JOURNAL OF MATHEMATICAL ANALYSIS

ISSN: 2217-3412, URL: WWW.ILIRIAS.COM/JMA
VOLUME 15 ISSUE 5 (2024), PAGES 43-54
HTTPS://DOL.ORG/10.54379/IMA-2024-5-3

Co-MILDLY NORMAL TOPOLOGICAL SPACES

SADEQ ALI THABIT AND ALYAA AL-AWADI

ABSTRACT. This work studies a new topological property called Ca-mild nor-
mality. A space X is called a Cs-mildly normal space if there exist a Hausdorff
mildly normal space Y and a bijective function f : X — Y such that the re-
striction function f|4 : A — f(A) is a homeomorphism for each compact
subspace A C X. We investigate this property and present some examples
to illustrate the relationships between Ca-mild normality and other kinds of
topological properties.

1. INTRODUCTION

In 2022, Al-Awadi and others studied the notions of C-mild normality and C-«-
normality in [2]. In this paper, we study a new property which is Cy-mild normality.
We show that this new property is different from C-normality, C-mild normality, C-
regularity, C-k-normality, C'-almost normality, epi-mild normality, C-Tychonoff and
L-Tychonoff. Some properties, counterexample and relationships of this property
are investigated. The space X means a topological space in whole paper. A subset
A of a space X is called w-closed if it is a finite intersection of closed domain subsets
[36]. The complement of a m-closed subset is called m-open. If T and 7' are two
topologies on X such that 7/ C T, then 7 is called a topology coarser than T, and
T is called finer [12]. A Ty-space is a T7 normal space, a T3-space is a 17 regular
space and a Tychonoff space is a 17 completely regular space. A space X is said to
be m-normal [15], if any pair of disjoint closed subsets A and B of X, one of which
is m-closed, can be separated. A space X is said to be almost-normal [15}, 29)], if any
pair of disjoint closed subsets A and B of X, one of which is closed domain, can be
separated. A space X is said to be partially normal [0], if any pair of disjoint closed
subsets A and B of X, one of which is closed domain and the other is m-closed,
can be separated. A space X is said to be Hausdorff or a Ts-space, if for each
distinct two points x,y € X there exist two open subsets U and V of X such that
zeU,yeVand UNV =0 [12]. A space X is said to be completely Hausdorff
or Urysohn [12, B1], if for each distinct two points x,y € X there exist two open
subsets U and V of X such that z € U, y € V.and UNV = (). A space X is said
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to be almost completely-regular if for each z € X and each closed domain subset
F of X such that ¢ F, there exists a continuous function f : X — [0, 1] such
that f(z) = 0 and f(F) = {1} [29]. A space X is said to be almost-regular if for
each € X and each closed domain subset F' of X such that = ¢ F, there exist
two disjoint open subsets U and V such that z € U and FF C V [28]. A space
X is called H-closed [12], if X Hausdorff almost-compact [2I], 26]. A space X is
called L-normal [20] (resp. CC-normal [16]) if there exist a normal space Y and a
bijective function f : X — Y such that the restriction function f|a : A — f(A) is a
homeomorphism for each Lindelof (resp. countably compact) subspace A C X. A
space X is called L-regular [7] (resp. L-Tychonoff [§]) if there exist a regular (resp.
Tychonoff) space Y and a bijective function f : X — Y such that the restriction
function f|4 : A — f(A) is a homeomorphism for each Lindel6f subspace A C X.

2. PRELIMINARIES

Recall that a subset A of a space X is said to be a closed domain [12], called
also regularly closed [30], k-closed [14], if A = intA. The complement of a closed
domain subset is called open domain.

A space X is said to be mildly normal [30], if any pair of disjoint closed domain
subsets A and B of X can be separated.

We give the main definition of this work.

Definition 1. A space X is called a Cy-mildly normal space if there exist a Haus-
dorff mildly normal space Y and a bijective function f : X — Y such that the
restriction function f|a : A — f(A) is a homeomorphism for each compact sub-
space A C X.

From Definition |1} clearly that every Hausdorff mildly normal space is C5-mildly
normal, just by taking X =Y and the identity mapping. The converse is not neces-
sary to be true in general, for example, the modified Dieudonné plank, Example [4]
is a Co-mildly normal space which is not mildly normal. The countable complement
topology, Example 3] is a Co-mildly normal space which is not Hausdorff. Now, we
present the following basic results.

Theorem 2.1. Fvery Co-mildly normal space is C-mildly normal.

Proof. Since X is a C-mildly normal space, there exist a Hausdorff mildly normal
space Y and a bijective function f : X — Y such that the restriction function
fle : C — f(C) is a homeomorphism for each compact subspace C C X. Since Y
is mildly normal, we obtain: X is C-mildly normal. O

The converse of Theorem [2.1]is not necessarily true. For example, the particular
point topology, (R, 7,), is a C-mildly normal space, but it is not Cp-mildly normal.

Recall that a space (X, T) is said to be epi-normal [19] (resp. epi-mildly normal
[18], epi-almost normal [B], epi-regular [9], epi-quasi normal [34], epi-partially nor-
mal [35]), if there exists a topology 7' on X coarser than 7 such that (X,7T”) is a
Ty (resp. Hausdorff mildly-normal, Hausdorff almost-normal, T5, Hausdorff-quasi-
normal, Hausdorff partially-normal) space.
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Theorem 2.2. Fvery epi-mildly normal space is Cy-mildly normal.

Proof. Let X be an epi-mildly normal space. Then, there exist a topology 7T’
on X coarser than T such that (X,7”’) is Hausdorff mildly normal. Then, the
identity mapping Ix : (X,7) — (X,T’) is a bijective continuous function. If M
is any compact subspace of (X,T), then Ix (M) is a compact Hausdorff subspace
of (X,7") as Ix(M) = M is a compact Hausdorff subspace of both (X,7T) and
(X, T7"). Therefore, the restriction of the identity function on M onto Ix (M) is
a homeomorphism, as ’every continuous 1-1 function of a compact space onto a
Hausdorff space is a homeomorphism’ [12]. Hence, X is Cy-mildly normal. (Il

The converse of Theorem is not necessary to be true in general. For example,
the countable complement topology, Example[3] is a C5-mildly normal space, which
is not epi-mildly normal.

Recall that a space X is said to be sub-metrizable [13], if there exists a metric d
on X such that the topology 74 on X generated by d is coarser than 7.

Since every epi-normal (sub-metrizable) space is epi-quasi normal space, every
epi-quasi normal space is epi-partially normal, every partially normal space is epi-
mildly normal [35] and every epi-mildly normal is C5>-mildly normal (Theorem [2.2)),
we conclude:

Corollary 2.3.
(1) Every epi-partially normal (resp. epi-quasi normal, epi-normal) space is
Co-mildly normal.
(2) Every sub-metrizable space is Ca-mildly normal.

Recall that a space X is called C-normal [10] (resp. C-regular [7], C-Tychonoff
[§]) if there exist a normal (resp. regular, Tychonoff) space Y and a bijective
function f : X — Y such that the restriction function f|a : A — f(4) is a
homeomorphism for each compact subspace A C X.

Lemma 2.4. If X is a Ty C-normal space, then the witness Y is Ty.

Proof. Let X be a Ty C-normal space. Since X is a C-normal space, there exist a
normal space Y and a bijective function f : (X,7T) — (Y, 7T’) such that f|4: A —
f(A) is a homeomorphism for each compact subset A C X. Suppose Y is not Ty,
then Y cannot be T7 because it is normal. Then, there exist two distinct elements
x and y in Y such that if U is any open neighborhood of z, then y € U or if V is
any open neighborhood of y, then € V. Thus, the set M = {f~z}, f~{y}} is
a Ty compact subspace of X. Then, f|y : M — f(M) is a homeomorphism. But
f(M) = {x,y} cannot be Tj, which is a contradiction. Therefore, Y must be T;.
Hence, Y must be Tj. ([l

Theorem 2.5. Every Ty C-normal space is Coy-mildly normal.

Proof. Let X be a T; C-normal space. Then, there exist a normal space Y and a
bijective function f : X — Y such that the restriction function f|c : C — f(C)is a
homeomorphism for each compact subspace C' C X. By Lemma[2.4] the witness YV’
is Ty. Hence, Y is Hausdorff mildly normal. Therefore, X is Cy-mildly normal. [

Corollary 2.6. Every T non Cs-mildly normal space cannot be C-normal.
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Observe that: C-normality and Cs-mild normality are different from each other,
for example: the odd-even topology, Example [9] is a C-normal space which is not
Cs-mildly normal and the relatively prime integer topology and the prime integer
topology, Example are Cy-mildly normal spaces which are not C-normal.

In view of the fact: “If X is a T1-space such that the only compact subsets of
X are the finite subsets, then X is C-normal’ [I0], and by using Theorem [2.5, we
conclude:

Corollary 2.7. If X is a Tj-space such that the only compact subsets of X are
the finite subsets, then X is Cy-mildly normal.

Theorem 2.8. FEvery compact Co-mildly normal space is Hausdorff mildly normal.

Proof. Let X be a compact Cy-mildly normal space. Then, there exist a Hausdorff
mildly normal space Y and a bijective function f : X — Y such that the restriction
function f|4 : A — f(A) is a homeomorphism for each compact subspace A of
X. Since X is compact, put A = X. Since f is bijective, we get the function
f: X — Y is a homeomorphism. Since Y is a Hausdorff mildly normal space, we
get X is Hausdorff mildly normal. O

Corollary 2.9.

(1) Every compact non mildly normal space cannot be Co-mildly normal.
(2) Every compact non Hausdorff space cannot be Cy-mildly normal.

Recall that: a space X is called a locally compact space if for each z € X and
each open neighborhood V' of = there exists an open neighborhood U of x such that
r €U CU CV and U is compact [12]. In view of the fact: “Fvery Hausdorff
locally compact space is a C-normal space” [10], we get the following corollary:

Corollary 2.10. Every Hausdorff locally compact space is Ca-mildly normal.

The converse of Corollary is not necessarily true in general. For example,
the modified Dieudonné plank topology, Example [4] is a Cy-mildly normal space,
which is not locally compact.

Theorem 2.11. Cs-mild normality is a topological property.

Proof. Let X be a Cs-mildly normal space and X = Z. Let Y be a Hausdorff
mildly normal space and f : X — Y be a bijective function such that the restriction
function f|a : A — f(A) is a homeomorphism for each compact subspace A C X.
Let g : Z — X be a homeomorphism. Then, Y and fog: Z — Y satisfy the
requirements. ([l

Theorem 2.12. Cs-mild normality is an additive property.

Proof. Let X, be a Co-mildly normal space for each s € S. Then, there exist a
Hausdorff mildly normal space Yy and a bijective function fs: Xy — Y, such that
the restriction function fy|a, : As = fs(As) is a homeomorphism for each compact
subspace A; C X,. Since Y; is a Hausdorff mildly normal space for each s € S,

the sum EBS Y; is Hausdorff mildly normal [30]. Consider the function sum [12],
sE
@ fo: ® Xs— @ Ysdefined by @ fs(z) = fe(z) if x € Xy and ¢t € S. Now,
seS seS ses ses
the subspace C' C @S X is compact if and only if the set Sy = {s € S : CNX; # 0}
sE

is finite and C'N X is compact in X, for each s € So. If C C & X, is compact,
ses
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then (@ fs)|c is a homeomorphism because fy|(cnx,) is a homeomorphism for
seS

each s € Sy. Hence, EBS X, is Cy-mildly normal. O
EIS

It can be observed that: if X is a Co-mildly normal space and f: X — Y is a
witness of the Co-mild normality of X, then f may not be continuous. For example,
the countable complement topology, Example [3] is a C5-mildly normal space and
the witness of the Cy-mild normality of X is not continuous. But it will be if X
is Fréchet, where a space X is called a Fréchet space if for any subset B of X and
any z € B, there exists a sequence (a,)nen of points of B such that a,, — z [12].
Thus, we conclude:

Theorem 2.13. If X is a Co-mildly normal Fréchet space and f : X — Y is a
witness of the Cy-mild normality of X, then f is continuous.

Proof. Let X be a Cy-mildly normal Fréchet space and f: X — Y be a witness of
the Cy-mild normality of X. Take B C X and pick y € f(B). Since f is bijective,
there exists a unique element € X such that y = f(x) € f(B). Thus, x € B.
Since X is Fréchet, there exists a sequence (a,) C B such that a,, — x. Since
the subspace K = {z} U{a, : n € N} of X is compact, the induced mapping
flx : K = f(K) is a homeomorphism. Let W C Y be any open neighborhood
of y. Then, W N f(K) is an open neighborhood of y in the subspace f(K). Since
flx is a homeomorphism, we have f~}(W N f(K)) = f~Y(W) N K is an open
neighborhood of x in a subspace K of X. Then, there exists an m € N such that
a, € f~Y(W N f(K)) for each n > m. Hence, f(a,) € W N f(K) for each n > m
and thus W N f(B) # 0. So, we get y € f(B). Therefore, we obtain f(B) C f(B).
Thus, f is continuous. O

Since every first countable space is Fréchet [12], we obtain:

Corollary 2.14. If X is a Ce-mildly normal first countable space and f: X — Y
is a witness of the Cy-mild normality of X, then f is continuous.

Theorem 2.15. Every Cy-mildly normal Fréchet (resp. first countable) is epi-
mildly normal.

Proof. Let X be a Cy-mildly normal Fréchet (resp. first countable) space. Then,
there exist a Hausdorff mildly normal space Y and a bijective function f : (X,7) —
(Y,T') such that f|la : A — f(A) is a homeomorphism for each compact subset
A C X. Since X is Fréchet (resp. first countable), we have f is continuous. Define
a topology 7* on X as follows: 7* = {f~1(U) : U € T'}. Clearly, T* is a topology
on X, that is coarser than 7, such that f : (X,7*) — (Y,7’) is continuous. If
W e T*, then W = f~1(U) for some open set U in T". So, f(W) = f(f~1(U)) = U,
which is an open set in (Y, 7"). Thus, f: (X,7*) — (Y, 7’) is an open function and
hence a homoeomorphism. Since (Y,7”) is Hausdorff mildly normal, we conclude
(X,T*) is a Hausdorff mildly normal space. Since 7* C T, we obtain: (X,7T) is
epi-mildly normal O

Since every Hausdorff nearly paracompact space is quasi normal [23], and hence
mildly normal, we conclude:

Corollary 2.16. Every Hausdorff nearly paracompact space is Co-mildly normal.
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The topology on X generated by the family of all open domain subsets of X,
denoted by T, is coarser than T, and (X, T;) is called the semi-reqularization of
X. A space (X, T) is called semi-regular if T = T [24].

Theorem 2.17. If (X,T) is an almost reqular mildly normal space and the semi
reqularization (X, Ts) of (X, T) is Th, then (X, T) is Co-mildly normal.

Proof. Let (X,T) be an almost regular mildly normal space and the semi regular-
ization (X,7s) of (X,T) be T. Since a semi regularization of an almost regular
(resp. mildly normal) space is regular (resp. mildly normal) I8}, 24} 34], we obtain:
(X, Ts) is T3-mildly normal. Since T3 C T, we obtain: (X, T) is epi-mildly normal.
By Theorem we conclude that: (X, 7)) is Ca-mildly normal. O

Since every almost compact Urysohn space is almost regular, every almost regular
nearly compact (nearly paracompact) space is quasi normal (hence mildly normal)
[23], and every almost compact almost regular space is quasi normal (hence mildly
normal) [34], we get:

Corollary 2.18.

(1) Every Hausdorff almost compact almost regular space is Ca-mildly normal.
(2) Every Urysohn almost compact space is Co-mildly normal.

Corollary 2.19.

(1) Every Cy-mildly normal first countable space is Hausdorff.

(2) Every C-mildly normal nearly paracompact first countable space is mildly
normal and epi-mildly normal.

(3) If X is a Cy-mildly normal first countable space, then there exists a topology
T* on X such that 7* C T and (X, T*) is Hausdorff mildly normal.

Theorem 2.20. Every Ty C-normal first countable space is epi-mildly normal

Proof. By Lemma the witness Y is Ty. Since X is first countable, we get:
f + X = Y is bijective continuous function. By Theorem [2.5, X is Cy-mildly
normal. By Corollary there exists a topology 7* on X such that 7* C T and
(X, T*) is Hausdorff mildly normal. Therefore, X is epi-mildly normal. O

3. PROPERTIES AND RELATIONSHIPS OF C5-MILD NORMALITY

In this section, we present some properties and relationships of Co-mild normal-
ity:
Theorem 3.1. Every Ty C-regular Fréchet (resp. first countable) Lindeldf space
is Co-mildly normal.

Proof. Let X be a Ty C-regular Fréchet (resp. first countable) Lindeldf space.
Then, there exist a regular space Y and a bijective function f : X — Y such that
fla: A — f(A) is a homeomorphism for each compact subset A C X. Since X is
Fréchet (resp. first countable), we have f is continuous. Since a continuous image
of a Lindel6f space is Lindelof [12], we conclude: Y is a Lindeldf space. Hence, Y
is a Ty-normal space because any regular Lindelof space is normal [12]. Thus, X is
a C-normal space. Since X is a 77 C-normal space, by Theorem we get: X is
Cs-mildly normal. O

Corollary 3.2. Every T} C-completely regular Fréchet (resp. first countable)
Lindel6f space is Cy-mildly normal.
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Theorem 3.3. If X is a Cy-almost reqular Fréchect (first countable) Lindeldf space,
then X is epi-mildly normal.

Proof. Let X be a Cy-almost regular Fréchet (first countable) Lindelof space. Then,
there exists a Hausdorff almost regular space Y and a bijective function f : (X,7) —
(Y, T’) such that f|la : A — f(A) is a homeomorphism for each compact subset
A C X. Since X is Fréchet (first countable), we get f is continuous. Since a con-
tinuous image of a Lindeldf space is Lindeldf [12], thus Y is Lindel6f. Since Y is an
almost regular Lindelof space, we have: (Y, 7") is Hausdorff mildly normal as every
almost regular Lindelof space is mildly normal [30]. Define a topology 7* on X as
follows: T* = {f~*(U) : U € T'}. Clearly, T* is a topology on X coarser than T
such that f: (X,7*) — (Y, T’) is continuous. By using the same arguments to the
proof of Theorem we obtain: f : (X,7*) — (Y,7’) is a homoeomorphism.
Since (Y, 7") is a Hausdorfl mildly normal, we get: (X,7*) is a Hausdorff mildly
normal space. Since T* C T, we get: (X, 7)) is epi-mildly normal. |

Corollary 3.4. If X is a Co-almost completely reqular Fréchect (first countable)
Lindelof space, then X is epi-mildly normal.

Definition 2. A space X is called a Cs-quasi normal space if there exist a quasi
normal space Y and a bijective function f : X — Y such that the restriction
function fl4 : A — f(A) is a homeomorphism for each compact subspace A C

The next results are obvious because every almost regular compact space is
mildly normal, every semi normal mildly normal space is normal [30] and every
quasi normal space is mildly normal [23].

Theorem 3.5. Every Cs-quasi normal space is Cy-mildly normal.

The converse of Theorem is not necessarily true in general. For example,
the irregular lattice topology, Example|[7] is a Cs-mildly normal space which is not
C5-quasi normal.

Since every Cy-paracompact space is C-normal [27], we conclude:

Corollary 3.6. Every Cs-paracompact space is Co-mildly normal.

Let (X, T) be a space and p ¢ X. Put XP = X U {p}. Define a topology 7* on
XP by: T* ={UU{p}: U € T}U{B}. The space (XP,T*) is called the closed
extension of (X, 7T), [31, Example 12], see [I].

Since any closed extension space (X?,7T*) of a given space (X, 7T) is a m-normal
space which is not T [I], we get:

Theorem 3.7. FEuvery closed extension space (XP,T*) of a given first countable
space (X, T) is a C-mildly normal space and it is not Ca-mildly normal.

Proof. Since any closed extension space (X?,T*) of a given space (X, T) is m-normal
[1, Theorem 9], we get: (XP,T*) is mildly normal. Hence, the space (XP,T*) is C-
mildly normal. Since any closed extension space (XP,7*) of a first countable space
(X, T) is first countable [I], we conclude that: (XP,7*) is first countable. Since
(XP,T*) is first countable non Hausdorff, we have: (XP?,7*) cannot be Cy-mildly
normal. g
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Thus, we conclude:

Corollary 3.8. C5-mild normality is not preserved by the closed extension spaces.

Let M be a non-empty subset of a space (X, 7). Define a topology T(5s) on X
as follows: Tapy = {UUK : K C X\ M}. Then, (X, 7)) is called a discrete
extension of (X, 7) denoted by Xz, where Tqg €T C T(arp, see [3].

Note that: any Tychonoff space Y has a one-point compactification X, X =
Y U{p}, p¢Y, X is a Hausdorff compact space and {p} is closed and open subset
of X [3]. Now, we get the following result:

Theorem 3.9. IfY is a Tychonoff space, then any discrete extension space Xy
of any compactification X of Y is Cy-mildly normal.

Proof. Let Y be a Tychonoff space. Then, any compactification X of a Tychonoff
space Y is a Hausdorff compact space. Hence, it is a Ty-space. If X, is a discrete
extension space of X, then the topology on X is coarser than the topology on X,.
Then, X, is an epi-normal space. Hence, Xy, is epi-mildly normal. By Theorem
[2:2] X is Co-mildly normal. O

Theorem 3.10. If (X,T) is a Cy-mildly normal first countable space, then any
discrete extension space (X, Tany) of (X, T) is Co-mildly normal.

Proof. By Corollary (X, T) is Hausdorff first countable, and there exists a
topology 7* on X such that 7* C T and (X,7*) is Hausdorff mildly normal.
Hence, (X, T) is epi-mildly normal. By Theorem 14 in [3], we obtain (Xuz, T(ar)) is
epi-mildly normal. By Theorem we get: (Xar, Tiary) is Co-mildly normal. [

4. SOME COUNTEREXAMPLES

Observe that: any uncountable indiscrete space is a C-mildly normal space,
which is neither C-Tychonoff, C5-mildly normal nor epi-mildly normal. The follow-
ing example is a C-mildly normal space, which is neither C-regular nor Cy-mildly
normal.

Example 1. The particular point topology [31, Example 10], (R, 7,) is neither a C-
regular nor C-normal space [7, [10]. Since (R, 7,) is mildly normal, we get (R, 7,) is
C-mildly normal. Since (R, 7,) is first countable non Hausdorff, by Corollary [2.19]
we obtain that: (R,7,) is not Cy-mildly normal. Therefore, (R,7,) is a C-mildly
normal space, which is neither C-regular, C-normal nor Cs-mildly normal.

Note that: C-mild normality does not imply to Cs-mild normality, C-regularity
nor C-normality. Here is a counterexample.

Example 2. The finite complement topology [31, Example 19], (R,CF) is a Tj-
compact space and every subspace of (R,CF) is compact [3I]. Note that: (R,CF)
is not a C-regular space [7]. Hence, it is not C-Tychonoff. Since (R,CF) is a mildly
normal space, we get (R,CF) is C-mildly normal. Since the space X is compact non
Hausdorff, by Corollary we get: (R,CF) is not Cy-mildly normal. Therefore,
(R,CF) is a C-mildly normal space, which is neither C-normal, C-regular, epi-
mildly normal nor Cs-mildly normal.
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Observe that: C3-mild normality does not imply to epi-mild normality, epi-
normality, sub-metrizability nor Lo-quasi normality as shown by the next example:

Example 3. The countable complement topology [31, Example 20|, (R,CC) is a
C-regular space that is not L-regular [7]. Since (R,CC) is a mildly normal space,
we obtain (R,CC) is C-mildly normal. Since the only compact subsets in X are
finite subsets, by Corollary the countable complement topology is Cy-mildly
normal. Therefore, (R,CC) is a Cy-mildly normal space, which is neither L-regular,
L-normal, Ls-quasi normal, epi-regular, epi-normal, sub-metrizable nor epi-mildly
normal.

The next example is a Tychonoff Co-mildly normal space, which is neither mildly
normal nor locally compact.

Example 4. The modified Dieudonné plank [16, Example 2.4], is a Tychonoff, L-
normal and CC-normal space which is neither mildly normal nor locally compact,
see also [20, Example 2.2] and [I7, Example 2]. By Theorem the space X is
Cs-mildly normal being 77 C-normal. Hence, the modified Dieudonné plank is a C-
Tychonoff and Cs-mildly normal space which is neither mildly normal, paracompact
nor locally compact.

Note that; C-normality does not imply to Cy-mild normality nor C-regularity.
Here is a counterexample:

Example 5. The left ray topology (R, L) and the right ray topology (R,R) are
mildly normal spaces because they are normal. Thus, (R,£) and (R,R) are C-
normal and C-mildly normal spaces. Since the two spaces are first countable non
Hausdorff, by Corollarythcy are not Cy-mildly normal. Therefore, (R, £) and
(R,R) are C-normal and C-mildly normal spaces, which are neither C-regular,
C5-mildly normal nor epi-mildly normal.

The following example is a Cs-mildly normal space, which is neither L-normal
nor L-regular:

Example 6. The Smirnov’s deleted sequence topology [31, Example 64], is a Urysohn,
Lindel6f and second countable space, which is neither regular, normal, semi regular
nor compact [3I]. Since U C T, we get: the space X is sub-metrizable. Thus, it
is an epi-mildly normal space. Hence, it is a C3-mildly normal space. Since the
Smirnov’s deleted sequence topology is a mildly normal and C-regular space [7, [34],
which is not normal , we obtain that: the Smirnov’s deleted sequence topology is
neither L-normal nor L-regular. Thus, the Smirnov’s deleted sequence topology is
a Cy-mildly normal space, which is neither L-regular nor L-normal.

The following example is a Co-mildly normal space, which is not Cs-quasi normal.

Example 7. The irreqular lattice topology [31, Example 79], is a Hausdorff, Urysohn,
countable, o-compact, Lindel6f and second countable space, which is neither regu-
lar, normal, semi regular, completely regular, Tychonoff, compact nor paracompact
[31]. Since the irregular lattice topology is mildly normal space, which is not par-
tially normal [6], we obtain : it is epi-mildly normal and Cy-mildly normal space
which is not quasi normal. Observe that: the irregular lattice topology is neither
epi-quasi normal, almost regular, almost compact, nearly paracompact, epi-regular
nor H-closed space [34]. Since X is a Lindel6f space which is neither quasi nor-
mal nor almost regular, we get X is neither L-quasi normal, L-almost regular,
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L-normal nor L-Tychonoff. The space X is neither C-regular, C-completely regu-
lar, C-normal nor C-Tychonoff [32]. The space X is a C-quasi normal space which
is not C3-quasi normal [33]. Therefore, the irregular lattice topology is an epi-mildly
normal, Co-mildly normal and C-quasi normal space which is neither quasi normal,
almost regular, C-regular, epi-regular, epi-quasi normal, C-normal, L-quasi normal
nor Cy-quasi normal.

The next example is a Cy-mildly normal space which is not C-k-normal:

Example 8. The simplified arens square topology [31), Example 81], is a Hausdorft,
semi regular, second countable, Lindelof, o-compact space and with a o-locally finite
base, but it is neither Urysohn, regular, normal, compact, paracompact, countably
compact nor locally compact [31I]. Since X is a semi regular non regular space,
then X is not almost regular. Since X is 77 non almost regular, we obtain that:
X is not almost normal. Since X is quasi normal [34], we conclude: X is Co-quasi
normal. Hence, it is Co-mildly normal. Since X is not Urysohn, it is neither epi-
normal, epi-regular nor epi-almost normal. Since any Tj-Lindel6f first countable
C-k-normal space is epi-normal [2], and X is not epi-normal, we conclude that:
the simplified arens square topology is not C-k-normal. Therefore, the simplified
arens square topology is an epi-mildly normal and Cs-mildly normal space, which
is neither epi-almost normal, epi-regular nor C-x-normal.

Here is an example of a C-k-normal space which is not C3-mildly normal:

Example 9. The odd-even topology [31l, Example 6], is a regular, completely regu-
lar, normal, k-normal, Lindelof and locally compact, but it is neither Ty, compact
nor semi regular [31]. Thus, the odd-even topology is a C-regular, C-completely
regular, C-normal, C-k-normal and C-mildly normal space, which is neither epi-
regular nor epi-mildly normal because it is not Hausdorff. Since X is a Lindel6f
non Tychonoff space, it is not L-Tychonoff. Since every C-Tychonoff first count-
able space is Hausdorff' (hence Urysohn), and X is a first countable non Hausdorff
space, by Corollary 2 in [8], we obtain: X is not C-Tychonoff. The space X is
not Cy-mildly normal being first countable non Hausdorff. Therefore, the odd-even
topology is a C-normal, C-regular, C-k-normal and C-mildly normal space, which
is neither Co-mildly normal nor C-Tychonoff.

Here is an example of a Cy-mildly normal space which is neither C-normal,
C-regular, L-quasi normal nor epi-quasi normal:

Example 10. The relatively prime integer topology and the prime integer topology
[31, Example 60, 61], are Hausdorff, semi regular, Lindeldf, first countable spaces
that are neither Urysohn, quasi normal, almost regular nor regular [34, Example
2.9]. The two spaces are epi-mildly normal spaces which are neither almost regular,
epi-quasi normal nor epi-regular. Hence, the two spaces are Cs-mildly normal spaces
which are neither C-regular [, [32] nor Cs-quasi normal [33]. The two spaces are
C-quasi normal and C-almost completely regular [32], [4]. Note that: the two spaces
are not C-normal. Therefore, the relatively prime integer topology and the prime
integer topology are Ca-mildly normal and C-almost completely regular spaces
which are neither C-normal, C-regular, L-quasi normal, C3-quasi normal nor epi-
quasi normal.

Note that: any Hausdorff first countable Lindel6f space is not necessary to be
Cs-mildly normal in general as shown by the next example:
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Example 11. Let X = {a;;,b;j,¢i,a,b:4,j € N}. For each ¢ € N, and each n € N,
define U"(¢;) = {¢;, aij,bi5 : j > n}. For each n € N, define U™(a) = {a,q;; :
i>mn,j=123,...}. And for each n € N, define U™(b) = {b,b;; : i > n, j =
1,2,3,...}. Now, for each i, j € N, we declare that the singletons {a;;} and {b;;} are
open, i.e., each a;; and b;; are isolated points. A basic open neighborhood of a point
¢;, where i € N, is of the form U"(¢;), where n € N. A basic open neighborhood of
the point a is of the form U"(a), where n € N, and a basic open neighborhood of the
point b is of the form U™(b), where n € N.Then, X is a semi regular space, which
is not semi normal [29] Example 2.4]. The space X is also Hausdorff space, which
is neither Urysohn, regular, mildly normal, compact, paracompact nor epi-mildly
normal [I8, Example 16]. Hence, X is neither quasi normal, epi-quasi normal nor
epi-regular. By Theorem [2.15 we get: the space X is not Cy-mildly normal. Since
X is a countable space, it is a Lindelof second countable space. So, X is a Hausdorff
Lindelf second countable C-paracompact space, which is not Cy-paracompact [27]
Example 2.25]. Since X is a Lindel6f non mildly normal space, it is neither almost
regular nor L-quasi normal, because every Lindelof almost regular space is mildly
normal [30]. The space X is both C-almost completely regular [32], and C-quasi
normal [4]. Hence, it is C-mildly normal. Since X is Lindel6f space, which is
neither almost regular nor mildly normal, we get: X is neither L-almost regular
nor L-quasi normal. Therefore, the space X is a C-mildly normal space, which is
neither mildly normal, L-quasi normal, Co-mildly normal nor epi-mildly normal.

The next problems are still open in this work:

Problems:

(1) TIs there an example of a C-Tychonoff space which is not Co-mildly normal?.

(2) Is there an example of a Cy-mildly normal space which is not Cs-almost
regular?.

(3) Is there an example of a Cs-almost completely regular space which is not
Cs-mildly normal?.

(4) TIs there an example of a Co-mildly normal space which is not Cy-paracompact?.

5. CONCLUSION

A new topological property called Co-mild normality has been studied in this
work. Some results, properties, relationships and counterexamples have been given
and discussed.
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