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ON THE SOURCE IDENTIFICATION PROBLEM FOR A

DEGENERATE TIME-FRACTIONAL DIFFUSION EQUATION

MAROUA NOUAR, ABDELDJALIL CHATTOUH

Abstract. In the current contribution, we handle the inverse problem of

identifying and reconstructing a space-depend source term in a degenerate

time-fractional parabolic equation from a final observed data. By the use the
optimal control framework, the inverse problem is first reformulated as an op-

timization problem. After discussing the well-posedness of the state problem,

we prove the existence of a minimizer and establish the first-order necessary
condition. This last one is used to deduce our main results concerning the

uniqueness and stability. In the numerical aspect, we use the decent gradi-

ent method to solve the associated optimization problem. Some numerical
examples are included to illustrate the efficiency of the algorithm.

1. Introduction

Fractional partial differential equations posses significant applications in a variety
of fields, including mechanics electro-chemistry [12], physics [7], anomalous diffusion
[11], population dynamics [14], and so on. In this context, evolution equations with
time-fractional derivative are used to model some problems with memory effects,
in which the particles spreads slowly, which is knowns as anomalous subdiffusion.
Consequently, the time-fractional diffusion equations have recently been studied
from many aspects using different approach (see [5, 9, 10]). Among the topics
related to fractional differential equations, the theory of inverse problems for time-
fractional PDEs emerges as an attractive and worthwhile subject of research.

In this work, we aim to tackle the inverse problem of identifying a space-depend
source term in model governed by a degenerate time-fractional diffusion equation.
More precisely, let us consider the following boundary value problem

0D
α
t u− (xµux)x = f(x) + g(x, t), (x, t) ∈ ΩT := Ω× (0, T ),

u(x, 0) = u0(x), x ∈ Ω := (0, 1),

u(0, t) = u(1, t) = 0, t ∈ (0, T ),

(1.1)
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here T > 0 is a fixed final time, 0 < µ < 1, g(x, t) and u0(x) are given smooth
functions which represent a source term and initial data, respectively. f(x) is an
unknown space-dependant source term.

Here 0D
α
t stands for the left RiemannLiouville fractional derivative of order

0 < α < 1 given by

0D
α
t u(t) =

1

Γ(1− α)

d

dt

∫ t

0

(t− s)−αu(s)ds, t > 0.

Analogously, the right RiemannLiouville fractional derivative of order 0 < α < 1 is
defined by

tD
α
Tu(t) = − 1

Γ(1− α)

d

dt

∫ T

t

(s− t)−αu(s)ds, t > 0.

In the present work we aim to handle the inverse problem of identifying the
space-dependent source term f(x) in the boundary value problem (1.1) from of a
final time measurement of the unknown data. Therefore, the inverse problem can
be stated clearly as follows{

Determinate the unknown source term f(x)

from the final measured data : u(x, T ) = z(x), x ∈ Ω,
(IP)

where z ∈ L2(Ω) is a well-defined function obtained experimentally.
Diffusion equations with time-fractional derivative of order 0 < α < 1 can be

describe dispersion processes with an average squared displacement equal to Ctα for
t > 0 where C is fixed positive constant. The average square displacement is defined
as time-dependant function which measures the diffusion of random processes and
describes the behaviour of fast particles. A special feature of problem (1.1) lies
in boundary degeneracy character since diffusion coefficient vanishes in the point
x0 = 0, which is the case when the rate of diffusion is practically nil near to this
point.

Inverse source problems for parabolic equations involving fractional differential
operator are rather substantial, here we only lists a few (see [6, 8, 13, 18] and the
references cited there). However, to our knowledge, until recently, direct problems
and inverse problems related to time-fractional degenerate parabolic equations have
never been studied, though the theory of degenerate parabolic equations in the
integer order case is well-investigated [1, 2, 4].

Our main concern in this work is identifying the space-dependant source term
f in the time-fractional degenerate diffusion equation (1.1) from the final mea-
surements u(·, T ) = z by employing an approach based on the optimal control
framework [16, 17]. Firstly, we provide using a suitable functional framework a
proof of the existence and uniqueness of solution to the problem (1.1). In doing
so, we use in our analysis a blend of methods presented in [4] for the analysis of
degenerate parabolic equations and in [20] to handle the time-fractional deriva-
tive. Afterwards, we pass to handle our inverse problem by reformulating it to an
optimal control problem. Then, we establish the stability result in terms of the
final measurement data of (IP) based on the first-order optimality condition. For
numerical reconstruction, we employ a descent gradient-type method for solving
the associated optimization problem, and we show its performance through several
numerical tests.
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The remainder of this manuscript is outlined as follows. In Section 2. we in-
troduce some functional spaces that will be used in this work. Then, in Section 3.
we prove the existence and uniqueness of a weak solution to the direct problem. in
the fourth section we reformulate our inverse problem as an optimal control prob-
lem, and prove the existence of the minimizer. In the same section, we derive the
first-order necessary optimality condition. By means of this last one we establish
in Section 5. a stability result for the inverse problem. Section 6. is reserved for
the numerical reconstruction, in which, we use the gradient descent method for
solving the associated optimization problem and obtain the numerical solution for
our inverse source problem. Finally, concluding remarks are collected in the last
section.

2. Fractional calculus and functional spaces

This section is devoted to introducing some functional spaces, in particular, the
weighted Sobolev space for dealing with the degeneracy character of our problem,
and fractional derivative spaces due to the presence of time-fractional derivative.
Denote QT = Ω×I, where I = (0, T ], for any T > 0 and Ω = (0, 1), and let 0C

∞(I)
be the space of smooth functions with compact support in I. Denote ‖ · ‖0,I and
(·, ·)0,I as the usual norm and inner product of the space L2(I).

Definition 2.1 ([9, 15]). Let 0 < α < 1, define the seminorm

|u|HαL(I) := ‖0Dα
t u‖0,I ,

and the norm

‖u‖HαL(I) :=
(
|u|HαL + ‖u‖0,I

) 1
2 ,

and denote Hα
L(I) (resp. Hα

L,0(I) as the closure of C∞(I) (resp. 0C
∞(I)) with

respect to the norm ‖ · ‖HαL(I).

Definition 2.2 ([9, 15]). Let 0 < α < 1, define the seminorm

|u|HαR(I) := ‖tDα
Tu‖0,I ,

and the norm

‖u‖HαR(I) :=
(
|u|HαR + ‖u‖0,I

) 1
2 ,

and denote Hα
R(I) (resp. Hα

R,0(I)) as the closure of C∞(I) (resp. 0C
∞(I)) with

respect to the norm ‖ · ‖HαR(I).

Definition 2.3 ([9, 15]). Let 0 < α < 1, define the seminorm

|u|HαS (I) := |(0D
α
t u, tD

α
Tu)0,I |,

and the norm

‖u‖HαS (I) :=
(
|u|HαS + ‖u‖0,I

) 1
2 .

and denote Hα
S (I) (resp. Hα

S,0(I)) as the closure of C∞(I) (resp. 0C
∞(I)) with

respect to the norm ‖ · ‖HαS (I).

Definition 2.4 ([9, 15]). Let 0 < α < 1. Define the fractional Sobolev space

Hα(I) :=
{
u ∈ L2(I) : |ω|αF(ũ) ∈ L2(Ω)

}
,

endowed with the norm

‖u‖α,I := ‖|ω|αF‖L2(R),
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where ũ is the extension by zero of u outside I, and F(ũ) is the Fourier transfor-
mation of ũ. We also define the space 0H

α(I) as the closure of of 0C
∞(I) with

respect to the norm ‖ · ‖α,I

Lemma 2.5 ([20]). For 0 < α < 1, the fractional derivative spaces Hα
L,0(I), Hα

R,0(I), Hα
S,0(I)

and 0H
α(I) are equal with equivalent norm.

Lemma 2.6 ([20]). If u ∈ Hα
L(I) and v ∈ Hα

R(I), then we have

(0D
α
t u, v)0,I = (u, tD

α
T v)0,I .

Moreover, if u, v ∈ 0H
α
2 (I) then

(0D
α
t u, v)0,I =

(
0D

α
2
t u, tD

α
2

T v
)

0,I
.

Next, we shall introduce some weighted Sobolev spaces related to the degenerate
coefficient x 7→ xµ. Define

H1
µ(Ω) := {u ∈ L2(Ω) : u abs. cont. in [0, 1], x

µ
2 ux ∈ L2(Ω), u(0) = u(1) = 0},

which is a Hilbert space with respect to the scalar product and associated norm

(u, v)1,µ :=

∫
Ω

(uv + xµuxvx) dx, ‖u‖21,µ := ‖u‖2 + |u|21,µ; u, v ∈ H1
µ(Ω),

here ‖ ·‖ denotes the L2-norm of the space L2(Ω), and | · |1,µ is a semi-norm defined

on H1
µ(Ω) by |u|1,µ = ‖x

µ
2 ux‖. Similarly, we define

H2
µ(Ω) := {u ∈ H1

µ(Ω) : xµux ∈ H1(Ω)},

endowed with the norm ‖u‖22,µ := ‖u‖21,µ + ‖(xµux)x‖2.

3. Well-posedness of the state problem

In the section, we develop the variational formulation. It is often more convenient
to consider the problem (1.1) with zero initial and boundary conditions. For this
purpose, we make the following transformation by setting ξ(x, t) = u(x, t)− u0(x)
for all (x, t) ∈ ΩT . Under this notation (1.1) can be rewritten as

0D
α
t ξ − (xµξx)x = f(x) + g(x, t) + 0D

α
t u0 − (xµ(u0)x)x, (x, t) ∈ ΩT ,

with the homogeneous initial-boundary conditions

ξ(0, t) = ξ(1, t) = ξ(x, 0) = 0, x ∈ Ω, t ∈ I,

Therefore, we consider instead of (1.1) the following problem
0D

α
t u− (xµux)x = f(x) + F (x, t), (x, t) ∈ ΩT ,

u(x, 0) = 0, x ∈ Ω,

u(0, t) = u(1, t) = 0, t ∈ I,
(3.1)

in which F (x, t) = g(x, t) + 0D
α
t u0 − (xµ(u0)x)x.

Let X be a Banach space endowed with the norm ‖ · ‖X , and let us define the
space Lp(0, T ;X) by

Lp(0, T ;X) :=

{
u : (0, T ) 7→ X :

∫ T

0

‖u(t)‖pdt <∞

}
,
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for 1 ≤ p <∞, endowed the the norm

‖u‖Lp(I;X) :=

(∫ T

0

‖u(t)‖pdt

) 1
p

.

Similarly, we define the spaces

Hα(I;X) :=
{
u ∈ L2(I;X) : ‖u(·, t)‖X ∈ Hα(I)

}
,

0H
α(I;X) :=

{
u ∈ L2(I;X) : ‖u(·, t)‖X ∈ 0H

α(I)
}
,

for α ≥ 0, endowed with the norm

‖u‖Hα(I,X) := ‖‖u(·, t)‖X‖α,I .

Let us consider the space Bαµ (QT ) := Hα(I;L2(Ω)) ∩ L2(I,H1
µ(Ω)) which is a

Banach space with respect to the norm

‖u‖α,µ := ‖u‖Hα(I,L2(Ω)) + ‖u‖L2(I,H1
µ(Ω)).

We also, denote by (·, ·)QT and ‖ · ‖0,QT the usual L2-scalar product and its asso-
ciated norm of the space L2(QT ).

Now, we are in position to state the weak formulation of the problem (3.1).

Multiplying the differential equation in (3.1) by v ∈ B
α
2
µ (QT ) and integrating over

QT , we obtain (
0D

α
2
t u, tD

α
2

T v
)
QT

+ (xµux, vx)QT = (f + F, v)QT . (3.2)

therefore, the weak formulation of the problem (3.1) reads as : Find u ∈ B
α
2
µ (QT )

such that

A(u, v) = L(v), ∀v ∈ B
α
2
µ (QT ), (3.3)

where

A :=
(

0D
α
2
t u, tD

α
2

T v
)
QT

+ (|x− x0|µux, vx)QT , and L := (f + F, v)QT .

Lemma 3.1. Let 0 < α, µ < 1, then the bilinear form A(·, ·) is continuous and

coercive on B
α
2
µ (QT )×B

α
2
µ (QT ).

Proof. First, it follows from Lemma (2.5) that

|A(u, v)| ≤ ‖0Dα
t u‖0,QT ‖tDα

T v‖0,QT + ‖|x− x0|
µ
2 ux‖0,QT ‖|x− x0|

µ
2 vx‖0,QT

≤ C‖u‖
H
α
2 (I,L2(Λ))

‖v‖
H
α
2 (I,L2(Λ))

+ ‖u‖L2(I,H1
µ(Λ))‖v‖L2(I,H1

µ(Λ))

≤ C‖u‖α
2 ,µ
‖v‖α

2 ,µ

thus, the continuity of the bilinear form A(·, ·) holds. For the coercivity, first note
that [15]

|A(u, u)| = ‖0Dα
t u‖0,QT ‖tDα

Tu‖0,QT + ‖|x− x0|
µ
2 ux‖20,QT

≥ cos
(πα

2

)
‖0Dα

t u‖20,QT +
1

2
‖u‖2L2(I,H1

µ(Λ))

≥ min

{
cos
(πα

2

)
,

1

2

}
‖u‖2α

2 ,µ
,

therefore, the coercivity of A(·, ·) is derived. �



ON THE SOURCE IDENTIFICATION PROBLEM FOR A DEGENERATE TIME-FRACTIONAL ...89

By means of the previous lemma, the well-posedness of the variational problem
(3.3) can be established.

Theorem 3.2. For 0 < α, µ < 1, f ∈ L2(Ω) and F ∈ L2(QT ), the problem (3.1)

admits a unique weak solution u ∈ B
α
2
µ (QT ). Furthermore, u satisfies

‖u‖α
2 ,µ
≤ C (‖F‖0,QT + T‖f‖0,I) . (3.4)

Proof. The existence and uniqueness of the weak solution is can be proved by using
Lax-Milgram theorem. Indeed, from Lemma 3.1. we claim that A(·, ·) is continuous

and coercive on B
α
2
µ (Ω) × B

α
2
µ (Ω), moreover, and the continuity of functional F is

obvious. To derive the estimate, we take v = u in (3.3), then use the coercivity of
A and the continuity of F

‖u‖2α
2 ,µ
≤ A(u, u) = (F + f, u)0,QT ,

from which we obtain (3.4) directly by applying Schwarz inequality and Poincaré
inequality. �

4. Optimal control approach

Our inverse problem can be read as : determine the source term f(x) in the
boundary value problem (3.1), such that solution u(f) of (3.1) matches the mea-
surements z at the final time, namely, u(x, T ) = z(x) for all x ∈ Ω. Let us introduce
the output-input operator Φ : Uad ⊂ H1(Ω)→ L2(Ω) given by Φ[f ](x) = u(f)(x, T )
for all x ∈ Ω where Uad is an admissible set to be determined later Now, our inverse
problem can be reformulated as an operator equation, namely,

Find f ∈ Uad such that Φ[f ] = z. (4.1)

The equality in (4.1) is almost impossible to be achieved due to the uncertainty in
the measured output data. Therefore, to overcome this drawback we handle the
inverse problem as an optimization one by interpreting its solution as the mini-
mizer of an adequate cost functional, namely: find f∗ the solution of the following
optimization problem

J(f∗) = min
f∈Uad

J(f), subject to u(f) solution of (3.1). (4.2)

where  J(f) :=
1

2
‖u(f)(·, T )− z‖2 +

λ

2
‖f‖2,

Uad := {f ∈ L2(Ω), ‖f‖ ≤ C0},

here u(f) stands for the solution of the problem (1.1) corresponding to the source
term f , and z is an observation describes the desired final measured data, and λ is
a positive regularisation parameter.

Theorem 4.1. Under that the assumptions of Theorem 3.2. the optimization prob-
lem (4.2) has a solution f∗ ∈ Uad, i.e,

J(f∗) = min
f∈Uad

J(f).
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Proof. Clearly J(f) is bounded from below by
λ

2
‖f‖ ≥ 0, thus J(·) has a great lower

bound. Let (fn)n∈N∗ be a minimizing sequence, such that

inf
f∈Uad

< J(fn) ≤ inf
f∈Uad

+
1

n
, n ∈ N. (4.3)

From the structure of the admissible set Uad if follows that (fn)n∈N is uniformly
bounded in L2(Ω), so we can extract a subsequence, denoted by the same symbol,
such that

fn ⇀ f∗, weakly in L2(Ω), (4.4)

on the other hand, since Uad is a weakly closed convex sub-set of L2(Ω) if follows
that f∗ ∈ Uad. Let u(fn) be the solution of (3.1) with fn instead of f . Obviously,
u(fn) satisfies the following weak formulation(

0D
α
2
t u(fn), tD

α
2

T v
)
QT

+ (xµu(fn)x, vx)QT = (fn + F, v)QT , ∀v ∈ B
α
2
µ (QT ).

(4.5)
According to Theorem 3.2. we have ‖u(fn)‖α

2 ,µ
≤ C for all n ∈ N. Therefore, we

can extract a subsequence of (u(fn))n∈N, denoted again by the same symbol, such
that

u(fn) ⇀ u∗, weakly in B
α
2
µ (QT ). (4.6)

Now, letting n tends to ∞ in (4.5), it follows that(
0D

α
2
t u
∗, tD

α
2

T v
)
QT

+ (xµu∗x, vx)QT = (f∗ + F, v)QT , ∀v ∈ B
α
2
µ (QT ),

from which it follows that u∗ is a weak solution of the problem (3.1) corresponding
to f∗. Moreover, according to the uniqueness of solutions from Theorem 3.2. we
conclude that u∗ = u(f∗).

By means of convergence results (4.4) and (4.6) together with semi-continuity of
L2-norm, we obtain

lim inf
n→∞

J(fn) = lim inf
n→∞

(
1

2
‖u(fn)− z‖2 +

λ

2
‖fn‖2

)
≥ 1

2
‖u(f∗)− z‖2 +

λ

2
‖f∗‖2

= J(f∗),

combining this last result with (4.3), it results that f∗ is a minimizer of the func-
tional J(·). �

Theorem 4.2. Let f∗ be a solution to the optimization problem (4.2) subject to u∗

solution of (3.1). Then f∗ satisfies the following integral inequality∫
Ω

(u∗(x, T )− z(x))ξ(x, T )dx+

∫
Ω

f∗(h− f∗)dx ≥ 0, ∀h ∈ Uad, (4.7)

where ξ is the unique weak solution of the following problem
0D

α
t ξ − (xµξx)x = f∗ − h, (x, t) ∈ ΩT ,

ξ(x, 0) = 0, x ∈ Ω,

ξ(0, t) = ξ(1, t) = 0, t ∈ I.
(4.8)
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Proof. Let h ∈ Uad be an arbitrary function, and for 0 ≤ ε ≤ 1 set

fε := f∗ + ε(h− f∗).
Let uε be the solution of (3.1) with fε instead of f . The directional derivative of J
is given by

d

dε
J(fε) =

∫
Ω

(
uε(x, T )− z(x)

)∂uε
∂ε

dx+ λ

∫
Ω

fε(h− f∗)dx.

Taking ξ =
∂uε
∂ε

∣∣∣∣
ε=0

, thus by a direct calculation we can verify that ξ solves the

following problem 
0D

α
t ξ − (xµξx)x = f∗ − h, (x, t) ∈ ΩT ,

ξ(x, 0) = 0, x ∈ Ω,

ξ(0, t) = ξ(1, t) = 0, t ∈ I.

Consequently, since f∗ is an optimal solution of the problem (4.2), we have

d

dε
J(f∗ + ε(h− f∗))

∣∣∣∣
ε=0

≥ 0, ∀h ∈ Uad,

from which it follows∫
Ω

(
u∗(x, T )− z(x)

)
ξ(x, T )dx+ λ

∫
Ω

f∗(h− f∗)dx ≥ 0,

which is exactly the desired results
�

5. Stability results

Now, we are in position to prove the stability for the inverse problem of identi-
fying source term f(x) in the degenerate problem (3.1) m based on the first-order
necessary optimality condition.

Theorem 5.1. Let f ,f̃ be solutions to the optimization problem (4.2) subject to
the solutions u,ũ, respectively. Then, the following estimate holds

‖f − f̃‖2 ≤ 1

2λ
‖z − z̃‖2. (5.1)

Proof. Let f and f̃ be solutions to the optimal control problem (4.2) subject to weak
solutions u and ũ respectively. By rewriting (4.7) with f as an optimal solution

and choosing h = f̃ , we obtain∫
Ω

(u(x, T )− z(x))ξ(x, T )dx+ λ

∫
Ω

f(f̃ − f)dx ≥ 0, (5.2)

where ξ solves 
0D

α
t ξ − (xµξx)x = f∗ − f, (x, t) ∈ QT ,

ξ(0, t) = ξ(1, t) = 0, t ∈ (0, T ),

ξ(x, 0) = 0, x ∈ Ω.

Similarly, claiming that f̃ verifies (4.7), and taking h = f yields∫
Ω

(ũ(x, T )− z̃(x))ξ̃(x, T )dx+ λ

∫
Ω

f̃(f − f̃)dx ≥ 0. (5.3)
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and ξ̃ is the solution of the problem
0D

α
t ξ̃ − (xµξ̃x)x+ = f − f̃ , (x, t) ∈ QT ,

ξ̃(0, t) = ξ̃(1, t) = 0, t ∈ (0, T ),

ξ̃(x, 0) = 0, x ∈ Ω.

Combining the two inequalities (5.2) and (5.3) to obtain

λ‖f − f̃‖2 ≤
∫

Ω

(u(x, T )− z(x))ξ(x, T )dx+

∫
Ω

(ũ(x, T )− z̃(x))ξ̃(x, T )dx. (5.4)

Now, let us set U = u− ũ and E = ξ+ ξ̃. Therefore, it is easily to cheek that U and
E are, respectively the unique solutions of the following boundary values problems

0D
α
t U − (xµUx)x = f − f̃ , (x, t) ∈ QT ,

U(x, 0) = 0, x ∈ Ω,

U(0, t) = U(1, t) = 0, t ∈ I.
(5.5)

and 
0D

α
t E − (xµEx)x = 0, (x, t) ∈ QT ,

E(x, 0) = 0, x ∈ Ω,

E(0, t) = E(1, t) = 0, t ∈ I.
(5.6)

According to the uniqueness of solution, the problem (5.6) has exactly one solution

which is the zero-solution E ≡ 0, thus ξ = −ξ̃ for a.e in QT . Keeping in mind that
ξ is the unique weak solution of the problem

0D
α
t ξ − (xµξx)x = f̃ − f, (x, t) ∈ QT ,

ξ(x, 0) = 0, x ∈ Ω,

ξ(0, t) = θ(1, t) = 0, t ∈ (0, T ).

from which it follows, according to the uniqueness properties of the solution, that

U(x, t) = −ξ(x, t), for almost every where in QT .

After some rearrangement of the terms, we deduce form (5.4)

λ‖f − f̃‖2 ≤
∫

Ω

U(x, T )ξ(x, T )dx+

∫
Ω

z(x)− z̃(x))ξ(x, T )dx.

By means of Cauchy-Schwartz and Young inequality, we derive

λ‖f − f̃‖2 ≤
∫

Ω

U(x, T )ξ(x, T )dx+

∫
Ω

z(x)− z̃(x))ξ(x, T )dx

≤
∫

Ω

|ξ(x, T )|2dx+ ‖a− z̃‖ · ‖ξ(·, T )‖

≤ −‖ξ(T )‖2 +
1

2
‖z − z̃‖2 +

1

2
‖ξ(T )‖2

≤ 1

2
‖z − z̃‖2,

therefore, it results

‖f − f̃‖2 ≤ 1

2λ
‖z − z̃‖2,

which is exactly the desired result. �
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Corollary 5.2. Let f and f̃ be two solutions of the optimization problem (4.2)

corresponding to u(f) and u(f̃) solutions of (3.1) respectively. Suppose that z = z̃,

then f = f̃ .

6. Numerical reconstruction

6.1. Gradient of functional and descent gradient algorithm. After the the-
oretical analysis, we turn now to the numerical reconstruction of the missing source
term, which can be done by solving the optimization problem (4.2). For this pur-
pose we employ a descent gradient method. The key step lies in computing the
gradient of the functional J(·).
Theorem 6.1. The gradient of the cost functional J(·) is given by

J′(f) =

∫ T

0

θ(x, t)dt+ λf, (6.1)

where θ solves 
tD

α
T θ − (xµθx)x = (u(T )− z)δT (t), (x, t) ∈ QT ,

θ(x, 0) = 0, x ∈ Ω,

θ(0, t) = θ(1, t) = 0, t ∈ (0, T ),

(6.2)

here δT (·) is the Dirac function.

Proof. First observe that

J′(f)[h] = lim
ε→0

J(f + εh)− J(f

ε
=

∫
Ω

(u(T )− z)η(T )dx+ λ

∫
Ω

hfdx, (6.3)

where η is the solution of the following sensitivity problem
0D

α
t η − (xµηx)x = −h, (x, t) ∈ QT ,

η(x, 0) = 0, x ∈ Ω,

η(0, t) = η(1, t) = 0, t ∈ (0, T ).

(6.4)

Multiplying the differential equation in the adjoint problem (6.2) and integrating
over QT to obtain

(tD
α
T θ, η)QT − ((xµθx)x, η)QT =

∫
Ω

(u(T )− z)η(T )dx. (6.5)

Using Lemma (2.6) and Green formula, we deduce from (6.5)

(0D
α
t η, θ)QT − ((|x− x0|µηx)x, θ)QT =

∫
Ω

(u(T )− z)η(T )dx,

from which it follows that∫
Ω

(u(T )− z)η(T )dx =

∫
Ω

−h
∫ T

0

θ(x, t)dtdx,

therefore, we deduce

J′(f)[h] =

∫
Ω

h

(∫ T

0

θ(x, t)dt+ λf

)
dx.

Now, according to Riez representation theorem, it follows that

J′(f) =

∫ T

0

θ(x, t)dt+ λf,
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which completes the proof. �

Now, we are in position to write an algorithm based on decent gradient for solv-
ing (4.2).

Algorithm 1

Inputs : ε > 0 tol error, λ > 0 regularization parameter.
Initialization Choose initial guesses f0 and set k = 0.
Repeat
(1) Compute uk solution of (3.1).
(2) Compute θk solution of (6.2).
(3) Compute J′(fk) given by formula (6.1), and updat

fk+1 = fk − λJ ′(fk),

(4) Set k = k + 1.
Until ‖J′(fk)‖ < ε

6.2. Numerical tests. In this subsection, we carry out a series of numerical tests
to verify the efficiency of the proposed algorithm. For the numerical resolution
of the direct problem (3.1) and its adjoint problem (6.2), we employ the finite
deference method (see [3, 19]). Fix T = 1 and QT = (0, 1) × (0, 1). Let M and
N be positive integers, define ∆x = 1

M and ∆t = T
N as the discretization step

for space and time variable respectively. The grid points xi in the space interval
Ω = (0, 1) and grid points in the time zone tj are chosen to be

xi = i∆x(i = 0, 1, · · · ,M) and, tj = j∆t(j = 0, 1, · · · , N).

The time-fractional derivative is approximated as follows

0D
α
t u(xi, tj) ≈

(∆t)−α

Γ(2− α)

j∑
k=0

bku
j+1−k
i − uj−ki , 1 ≤ i ≤M − 1, 1 ≤ j ≤ N − 1,

where uji is the approximate value of u(xi, tj) and bk = (k+ 1)1−α− k1−α. We also
use the finite difference schema to discritize the spatial differential operator

(xµi ux(xi, tj))x ≈ xmi u

(
uji+1 − 2uji + uji−1

∆x2

)
+ µxµ−1

i

(
uji+1 − u

j
i−1

2∆x

)
.

To examine the accuracy stability of the numerical algorithm, we use the ap-
proximation error

Ek2 =
‖f − fk‖L2(Ω)

‖f‖L2(Ω)
,

where f is the exact source term and fk is the kth iteration obtained by the de-
scribed algorithm. During the inversion process, we use a noisy that is generated
by adding a random perturbation, which is given by the expression

zδ(x) = z(x) + δz(x)× rand(0, 1), ∀x ∈ Ω,

where 0 < δ << 1 is the noise level and rand(0, 1) is a random function perturbation
whose values are in (0, 1).
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Figure 6.1. Numerical results obtained by k = 2000 iteration.

Example 6.2. In the first numerical example, we consider the problem (3.1) with
µ = 0.5, α = 0.4 and the source term

F (x, t) =

(
1− Γ(1− α,−2t)x

2αΓ(1− α)
x+ xµ(2 + 2µ− π2x2)

)
sin(πx)e−2t+(4π+µ)xµ+1 cos(πx)e−2t,

then the analytical solution of the inverse problem is given by

u(x, t) = (1−e−2t)x2 sin(πx), f(x) = 2xµ(1+µ−π
2x2

2
) sin(πx)+(4π+µ)xµ+1 cos(πx).

Example 6.3. In the second example, we take the exact solution

f(x) = 1− |2x− 1|,
and fix µ = 0.5, α = 0.5. The final data z(x) = u(x, T ) is obtained by solving the
direct system.

Figure 6.1. illustrate the reconstruction results without noisy. It turns out that
the numerical procedure produces stably a numerical solution which almost coincide
with the exact solution.

Reconstruction results for both examples by using a noise data are presented in
Figure 6.2. It seems that through the numerical tests with different noise levels
that the proposed method is stable with respect to the noise, however for large
noise the accuracy is destroyed.

Finally, we test convergence behavior of the acceleration scheme by considering
the error Ek2 as a function of k. The results are presented in Figures 6.3. and 6.4.
As expected, the error Ek2 is decreasing as k (number of iteration) increasing until
achieving some level of accuracy.

7. Conclusion

In this work, we have handled an inverse problem of identifying the a source term
governed by a degenerate time-fractional diffusion equation using an approach based
on the optimal control framework. The existence and uniqueness of a weak solution
for the forward problem are proved using a suitable functional spaces. After that,
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Figure 6.2. The numerical results with noise.
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Figure 6.3. Behaviour of reconstruction error E2(k).

our inverse problem is reformulated to an optimal control one by interpreting its
solution as the minimizer of an adequate cost functional. The existence of the min-
imizer is proved. Then, we establish the firs-order necessary optimality condition,
which is the main ingredient in proving the stability of our inverse problem. In the
numerical aspect, we use the gradient descent algorithm associated with the adjoint
problem for the numerical resolution of the control problem. We include a series of
numerical test to verify the efficiency and accuracy of the proposed algorithm.

For future studies, we propose to extend the present approach to more general
model, such as coupled system of degenerate parabolic equations and nonlinear
equations. Moreover, the numerical reconstruction of missing parameters in such
models will take part of our focus.
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Figure 6.4. Behaviour of reconstruction error E2(k) with noise.
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