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ON IDEAL CONVERGENCE OF SEQUENCES IN QUATERNION

VALUED GENERALIZED METRIC SPACES

ÖMER KIŞI, BURAK ÇAKAL, MEHMET GÜRDAL

Abstract. The primary objective of this study is to introduce the notion of
ideal convergence in quaternion-valued generalized metric spaces. We define I-

convergence and I∗-convergence in these spaces and establish their equivalence

through the definition of property (AP). Furthermore, we introduce I-Cauchy
and I∗-Cauchy sequences, adapting classically theorems to suit quaternion-

valued generalized metric spaces. We also present I-statistical convergence,

I-lacunary statistical convergence, strong I-Cesàro summability, strong I-
lacunary summability, [V, λ](I)-summability, and I-λ-statistically convergen-

cein quaternion valued generalized metric spaces, along with their associated

properties.

1. Introduction and preliminaries

The concept of statistical convergence, introduced by Fast [9] and Steinhaus [34],
led to the emergence of a new field of mathematical research and the undertaking
of numerous studies. Building on Fridy’s work [11], the natural density of a subset
A of N, which served as the inspiration for the idea of statistical convergence, is
defined as

δ (A) = lim
n→∞

|An|
n

= lim
n→∞

1

n
|{k ∈ A : k ≤ n}| .

Keep in mind the concept of statistical convergence as it relates to this definition.
A sequence (wk) of real numbers is said to be statistically convergent to w

provided that for every ε > 0,

lim
n→∞

1

n
|{k ∈ A : |wk − w| ≥ ε}| = 0.

This is represented by st− limwk = w.
Since then, several mathematicians have explored the properties of convergence

and statistical convergence, applying these concepts to various fields. For further
reference, see [4, 6, 10, 15, 17, 20, 23, 24, 28, 31].

The concept of ideal convergence, which offers a unifying perspective on various
types of convergence related to statistical convergence, was defined by Kostyrko et
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al. [22]. Recently, Das et al. [7] introduced new concepts, namely I-statistical
convergence and I-lacunary statistical convergence, using the framework of ideals.
Several papers have discussed the notion of ideal convergence, and some other
special convergence methods which can be found in [14, 18, 21, 27, 29, 30, 31, 32,
35, 36, 37].

Fridy and Orhan [12] explored the concept of lacunary statistical convergence
through the use of lacunary sequences. By a lacunary sequence we mean an in-
creasing integer sequence θ = {kr} such that k0 = 0 and hr = kr − kr−1 → ∞
as r → ∞. Throughout this paper, the sequence θ is associated with the interval
(kr−1, kr] and qr = kr

kr−1
is the ratio. The space of lacunary convergent sequences,

Nθ was introduced by Freedman [10]. Additionally, in the same work, the relation-
ship between the space of strongly Cesàro summable sequences and the space of
strongly lacunary summable sequences was established. Further research on lacu-
nary statistical convergence can be explored in the studies [13, 33]. Mursaleen [25],
on the other hand, introduced the concept of λ-statistical sonvergence as a novel
approach, elucidating its connections to statistical convergence, strongly Cesáro
summable and strongly (V, λ)-summable.

In mathematical analysis, the concept of physical distance is formalized by a
distance function or metric, which can be generalized in various ways (see, for
instance, [19]). One notable extension is the G-metric space, extensively studied
by Mustafa and Sims [26]. Metrics in this context measure the separation between
three locations. Choi et al. [5] introduced the g-metric as an extension of the
traditional distance function. The ordinary distance between two points and the
G-metric between three points are generalized by the n+1 point distance, referred to
as the g-metric of degree n. Advancing this metric framework, Abazari introduced
the concept of statistical g-convergence [1].

A number system that extends beyond complex numbers is known as quater-
nions. Originally formulated by Irish mathematician Hamilton in 1843 to describe
mechanics in three dimensions, quaternions exhibit noncommutative multiplication
of two quaternions as a distinctive feature. Detailed discussions on quaternion
analysis can be found in [3] and its associated literature. This paper introduces a
novel type of convergence in quaternion-valued g-metric spaces, building upon the
g-metric spaces introduced by Choi et al. [5], quaternion-valued g-metric spaces
by Jan and Jalal [16], and various forms of statistical convergence found in existing
literature. The motivation for this proposal stems from practical applications in
quaternions and fixed point theorems.

This research holds significant importance in mathematical analysis by expand-
ing the theory of ideal convergence, which is crucial for understanding sequence
behavior in more generalized and complex metric spaces. The study’s findings
have practical applications in fields that require sophisticated spatial transforma-
tions, such as theoretical physics, computer graphics, and signal processing, where
quaternion-valued metrics play a critical role. By integrating ideal convergence with
quaternion-valued spaces, the paper provides a foundation for applying advanced
mathematical tools to address complex challenges across various disciplines.

In this study, our focus centers on introducing the concept of ideal convergence
within quaternion-valued generalized metric spaces. We define I-convergence and
I∗-convergence in this framework, demonstrating their equivalence via the property
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(AP). Additionally, we extend traditional theorems to accommodate quaternion-
valued generalized metric spaces by introducing I-Cauchy and I∗-Cauchy sequences.
Moreover, we delve into I-statistical convergence, I-lacunary statistical conver-
gence, strong I-Cesàro summability, strong I-lacunary summability, [V, λ](I) -
summability, and I-λ-statistical convergence in quaternion-valued generalized met-
ric spaces, providing a comprehensive exploration of their associated properties.

Let us now establish several definitions and notations that will be utilized in
this paper. First, we will introduce some fundamental notations for quaternionic
spaces. The four-dimensional real algebra with unity is known as the space of
quaternions, denoted by Q. The null element of Q is denoted by 0Q, and the
multiplicative identity of Q is denoted by 1Q. Within Q, there exist three imaginary
units represented by the symbols i, j, k. By definition, these units satisfy:

i2 = j2 = k2 = −1, ij = −ji = k, jk = −kj = i and ki = −ik = j.

For each ρ = y0 + y1i + y2j + y3k; where y0, y1, y2 and y3 belong to R, the
elements 1, i, j, k are assumed to constitute a real vector basis of Q. Given ρ =
y0 + y1i+ y2j + y3k ∈ Q, we recall that:
(i) ρ̄ = y0 − y1i− y2j − y3k is the conjugate quaternion of ρ,

(ii) |ρ| =
√
ρρ̄ =

√
y2

0 + y2
1 + y2

2 + y2
3 ∈ R

(iii) Re(ρ) = 1
2 (ρ+ ρ̄) = y0 ∈ R

(iv) Im(ρ) = 1
2 (ρ− ρ̄) = y1i+ y2j + y3k is the imaginary part of ρ.

When ρ = Re(ρ), the element ρ ∈ Q is said to be real. It is obvious that ρ is
real only if and only if ρ = ρ̄. If ρ̄ = −ρ or ρ = Im(ρ), ρ is said to be imaginary.

The concept of a complex metric space was introduced by Azam et al. [3] as
follows:

Definition 1. ([3]) Let X be a nonempty set, and suppose the mapping dC : X ×
X → C satisfies the following conditions:
(i) 0 ≺ dC (τ1, τ2), for all τ1, τ2 ∈ X and dC (τ1, τ2) = 0 if and only if τ1 = τ2,
(ii) dC (τ1, τ2) = dC (τ2, τ1) for all τ1, τ2 ∈ X,
(iii) dC (τ1, τ2) � dC (τ1, τ3) + dC (τ3, τ2) for all τ1, τ2, τ3 ∈ X.

Then (X, dC) is called a complex metric space.

Ahmed et al. [8] extended the above definition to Clifford analysis as follows:

Definition 2. ([8]) Let X be a nonempty set and suppose that the mapping dQ :
X ×X → Q satisfies the following.
(i) 0 ≺ dQ (τ1, τ2), for all τ1, τ2 ∈ X and dQ(τ1, τ2) = 0 if and only if τ1 = τ2,
(ii) dQ (τ1, τ2) = dQ (τ2, τ1) for all τ1, τ2 ∈ X,
(iii) dQ (τ1, τ2) � dQ (τ1, τ3) + dQ (τ3, τ2) for all τ1, τ2, τ3 ∈ X.

Then (X, dQ) is called a quaternion valued metric metric space.

Ahmed et al. [8] introduced a partial order � on Q (space of all quaternions).

Definition 3. Let ρ1, ρ2 ∈ Q, then ρ1 � ρ2 if and only if Re (ρ1) ≤ Re (ρ2) and
Ims (ρ1) ≤ Ims (ρ2) , ρ1, ρ2 ∈ Q, s = i, j, k where Immi = b, Immj = c, Immk = d.
It was observed that ρ1 � ρ2, if one of the following conditions are satisfied:
(i) Re (ρ1) = Re (ρ2) , Ims1 (ρ1) = Ims1 (ρ2) where s1 = j, k, Imi (ρ1) < Imi (ρ2);
(ii) Re (ρ1) = Re (ρ2) , Ims2 (ρ1) = Ims2 (ρ2) where s2 = i, k, Imj (ρ1) < Imj (ρ2);
(iii) Re (ρ1) = Re (ρ2) , Ims3 (ρ1) = Ims3 (ρ2) where s3 = i, j, Imk (ρ1) < Imk (ρ2);
(iv) Re (ρ1) = Re (ρ2) , Ims1 (ρ1) = Ims1 (ρ2) , Immi (ρ1) = Imi (ρ2);
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(v) Re (ρ1) = Re (ρ2) , Ims2 (ρ1) = Ims2 (ρ2) , Immj (ρ1) = Immj (ρ2);
(vii) Re (ρ1) = Re (ρ2) , Ims3 (ρ1) < Ims3 (ρ2) , Immk (ρ1) = Immk (ρ2);
(viii) Re (ρ1) < Re (ρ2) , Ims (ρ1) = Ims (ρ2);
(ix) Re (ρ1) < Re (ρ2) , Ims1 (ρ1) = Ims1 (ρ2) , Imi (ρ1) < Imi (ρ2);
(x) Re (ρ1) < Re (ρ2) , Ims2 (ρ1) = Ims2 (ρ2) , Immj (ρ1) < Immj (ρ2);
(xi) Re (ρ1) < Re (ρ2) , ImsI (ρ1) = ImsI (ρ2) , Imk (ρ1) < Immk (ρ2);
(xii) Re (ρ1) < Re (ρ2) , Ims1 (ρ1) < Ims1 (ρ2) , Imi (ρ1) = Immi (ρ2);
(xiii) Re (ρ1) < Re (ρ2) , Ims2 (ρ1) < Ims2 (ρ2) , Immj (ρ1) = Immj (ρ2);
(xiv) Re (ρ1) = Re (ρ2) , Ims3 (ρ1) = Ims3 (ρ2) , Imk (ρ1) = Im (ρk);
(xv) Re (ρ1) < Re (ρ2) , Ims (ρ1) < Ims (ρ2);
(xvi) Re (ρ1) = Re (ρ2) , Ims (ρ1) = Im (ms).

Specifically, we denote ρ1 � ρ2 if ρ1 6= ρ2 and one from (i) to (xvi) is satisfied
and we will write ρ1 ≺ ρ2 if only (xv) is satisfied.

Remark. It should be noted that ρ1 � ρ2 ⇒ |ρ1| ≤ |ρ2|.

Motivated by Ahmed et al.’s [8] work, Adewale et al. [2] provided the following
definition.

Definition 4. ([2]) Let X be a nonempty set, Q a set of quaternions and GQ :
X ×X ×X → Q be a function satisfying the following properties:
(i) GQ(τ1, τ2, τ3) = 0 if and only if τ1 = τ2 = τ3,
(ii) 0 ≺ GQ(τ1, τ1, τ2),∀τ1, τ2 ∈ X, with τ1 6= τ2,
(iii) GQ(τ1, τ1, τ2) � GQ(τ1, τ2, τ3),∀τ1, τ2, τ3 ∈ X, with τ3 6= τ2,
(iv) GQ(τ1, τ2, τ3) = GQ(τ2, τ3, τ1) = GQ(τ1, τ3, τ2) = . . . (symmetry),
(v) There exists a real number s ≥ 1 such that

GQ(τ1, τ2, τ3) ≤ s
[
GQ(τ1, a, a) +GQ(a, τ2, τ3)

]
,

∀a, τ1, τ2, τ3 ∈ X (rectangle inequality).
Then, the function GQ is called a quaternion G-metric and

(
X,GQ

)
is referred

to as the GQ-metric space. A GQ-metric space is considered complete if every
Cauchy sequence in it is GQ-convergent.

The following is an extension of G-metric space with degree l.

Definition 5. ([2]) Let X be a non-empty set. A function g : X l+1 → R+ is called
a g-metric space with order l on X if it satisfies the following conditions:
(i) g (τ0, τ1, τ2, . . . , τl) = 0 if and only if τ0 = τ1 = . . . = τl,
(ii) g (τ0, τ1, τ2, . . . , τl) = g

(
τσ(0), τσ(1), τσ(2), . . . , τσ(l)

)
for permutation σ on {0, 1, 2, . . . l},

(iii) g (τ0, τ1, τ2, . . . , τl) ≤ g (y0, y1, y2, . . . , yl) for all (τ0, τ1, τ2, . . . , τl) , (y0, y1, y2, . . . , yl) ∈
X l+1 with {τi : i = 0, 1, . . . , l} ⊆ {yi : i = 0, 1, . . . , l},
(iv) For all τ0, τ1, . . . , τs, y0, y1, . . . , yt, w ∈ X with s+ t+ 1 = l,

g (τ0, τ1, τ2, . . . , τs, y0, y1, y2, . . . , yt) ≤
g (τ0, τ1, τ2, . . . , τs, w, w, . . . w) + g (y0, y1, y2, . . . , yt, w, w . . . w) .

The pair (X, g) is called g-metric space with degree l. For l = 1, 2 respectively, it is
respectively equivalent to metric and G-metric space.

The statistical convergence of real-numbers sequencesis based on the concept of
natural density of subsets of N, the set of all positive integers, which is defined as
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follows: Let (X, d) be a metric space. A real number sequence (τk) is said to be
statistically convergent to the number τ if for every ε > 0,

lim
n
n−1 |{j ≤ n : d (τj , τ) ≥ ε}| = 0,

where the number of elements in the contained set is indicated by the vertical bars.
indicate enclosed set.

The idea of λ-statistical convergence of sequences τ = (τj) of real numbers has
been studied by Mursaleen [25]. Let λ = (λn) be a non-decreasing sequence of
positive real numbers tending to ∞ such that λn+1 ≤ λn + 1 and λ1 = 1. The
generalized de la Vallèe-Poussin mean is defined by

tn (τ) =
1

λn

∑
j∈In

τj ,

where In = [n− λn + 1, n] for n = 1, 2, .... If λn = n, then (V, λ)-summability
reduces to (C, 1)-summability.

A real number sequence τ = (τj) is said to be λ-statistically convergent to the
number τ if for every ε > 0,

lim
n

1

λn
|{j ∈ In : d (τj , τ) ≥ ε}| = 0.

In this case we write st-λ-lim τj = τ or τj → τ (st− λ).

Remark. If λn = n, then Sλ is the same as S.

The following definitions were given by R.Abazari.

Definition 6. ([1]) Let p ∈ N and K ∈ NP and

K(n) = {(i1, i2, . . . , ip) ≤ n(n ∈ N) : (i1, i2, . . . , ip) ∈ K} ,

then

δ(p)(K) = lim
n→∞

p!

np
|K(n)|,

is called p-dimensional asymptotic (or natural density) of the set K.

Definition 7. ([1]) Let (xn) be a sequence in a g-metric space (Y, g) .
(i) (xn) is statistically convergent to x , provided for all ε > 0,

lim
n→∞

j!

nj
∣∣{i1, i2, ..., ij ≤ n : g

(
x, xi1 , xi2 , ..., xij

)
≥ ε
}∣∣ = 0,

and is indicated by gS-limn→∞ xn = x.
(ii) (xn) is called to be statistical g-Cauchy, provided for all ε > 0, there exists

iε ∈ N so that

lim
n→∞

j!

nj
∣∣{i1, i2, ..., ij ≤ n : g

(
xiε , xi1 , xi2 , ..., xij

)}∣∣ = 0.

The following definition was given by Jan and Jalal [16].

Definition 8. ([16]) Let X be a non-empty set. A function gQ : Xp+1 → Q (where
Q is the space of quaternions) is called quaternion valued g-metric space with order
p on X if it satisfies the following conditions:
(i) gQ (τ0, τ1, τ2, . . . , τp) = 0 if and only if τ0 = τ1 = . . . = τp,
(ii) gQ (τ0, τ1, τ2, . . . , τp) = gQ

(
τσ(0), τσ(1), τσ(2), . . . , τσ(p)

)
for permutation σ on
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{0, 1, 2, . . . p},
(iii) gQ (τ0, τ1, τ2, . . . , τp) � gQ (ς0, ς1, ς2, . . . , ςp) for all

(τ0, τ1, τ2, . . . , τp) , (ς0, ς1, ς2, . . . , ςp) ∈ Xp+1,

with {τi : i = 0, 1, . . . p} ( {ςi : i = 0, 1, . . . p},
(iv) For all τ0, τ1, . . . , τs, ς0, ς1, . . . ςt, v ∈ X with s+ t+ 1 = p,

gQ (τ0, τ1, τ2, . . . , τs, ς0, ς1, ς2, . . . , ςt) ≤ gQ (τ0, τ1, τ2, . . . , τs, v, v, . . . , v)

+ gQ (ς0, ς1, ς2, . . . , ςt, v, v, . . . , v) .

The pair (X, gQ) is called quaternion valued gQ-metric space with degree p. For
p = 1, 2 respectively, it is equivalent to quaternion valued metric and quaternion
valued G-metric space.

Definition 9. ([16]) A gQ-metric on X is called multiplicity independent with
degree p if the following holds

gQ (τ0, . . . , τp) = gQ (ς0, . . . , ςp) ,

for all (τ0, τ1, . . . , τp) , (ς0, ς1, . . . , ςp) ∈ Xp+1 with

{τi : i = 0, . . . , p} = {ςi : i = 0, . . . , p} .

Note that for a given multiplicity independent gQ-metric with order 2, it holds
that gQ(τ, ς, ς) = gQ(τ, τ, ς). For a given multiplicity independent gQ-metric with
order 3, it holds that gQ(τ, ς, ς, ς) = gQ(τ, τ, ς, ς) = gQ(τ, τ, τ, ς) and gQ(τ, τ, ς, z) =
gQ(τ, ς, ς, z) = gQ(τ, ς, z, z).

Remark. If we allow equality under the conditions of monotonicity in Definition
9 that is

gQ (τ0, . . . , τp) � gQ (ς0, . . . , ςp)

for (τ0, . . . , τp) , (ς0, . . . , ςp) ∈ Xp+1 with {τi : i = 0, . . . , p} ⊆ {ςi : i = 0, . . . , p},
then every gQ-metric becomes multiplicity independent.

Utilizing the notion of ideals, Kostyrko et al. [22] determined the notion of I
and I∗-convergence.

Assume Y 6= ∅. I ⊂ 2Y is called an ideal on Y provided that (a) for all S, T ∈ I
implies S ∪ T ∈ I; (b) for all S ∈ I and T ⊂ S implies T ∈ I.

Assume Y 6= ∅. F ⊂ 2Y is named a filter on Y provided that (a) for all S, T ∈ F
implies S ∩ T ∈ F ; (b) for all S ∈ F and T ⊃ S implies T ∈ F .

An ideal I is known as non-trivial provided that Y /∈ I and I 6= ∅. A non-trivial
ideal I ⊂ P (Y ) is known as an admissible ideal in Y iff I ⊃ {{w} : w ∈ Y }. Id is
defined as the set of all subsets of N whose natural density is zero forms a non-trivial
admissible ideal. Then, the filter F = F(I) = {Y − S : S ∈ I} is called the filter
connected with the ideal.

An admissible ideal I ⊂ 2N is said to have the property (AP) if for any sequence
{A1, A2, ...} of mutually disjoint sets of I, there is a sequence {B1, B2, ...} of sets

such that each symmetric difference Aj∆Bj (j = 1, 2, ...) is finite and

∞⋃
j=1

Bj ∈ I.

Denote by Iδ the class of all K ⊂ N with δ (K) = 0. Then, Iδ is non-trivial
admissible ideals, Iδ-convergence coincides with the statistical convergence.

Now, we can present our main result as follows:
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2. Ideal convergence of sequences in quaternion valued g-metric
space

In this section, our goal is to delve into the idea of ideal convergence of sequences
within the quaternion valued g-metric space.

Definition 10. Let (X, gQ) be a quaternion valued g-metric space, τ ∈ X be a
point, and (τi) ⊆ X be a sequence. A sequence (τi) ideal converges to τ if for every
q ∈ Q with 0 ≺ q such that{

(i1, i2, . . . , ip) ∈ Np :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|} ∈ I.

In this scenario, we denote the convergence as gIQ − limi→∞ τi = τ or (τi)
gIQ→ τ .

The collection of all ideal convergent sequences in quaternion valued g-metric space
is symbolized as gIQ.

The following example shows that the converse noed not be true.

Example 1. Let X = R, I = Iδ and GH : R×R×R→ H be a quaternion valued
G-metric space defined by

GQ (p1, p2, p3) =
∣∣z10 − z20

∣∣+
∣∣z10 − z30

∣∣+
∣∣z20 − z30

∣∣
+ i
(∣∣z11 − z21

∣∣+
∣∣z11 − z31

∣∣+
∣∣z21 − z31

∣∣)
+ j

(∣∣z12 − z22
∣∣+
∣∣z12 − z32

∣∣+
∣∣z22 − z32

∣∣)
+ k

(∣∣z13 − z23
∣∣+
∣∣z13 − z33

∣∣+
∣∣z23 − z33

∣∣) ,
where pr = zr0 + zr1i+ zr2j + zr3k for r = 1, 2, 3.

Let τm =
{
τi1 , τi2 , . . . τip

}
be a sequence defined as

τm =

{
m, if m is a square
1, otherwise.

It is easy to see that gIQ − limm→∞ τm = 1, since the cardinality of the set

{m ∈ Np,m ≤ n (n ∈ N) : |gQ (1, τm)| > |q| = ε} ,
where

q =
ε

2
+ i

ε

2
+ j

ε

2
+ k

ε

2
≤
√
m

for every ε > 0.
However, (τm) is neither convergent nor bounded.

Theorem 2.1. If gQ − limk→∞ τk = τ , then gIQ − limk→∞ τk = τ .

Proof. Let gQ − lim τk = τ . Then for all 0 ≺ q ∈ Q there exists Υ ∈ N such that

{k1, k2,, . . . , kp} ≥ Υ⇒ gQ
(
τ, τk1 , τk2 , . . . , τkp

)
≺ q.

Therefore, we have that the set of

A (ε) =
{

(k1, k2,, . . . , kp) ∈ Np :
∣∣gQ (τ, τk1 , τk2 , . . . , τkp)∣∣ ≥ |q|}

is contained in a finite set B, which depends on Υ. Given that I is an admissible
ideal and {B ⊂ N : B is finite} ⊂ I, it follows that B ∈ I. Hence, A (ε) ∈ I,
implying gIQ − limk→∞ τk = τ. �

Following theorem demonstrates that ideal limit in quaternion valued g-metric
space is unique.
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Theorem 2.2. If a sequence (τi) is ideal convergent in (X, gQ), then gIQ− lim (τi)
is unique.

Proof. Suppose that (τi) ideal converges in (X, gQ). Let gIQ − lim (τi) = τ1 and

gIQ − lim (τi) = τ2. Given ε > 0 and 0 ≺ q ∈ Q, let

q =
ε

4p
+ i

ε

4p
+ j

ε

4p
+ k

ε

4p
.

Define the following sets as:

K1(ε) =

{
(i1, i2, . . . , ip) ∈ Np :

∣∣gQ (τ1, τi1 , τi2 , ..., τip)∣∣ ≥ |q| = ε

2p

}
,

K2(ε) =

{
(i1, i2, . . . , ip) ∈ Np :

∣∣gQ (τ2, τi1 , τi2 , ..., τip)∣∣ ≥ |q| = ε

2p

}
.

Since K1(ε), K2(ε) ∈ I, the sets (N�K1(ε)) and (N�K2(ε)) belong to the filter
F (I). By the properties of filter ∅ 6= (N�K1(ε)) ∩ (N�K2(ε)) ∈ F (I). There
exists a element {k1, k2, . . . , kp} ∈ (N�K1(ε)) ∩ (N�K2(ε)), then by Definition 8,
we have:

|gQ (τ1, τ2, τ2, ..., τ2)| ≤ |gQ (τ1, τm, τm, ..., τm)|+ |gQ (τm, τ2, τ2, ..., τ2)|
≤ |gQ (τ1, τm, τm, ..., τm)|+ p |gQ (τ2, τm, ..., τm)|
≤
∣∣gQ (τ1, τk1 , τk2 , ..., τkp)∣∣+ p

∣∣gQ (τ2, τk1 , τk2 , ..., τkp)∣∣
≤ p

∣∣gQ (τ1, τk1 , τk2 , ..., τkp)∣∣+ p
∣∣gQ (τ2, τk1 , τk2 , ..., τkp)∣∣

≤ p
(
ε

2p
+

ε

2p

)
= ε.

Since ε > 0 was arbitrary, we get gQ (τ1, τ2, τ2 . . . , τ2) = 0, therefore τ1 = τ2. �

Definition 11. Let (X, gQ) be a quaternion valued g-metric space, τ ∈ X be a
point, and (τi) ⊆ X be a sequence. (τi) is said to be ideal gQ-Cauchy if for every
q ∈ Q with 0 ≺ q, there exists ir ≺ Q such that{

(i1, i2, . . . , ip) ∈ Np :
∣∣gQ (τir , τi1 , τi2 , ..., τip)∣∣ ≥ |q|} ∈ I.

(X, gQ) is called a complete quaternion valued g-metric space.

Theorem 2.3. Let (X, gQ) be a complete quaternion valued g-metric space. Then,
a sequence {τj} of points in (X, gQ) is ideal g-convergent if and only if it is ideal
gQ-Cauchy.

Proof. Suppose that gIQ − limi→∞ τi = τ . Then, we get A(ε) ∈ I, where

A (ε) :=
{

(i1, i2, . . . , ip) ∈ Np :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q| = ε

2

}
,

where q = ε
4 + i ε4 + j ε4 + k ε4 . Since I is an admissible ideal, there exists an

(m1,m2,m3, . . . ,ms) ∈ Np such that (m1,m2,m3, . . . ,ms) /∈ A (ε). Let

B (ε) :=
{

(i1, i2, . . . , ip) ∈ Np :
∣∣gQ (τm1

, τm2
, . . . , τms , τi1 , τi2 , . . . , τip

)∣∣ ≥ ε} ,
we need to demonstrate that B(ε) ⊂ A(ε). Let (i1, i2, . . . , ip) ∈ B(ε). Then∣∣gQ (τm1

, τm2
, . . . , τms , τi1 , τi2 , . . . , τip

)∣∣ ≥ ε
and hence

gQ
(
τ, τi1 , τi2 , . . . , τip

)
≥ ε

2
.
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That is (i1, i2, . . . , ip) ∈ A (ε). Otherwise if

ε ≤
∣∣gQ (τm1 , τm2 , . . . , τms , τi1 , τi2 , . . . , τip

)∣∣ ≤ gQ (τ, τi1 , τi2 , . . . , τip)
+ gQ (τ, τm1

, τm2
, . . . , τms)

<
ε

2
+
ε

2
= ε,

which is not possible. Hence B(ε) ⊂ A(ε), which implies that
{
τi1 , τi2 , ..., τip

}
is

ideal gQ-Cauchy.
Conversely, suppose that (τk) is ideal gQ-Cauchy but not ideal g-convergent.

Then, there exists (τk1 , τk2 , . . . τkm) ∈ Np such that G(ε) ∈ I where

G (ε) :=
{

(i1, i2, . . . , ip) ∈ Np :
∣∣gQ (τi1 , τi2 , . . . , τip , τk1 , τk2 , . . . , τkm)∣∣ ≥ ε} ,

and D(ε) ∈ I where

D (ε) :=
{

(i1, i2, . . . , ip) ∈ Np :
∣∣gQ (τ, τi1 , τi2 , . . . , τip)∣∣ < ε

2

}
,

that is Dc(ε) ∈ F (I). Since∣∣gQ (τm1 , τm2 , . . . , τms , τi1 , τi2 , . . . , τip
)∣∣ ≤ 2

∣∣gQ (τ, τi1 , τi2 , . . . , τip)∣∣ < ε

if
∣∣gQ (τ, τi1 , τi2 , . . . , τip)∣∣ < ε

2 . Therefore Gc(ε) ∈ I that is G (ε) ∈ F (I), which

leads the contradiction, since
{
τi1 , τi2 , ..., τip

}
was ideal gQ-Cauchy. Hence, (τk) is

a ideal g-convergent sequence. �

Theorem 2.4. Let (X, gQ) be a complete quaternion valued g-metric space, I be
an admissible ideal, and (τi), (ωi) be two sequences in X. Then
(a) If gIQ − limi→∞ τi = τ and gIQ − limi→∞ ωi = ω, then gIQ − limi→∞ (τi + ωi) =
τ + ω;
(b) If gIQ − limi→∞ τi = τ and κ ∈ R, then gIQ − limi→∞ κτi = κτ.

Proof. (a) Let ε > 0. Since gIQ − limi→∞ τi = τ and gIQ − limi→∞ ωi = ω, we have{
(i1, i2, . . . , ip) ∈ Np :

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q| = ε

2

}
∈ I,

and {
(i1, i2, . . . , ip) ∈ Np :

∣∣gQ (ω, ωi1 , ωi2 , ..., ωip)∣∣ ≥ |q| = ε

2

}
∈ I.

Then{
(i1, i2, . . . , ip) ∈ Np :

∣∣gQ (τ + ω, τi1 + ωi1 , τi2 + ωi2 , ..., τip + ωip
)∣∣ ≥ ε}

⊆
{

(i1, i2, . . . , ip) ∈ Np :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q| = ε

2

}
∪
{

(i1, i2, . . . , ip) ∈ Np :
∣∣gQ (ω, ωi1 , ωi2 , ..., ωip)∣∣ ≥ |q| = ε

2

}
,

can be easily verified. Thus, by properties of ideal,{
(i1, i2, . . . , ip) ∈ Np :

∣∣gQ (τ + ω, τi1 + ωi1 , τi2 + ωi2 , ..., τip + ωip
)∣∣ ≥ ε} ∈ I,

i.e., gIQ − limi→∞ (τi + ωi) = τ + ω.

(b) This can be proven by a similar way. So, we omit detail. �

Definition 12. Let (X, gQ) be a quaternion valued g-metric space. A sequence (τi)
of elements of X is said to be I∗-g-convergent to τ ∈ X if and only if there exists
a set M∗ ∈ F (I),

M∗ =
{(
mk1 ,mk2 , ...,mkp

)
∈ Np : mki ∈M , i = 1, 2, ..., p

}
,
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where M ∈ F (I), M = {m1 < m2 < ... < mk < ...} ⊂ N such that

lim
k1,k2,...,kp→∞

gQ

(
τ, τmk1 , τmk2 , ..., τmkp

)
= 0.

The element τ is called the I∗-g-limit of the sequence (τi) and the notation gI
∗

Q −
limi→∞ τi = τ.

Theorem 2.5. Let (X, gQ) be a quaternion valued g-metric space, I be an admis-

sible ideal. If gI
∗

Q − limi→∞ τi = τ , then gIQ − limi→∞ τi = τ.

Proof. By assumption there is a set U ∈ I such that

M∗ = Np�U =
{(
mk1 ,mk2 , ...,mkp

)
∈ Np : mki ∈M , i = 1, 2, ..., p

}
,

where M ∈ F (I), M = {m1 < m2 < ... < mk < ...} ⊂ N such that

lim
k1,k2,...,kp→∞

gQ

(
τ, τmk1 , τmk2 , ..., τmkp

)
= 0. (2.1)

Let ε > 0. By (2.1) there exists mk0 ∈ N such that

gQ

(
τ, τmk1 , τmk2 , ..., τmkp

)
< ε,

for each mk1 ,mk2 , ...,mkp ≥ mk0 . Then

A (ε) =
{

(i1, i2, . . . , ip) ∈ Np :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q| = ε

}
⊆
[
U ∪

{(
mk1 ,mk2 , ...,mkp

)
: mki ∈ {mk1 ,mk2 , ...,mk0}

}]
,

(2.2)

supplies for each q ∈ Q with 0 ≺ q.
Since I is an admissible and U ∈ I, the set on the right-hand side of (2.2) belongs
to I. Hence, A (ε) ∈ I. �

Now we define a necessary and sufficient property for the equality of I-g-convergence
and I∗-g-convergence in quaternion valued g-metric space.

Theorem 2.6. Let (τi) be a sequence in (X, gQ) and I be an admissible ideal with

property (AP). If gIQ − limi→∞ τi = τ , then gI
∗

Q − limi→∞ τi = τ.

Proof. Assume that I satisfies property (AP). Let gIQ − limi→∞ τi = τ and q ≺ Q
with 0 ≺ q. Then

A (ε) =
{

(i1, i2, . . . , ip) ∈ Np :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q| = ε

}
∈ I.

We can choose

A1 =
{

(i1, i2, . . . , ip) ∈ Np :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ 1

}
,

and

As =

{
(i1, i2, . . . , ip) ∈ Np :

1

s
≤
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ < 1

s− 1

}
,

for s ≥ 2, s ∈ N. Obviously Au∩Av 6= ∅ for u 6= v. By property (AP), there exists a

sequence of sets {Bs} such that Aj∆Bj is a finite set for j ∈ N and B =

∞⋃
j=1

Bj ∈ I.

It is sufficient to prove that for M∗ = Np�B we have

gQ − lim τi = τ. (2.3)
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Let σ > 0. Choose k ∈ N for every σ ∈ Q with 0 ≺ σ such that 1
k+1 < |σ|. Then

{
(i1, i2, . . . , ip) ∈ Np :

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |σ|} ⊂ k+1⋃
j=1

Aj .

Since Aj∆Bj , j = 1, 2, ..., k + 1 are finite sets, there exists α0 ∈ N such that

k+1⋃
j=1

Aj ∩ {(i1, i2, . . . , ip) ∈ Np : i1, i2, . . . , ip > α0}

=

k+1⋃
j=1

Bj ∩ {(i1, i2, . . . , ip) ∈ Np : i1, i2, . . . , ip > α0} .
(2.4)

If i1, i2, . . . , ip > α0 and (i1, i2, . . . , ip) /∈ B, then (i1, i2, . . . , ip) /∈
k+1⋃
j=1

Bj and, by

(2.4), (i1, i2, . . . , ip) /∈
k+1⋃
j=1

Aj but then

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ < 1

k + 1
< |σ| .

Hence, (2.3) holds. �

Definition 13. Let (X, gQ) be a quaternion valued g-metric space, I be an admis-
sible ideal, and (τi) be a sequence in X. Then, (τi) of elements of X is said to be
I∗-g-Cauchy sequence if for every ε > 0, there exists a set

M∗ =
{(
mk1 ,mk2 , ...,mkp

)
∈ Np : mki ∈M , i = 1, 2, ..., p

}
⊂ Np,

where M ∈ F (I), M = {m1 < m2 < ... < mk < ...} ⊂ N such that the subsequence
(τM ) = (τmk) is an ordinary g-Cauchy sequence in X, i.e.,

lim
k1,k2,...,kp→∞

gQ

(
τmk1 , τmk2 , ..., τmkp

)
= 0.

Theorem 2.7. Let I be an admissible ideal. If (τi) is a I∗-g-Cauchy sequence then
this sequence is I-g-Cauchy sequence.

Proof. Let (τi) be a I∗-g-Cauchy sequence. Then, there exists the set

M∗ =
{(
mk1 ,mk2 , ...,mkp

)
∈ Np : mki ∈M , i = 1, 2, ..., p

}
⊂ Np,

where M ∈ F (I), M = {m1 < m2 < ... < mk < ...} ⊂ N such that

gQ

(
τmk1 , τmk2 , ..., τmkp

)
< ε,

for every ε > 0 and for all mk1 ,mk2 , ...,mkp ≥ mk0 (ε). Let U = U (ε) = mk0+1.
Then, for every ε > 0, we have

gQ

(
τU , τmk1 , τmk2 , ..., τmkp

)
< ε, mk1 ,mk2 , ...,mkp ≥ mk0 (ε) .

Now, let L = Np�M∗. It is clear that L ∈ I and

A (ε) =
{

(i1, i2, . . . , ip) ∈ Np :
∣∣gQ (τU , τi1 , τi2 , ..., τip)∣∣ ≥ |q| = ε

}
⊆
[
L ∪

{(
mk1 ,mk2 , ...,mkp

)
: mki ∈ {mk1 ,mk2 , ...,mk0}

}]
.

Then [
L ∪

{(
mk1 ,mk2 , ...,mkp

)
: mki ∈ {mk1 ,mk2 , ...,mk0}

}]
∈ I.
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Thus, for every ε > 0, we can find an U ∈ N such that A (ε) ∈ I. Hence, (τi) is a
I-g-Cauchy sequence. �

Lemma 2.8. Let {Si}∞i=1 be a countable family of subsets of Np such that Si ∈ F (I)
for each i, where F (I) is a filter associate with an admissible ideal I with property
(AP ). Then, there exists a set S ⊂ Np such that S ∈ F (I) and the set S�Si is
finite set for each i.

Proof. Let

U1 = Np�S1

U2 = (Np�S2)�U1

...
...

Um = (Np�Sm)� (U1 ∪ U2 ∪ ... ∪ Um−1)

for m = 2, 3, . . . . It is easy to see that Ui ∈ I for each i and Ui ∩ Uj = ∅, when
i 6= j. Then, by propery (AP ) of I we conclude that there exists a countable family

of sets {V1, V2} such that Uj∆Vj is a finite set for j ∈ N and V =

∞⋃
j=1

Vj ∈ I. Put

S = Np�V . It is clear that S ∈ F (I). Now prove that the set S�Si is finite
set for each i. Assume that there exists a j0 ∈ N such that S�Sj0 has infinitely
many elements. Since each Ui ∩ Uj = ∅ is a finite set (j = 1, 2, ..., j0), there exists
a n0 ∈ N such that

j0⋃
j=1

Vj ∩ {(i1, i2, . . . , ip) ∈ Np : i1, i2, . . . , ip ≥ n0}

=

j0⋃
j=1

Uj ∩ {(i1, i2, . . . , ip) ∈ Np : i1, i2, . . . , ip ≥ n0} .

If i1, i2, . . . , ip ≥ n0 and i1, i2, . . . , ip /∈ V , then i1, i2, . . . , ip /∈
j0⋃
j=1

Vj and i1, i2, . . . , ip /∈

j0⋃
j=1

Uj . Since Uj0 = (Np�Sj0)�
j0−1⋃
j=1

Uj and i1, i2, . . . , ip /∈ Uj0 we have i1, i2, . . . , ip ∈

Sj0 for all i1, i2, . . . , ip ≥ n0. Therefore, for all i1, i2, . . . , ip ≥ n0 we get i1, i2, . . . , ip ≥
n0 ∈ S and i1, i2, . . . , ip ≥ n0 ∈ Sj0 . This demonstrates that the set S�Sj0 has a
finite number of elements. This contradicts to our assumption that the set S�Sj0
is an infinite set. Hence the proof is complete. �

Theorem 2.9. If I is an ideal that is admissible and has the property (AP ), then
the terms I-g-Cauchy sequence and I∗-g-Cauchy sequence are equivalent.

Proof. If a sequence (τi) is I∗-g-Cauchy sequence, then it is I-g-Cauchy sequence
by Theorem 2.7, where I need not have the property (AP ). Now that it is assumed
that (τi) is I-g-Cauchy sequence, it is sufficient to demonstrate that (τi) is I∗-g-
Cauchy sequence. Let (τi) be a I-g-Cauchy sequence. Then, if for every q ∈ Q
with 0 ≺ q, there exists r0 ≺ Q such that{

(i1, i2, . . . , ip) ∈ Np :
∣∣gQ (τr0 , τi1 , τi2 , ..., τip)∣∣ ≥ |q| = ε

}
∈ I.
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Let

Si :=

{
(i1, i2, . . . , ip) ∈ Np :

∣∣∣gQ (τmki , τi1 , τi2 , ..., τip)∣∣∣ < 1

i

}
,

i = 1, 2, ... where mki = r0

(
1
i

)
. It is clear that Si ∈ F (I) for i = 1, 2, ... Since I

has the property (AP ), then by Lemma 2.8. there exists a set S ⊂ N such that
S ∈ F (I) and S�Si is finite for all i. Now we show that

lim
k1,k2,...,kp→∞

gQ

(
τmk1 , τmk2 , ..., τmkp

)
= 0.

Let ε > 0 and j0 ∈ N such that j0 >
p
ε . If k1, k2, ..., kp ∈ S and S�Sj0 is finite set,

so there exists m = m (j0) such that k1, k2, ..., kp ∈ Sj0 for all k1, k2, ..., kp ≥ m (j0).
Thus it follows that∣∣∣gQ (τmk1 , τmk2 , ..., τmkp)∣∣∣ ≤ ∣∣gQ (τmk1 , τi1 , ..., τi1)∣∣+

∣∣gQ (τmk2 , τi1 , ..., τi1)∣∣
+...+

∣∣∣gQ (τmkp , τi1 , ..., τi1)∣∣∣
≤
∣∣gQ (τmk1 , τi1 , τi2 , ..., τip)∣∣+

∣∣gQ (τmk2 , τi1 , τi2 , ..., τip)∣∣
+...+

∣∣∣gQ (τmkp , τi1 , τi2 , ..., τip)∣∣∣
< 1

j0
+ 1

j0
+ ...+ 1

j0
< ε.

This demonstrates that the sequence (τi) is I∗-g-Cauchy sequence. �

3. Generalized statistical convergence via ideal in quaternion
valued generalized metric spaces

This section presents I-statistically convergence, I-lacunary statistically conver-
gence, strong I-Cesàro summability, and strong I-lacunary summability in quater-
nion valued generalized metric spaces. It also examines several properties related
to these concepts.

Definition 14. Let (X, gQ) be a quaternion valued g-metric space, τ ∈ X be a
point, and (τi) ⊆ X be a sequence. A sequence (τi) I-statistically convergent to τ
if, for every q, % ∈ Q with 0 ≺ q, % such that{

n ∈ N : p!
np |{(i1, i2, . . . , ip) ∈ N

p, i1, i2, . . . , ip ≤ n :∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣ ≥ |%|} ∈ I.

In this scenario, we denote the convergence as g
S(I)
Q − limi→∞ τi = τ or (τi)

g
S(I)
Q→ τ .

The collection of all I-statistically convergent sequences in quaternion valued g-

metric space is symbolized as g
S(I)
Q .

Definition 15. A sequence (τi) is known as I-lacunary statistically convergent to
τ ∈ X if, for every q, % ∈ Q with 0 ≺ q, % such that{

r ∈ N :
p!

hpr

∣∣{iw ∈ Ir, 1 ≤ w ≤ p :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣ ≥ |%|} ∈ I.

It is indicated by g
Sθ(I)
Q − limi→∞ τi = τ or (τi)

g
Sθ(I)
Q→ τ . The collection of all

I-lacunary statistical convergent sequences in quaternion valued g-metric space is

symbolized as g
Sθ(I)
Q .
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Definition 16. A sequence (τi) is said to be strongly I-Cesàro summable to τ ∈ X
if, for every q ∈ Q with 0 ≺ q,n ∈ N :

p!

np

n∑
i1,i2,...,ip=1

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|
 ∈ I.

This is denoted by g
C1[I]
Q − limi→∞ τi = τ or (τi)

g
C1[I]
Q→ τ.

Definition 17. A sequence (τi) is said to be strongly I-lacunary convergent to
τ ∈ X if, for every q ∈ Q with 0 ≺ q,r ∈ N :

p!

hpr

∑
iw∈Ir, 1≤w≤p

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|
 ∈ I.

and is indicated by g
Nθ[I]
Q − limi→∞ τi = τ or (τi)

g
Nθ [I]
Q→ τ.

Definition 18. Let (X, gQ) be a quaternion valued g-metric space, τ ∈ X be a
point, and (τi) ⊆ X be a sequence and λ = (λn) ∈ ∆. A sequence (τi) is said to

be [V, λ](I)-summable (g
[V,λ](I)
Q -summable) to τ ∈ X, if for any every % ∈ Q with

0 ≺ %,

{n ∈ N : |tn (τi)− τ | ≥ |%|} ∈ I,

where

tn (τi) =
p!

λpn

∑
iw∈In, 1≤w≤p

gQ
(
τi1 , τi2 , ..., τip

)
, In = [n− λn + 1, n] .

In this case we write g
[V,λ](I)
Q − limi→∞ τi = τ or (τi)

g
[V,λ](I)
Q→ τ . The collection of

all [V, λ](I)-summable sequences in quaternion valued g-metric space is symbolized

as g
[V,λ](I)
Q .

Definition 19. A sequence (τi) is said to be I-λ-statistically convergent or I-Sλ-
convergent to τ , if, for every q, % ∈ Q with 0 ≺ q, %,{

n ∈ N :
p!

λpn

∣∣{iw ∈ In, 1 ≤ w ≤ p :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣ ≥ |%|} ∈ I.

In this case we write gI−SλQ − limi→∞ τi = τ or (τi)
g
I−Sλ
Q→ τ . The collection of

all I-λ-statistically convergent sequences in quaternion valued g-metric space is
symbolized as gI−SλQ .

Theorem 3.1. Let θ = (kr) be a lacunary sequence. Then, the following statements
hold:
(i) (a) If g

Nθ[I]
Q − limi→∞ τi = τ , then g

Sθ(I)
Q − limi→∞ τi = τ , and

(b) g
Nθ[I]
Q is a proper subset of g

Sθ(I)
Q .

(ii) If (τi) ∈ l∞(X), the space of all bounded sequences of (X, gQ) and g
Sθ(I)
Q −

limi→∞ τi = τ , then g
Nθ[I]
Q − limi→∞ τi = τ.

(iii) g
Sθ(I)
Q ∩ l∞ = g

Nθ[I]
Q ∩ l∞.



ON IDEAL CONVERGENCE OF SEQUENCES 33

Proof. (i) (a) If q ∈ Q with 0 ≺ q and g
Nθ[I]
Q − limi→∞ τi = τ , then we can write∑

iw∈Ir, 1≤w≤p

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ ∑
iw∈Ir, 1≤w≤p

|gQ(τ,τi1 ,τi2 ,...,τip)|≥|q|

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣
≥ |q|

∣∣{iw ∈ Ij , 1 ≤ w ≤ p :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣ ,

and so
p!
|q|hpr

∑
iw∈Ir, 1≤w≤p

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣
≥ p!

hpr

∣∣{iw ∈ Ij , 1 ≤ w ≤ p :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣ .

Then, for every % ∈ Q with 0 ≺ %, we have{
r ∈ N : p!

hpr

∣∣{iw ∈ Ir, 1 ≤ w ≤ p :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣ ≥ |%|}

⊆

{
r ∈ N : p!

hpr

∑
iw∈Ir, 1≤w≤p

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q| |%|
}
∈ I.

Hence, we obtain g
Sθ(I)
Q − limi→∞ τi = τ .

(b) In order to establish that the inclusion g
Nθ[I]
Q ⊆ gSθ(I)

Q is proper, let θ be given,

and define τi to be 1, 2, ...,
√
hr for the first

√
hr integers in Ir and τi = 0 otherwise,

for all r = 1, 2, ... Then, for any q ≺ Q with 0 ≺ q

p!

hpr

∣∣{iw ∈ Ij , 1 ≤ w ≤ p :
∣∣gQ (0, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣ ≤ p!

√
hr

hpr
,

and for any % ∈ Q with 0 ≺ %,{
r ∈ N : p!

hpr

∣∣{iw ∈ Ir, 1 ≤ w ≤ p :
∣∣gQ (0, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣ ≥ |%|}

⊆
{
r ∈ N : p!

√
hr

hpr
≥ |%|

}
.

Since the set on the right-hand side is a finite set and so belongs to I, it follows

that g
Sθ(I)
Q − limi→∞ τi = 0.

On the other hand, for p > 1,

p!

hpr

∑
iw∈Ir, 1≤w≤p

∣∣gQ (0, τi1 , τi2 , ..., τip)∣∣ =
p!

hpr

√
hr
(√
hr + 1

)
2

→ 0,

and for 0 ≤ p < 1,

p!

hpr

∑
iw∈Ir, 1≤w≤p

∣∣gQ (0, τi1 , τi2 , ..., τip)∣∣ =
p!

hpr

√
hr
(√
hr + 1

)
2

→∞.

So, we have {
r ∈ N : p!

hpr

∑
iw∈Ir, 1≤w≤p

∣∣gQ (0, τi1 , τi2 , ..., τip)∣∣ ≥ 0

}
=

{
r ∈ N : p!

hpr

√
hr(
√
hr+1)

2 ≥ 0

}
= {m,m+ 1, ...}

for some m ∈ N which belongs to F (I), since I is admissible. Hence, g
Nθ[I]
Q −

limi→∞ τi 6= 0.
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(ii) Suppose that (τi) ∈ l∞ and g
Sθ(I)
Q − limi→∞ τi = τ . Then, there exists a M > 0

such that ∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ < M.

Given q ∈ Q with 0 ≺ q, we have

p!
hpr

∑
iw∈Ir, 1≤w≤p

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ ∑
iw∈Ir, 1≤w≤p

|gQ(τ,τi1 ,τi2 ,...,τip)|≥ |q|2

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣
+

∑
iw∈Ir, 1≤w≤p

|gQ(τ,τi1 ,τi2 ,...,τip)|< |q|2

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣
≥ Mp!

hpr

∣∣∣{iw ∈ Ij , 1 ≤ w ≤ p :
∣∣gQ (0, τi1 , τi2 , ..., τip)∣∣ ≥ |q|2 }∣∣∣+ |q|

2 .

Therefore, we have{
r ∈ N : p!

hpr

∑
iw∈Ir, 1≤w≤p

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|
}

⊆
{
r ∈ N : p!

hpr

∣∣∣{iw ∈ Ir, 1 ≤ w ≤ p :
∣∣gQ (0, τi1 , τi2 , ..., τip)∣∣ ≥ |q|2 }∣∣∣ ≥ |q|

2M

}
∈ I.

As a result g
Nθ[I]
Q − limi→∞ τi = τ .

(iii) Follows from (i) and (ii). �

Theorem 3.2. Let θ = {kr} be a lacunary sequence. If lim infr qr > 1, then

g
S(I)
Q − lim

i→∞
τi = τ ⇒ g

Sθ(I)
Q − lim

i→∞
τi = τ .

If lim infr qr = 1, then there exists a bounded sequence (τi) which is I-statistically
convergent but not I-lacunary statistically convergent in quaternion valued g-metric
space.

Proof. Suppose first that lim infr qr > 1, then there exists a β > 0 such that
qr > 1 + β for sufficiently large r, which implies that

hr
kr
≥ β

1 + β
⇒
(
hr
kr

)p
≥
(

β

1 + β

)p
⇒ 1

kpr
≥ 1

hpr

βp

(1 + β)
p .

If g
S(I)
Q − limi→∞ τi = τ , then for every q ≺ Q with 0 ≺ q, we have

p!

kpr

∣∣{(i1, i2, . . . , ip) ∈ Np, i1, i2, . . . , ip ≤ kr :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣

≥ p!

kpr

∣∣{iw ∈ Ir, 1 ≤ w ≤ p :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣

≥ βp

(1+β)p .
p!
hpr

∣∣{iw ∈ Ir, 1 ≤ w ≤ p :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣ ;

Then, for every % ∈ Q with 0 ≺ %, we get{
r ∈ N : p!

hpr

∣∣{iw ∈ Ir, 1 ≤ w ≤ p :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣ ≥ |%|}

⊆
{
kr ∈ N :

p!

kpr
|{(i1, i2, . . . , ip) ∈ Np, i1, i2, . . . , ip ≤ kr :∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣ ≥ |%|βp

(1+β)p

}
∈ I.
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As a result, we obtain g
Sθ(I)
Q − limi→∞ τi = τ.

Suppose that lim infr qr = 1. Then, we can select a subsequence
(
krj
)

of the
lacunary sequence θ such that

krj
krj−1

< 1 +
1

j
and

krj−1

krj−1

> j,

where rj > rj−1 + 2.
Define a sequence (τi) by

τi =

{
1, if i ∈ Irj ,
0, otherwise.

Then, we have

1
hrj

∑
iw∈Ir, 1≤w≤p

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ = |1− τ |

and 1
hr

∑
iw∈Ir, 1≤w≤p

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ = |τ | for r 6= rj .

Then it is quite clear that (τi) does not belong to g
Nθ[I]
Q . Since (τi) is bounded,

Theorem 3.1(iii) implies that g
Sθ(I)
Q − limi→∞ τi 6= τ .

Next, let krj−1 ≤ n ≤ krj+1−1. Then, from Theorem 2.1 in [10], we can write

p!

np
∣∣{(i1, i2, . . . , ip) ∈ Np, i1, i2, . . . , ip ≤ n :

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣
≤ p!

np

n∑
i1,i2,...,ip=1

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≤ krj−1+hrj
krj−1

≤ 1
j + 1

j = 2
j .

Hence, g
S(I)
Q − limi→∞ τi = τ. �

Theorem 3.3. If θ = {kr} be a lacunary sequence with lim sup
(kj−kj−1)p

kpr−1
< ∞

(j = 1, 2, ..., r), then

g
Sθ(I)
Q − lim

i→∞
τi = τ ⇒ g

S(I)
Q − lim

i→∞
τi = τ .

Proof. If lim sup
(kj−kj−1)p

kpr−1
< ∞, then without any loss of generality we can pre-

sume that there exists a 0 < Bj <∞ such that
(kj−kj−1)p

kpr−1
< Bj , (j = 1, 2, ..., r) for

all r ≥ 1. Assume that g
Sθ(I)
Q − limi→∞ τi = τ , and for |q| = ε, |%| = δ, define the

sets

C =

{
r ∈ N :

p!

hpr

∣∣{iw ∈ Ir, 1 ≤ w ≤ p :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ ε}∣∣ < δ

}
and

T =
{
n ∈ N : p!

np |{(i1, i2, . . . , ip) ∈ N
p, i1, i2, . . . , ip ≤ n :∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ ε}∣∣ < |%1|

}
.

It is obvious from our assumption that C ∈ F (I), the filter associated with the
ideal I. Further observe that

Kj =
p!

hpj

∣∣{iw ∈ Ij , 1 ≤ w ≤ p :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ ε}∣∣ < |%| ,
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for all j ∈ C. Let n ∈ N be such that kr−1 < n ≤ kr for some r ∈ C. Now

p!

np
∣∣{(i1, i2, . . . , ip) ∈ Np, i1, i2, . . . , ip ≤ n :

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ ε}∣∣
≤ p!

kpr−1

∣∣{(i1, i2, . . . , ip) ∈ Np, i1, i2, . . . , ip ≤ kr :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ ε}∣∣

=
p!

kpr−1

∣∣{iw ∈ I1, 1 ≤ w ≤ p :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ ε}∣∣

+
p!

kpr−1

∣∣{iw ∈ I2, 1 ≤ w ≤ p :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ ε}∣∣

+ ...+
p!

kpr−1

∣∣{iw ∈ Ir, 1 ≤ w ≤ p :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ ε}∣∣

=
kp1
kpr−1

p!

hp1

∣∣{iw ∈ I1, 1 ≤ w ≤ p :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ ε}∣∣

+
(k2 − k1)

p

kpr−1

p!

hp2

∣∣{iw ∈ I2, 1 ≤ w ≤ p :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ ε}∣∣

+ ...+
(kr − kr−1)

p

kpr−1

p!

hpr

∣∣{iw ∈ Ir, 1 ≤ w ≤ p :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ ε}∣∣

≤ sup
j∈C

Kj .
kp1 + (k2 − k1)

p
+ ...+ (kr − kr−1)

p

kpr−1

≤ sup
j∈C

Kj (B1 +B2 + ...+Br) < %

r∑
j=1

Bj .

Choosing %1 =
%
r∑
j=1

Bj

and in view of the fact that
⋃
{t : kr−1 < t ≤ kr, r ∈ C} ⊂

T, where C ∈ F (I) it follows from our assumption on θ that the set T also belongs

to F (I) and this completes the proof of the theorem. Therefore, we have g
S(I)
Q −

limi→∞ τi = τ . �

Theorem 3.4. Let I be an admissible ideal satisfying condition (AP),and let θ ∈
F (I). If τ ∈ gS(I)

Q ∩ gSθ(I)
Q , then g

S(I)
Q − limi→∞ τi = g

Sθ(I)
Q − limi→∞ τi.

Proof. Suppose that g
S(I)
Q − limi→∞ τi = τ1 and g

Sθ(I)
Q − limi→∞ τi = τ2, and

τ1 6= τ2. Let 0 < q < 1
2 |τ1 − τ2|, where q ∈ Q with 0 ≺ q. Since I satisfies the

condition (AP), there exists M ∈ F (I) (i.e., N�M ∈ I) such that

limr→∞
p!
tpr
|{(i1, i2, . . . , ip) ∈ Np, i1, i2, . . . , ip ≤ tr :∣∣gQ (τ1, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣ = 0, where M = {t1, t2, ...} .

Let

U =
{

(i1, i2, . . . , ip) ∈ Np, i1, i2, . . . , ip ≤ tr :
∣∣gQ (τ1, τi1 , τi2 , ..., τip)∣∣ ≥ |q|} ,

V =
{

(i1, i2, . . . , ip) ∈ Np, i1, i2, . . . , ip ≤ tr :
∣∣gQ (τ2, τi1 , τi2 , ..., τip)∣∣ ≥ |q|} .

Then
tpr
p! = |U ∪ V | ≤ |U |+ |V |. This implies that 1 ≤ p!|U |

tpr
+ p!|V |

tpr
. Since p!|V |

tpr
≤ 1

and limr→∞
p!|U |
tpr

= 0, so we must have limr→∞
p!|V |
tpr

= 1.
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Let M∗ = {ij1 , ij2 , ...} = M ∩ θ ∈ F (I). Then, the ijm th term of the statistical
expression

p!

tpr

∣∣{(i1, i2, . . . , ip) ∈ Np, i1, i2, . . . , ip ≤ tr :
∣∣gQ (τ2, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣

is

p!

ipjm

∣∣∣∣∣
{
i ∈

jm⋃
w=1

Iw :
∣∣gQ (τ2, τi1 , τi2 , ..., τip)∣∣ ≥ |q|

}∣∣∣∣∣ =
p!

jm∑
w=1

hw

jm∑
w=1

hwτw, (3.1)

where

τw =
p!

hpw

∣∣{is ∈ Iw, 1 ≤ s ≤ p :
∣∣gQ (τ2, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣ I→ 0

since g
Sθ(I)
Q − limi→∞ τi = τ2. Since θ be a lacunary sequence, (3.1) is a regular

weighted mean transform of τw’s, and therefore it is also I-convergent to zero as
w → ∞, and so it has a subsequence which is convergent to zero since I satisfies
condition (AP). But since this is a subsequence of{
p!

np
∣∣{(i1, i2, . . . , ip) ∈ Np, i1, i2, . . . , ip ≤ n :

∣∣gQ (τ2, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣}
n∈M

we infer that{
p!

np
∣∣{(i1, i2, . . . , ip) ∈ Np, i1, i2, . . . , ip ≤ n :

∣∣gQ (τ2, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣}
n∈M

is not convergent to 1, which is a contradiction. This completes the proof of the
theorem. �

Theorem 3.5. If lim infr qr > 1, then g
C1[I]
Q ⊆ gNθ[I]

Q .

Proof. It is obvious, so omitted. �

Theorem 3.6. If lim supr qr <∞, then g
Nθ[I]
Q ⊆ gC1[I]

Q .

Proof. It is obvious, so omitted. �

Theorem 3.7. Let λ = (λn) ∈ ∆. Then

(i) If g
[V,λ](I)
Q − limi→∞ τi = τ , then gI−SλQ − limi→∞ τi = τ and the inclusion

g
[V,λ](I)
Q ⊂ gI−SλQ is proper for every ideal I.

(ii) If (τi) ∈ l∞(X), the space of all bounded sequences of (X, gQ) and gI−SλQ −
limi→∞ τi = τ , then g

[V,λ](I)
Q − limi→∞ τi = τ.

Proof. Let q ∈ Q with 0 ≺ q and g
[V,λ](I)
Q − limi→∞ τi = τ . Then, we have∑

iw∈In, 1≤w≤p

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ ∑
iw∈In, 1≤w≤p

|gQ(τ,τi1 ,τi2 ,...,τip)|≥|q|

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣
≥ |q|

∣∣{iw ∈ In, 1 ≤ w ≤ p :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣ .

So for a given % ∈ Q with 0 ≺ %,
p!
λpn

∣∣{iw ∈ In, 1 ≤ w ≤ p :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣ ≥ |%|

⇒ p!
λpn

∑
iw∈In, 1≤w≤p

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q| |%| ,
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i.e., {
n ∈ N : p!

λpn

∣∣{iw ∈ In, 1 ≤ w ≤ p :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣ ≥ |%|}

⊆

{
n ∈ N : p!

λpn

∑
iw∈In, 1≤w≤p

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q| |%|
}
.

Since g
[V,λ](I)
Q − limi→∞ τi = τ , so the set on the right-hand side belongs to I and

so it follows that gI−SλQ − limi→∞ τi = τ.

To demonstrate that gI−SλQ & g
[V,λ](I)
Q , take a fixed Y ∈ I. Define (τi) by

τi =


iu, for n−

[√
λn
]

+ 1 ≤ i ≤ n, n /∈ Y
iu, for n− λn + 1 ≤ i ≤ n, n ∈ Y
θ, otherwise.

where u ∈ X is a fixed element with ‖u‖ = 1, and θ is the null element of X. Then
(τi) /∈ l∞(X) and for every q ≺ Q with 0 ≺ q (0 < |q| < 1) since

p!

λpn

∣∣{iw ∈ In, 1 ≤ w ≤ p :
∣∣gQ (0, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣ =

[√
λn
]

λn
→ 0

as n→∞ and n /∈ Y , so for every % ∈ Q with 0 ≺ %,{
n ∈ N : p!

λpn

∣∣{iw ∈ In, 1 ≤ w ≤ p :
∣∣gQ (0, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣ ≥ |%|}

⊂ A ∪ {1, 2, . . . , s}

for some s ∈ N. Since I is admissible, it follows that gI−SλQ − limi→∞ τi = θ.
Obviously

p!

λpn

∑
iw∈In, 1≤w≤p

∣∣gQ (θ, τi1 , τi2 , ..., τip)∣∣→∞ (n→∞)

i.e. g
[V,λ](I)
Q −limi→∞ τi 6= θ. Note that if Y ∈ I is infinite then gSλQ −limi→∞ τi 6= θ.

This example also shows that I-Sλ-convergence is more general than λ-statistical
convergence in quaternion valued generalized metric spaces.
(ii) Suppose that gI−SλQ − limi→∞ τi = τ and τi ∈ l∞. Let

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≤
M , ∀i = 1, 2, ..., p. Let q ∈ Q with 0 ≺ q be given. Now

p!
λpn

∑
iw∈In, 1≤w≤p

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ = p!
λpn

∑
iw∈In, 1≤w≤p

|gQ(τ,τi1 ,τi2 ,...,τip)|≥|q|

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣
+ p!
λpn

∑
iw∈In, 1≤w≤p

|gQ(τ,τi1 ,τi2 ,...,τip)|<|q|

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣
≤ p!M

λpn

∣∣{iw ∈ In, 1 ≤ w ≤ p :
∣∣gQ (0, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣+ |q| .

Note that

A =

{
n ∈ N :

p!

λpn

∣∣{iw ∈ In, 1 ≤ w ≤ p :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣ ≥ |q|M

}
∈ I.

If n ∈ Ac, then

p!

λpn

∑
iw∈In, 1≤w≤p

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ < 2 |q| .
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Hence n ∈ N :
p!

λpn

∑
iw∈In, 1≤w≤p

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ 2 |q|

 ⊂ A,
and so belongs to I. This shows that g

[V,λ](I)
Q − limi→∞ τi = τ .

(iii) This readily follows from (i) and (ii). �

Theorem 3.8. Let (X, gQ) be a quaternion valued g-metric space, τ ∈ X be a
point, and (τi) ⊆ X be a sequence and λ = (λn) ∈ ∆. Then

(i) g
S(I)
Q ⊆ gI−SλQ if lim infn→∞

λpn
np > 0.

(ii) If lim infn→∞
λpn
np = 0, I-strongly (by which we mean that ∃ a subsequence

(n(j))∞j=1, for which
λn(j)

n(j) < 1
j ∀j and {n(j) : j ∈ N} /∈ I) then g

S(I)
Q & gI−SλQ .

Proof. (i) Given q ∈ Q with 0 ≺ q, we have

p!

np
∣∣{(i1, i2, . . . , ip) ∈ Np, i1, i2, . . . , ip ≤ n :

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣
≥ p!

np
∣∣{iw ∈ In, 1 ≤ w ≤ p :

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣
≥ λpn

np .
p!
λpn

∣∣{iw ∈ Ir, 1 ≤ w ≤ p :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣ ;

If lim infn→∞
λpn
np = m then from definition

{
n ∈ N :

λpn
np <

m
2

}
is finite. For % ∈ Q

with 0 ≺ %{
n ∈ N : p!

λpn

∣∣{iw ∈ In, 1 ≤ w ≤ p :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣ ≥ |%|}

⊆
{
n ∈ N :

p!

np
|{(i1, i2, . . . , ip) ∈ Np, i1, i2, . . . , ip ≤ n :∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣ ≥ m

2 |%|
}
∪
{
n ∈ N :

λpn
np <

m
2

}
.

Since I is admissible, the set on the right-hand side belongs to I and this completed
the proof of (i).
(ii) Define a sequence (τs) by

τs =

{
u, if s ∈ In(j), j = 1, 2, . . .

θ, otherwise,

where as before u ∈ X, ‖u‖ = 1 and θ is the zero element of X. Then (τs) is g-

statistically convergent and so τs ∈ gS(I)
Q (Since I is admissible). But τs /∈ g[V,λ](I)

Q

and so by Theorem 3.7(ii) τi /∈ gI−SλQ . �

Theorem 3.9. If λ ∈ ∆ be such that limn→∞
n−λn
np = 1, then gI−SλQ ⊂ gS(I)

Q .

Proof. Let δ > 0 be given. Since limn→∞
n−λn
np = 1, we can choose s ∈ N such that∣∣n−λn

np − 1
∣∣ < δ =

(
−1 + %

2p! > 0
)

, for all n ≥ s. Now observe that, for q ∈ Q with
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0 ≺ q,
p!

np
∣∣{(i1, i2, . . . , ip) ∈ Np, i1, i2, . . . , ip ≤ n :

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣
=

p!

np
∣∣{(i1, i2, . . . , ip) ∈ Np, i1, i2, . . . , ip ≤ n− λn :

∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣
+ p!
λpn

∣∣{iw ∈ In, 1 ≤ w ≤ p :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣

≤ p!n−λnnp + p!
λpn

∣∣{iw ∈ In, 1 ≤ w ≤ p :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣

≤ p! %2p! + p!
λpn

∣∣{iw ∈ In, 1 ≤ w ≤ p :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣

= %
2 + p!

λpn

∣∣{iw ∈ In, 1 ≤ w ≤ p :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣ ,

for all n ≥ s. Hence{
n ∈ N :

p!

np
|{(i1, i2, . . . , ip) ∈ Np, i1, i2, . . . , ip ≤ n :∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣ ≥ |%|}

⊆
{
n ∈ N : p!

λpn

∣∣{iw ∈ In, 1 ≤ w ≤ p :
∣∣gQ (τ, τi1 , τi2 , ..., τip)∣∣ ≥ |q|}∣∣ ≥ |%|2 }

∪{1, 2, 3, . . . , s}.

If gI−SλQ − limi→∞ τi = τ then the set on the right-hand side belongs to I and so

the set on the left-hand side also belongs to I. This shows that (τi) is I-statistically
convergent sequences in quaternion valued g-metric space. �

4. Conclusion

In conclusion, the introduction of ideal convergence concepts into quaternion-
valued generalized metric spaces represents a significant advancement in math-
ematical analysis. By defining and establishing the equivalence of I-convergence
and I∗-convergence through rigorous properties, we have extended the applicability
of metric space theory to a broader algebraic domain. The adaptation of classical
theorems to these spaces, including I-Cauchy and I∗-Cauchy sequences, further
enhances our understanding of convergence in complex mathematical structures.
Moreover, exploring various forms of statistical convergence and summability in this
context provides valuable insights into the behavior of sequences within quaternion-
valued metrics. This study not only enriches theoretical mathematics but also lays
the groundwork for future research in functional analysis and its applications across
diverse scientific disciplines.
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