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STABILITY AND BOUNDEDNESS OF STOCHASTIC

INTEGRO-DELAY DIFFERENTIAL EQUATIONS

CEMIL TUNÇ, ZOZAN OKTAN

Abstract. This work addresses stochastic integro-delay differential equations

(SIDDEs) of second order with two constant delays. In the study, two new
results including sufficient conditions on stochastic asymptotic stability and

stochastic boundedness in probability of solutions of the given SIDDEs are

proved. The proofs of new results are done by using a Lyapunov-Krasovskii
functional (L-KF) as a basic tool. To demonstrate the validity of the obtained

results, two examples are provided. According to a comparison with previous

literature, the results of this study are new and also allow new contributions
to the qualitative theory of SIDDEs.

1. Introduction

Since SDEs, DDEs and SDDEs of first and second order are widely employed
in numerous fields of applications, such as social science, finance, engineering and
so on. Then problems in connection with qualitative behaviors of SDEs, DDEs
and SDDEs of first and second order, i.e., stability, boundedness, convergence etc.
of their solutions, have been the focus of a considerable deal of research in recent
decades. However, it should be noted that most of these applications depend ex-
tensively on the stability of solutions of the considered SDEs, DDEs and SDDEs
of first and second order. Therefore, the stability analysis and some other qualita-
tive properties regarding SDEs, DDEs and SDDEs of first and second order have
been a significant area of study, for example, see the books of Arnold [7], Bao et
al. [8], Evans [10], Hasminski [12], Ladde and Ladde [13], Liu [15], Mao [20], Mao
[23], Mohammed [24], Panik [27], Saha Ray [30], Shaikhet [31], Srkk and Soli [35],
Oksendal [36] and references within.

In particular, as for the qualitative actions of solutions of SIDDEs of second
order, we could only notice a small number of studies in the pertinent literature
on the topic, see Mahmoud and Tunç, [19]. The main reason for this fact may be
difficulty of to find a suitable L-KF as a main tool to study the problems under
study. As far we know the construction or definition suitable L-KFs as main tools
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to study proper nonlinear problems under consideration is an open problem in the
pertinent literature up to now.

We now summarize some recent papers briefly on the qualitative actions of SDEs
of second order, SDDEs of second order and SIDDEs of second order.

In 2015, Abou-El-Ela et al. ([1],[2]) obtained assumptions for the stochastic
asymptotic stability of the solution x(t) = 0 of the subsequent second order SDDEs
with constant delays

x′′ + ax′ + bx(t− τ) + σxω′(t) = 0,

x′′ + ax′ + f(x(t− h)) + σx(t− τ)ω′(t) = 0

and the stochastic asymptotic stability of the solution x(t) = 0 in case p(.) ≡ 0 and
the uniform stochastic boundedness of solutions in case p(.) 6= 0 for the subsequent
second order SIDDEs

x′′ + g(x′) + bx(t− τ) + σxω′(t) = p(t, x, x(t− h), x′),

respectively, by defining two appropriate L-KFs.
Ademola et al. [5] focused on the same concepts for the subsequent second order

SDE:

x′′ + g(x, x′)x′ + f(x) + σxω′(t) = p(t, x, x′).

Ademola et al. [5] established two outcomes regarding the stochastic stability
of the solution x(t) = 0 for the above SDDE when p(...) ≡ 0, while the second one
discusses the uniform stochastic boundedness in the case p(...) 6= 0. In Ademola et
al. [5], sufficient conditions for the mentioned qualitative concepts of the considered
that SDE were obtained by defining an LF.

Ademola et al. [4] dealt with the subsequent second order nonlinear SDDE
including a delay in constant time:

x′′ + ψ(t)f(x, x′)x′ + g(x(t− τ)) + σxω′(t) = p(t, x, x′, x(t− τ)).

Ademola et al. [4] established two results in relation to the stochastic asymptotic
stability of the zero solution for the above SDDE when p(..) ≡ 0, while the second
one discusses the uniform stochastic boundedness of solutions in case p(..) 6= 0. In
Ademola et al. [4], sufficient conditions for the mentioned qualitative concepts for
that SDDE were obtained by defining an L-KF.

Adesina et al. [6] interested in the subsequent second order nonlinear SDDE
including several constant time delays:

x′′ + ψ(t)f(x, x′)x′ +

n∑
i=1

gi(x(t− τi)) + σ

n∑
i=1

x(t− τi)ω′(t)

=

n∑
i=1

pi(t, x, x′, x(t− τ0), x(t− τi)).

Adesina et al. [6] obtained suitable sufficient conditions on uniform stochastic as-
ymptotic stability in the large, stochastic stability, uniqueness of global solution,
when

∑n
i pi(.) ≡ 0 and uniform stochastic boundedness and stochastic bounded-

ness of solutions when
∑n
i pi(.) 6= 0. The basic tool in the proofs regarding these

qualitative concepts was an appropriate L-KF.
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Tunç and Tunç [44] focused on the following second order SDDE including several
constant time delays:

x′′ + a(t)f(x, x′)x′ + b0(t)g0(x) +

n∑
i=1

bi(t)gi(x(t− τi)) + g(t, x)ω′(t) = 0.

Using the L-KF approach, Tunç and Tunç [44] derived sufficient criteria to ensure
the stability in the probability for this SDDE of second order.

Olaleye et al. [26] took into consideration the subsequent nonlinear second order
SDDE with a variable delay in the form as follows:

x′′ + φ(t)f(t, x(t− τ(t)), x′(t− τ(t)))x′ + ψ(t)g(x(t− τ(t))) + σx(t− τ(t))ω′(t)

= p(t, x(t− τ(t)), x′(t− τ(t))).

Olaleye et al. [26] proved the boundedness of solutions of this SDDE when p(...) 6= 0
and asymptotic behaviors of solutions when p(...) ≡ 0 via appropriate L-KFs.

Recently, Tunç and Oktan [45] addressed the subsequent second order SDDE
including several constant delays as follows:

x′′ + g(x, x′)x′ +

n∑
i=1

bi(t)hi(x) +

n∑
i=1

fi(x(t− τi)) + f(t, x)ω′(t)

= r(t, x, x′, x(t− τ0), x′(t− τ0)).

Tunç and Oktan [45] obtained similar and new results when r(...) = 0 and r(...) 6= 0,
respectively. The proofs of results were done by the L-KF method.

Apart from the sources mentioned above, the qualitative behaviors of solutions
to different stochastic mathematical models have been studied up to this point in
the relevant literature, and some intriguing findings have been obtained in this re-
gard. We direct readers to the following works for a thorough treatment of the
topic on the varied qualitative behaviors of those mathematical models: for sta-
bility, boundedness, etc. of solutions of SDDEs and some others (see, Ademola
[3], Mahmoud and Ademola [17], Mahmoud and Tunç ([18], [19]), Mao [22], Ngoc
[23], Raffoul and Ren [28], Shaikhet ([32], [33], Wu and Mao [46], Zhu et al. [47],
Zhu and Shong [48]), qualitative analysis of SFDEs and some ODEs of second order
with or without delay (see, Eid and Raffoul [9], Tunç ([38], [39], [40],[41]), Tunç and
Tunç ([42], [44]), Tunç and Dinç [43]), some qualitative behaviors of IDEs, IDDEs
and stochastic IDEs (see, Graef and Tunç [11], Shaikhet and Roberts [34], Taie and
Bakhit [37]), applications of SDDEs to hematopoietic stem cell regulation system
(see, Lei and Mackey [14]), qualitative analysis of SDEs (see, Liu and Raffoul [16],
Mao [21], Rong and Fang [29]) and the sources within.

This study is motivated by the works previously mentioned and other relevant
works that may be found in the papers references. Specifically, we focus on the
subsequent second order SIDDE of having two constant time delays:

x′′(t)+a(t)f(t, x(t), x′(t))x′(t) +

2∑
i=1

gi(x(t− τi), x′(t− τi)) +

2∑
i=1

hi(x(t− τi))

+g(t, x(t))ω′(t) =

∫ t

0

K(t, s)r(s, x′(s))ds

+q(t, x, x′, x(t− τ1), x(t− τ2), x′(t− τ1), x′(t− τ2)), (1.1)
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where τi > 0, i = 1, 2, are constant time delays, a ∈ C1(R+, (0,∞)), R+ =
[0,∞), f ∈ C1(R+ × R2, (0,∞)), gi ∈ C1(R2, R), gi(0, 0) = 0, hi ∈ C1(R,R),
hi(0) = 0, g, r ∈ C(R+ × R,R), g(t, 0) = r(t, 0) = 0, K ∈ C(R+ × R+, R) with
0 ≤ s ≤ t <∞, ω(t) ∈ Rm is a standard Brownian motion or Wiener process and
q ∈ C(R+ ×R6, R).

The SIDDE (1.1) can be converted to the subsequent stochastic system:

x′ =y,

y′ =− a(t)f(t, x, y)y −
2∑
i=1

gi(x, y)−
2∑
i=1

hi(x)− g(t, x)ω′(t)

+

2∑
i=1

[ ∫ t

t−τi

∂gi(x(s), y(s))

∂x
y(s)

]
ds+

2∑
i=1

[ ∫ t

t−τi
hi′(x(s))y(s)

]
ds

+

∫ t

0

K(t, s)r(s, y(s))ds+ q(t, x, y, x(t− τ1), x(t− τ2), y(t− τ1), y(t− τ2)).

(1.2)

The essential objective of this study is to provide new contributions to the quali-
tative theory of SIDDEs via two new results on the mentioned concepts in proba-
bility by the L-KF method. When we compare the SIDDE (1.1) and the stochastic
mathematical models given above, it can be seen that the SDEs or the SDDEs in
Abou-El-Ela et al. ([1], [2]), Ademola et al. ([4], [5]) , Adesina et al. [6], Olaleye et
al. [26], Tunç and Tunç [44] and Tunç and Oktan [45] do not include any integral

term, in particular, the terms such as
∫ t

0
K(t, s)r(s, y(s))ds. Here, the SIDDE (1.1)

includes this integral terms and it is different from the above mathematical models.
This is a novelty of this study. Next, indeed, the study of qualitative properties
of the SIDDE (1.1) is a hard task because of the construction of an appropriate
L-KF. In this study, a new L-KF is defined and via the defined L-KF our results are
proved. To the best of our information, this is another the novelty of this study.
Moreover, we offer two examples as numerical outcomes to show of the applica-
tions of Theorem 3.1 and Theorem 3.3 of this study. These data show the essential
contributions, novelty and originality of this study.

The remainder of this papers contents is arranged as follows: In Section 2, some
background data and a lemma are provided. Section 3 deals with two novel findings
and two examples on the stochastic asymptotic stability of the solution x(t) = 0 and
the uniform stochastic boundedness of solutions of SIDDEs (1.1) when q(...) = 0
and q(...) 6= 0, respectively. Finally, a conclusion is provided in Section 4 to wrap
up this paper.

2. Preliminaries

Let us consider the subsequent the nonautonomous SDDE system:

dx(t) = F (t, x(t), x(t− τ))dt+G(t, x(t), x(t− τ))dB(t), (2.1)

with initial data {x(θ) : −τ ≤ θ ≤ 0}, φ ∈ C([−τ, 0], Rn). Here F : R+×R2n → Rn

and G : R+ × R2n → Rn×m are measurable functions, F (t, 0, 0) = G(t, 0, 0) = 0
and B(t) = (B1(t), ..., Bm(t))T is an m−dimensional Brownian motion. Assume
additionally that the functions F and G meet the local Lipschitz requirement.
Then, there is only one maximal solution x(t, φ) of the SDDE system (2.1).
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Suppose that W (t, xt) ∈ C1,2(R+ × Rn, R+). By Itos formula, we have

dW (t, xt) = LWt(t, xt) +Wx(t, xt)G(t, xt)dB(t),

where

LW (t, xt) =
∂W (t, xt)

∂t
+
∂W (t, xt)

∂x
F (t, xt) +

1

2
trace[GT (t, xt)Wxx(t, xt)G(t, xt)],

dtdt = 0, dBidt = 0, dBidBj = 0, (i 6= j), dBidBi = dt,

Wt = ∂W
∂t ,Wx =

(
∂W
∂x1

, ..., ∂W∂xn

)
,

Wxx =
(

∂2W
∂xi∂xj

)
n×n

=


∂2W
∂x1∂x1

. . . ∂2W
∂x1∂xn

...
. . .

...
∂2W
∂xn∂x1

· · · ∂2W
∂xn∂xn


n×n

with xt = x(t+ θ), −τ ≤ θ ≤ 0, t ≥ 0.
Let µ ∈ C(R+, R+), µ(0) = 0, µ(r) > 0 if r > 0 and µ is nondecreasing. Next,

let K denote the family this kind functions.

Lemma 2.1. (see [5]). Let W ∈ C1,2(R+ ×Rn, R+) and φ ∈ K such that
(A1) W (t, 0) = 0, ∀t ≥ 0;
(A2) φ(||x(t)||) ≤W (t, xt), with φ(r)→∞ as r →∞;
(A3) LW (t, xt) ≤ 0, ∀(t, x) ∈ R+ ×Rn.
Then, the solution x(0) = 0 of SDDEs (2.1) is stochastically stable. If LW (t, xt)

is negative definite, then the solution x(t) = 0 of (2.1) is SAS.

3. Stochastic Stability

The stochastic asymptotic stability result for the SIDDE (1.1) including two
constant delays when q(...) = 0 will now be presented in Theorem 3.1

Theorem 3.1. Let ai, ci, di, γi, (i = 1, 2), f0, g0, K0, K1 and r0 be strictly
positive constants such that the subsequent prerequisites are satisfied:

(C1) a(t) ≥ 1, a′(t) ≤ 0, for all t ∈ R+;

(C2) f(t, x, y) ≥ f0 > 1, ft(t, x, 0) ≤ 0, xfy(t, x, y) ≥ 0,

g(t, 0) = 0, |g(t, x)| ≤ g0|x|, for all t ∈ R+, x, y ∈ R;

(C3) gi(0, 0) = 0,
gi(x, 0)

x
≥ ai, (x 6= 0),

∣∣∣∣∂gi(x, y)

∂x

∣∣∣∣ ≤ ci, ∂gi(x, y)

∂y
≥ 0, (i = 1, 2),

for all t ∈ R+, x, y ∈ R;

(C4) hi(0) = 0,
hi(x)

x
≥ di, (x 6= 0), |h′i(x)| ≤ γi, (i = 1, 2), for all x ∈ R;

(C5) r(t, 0) = 0, |r(t, y)| ≤ r0|y|, for all t ∈ R+, y ∈ R, and∫ t

0

|K(t, s)|ds ≤ K1,

∫ ∞
t

|K(u, t)|du ≤ K0.

If

τ < min

{
A− g2

0 −K1

B
,

2(f0 − r2
0K0 − 2−1K1 − 1)

3B

}
,

with
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A− g2
0 −K1 > 0, f0 − r2

0K0 − 2−1K1 − 1 > 0,

where

A = 2

2∑
i=1

(ai + di),

B =
∑2
i=1(ci + γi) and τ =max(τ1, τ2).

Then the solution x(t) = 0 of the SIDDE (1.1) is SAS.

Proof. To prove Theorem 3.1, we define the L-KF W (t, xt, yt) = W (t) by

W (t) =
1

2
y2 + xy +

∫ x

0

[ 2∑
i=1

gi(η, 0)

]
dη +

∫ x

0

[ 2∑
i=1

hi(η)

]
dη

+a(t)

∫ x

0

f(t, η, 0)ηdη +

2∑
i=1

[
λi

∫ 0

−τi

∫ t

t+θ

y2(s)

]
dsdθ

+

∫ t

0

∫ ∞
t

|K(u, s)|r2(s, y(s))duds, (3.1)

where λi > 0, λi ∈ R, which will be determined in the next steps.
W have W (t, 0, 0) = 0.
We will now obtain some estimates for some arguments of the L-KF (3.1) as

follows: By using the conditions (C1)− (C5), we obtain∫ x

0

gi(η, 0)dη =

∫ x

0

gi(η, 0)

η
ηdη ≥

∫ x

0

(ai)ηdη =
1

2
aix

2,

∫ x

0

hi(η)dη =

∫ x

0

hi(η)

η
ηdη ≥

∫ x

0

(di)ηdη =
1

2
dix

2,

a(t)

∫ x

0

f(t, η, 0)ηdη ≥
∫ x

0

(f0)ηdη =
1

2
f0x

2.

Consequently, we have

W (t) ≥1

2
y2 + xy +

1

2

2∑
i=1

(ai)x
2 +

1

2

2∑
i=1

(di)x
2 +

1

2
(f0)x2

+

2∑
i=1

[
(λi)

∫ 0

−τi

∫ t

t+θ

y2(s)

]
dsdθ +

∫ t

0

∫ ∞
t

|K(u, s)|r2(s, y(s))duds

=
1

2
(x+ y)2 +

1

2

2∑
i=1

(ai + di)x
2 +

1

2
(f0 − 1)x2

+

2∑
i=1

[
(λi)

∫ 0

−τi

∫ t

t+θ

y2(s)

]
dsdθ +

∫ t

0

∫ ∞
t

|K(u, s)|r2(s, y(s))duds.

Thereby, one can find a small enough positive constant Γ1 such that

W (t) ≥ Γ1(x2 + y2).

As a consequence, the L-KF W (t) has a lower constraint.
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Calculating the derivative of the L-KF W (t) of (3.1) throughout the system
SIDDE (1.2), we obtain the subsequent relationship:

LW (t) = −a(t)f(t, x, y)y2 − y
2∑
i=1

gi(x, y) + y

2∑
i=1

[ ∫ t

t−τi

∂gi(x(s), y(s))

∂x
y(s)

]
ds

+y

2∑
i=1

[ ∫ t

t−τi
h′i(x(s))y(s)

]
ds+ y

∫ t

0

K(t, s)r(s, y(s))ds

+y2 − a(t)f(t, x, y)xy − x
2∑
i=1

gi(x, y)− x
2∑
i=1

hi(x)

+x

2∑
i=1

[ ∫ t

t−τi

∂gi(x(s), y(s))

∂x
y(s)

]
ds+ x

2∑
i=1

[ ∫ t

t−τi
h′i(x(s))y(s)

]
ds

+x

∫ t

0

K(t, s)r(s, y(s))ds+ y

2∑
i=1

gi(x, 0) + a′(t)

∫ x

0

f(t, ξ, 0)ξdξ

+a(t)

∫ x

0

ft(t, ξ, 0)ξdξ + a(t)f(t, x, 0)xy

+

2∑
i=1

(λiτi)y
2 −

2∑
i=1

[
(λi)

∫ t

t−τi
y2(s)

]
ds+ r2(t, y)

∫ ∞
t

|K(u, t)|du

−
∫ t

0

|K(t, s)|r2(s, y(s))ds+
1

2
g2(t, x).

Using the conditions (C1)− (C5) and inequality 2|ab| ≤ a2 + b2, we have

−a(t)f(t, x, y)y2 ≤ −(f0)y2, f0 > 0,

−y
2∑
i=1

[
gi(x, y)− gi(x, 0)

]
= −y2

2∑
i=1

[
gi(x, y)− gi(x, 0)

y

]

= −y2
2∑
i=1

[
∂gi(x, y)

∂y

]
≤ 0,

y

2∑
i=1

[ ∫ t

t−τi

∂gi(x(s), y(s))

∂x
y(s)

]
ds ≤ 1

2

2∑
i=1

(ciτi)y
2 +

1

2

2∑
i=1

[ ∫ t

t−τi
(ci)y

2(s)

]
ds,

y

2∑
i=1

[ ∫ t

t−τi
h′i(x(s))y(s

]
)ds ≤ 1

2

2∑
i

(γiτi)y
2 +

1

2

2∑
i=1

[ ∫ t

t−τi
(γi)y

2(s)

]
ds,

x

2∑
i=1

[ ∫ t

t−τi

∂gi(x(s), y(s))

∂x
y(s)

]
ds ≤ 1

2

2∑
i=1

(ciτi)x
2 +

1

2

2∑
i=1

[
(ci)

∫ t

t−τi
y2(s)

]
ds,

x

2∑
i=1

[ ∫ t

t−τi
h′i(x(s))y(s)

]
ds ≤ 1

2

2∑
i=1

(γiτi)x
2 +

1

2

2∑
i=1

[ ∫ t

t−τi
(γi)y

2(s)

]
ds,

x

∫ t

0

K(t, s)r(s, y(s))ds ≤ 1

2
x2

∫ t

0

|K(t, s)|ds+
1

2

∫ t

0

|K(t, s)|r2(s, y(s))ds,
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y

∫ t

0

K(t, s)r(s, y(s))ds ≤ 1

2
y2

∫ t

0

|K(t, s)|ds+
1

2

∫ t

0

|K(t, s)|r2(s, y(s))ds,

−x
2∑
i=1

gi(x, y) ≤ −
2∑
i=1

(ai)x
2, ai > 0,

−x
2∑
i=1

hi(x) ≤ −
2∑
i=1

(di)x
2, di > 0,

a′(t)

∫ x

0

f(t, η, 0)ηdη ≤ 0,

a(t)

∫ x

0

ft(t, η, 0)ηdη ≤ 0,

−a(t)[f(t, x, y)− f(t, x, 0)]xy = −a(t)

[
f(t, x, y)− f(t, x, 0)]

y

]
xy2

= −a(t)xfy(t, x, y)y2 ≤ 0,

r2(t, y)

∫ ∞
t

|K(u, t)|du ≤ r2
0y

2

∫ ∞
t

|K(u, t)|du, r2
0 > 0,

1

2
g2(t, x) ≤ 1

2
g2

0x
2, g2

0 > 0.

As a result, we get

LW (t) ≤− 1

2

{
2

2∑
i=1

(ai + di)− g2
0 −

2∑
i=1

(ci + γi)τi

}
x2

− 1

2

{
2f0 − 2−

2∑
i=1

(ci + γi + 2λi)τi

}
y2

−
2∑
i=1

[
(λi)

∫ t

t−τi
y2(s)

]
ds+ r2

0y
2

∫ ∞
t

|K(u, t)|du

+

2∑
i=1

[
(ci)

∫ t

t−τi
y2(s)

]
ds+

2∑
i=1

[
(γi)

∫ t

t−τi
y2(s)

]
ds

+
1

2
x2

∫ t

0

|K(t, s)|ds+
1

2
y2

∫ t

0

|K(t, s)|ds

≤− 1

2

{
2

2∑
i=1

(ai + di)− g2
0 −K1 −

2∑
i=1

(ci + γi)τi

}
x2

− 1

2

{
2f0 − 2− 2r2

0K0 −K1 −
2∑
i=1

(ci + γi + 2λi)τi

}
y2

+

2∑
i=1

[
(ci + γi)− λi

] ∫ t

t−τi
y2(s)ds.

Let

λi = ci + γi > 0, (i = 1, 2).
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Next, we are able to see that

LW (t) ≤− 1

2

{
2

2∑
i=1

(ai + di)− g2
0 −K1 −

2∑
i=1

(ci + γi)τi

}
x2

− 1

2

{
2f0 − 2− 2r2

0K0 −K1 − 3

2∑
i=1

(ci + γi)τi

}
y2.

Let A = 2
∑2
i=1(ai + di), B =

∑2
i=1(ci + γi) and τ =max(τ1, τ2).

Thereby, we obtain

LW (t) ≤ −1

2

{
A− g2

0 −K1 −Bτ
}
x2 −

{
f0 − r2

0K0 −
1

2
K1 − 1− 3

2
Bτ

}
y2.

Considering Theorem 3.1s final condition, i.e. the condition

τ < min

{
A− g2

0 −K1

B
,

2(f0 − r2
0K0 − 2−1K1 − 1)

3B

}
, τ > 0,

A− g2
0 −K1 > 0, f0 − r2

0K0 − 2−1K1 − 1 > 0,

we can deduce that there exists a sufficiently tiny constant σ0 > 0 such that

LW (t) ≤ −σ0(x2 + y2).

Consequently, we infer that the solution x(t) = 0 of the SIDDE (1.1) is stochastically
asymptotically stable when q(...) = 0. This concludes Theorem 3.1s proof. �

Example 3.2. For the case q(...) ≡ 0 in SIDDE (1.1), we consider the SIDDE as
follows:

x′′ + (exp(−t) + 1)

(
10 +

1

1 + t4
+ exp(xx′)

)
x′ + 3x(t− τ1)

+ sin((x(t− τ1)) +
x(t− τ1)

1 + x2(t− τ1)
+

tx

10t+ 1
ω′(t)

=
1

100

∫ t

0

exp(−(t− s))× x′(s)√
1 + [x′(s)]2

ds, 0 ≤ s ≤ t. (3.2)

Then, we can convert the SIDDE (3.2) to the comparable system as follows:

x′ =y,

y′ =− (1 + exp(−t))
(

10 +
1

1 + t4
+ exp(xy)

)
y − 3x(t− τ1)

+

∫ t

t−τ1
y(s) cos(x(s))ds− sin(x)− x

1 + x2
+

∫ t

t−τ1

[
1− x2(s)

(1 + x2(s))2

]
y(s)ds

− tx

10t+ 1
ω′(t) +

1

100

∫ t

0

exp(−(t− s))× y(s)√
1 + y2(s)

ds, 0 ≤ s ≤ t. (3.3)

Comparing SIDDE (3.3) with SIDDE (1.2), we possess the subsequent data:

a(t) = exp(−t) + 1 ≥ 1,

a′(t) = − exp(−t) ≤ 0, t ≥ 0;

f(t, x, y) = 10 +
1

1 + t4
+ exp(xy) ≥ 10 = f0 > 1,



78 C. TUNÇ, Z. OKTAN

ft(t, x, y) = − 4t3

(1 + t4)2
≤ 0,

fy(t, x, y) = x exp(xy),

xfy(t, x, y) = x2 exp(xy) ≥ 0, for all t ∈ R+ as x, y ∈ R;

g1(x, y) = 2x+ sin(x), g1(0, 0) = 0,

g1(x, 0)

x
= 2 + x−1 sin(x) ≥ 1 = a1, x 6= 0,∣∣∣∣g1(x, y)

∂x

∣∣∣∣ = |2 + cos(x)| ≤ 3 = c1;

h1(x) = x+ x(1 + x2)−1, h1(0) = 0,

x−1h1(x) = 1 + (1 + x2)−1 ≥ 1 = d1,

h′1(x) = 1 + (1− x2)(1 + x2)−2,

|h′1(x)| = 1 + |1− x2|(1 + x2)−2 ≤ 1 + (1 + x2)(1 + x2)−2 ≤ 2 = γ1;

g(t, x) =
t

10t+ 1
x, g(t, 0) = 0,

|g(t, x)| = t

10t+ 1
|x|, |g(t, x)| ≤ 10−1|x|, g0 = 10−1,

g2(t, x) ≤ 100−1x2, g2
0 = 100−1;

r(t, y) =
y

100
√

1 + y2
, r(t, 0) = 0,

|r(t, y)| = |y|
100
√

1 + y2
≤ 1

100
|y|, r0 =

1

100
;

K(u, t) = exp(−(u− t)), 0 ≤ t ≤ u;

K(t, s) = exp(−(t− s)), 0 ≤ s ≤ t;

1

100

∫ ∞
t

|K(u, t)|du =
1

100

∫ ∞
t

exp(−(u− t))du =
1

100
= K0;

1

100

∫ t

0

|K(t, s)|ds =
1

100

∫ t

0

exp(−(t− s))ds

=
1

100
− 1

100 exp(t)
≤ 1

100
= K1.

Considering the data presented above, it is evident that

A = 2(a1 + d1) = 2(1 + 1) = 4,

B = 2(c1 + γ1) = 2(3 + 2) = 10,
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A− g2
0 −K1 = 4− 1

100
− 1

100
=

199

50
> 0,

f0 − r2
0K0 − 2−1K1 − 1 = 10− 1

10000
× 1

100
− 1

2
× 1

100
− 1 = 8, 9799 > 0.

Subsequently, if

τ1 = τ < min

{
A− g2

0 −K1

B
,

2(f0 − r2
0K0 − 2−1K1 − 1)

3B

}

= min

{
1

10
×
(

4− 1

100
− 1

100

)
,

1

15
×
(

10− 1

1000000
− 1

200
−1

)}

= min

{
0.398, 0.59966

}
= 0.398,

we draw the conclusion that the zero solution of SIDDE (3.2) is SAS.
Let q(...) 6= 0.
The uniformly stochastically boundedness for the SIDDE (1.1) including two

constant delays when q(...) 6= 0, will now be presented in Theorem 3.3.

Theorem 3.3. If (C1) − (C5) of Theorem 3.1 and the following condition hold:
(C6) |q(...)| ≤ σ0 × q0, ∀ t ∈ R+, ∀ x, y ∈ R, where σ0 and q0 are some positive
constants. Then the solutions of SIDDE (1.1) are USB as long as

τ < min

{
A− g2

0 −K1

B
,

2(f0 − r2
0K0 − 2−1K1 − 1)

3B

}
with

A− g2
0 −K1 > 0, f0 − r2

0K0 − 2−1K1 − 1 > 0, A = 2

2∑
i

(ai + di),

B =

2∑
i=1

(ci + γi) and τ = max(τ1, τ2).

Proof. The LKF W (t) in (3.1), which is employed in the proof of Theorem 3.1,
serves as the fundamental instrument in this proof. Next, based on the conditions
(C1)− (C6) and the outcomes of Theorem 3.1, we obtain the subsequent relation-
ships:

LW (t) ≤− σ0(x2 + y2) + |x||q(...)|+ |y||q(...)|
≤ − σ0(x2 + y2) + σ0q0|x|+ σ0q0|y|

=− 1

2
σ0(x2 + y2)− 1

2
σ0[|x| − q0]2 − 1

2
σ0[|y| − q0]2 + σ0q

2
0

≤− 1

2
σ0(x2 + y2) + σ0q

2
0 , ∀σ0 > 0, q0 > 0.

The rest of the proof can be easily finished by adopting the procedure of [2, Theorem
12]. For this reason, we will leave out the details of the proof. �
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Example 3.4. For the case q(...) 6= 0 ,we consider the SIDDE as follows:

x′′ + (exp(−t) + 1)

(
10 +

1

1 + t4
+ exp(xx′)

)
x′ + 3x(t− τ1)

+ sin(x(t− τ1)) +
x(t− τ1)

1 + x2(t− τ1)
+

tx

10t+ 1
ω′(t)

=
1

100

∫ t

0

exp(−(t− s))× x′(s)√
1 + [x′(s)]2

ds

+
sin(x(t− τ1)) + sin(x′(t− τ1))

24 + t+ |x|+ |x′|+ x2(t− τ1) + x2(t− τ2) + |x′(t− τ1)|+ |x′(t− τ2)|
, (3.4)

0 ≤ s ≤ t.
Then, we can convert the SIDDE (3.4) to the comparable system as follows:

x′ =y,

y′ =− (1 + exp(−t))
(

10 +
1

1 + t4
+ exp(xy)

)
y − 3x(t− τ1)− sin(x)

+

∫ t

t−τ1
y(s) cos(x(s))ds− x

1 + x2
+

∫ t

t−τ1

[
1− x2(s)

(1 + x2(s))2

]
y(s)ds

+
1

100

∫ t

0

exp(−(t− s))× y(s)√
1 + y2(s)

ds

+
sin(x(t− τ1)) + sin(y(t− τ1))

24 + t+ |x|+ |y|+ x2(t− τ1) + x2(t− τ2) + |y(t− τ1)|+ |y(t− τ2)|
.

(3.5)

From Example 3.2, it is know that the conditions of If (C1)− (C5) of Theorem 3.1
can be met. No need to discuss (C1) − (C5) of Theorem 3.3. All we have to do
is demonstrate that condition of (C6) holds. For this case, it is evident from the
comparison (1.2) and (3.5) the that

|q(...)| ≤ | sin(x(t− τ1))|+ | sin(y(t− τ1))|
24 + t+ |x|+ |y|+ x2(t− τ1) + x2(t− τ2) + |y(t− τ1)|+ |y(t− τ2)|

≤ 1

12
=

1

3
× 1

4
= σ0 × q0.

Subsequently, if τ1 = τ < 0, 398, we draw the conclusion that all solutions of the
SIDDE (3.4) are USB.

4. Conclusion

Despite the fact that there are several papers on the qualitative behaviors of
nonlinear SDDEs of second order, the relevant literature has relatively only a few
papers on the subject with regard to nonlinear SIDDEs of second order. In this
study, two new theorems, i.e. Theorem 3.1 and Theorem3.3, with regard to the
SAS and the stochastic boundedness of solutions for the SIDDEs of second order
under consideration are provided, respectively. A new L-KF is defined and used
to analyze the qualitative behaviors of solutions of the SIDDEs of second order.
To validate and show that the results are numerically applicable, two examples
are given in particular case of the considered SIDDEs of second order. This study
intends to bring new and useful contributions to the theory of SIDDEs.
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