ, fv)). (2.10)

Then Ff consists of one element.

Corollary 2.13. Suppose that (B, d) is complete and ε > 0. Suppose f : B → B
be a self map satisfies

λ 6= v =⇒ [d(fλ, fv)]2 ≤ [d(λ, v)]2 − ε. (2.11)

Then Ff consists of one element.

Corollary 2.14. Suppose that (B, d) is complete and ε > 0. Suppose f : B → B
be a self map satisfies

λ 6= v =⇒ d(fλ, fv) ≤ d(λ, v)− ε

d(λ, v)
. (2.12)

Then Ff consists of one element.

3. Application

Let B = C[0, 1] be the set of a continuous functions and consider the metric d
on B as follows.

d(g, h) = ‖g − h‖ = max
λ∈[0,1]

|g(λ)− h(λ)|.

Then (B, d) is a complete metric space.
Consider the following boundary fractional differential equation{

Dαf(λ) +H(λ, f(λ)) = 0, 0 ≤ λ ≤ 1, 1 < α < 2

g(0) = g(1) = 0,
(3.1)

where Dα is the Caputo fractional derivative of order α and H : [0, 1] × R → R is
a continuous function.

The Green’s function associated to (3.1) is defined as:

G(λ, v) =

λ(1− v)α−1 − (λ− v)α−1, 0 ≤ v ≤ λ ≤ 1,
λ(1− v)α−1

Γ(α)
, 0 ≤ λ ≤ v ≤ 1.
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Theorem 3.1. Suppose that there is B ≥ 2 such that for all λ ∈ [0, 1] and z1, z2 ∈ R

|H(λ, z1)−H(λ, z2)| ≤ B2 − 1

B2
|z1 − z2|.

Then,

f(λ) =

∫ 1

0

G(λ, v)H(v, f(v))dv, (3.2)

for all λ ∈ [0, 1] and f ∈ B has a unique solution.

Proof. The solution of 3.2 is equivalent to the fixed point of the operator S : B → B
which defined as

S(f(λ)) =

∫ 1

0

G(λ, v)H(v, f(v))dv,

For any g, h ∈ B, with g 6= h, we get

|S(g(λ))− S(h(λ))| =
∣∣∣∫ 1

0
G(λ, v)(H(v, g(v))−H(v, h(v)))dv

∣∣∣
≤
∫ 1

0
G(λ, v)|H(v, g(v))−H(v, h(v))|dv

≤
∫ 1

0
G(λ, v)B

2−1
B2 |g(v)− h(v)|dv

≤ B2−1
B2 ‖g − h‖

∫ 1

0
G(λ, v)dv

= B2−1
B2 ‖g − h‖

Hence, ‖Sg − Sh‖ ≤ B2−1
B2 ‖g − h‖.

Define γ : [0,∞)×B ×B → [0,∞) by

γ(t, g, h) =

 1
2

(
[ t+

1

B2 − 1
‖g − h‖]2 + (d(g, h))2

)
, g 6= h and t > 0,

0 , o.w.

So, for g 6= h, we have

γ(d(Sg, Sh), Sg, Sh) = 1
2

(
[ d(Sg, Sh) +

1

B2 − 1
‖Sg − Sh‖]2 + (d(Sg, Sh))2

)
≤ 1

2

([
B2 − 1

B2
d(g, h) +

1

B2
‖g − h‖

]2
+

(
B2 − 1

B2
d(g, h)

)2
)

≤ (d(g, h))
2
.

�

4. Conclusion

Our study demonstrated two significant contractions, weak non-expansive γ-
contractions and weak γ-contractions. Both contractions were based on gamma
distance mappings. Using significant examples and applications, we demonstrated
the importance and novelty of our results.
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