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ON IDEAL CONVERGENCE OF SEQUENCES IN QUATERNION
VALUED GENERALIZED METRIC SPACES

OMER KISI, BURAK CAKAL, MEHMET GURDAL

ABSTRACT. The primary objective of this study is to introduce the notion of
ideal convergence in quaternion-valued generalized metric spaces. We define Z-
convergence and Z*-convergence in these spaces and establish their equivalence
through the definition of property (AP). Furthermore, we introduce Z-Cauchy
and Z*-Cauchy sequences, adapting classically theorems to suit quaternion-
valued generalized metric spaces. We also present Z-statistical convergence,
Z-lacunary statistical convergence, strong Z-Cesaro summability, strong Z-
lacunary summability, [V, A](Z)-summability, and Z-A-statistically convergen-
cein quaternion valued generalized metric spaces, along with their associated
properties.

1. INTRODUCTION AND PRELIMINARIES

The concept of statistical convergence, introduced by Fast [9] and Steinhaus [34],
led to the emergence of a new field of mathematical research and the undertaking
of numerous studies. Building on Fridy’s work [I1], the natural density of a subset
A of N, which served as the inspiration for the idea of statistical convergence, is

defined as A
0(A) = lim [An] = lim —|{k€e A:k<n}|.

1
n—oo N n—o0o N
Keep in mind the concept of statistical convergence as it relates to this definition.
A sequence (wg) of real numbers is said to be statistically convergent to w
provided that for every e > 0,

1
lim ﬁ|{k6A:|wk—w|2£}|:0.

n—roo

This is represented by st — limwg = w.

Since then, several mathematicians have explored the properties of convergence
and statistical convergence, applying these concepts to various fields. For further
reference, see [4] [6] 10} [I5], 17, 20] 23] 24 28] [31].

The concept of ideal convergence, which offers a unifying perspective on various
types of convergence related to statistical convergence, was defined by Kostyrko et
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al. [22]. Recently, Das et al. [7] introduced new concepts, namely Z-statistical
convergence and Z-lacunary statistical convergence, using the framework of ideals.
Several papers have discussed the notion of ideal convergence, and some other
special convergence methods which can be found in [14] [I8] 2T], 27, 29, 30} BT, 32
35, 36l [37].

Fridy and Orhan [I2] explored the concept of lacunary statistical convergence
through the use of lacunary sequences. By a lacunary sequence we mean an in-
creasing integer sequence § = {k,} such that kg = 0 and h, = k., — k.1 — o0
as 7 — o0o. Throughout this paper, the sequence 6 is associated with the interval
(kr—1,k.] and ¢, = kfil is the ratio. The space of lacunary convergent sequences,

Ny was introduced by Freedman [10]. Additionally, in the same work, the relation-
ship between the space of strongly Cesaro summable sequences and the space of
strongly lacunary summable sequences was established. Further research on lacu-
nary statistical convergence can be explored in the studies [13, B3]. Mursaleen [25],
on the other hand, introduced the concept of A-statistical sonvergence as a novel
approach, elucidating its connections to statistical convergence, strongly Cesaro
summable and strongly (V, A)-summable.

In mathematical analysis, the concept of physical distance is formalized by a
distance function or metric, which can be generalized in various ways (see, for
instance, [I9]). One notable extension is the G-metric space, extensively studied
by Mustafa and Sims [26]. Metrics in this context measure the separation between
three locations. Choi et al. [5] introduced the g-metric as an extension of the
traditional distance function. The ordinary distance between two points and the
G-metric between three points are generalized by the n+1 point distance, referred to
as the g-metric of degree n. Advancing this metric framework, Abazari introduced
the concept of statistical g-convergence [IJ.

A number system that extends beyond complex numbers is known as quater-
nions. Originally formulated by Irish mathematician Hamilton in 1843 to describe
mechanics in three dimensions, quaternions exhibit noncommutative multiplication
of two quaternions as a distinctive feature. Detailed discussions on quaternion
analysis can be found in [3] and its associated literature. This paper introduces a
novel type of convergence in quaternion-valued g-metric spaces, building upon the
g-metric spaces introduced by Choi et al. [5], quaternion-valued g-metric spaces
by Jan and Jalal [I6], and various forms of statistical convergence found in existing
literature. The motivation for this proposal stems from practical applications in
quaternions and fixed point theorems.

This research holds significant importance in mathematical analysis by expand-
ing the theory of ideal convergence, which is crucial for understanding sequence
behavior in more generalized and complex metric spaces. The study’s findings
have practical applications in fields that require sophisticated spatial transforma-
tions, such as theoretical physics, computer graphics, and signal processing, where
quaternion-valued metrics play a critical role. By integrating ideal convergence with
quaternion-valued spaces, the paper provides a foundation for applying advanced
mathematical tools to address complex challenges across various disciplines.

In this study, our focus centers on introducing the concept of ideal convergence
within quaternion-valued generalized metric spaces. We define Z-convergence and
Z*-convergence in this framework, demonstrating their equivalence via the property



ON IDEAL CONVERGENCE OF SEQUENCES 21

(AP). Additionally, we extend traditional theorems to accommodate quaternion-
valued generalized metric spaces by introducing Z-Cauchy and Z*-Cauchy sequences.
Moreover, we delve into Z-statistical convergence, Z-lacunary statistical conver-
gence, strong Z-Cesaro summability, strong Z-lacunary summability, [V,A](Z) -
summability, and Z-A-statistical convergence in quaternion-valued generalized met-
ric spaces, providing a comprehensive exploration of their associated properties.

Let us now establish several definitions and notations that will be utilized in
this paper. First, we will introduce some fundamental notations for quaternionic
spaces. The four-dimensional real algebra with unity is known as the space of
quaternions, denoted by Q. The null element of Q is denoted by Oq, and the
multiplicative identity of Q is denoted by 1q. Within Q, there exist three imaginary
units represented by the symbols ¢, j, k. By definition, these units satisfy:

2= 2 = )2

—1,ij = —ji =k, jk = —kj =i and ki = —ik = j.

For each p = yo + y1t + y25 + ysk; where yo,y1,y2 and ys belong to R, the
elements 1,14, j, k are assumed to constitute a real vector basis of Q. Given p =
Yo + Y1t + Y25 + ysk € Q, we recall that:

(i) p = yo — y1? — y=2J — ysk is the conjugate quaternion of p,

(i) lol = VPP = Vyg +yi +y5 +y3 €R
(iii) Re(p) = 5(p+p) =yo €R
(iv) Im(p) = %(p — p) = y1i + y2J + ysk is the imaginary part of p.
When p = Re(p), the element p € Q is said to be real. It is obvious that p is
real only if and only if p = p. If p = —p or p = Im(p), p is said to be imaginary.
The concept of a complex metric space was introduced by Azam et al. [3] as
follows:

Definition 1. ([3]) Let X be a nonempty set, and suppose the mapping dc : X X
X — C satisfies the following conditions:
(i) 0 < dg (11, 72), for all 71,72 € X and dc (11,72) = 0 if and only if 11 = 7o,
(ii) dc (11, 72) = de (12, 71) for all 71,175 € X,
(’LZZ) dc (T17T2) <dc (T1,7'3) + dc (T37T2) fOT’ all T1,T2,73 € X.
Then (X,dc) is called a complex metric space.

Ahmed et al. [§] extended the above definition to Clifford analysis as follows:

Definition 2. ([§]) Let X be a nonempty set and suppose that the mapping dq :
X x X — Q satisfies the following.
(i) 0 < dq (11, 72), for all 7,9 € X and dq(m1, ™) = 0 if and only if 1 = T2,
(i1) dg (11, 72) = dq (12, 71) for all 7,1 € X,
(i11) dg (11, 72) X dq (11,73) + dq (73, T2) for all 71, 72,73 € X.
Then (X, dq) is called a quaternion valued metric metric space.

Ahmed et al. [§] introduced a partial order < on Q (space of all quaternions).

Definition 3. Let p1,p2 € Q, then p1 =< po2 if and only if Re(p1) < Re(p2) and
Img (p1) < Img (p2),p1,p2 € Q,5 =1, j, k where Imm; = b,Imm; = ¢,Immy, = d.
It was observed that p1 = pa, if one of the following conditions are satisfied:

(i) Re (p1) = Re (p2) , Imy, (p1) = Imy, (p2) where s1 = j, k,Im; (p1) < Im; (p2);
(i1) Re (p1) = Re (p2) ,Ims, (p1) = Imy, (p2) where so =4, k,Im; (p1) < Im; (p2);
(iii) Re (p1) = Re (p2) , Ims, (p1) = Imy, (p2) where s3 =i, j,Imy, (p1) < Imy (p2);
(iv) Re (p1) = Re (p2) , Imy, (p1) = Imy, (p2), Imm; (p1) = Im; (p2);
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(v) Re (p1) = Re (p2) , Imy, (p1) = Imy, (p2) , Imm; (p1) = Imm; (p2);
(vii) Re (p1) = Re (p2) ,Imy, (p1) < Img, (p2) , Immy (p1) = Immy, (p2);
(viii) Re (p1) < Re (pz2) ,Imy (p1) = Imy (p2);

(iz) Re (p1) < Re (p2),Imy, (p1) = Imy, (p2),Im; (p1) < Im; (p2);

(z) Re (p1) < Re(p2),Ims, (p1) = Im, (p2) ,Imm; (p1) < Imm; (p2);
(zi) Re (p1) < Re (p2) ,Imy; (p1) = Imy, (p2) , Imy (p1) < Immy (p2);
(zii) Re (p1) < Re(p2),Ims, (p1) <Imy, (p2),Im; (p1) = Imm; (p2);
(ziii) Re (p1) < Re (p2) ,Ims, (p1) < Imy, (p2) ,Immy; (p1) = Immy; (p2);
(ziv) Re (p1) = Re (p2) , Img, (p1) = Imy, (p2) , Imy, (p1) = Im (pk);

(zv) Re (p1) < Re(p2) ,Im; (p1) < Imy (p2);

(zvi) Re (p1) = Re (p2) , Im; (p1) = Im (m).

Specifically, we denote p1 X p2 if p1 # p2 and one from (i) to (zvi) is satisfied
and we will write p; < po if only (xv) is satisfied.

Remark. [t should be noted that p1 < p2 = |p1| < |p2]-

Motivated by Ahmed et al.’s [8] work, Adewale et al. [2] provided the following
definition.

Definition 4. ([2]) Let X be a nonempty set, Q a set of quaternions and G :
X x X x X — Q be a function satisfying the following properties:

(i) GR(11,72,73) = 0 if and only if | = 7o = T3,

(ii) 0 < GR(71, 71, 72), V71,72 € X, with 11 # To,

(ZZZ) GQ(Tl,Tl,TQ) j GQ(Tl,TQ,Tg),VTl,TQ,Tg S X, with T3 # T2,

(iv) GR(11,72,73) = G1o, 73, 71) = GU(71,73,72) = ... (symmelry),

(v) There exists a real number s > 1 such that

GQ(’Tl,’TQ,Tg) <s [GQ(Tl,a,G) + GQ(G,TQ,Tg)] s

Ya, T, 72,73 € X (rectangle inequality).

Then, the function G® is called a quaternion G-metric and (X, GQ) 1s referred
to as the GR-metric space. A GR-metric space is considered complete if every
Cauchy sequence in it is GR-convergent.

The following is an extension of G-metric space with degree [.

Definition 5. ([2]) Let X be a non-empty set. A function g : X'71 — R¥ is called
a g-metric space with order | on X if it satisfies the following conditions:
(i) g (10,71,72,...,7) =0 if and only if o =71 = ... =7,

(i) g (To, T1, T2y .. ., T1) = ¢ (Tg(o),rg(l), To(2)s -+ Tg(l)) for permutation o on {0,1,2, ...

(iii)g(TOaTlaTZ,---;Tl) Sg(yo»yhyQa"wyl) fOTall(T()?ThTQa--'7Tl)7(y07y17y27'"
XA with {r; :i=0,1,...,0} C{y;:i=0,1,...,1},
(i) For all To,T1, .., Ts, Y0, Y15 -, Yt, w € X with s+t +1 =1,

9(T0s T1, T2y -+, Tss Y0, Y1, Y25 -+ -5 Ut) <
g(T07T157-2a'~'aTsaw7w7"'w)+g(y07y1ay27'"7yt7waw"'w)'

The pair (X, g) is called g-metric space with degree l. For 1 = 1,2 respectively, it is
respectively equivalent to metric and G-metric space.

The statistical convergence of real-numbers sequencesis based on the concept of
natural density of subsets of N, the set of all positive integers, which is defined as

1},

Y1) €
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follows: Let (X,d) be a metric space. A real number sequence (7;) is said to be
statistically convergent to the number 7 if for every € > 0,

limn™! [{j <n:d(m,7) > e} =0,

where the number of elements in the contained set is indicated by the vertical bars.
indicate enclosed set.

The idea of A-statistical convergence of sequences 7 = (7;) of real numbers has
been studied by Mursaleen [25]. Let A = (),) be a non-decreasing sequence of
positive real numbers tending to co such that A,11 < A, +1 and Ay = 1. The
generalized de la Vallee-Poussin mean is defined by

1
tn (T) = EJGZI Tjs

where I,, = [n— X, +1,n] for n = 1,2,.... If X\, = n, then (V,\)-summability
reduces to (C, 1)-summability.

A real number sequence 7 = (7;) is said to be A-statistically convergent to the
number 7 if for every € > 0,

n}ln% {j€ly:d(rj,7) > e} =0.
In this case we write st-A\-lim7; = 7 or 7; = 7 (st — \).
Remark. If A\, = n, then Sy is the same as S.
The following definitions were given by R.Abazari.
Definition 6. ([I]) Let p € N and K € NF and
K(n) ={(t1,12,...,1p) <n(n € N) : (i1,12,...,1p) € K},

then |
. p-
O(p)(K) = lim —p|K(n)|,

n—oo M,

is called p-dimensional asymptotic (or natural density) of the set K.

Definition 7. ([I]) Let (z,) be a sequence in a g-metric space (Y,g) .
(i) (zn) is statistically convergent to x , provided for all € > 0,

LT .
nlin;o i—] Hzl,zg, iy <nig (m,mil,xiz,...,xij) > 6}| =0,

and is indicated by ¢S-lim,, o0 T, = .
(i1) () is called to be statistical g-Cauchy, provided for all € > 0, there exists
i € N so that

1l
. J: .. .
nll_I}IcloE |{11,22,...,zj <n:g (%E,ﬂﬁi“%, ...,J:ij)}‘ = 0.

The following definition was given by Jan and Jalal [16].

Definition 8. ([16]) Let X be a non-empty set. A function gq : XP*' — Q (where
Q is the space of quaternions) is called quaternion valued g-metric space with order
p on X if it satisfies the following conditions:

(i) 9q (70,71, 72,...,7p) =0 if and only if o =11 = ... = 7p,

(i1) gq (70,71, T2, ..., Tp) = gqQ (Tg(o), To(1) To(2)s - - - 7Tg(p)) for permutation o on
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{07172a"'p};
(”Z) 9Q (T077_137_27' .. 3Tp) j 9Q (§03§1;§27' . '5§P) fOT all

(7—037_1;7_2,'~'a7_p)a(§0»§1,§27~~.,§p) c _X’PJrl7

with {r; :1=0,1,...p} C{¢;:i=0,1,...p},
(iv) For all 7o, T1,...,Ts,50,S1,---St, UV € X with s+t +1=1p,

9Q (T07T1a7—2’"'aTS7§07§17§27"'7§t) SgQ (T0a7—177—27"'77—87U7U7"'7v)
+gQ (§0,§17§27...,§t71}71},...,U).

The pair (X,gq) is called quaternion valued gg-metric space with degree p. For
p = 1,2 respectively, it is equivalent to quaternion valued metric and quaternion
valued G-metric space.

Definition 9. ([I6]) A gq-metric on X is called multiplicity independent with
degree p if the following holds

9Q (7-07"'77-17) =9Q (§07"'a§p)7
for all (10,71, .., Tp) s (0551, - -5 Sp) € XPTL with

{ri:1=0,....,p} ={s;i:1=0,...,p}.

Note that for a given multiplicity independent gq-metric with order 2, it holds
that gq(7,5,5) = g9q(7,7,5). For a given multiplicity independent gq-metric with
order 3, it holds that gq(7,5,¢,5) = 9q(7,7,¢,5) = 9q(7, 7, 7,5) and gq(7,7,¢,2) =
9qQ(7,¢,¢, 2) = g (7,5, 2, 2).

Remark. If we allow equality under the conditions of monotonicity in Definition
that is

gQ (T07"'3Tp> j gQ (§Oa"'7§p)
for (1o,..., 1), (S0y---,5p) € XPTY with {r;:i=0,...,p} C {:9i=0,...,p},
then every gq-metric becomes multiplicity independent.

Utilizing the notion of ideals, Kostyrko et al. [22] determined the notion of T
and Z*-convergence.

Assume Y # (. T C 2Y is called an ideal on Y provided that (a) for all S,T € Z
implies SUT € Z; (b) for all S € Z and T' C S implies T € 7.

Assume Y # (. F C 2" is named a filter on Y provided that (a) for all S,T € F
implies SNT € F; (b) for all S € F and T D S implies T € F.

An ideal 7 is known as non-trivial provided that Y ¢ Z and Z # 0. A non-trivial
ideal Z C P(Y) is known as an admissible ideal in YV iff Z D {{w}:w e Y}. Z; is
defined as the set of all subsets of N whose natural density is zero forms a non-trivial
admissible ideal. Then, the filter F = F(Z) = {Y — S: S € I} is called the filter
connected with the ideal.

An admissible ideal Z C 2V is said to have the property (AP) if for any sequence
{A1, As, ...} of mutually disjoint sets of Z, there is a sequence {B1, Ba, ...} of sets

o

such that each symmetric difference A;AB; (j =1,2,...) is finite and UBj el
j=1
Denote by Zs the class of all K C N with § (K) = 0. Then, Zs is non-trivial
admissible ideals, Zs-convergence coincides with the statistical convergence.
Now, we can present our main result as follows:
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2. IDEAL CONVERGENCE OF SEQUENCES IN QUATERNION VALUED g-METRIC
SPACE

In this section, our goal is to delve into the idea of ideal convergence of sequences
within the quaternion valued g-metric space.

Definition 10. Let (X, gq) be a quaternion valued g-metric space, T € X be a
point, and (1;) C X be a sequence. A sequence (7;) ideal converges to T if for every
q € Q with 0 < q such that

{(il,’ig, Ce 77;;;) € NP : |gQ (T7TZ'1,T,L'2, ...,Tip)‘ > ‘q|} el.
z
In this scenario, we denote the convergence as gé —lim; oo = 7 or (13) g—Q> T.

The collection of all ideal convergent sequences in quaternion valued g-metric space
is symbolized as gé.

The following example shows that the converse noed not be true.

Example 1. Let X =R, Z =75 and Gg : RxR xR — H be a quaternion valued
G-metric space defined by

Gq (p1,p2,p3) = |30 — 35| + [30 — 30| + 36 — 30|
+i (|31 —37] + |31 —38] + |57 —31))
+7 (|52 — 35| + |35 — 33| + |35 —33])
+k (|55 — 35| + |33 — 33| + |33 — 33))

where p, = 35 + 319+ 357 + 35k forr=1,2,3.
Let 1, = {Til,Tiz, .. .Tip} be a sequence defined as

m, if m is a square
T = .
m 1, otherwise.

It is easy to see that gé — limy, 00 T = 1, since the cardinality of the set
{meN’m<n (neN):|gq(L,mm)l > [q| =€},
where

3 3
— 4 i—

1=577%

€ 13
+ J§ + kE <Vm
for every e > 0.

However, (T,,) is neither convergent nor bounded.

Theorem 2.1. If gq — limy—oo 7 = 7, then gé —limp oo T = 7.
Proof. Let gq —lim 7, = 7. Then for all 0 < ¢ € Q there exists T € N such that
{ki,ka,,.... kp} > T = gq (T,Tkl,Tk-z,...,Tkp) <q.
Therefore, we have that the set of
Ale) = {(kl,kl, .o ky) eNP |gQ (T,Tkl,Tk2,...,Tkp)| > |q|}
is contained in a finite set B, which depends on Y. Given that Z is an admissible

ideal and {B C N: B is finite} C Z, it follows that B € Z. Hence, A(e) € Z,
implying gg —limg 0o 7 = 7. ([l

Following theorem demonstrates that ideal limit in quaternion valued g-metric
space is unique.
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Theorem 2.2. If a sequence (1;) is ideal convergent in (X, gq), then gé —lim (1;)
1S unique.

Proof. Suppose that (7;) ideal converges in (X, gq). Let gé — lim (r;) = 7 and
gé —lim (7;) = 72. Givene > 0and 0 < ¢ € Q, let

€ €

+k—.

1 4p 4p

€+,E+,
= — 11—
p  4p J

Define the following sets as:

. . €
Ky(e) = {(11722,...,217) e NP |gQ (Tl,Til7T7;2,...,Tip)| > |q| = Qp}’

o ) €
Ks(e) = {(zl,zg, cyip) €ENP |gQ (TQ,Til,Tiz, ...,Tip)| > |q| = 210}
Since K (e), Ka(e) € Z, the sets (NN K1(¢)) and (N\ K2(¢)) belong to the filter
F (Z). By the properties of filter § # (NN K1(g)) N (N\K2(¢)) € F(Z). There
exists a element {ki,ko,...,k,} € (NN K1(g)) N (N\K2(¢)), then by Definition
we have:
|gQ (7—177—277—27 ceey 7-2)| < |gQ (Tlvavav -~~77_m)| + |gQ (Tm77—27 72, "'77—2)|
< 19Q (71, Tons Tons oo T | + 2 19Q (72, T oo, T )|
< ‘QQ (Tl,T/cl,Tkz, -~-,Tk,))\ +p’gQ (7277'1@1,71@27 ---,Tkp)\
< p!gQ (15 Ty s Thea ---,Tk,,)\ +p ’gQ (T2, Thys Thys s Ty ) |

N N
=p 2 " 2p =
Since € > 0 was arbitrary, we get gq (11,72, 72 ..., 72) = 0, therefore 7 = 75. O

Definition 11. Let (X, gq) be a quaternion valued g-metric space, 7 € X be a
point, and (1;) C X be a sequence. (1;) is said to be ideal gq-Cauchy if for every
q € Q with 0 < q, there exists i, < Q such that

{(’il,iQ, . ,ip) e NP : |gQ (TZ‘T,Til,TiQ, ...,Tip)} Z \q|} el.
(X, 9q) is called a complete quaternion valued g-metric space.

Theorem 2.3. Let (X, gq) be a complete quaternion valued g-metric space. Then,
a sequence {7;} of points in (X, gq) is ideal g-convergent if and only if it is ideal
gq-Cauchy.

Proof. Suppose that gg —lim; oo 7; = 7. Then, we get A(c) € Z, where

. ) €
A<E) = {(217127"'7’517) e NP |gQ (TuTi1aTi27~“77—ip)| > |Q‘ = 5};
where ¢ = § + i3 +j§ + k7. Since Z is an admissible ideal, there exists an
(m1,ma,ms,...,mg) € N? such that (my,mg, ms,...,ms) ¢ A(e). Let
B(e) := {(il,ig,...,ip) € NP . }gQ (Tml,Tm2,...,TmS,Til,TiQ,...,TiPH > 5},
we need to demonstrate that B(e) C A(e). Let (i1,12,...,1p) € B(e). Then
’gQ (Tmmeza'"aTmﬁaTiUTig;-'-aTiP)‘ Z £

and hence

IR

9Q (7’,7'1'1,7'1‘2,...,7'1'17) >
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That is (i1,12,...,%) € A(e). Otherwise if

5§ |gQ (Tmlv’rmw'"77—m577—i177—i21'~'77—ip)‘ SgQ (TvTilﬂT’igv"‘,Tip)
+gQ (TaTmlaTm27~-~,Tms>
< E4—E =€
2 2 7

which is not possible. Hence B(e) C A(e), which implies that {r;,,7;,,...,7;, } is
ideal gq-Cauchy.

Conversely, suppose that () is ideal gq-Cauchy but not ideal g-convergent.
Then, there exists (Tk,, Ty, - - - Tk, ) € NP such that G(e) € T where

G (e) == {(i1,i2,...,ip) € NV |gQ (Til,Ti,ﬂ...,Tip,Tkl,TkQ,...,Tka >},
and D(e) € T where

D(E) = {(il,ig,...,ip) c NP : |gQ (T,Til,Tiz,...,Tip)’ < %}7
that is D(e) € F (Z). Since
|gQ (Tmlem27'"7Tm377—7;177_i27’"7Tip)| < 2|gQ (T’Til’Ti27"’7TiP)| <e€

if |9q (7, 7i1,Tigs---»7i,)| < 5. Therefore G°(¢) € T that is G (¢) € F (Z), which
leads the contradiction, since {Til,7i27 ...7T¢p} was ideal gq-Cauchy. Hence, (73) is
a ideal g-convergent sequence. O

Theorem 2.4. Let (X, gq) be a complete quaternion valued g-metric space, T be
an admissible ideal, and (7;), (w;) be two sequences in X. Then

(a) If gé —lim; soo 75 =7 and gé — lim;_ oo w; = w, then gé — im0 (13 +wyi) =
T+ w;

(b) If g(IQ —lim; yoo 75 =7 and k € R, then gg — lim; o0 K73 = KT.

Proof. (a) Let € > 0. Since gé —lim; oo 75 = 7 and gé — lim;_, oo w; = w, we have

o ) €
{(11,12,...,1p) € NP . }gQ (T,Til,Ti2,...,Tip)| > q| = 5} er,
and
o ) €
{(21,12,...,zp) eNP: |gQ (w,wil,wiz,...7wip)’ > |q| = 5} el.
Then

{(ihig,...,ip) € NP . ’gQ (7'—}—0.1,7'1'1 + Wiy, Tiy +wi2,...,TiP =+ w;
- {(il,ig,...,ip) € NP . ‘gQ (T,Til,Tiz,...,Tip > |q‘ =
U{(il,i%...,ip) € NP : ’gQ (w,wil,wig,...,wip > gl =

TSI
——
|

can be easily verified. Thus, by properties of ideal,
{(il,iQ, .o, p) €ENP |gQ (7‘ + W, Ty Wiy Tiy + Wigs ooy T, —|—w,~p)’ > 6} €T,
ie., gé — im0 (13 +wi) = 7+ w.

(b) This can be proven by a similar way. So, we omit detail. (I

Definition 12. Let (X, gq) be a quaternion valued g-metric space. A sequence (;)
of elements of X 1is said to be T*-g-convergent to T € X if and only if there exists
a set M* € F(I),

M* = {(mkl,mkw...,mkp) € NP : my, GM,Z':l,?,...,p},
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where M € F(I), M = {m1 <mg < ... <my < ..} CN such that

kl,b}{r’%p_)oogq (7‘, Ty » Ty » ...,kap> =0.

The element 7 is called the Z*-g-limit of the sequence (1;) and the notation gg -
hmz_mo T = T.

Theorem 2.5. Let (X, gq) be a quaternion valued g-metric space, I be an admis-
sible ideal. If gg —lim; oo 75 = T, then gé —lim; yoo 3 =T.

Proof. By assumption there is a set U € Z such that
M*=NM\U = {(mkl7mk2,...7mkp) eENP:my, e M, i= 1,2,...,p} ,
where M € F(Z), M = {m1 <mgy < ... <my < ...} C Nsuch that

lim 9Q (T, Tk, s Tty s oo kap) =0. (2.1)

k1K, kp—r00

Let € > 0. By (2.1) there exists my, € N such that

gqQ (7—7 Tmgy > Tmgy s oo kap) <g,
for each my,,my,, ..., mg, > my,. Then
A (5) = {(7:17i25 s 7ip) € NP |gQ (T7 Tiys Tigs "'aTip)} > ‘q| = 6} (22)
C [UU{(my, My, ooy mi,) = Mg, € {mgey, My ooy iy } 3
supplies for each ¢ € Q with 0 < ¢.
Since Z is an admissible and U € Z, the set on the right-hand side of (2.2]) belongs
to Z. Hence, A (e) € T. O

Now we define a necessary and sufficient property for the equality of Z-g-convergence
and Z*-g-convergence in quaternion valued g-metric space.

Theorem 2.6. Let (1;) be a sequence in (X, gq) and I be an admissible ideal with
property (AP). If gé —lim; oo 75 = 7, then gg —lim; oo 75 = 7.

Proof. Assume that Z satisfies property (AP). Let gé —lim; oo, =7 and ¢ < Q
with 0 < g. Then

A(E) = {(i1,i2,...,ip) e NP ’gQ (T>Ti1a7—i27~-~77-ip>| > |q| = 8} el
We can choose
Al = {(il,ig,...,ip) e NP . ’gQ (T,Til,Tiz,...,Tip)‘ > 1},

and

1 1
As = {(il,ig,...,ip) € NP . g S }gQ (TaTi1vTi27"'7Ti1))| < s — 1}7

for s > 2, s € N. Obviously A, NA, # 0 for u # v. By property (AP), there exists a

sequence of sets { By} such that A;AB; is a finite set for j € Nand B = UBj el
j=1
It is sufficient to prove that for M* = NP\ B we have

gq —limr; = 7. (2.3)
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Let 0 > 0. Choose k € N for every o € Q with 0 < o such that <~ < |o|. Then

B+l
k+1
{(ir,i2,...,ip) € NP: |gQ (7, Tir s Tia ...,Tip)‘ > |ol} C UAJ"
j=1
Since A;ABj, 7 =1,2,...,k 4+ 1 are finite sets, there exists ap € N such that
k+1
A n{(G, iz, ip) € NPty ig, . yip > 0o}
= (2.4)
= |UBj N {(ir,ia, ... ip) € NP iy in, ..., iy > a0}
j=1
k+1

If iy dg,...,ip > ag and (i1,da,...,ip) & B, then (i1, dz,...,i,) ¢ | JB; and, by

j=1
k+1
, (i1, iz, ..., ip) ¢ | JA; but then

Jj=1

1
‘gQ (7-7 Ti177-i25"-77-ip)’ < m < |0'| .
Hence, holds. O

Definition 13. Let (X, gq) be a quaternion valued g-metric space, Z be an admis-
sible ideal, and (7;) be a sequence in X. Then, (1;) of elements of X is said to be
T*-g-Cauchy sequence if for every € > 0, there exists a set

M* = {(mg,, Mgy, ymi,) €NP oy € M, i =1,2,...,p} C NP,
where M € F(I), M ={m1 <mgy < ... <my < ..} CN such that the subsequence

(tar) = (Timy,) 15 an ordinary g-Cauchy sequence in X, i.e.,

9qQ (kal,kaQ, - kap) =0.

11m
ki1,ka,..., k‘p%OQ

Theorem 2.7. Let T be an admissible ideal. If (1;) is a T*-g-Cauchy sequence then
this sequence is T-g-Cauchy sequence.

Proof. Let (1;) be a Z*-g-Cauchy sequence. Then, there exists the set
M* = {(mkl,mk2,...7mkp) eNP:my, e M, i= 1,2,...,p} C NP,
where M € F(Z), M = {m1 < ma < ... <my, < ...} C N such that

9Q (kal,rmkz,...,rmkp) <eg,
for every € > 0 and for all my,, mp,,...,mp, > my, (€). Let U = U () = mpy41.
Then, for every € > 0, we have
9Q (TU,kal,kaz,...,kap) <Ey My, My ooey M, > Mg (€) -
Now, let L = NP\ M*. It is clear that L € Z and

Ale) = {(il,ig,...,ip) c NP . |gQ (TU,T,-UTiz,...,TiPH > q| = 6}
C (LU {(mpys Mg ooy, ) = Mg, € {1y Mgy oy My

Then
[L U {(mkl,ka, ,mkp) My, € {mkl,mkz, ...,mko}}] cT.
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Thus, for every € > 0, we can find an U € N such that A (¢) € Z. Hence, (7;) is a
Z-g-Cauchy sequence. ([

Lemma 2.8. Let {S;};~, be a countable family of subsets of NP such that S; € F (I)
for each i, where F (Z) is a filter associate with an admissible ideal T with property
(AP). Then, there exists a set S C NP such that S € F (Z) and the set S\.S; is
finite set for each i.

Proof. Let
Ui =NP\S1
Us = NP\ S2)\U;

Up = (NP\ )\ (U1 UUp U ... U U 1)

for m = 2,3,.... It is easy to see that U; € Z for each i and U; NU; = 0, when
i # j. Then, by propery (AP) of Z we conclude that there exists a countable family

of sets {V1, V2} such that U;AVj is a finite set for j € Nand V = UVJ €Z. Put
j=1

S = NP\V. It is clear that S € F(Z). Now prove that the set S\/S; is finite

set for each ¢. Assume that there exists a jo € N such that S\ S}, has infinitely

many elements. Since each U; NU; = () is a finite set (j = 1,2, ..., jo), there exists

a ng € N such that

Jo
Vi n{(i,ia, ... yip) € NP sy g, .y > o}
j=1

Jo
= UUjm{(ilaiQ;---aip) GNpiil,iz,...,ip Zno}
j=1

Jo
Ifiy,ig,. .. iy > ngand iy, iz, ... i, ¢ V, theniy,is, ... i, & | JVj and iy, ia, ... iy ¢
j=1
Jo Jo—1
JU;j. Since Uj, = (NP\S;,)\ | Uj and iy, ia, ..., ip ¢ Uj, we have iy, dg, ... i, €
j=1 j=1
Sj, for all i1, 42,...,4, > ng. Therefore, for all 41,42, ...,%, > ng we get i1,42,...,%p >
ng € S and 41,%2,...,% > ng € Sj,. This demonstrates that the set S\.5;, has a
finite number of elements. This contradicts to our assumption that the set S\.S;,
is an infinite set. Hence the proof is complete. ([

Theorem 2.9. If T is an ideal that is admissible and has the property (AP), then
the terms L-g-Cauchy sequence and Z*-g-Cauchy sequence are equivalent.

Proof. If a sequence (7;) is Z*-g-Cauchy sequence, then it is Z-g-Cauchy sequence
by Theorem where Z need not have the property (AP). Now that it is assumed
that (7;) is Z-g-Cauchy sequence, it is sufficient to demonstrate that (7;) is Z*-g-
Cauchy sequence. Let (7;) be a Z-g-Cauchy sequence. Then, if for every ¢ € Q
with 0 < ¢, there exists rg < Q such that

{(il,’ig,...,ip) e NP |gQ (TTO’TilﬂTi27"'7Tip)| 2 |q| = 8} IS
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Let

1

Si = {(il,ig,...,ip) c NP . ’gQ (kai’Til’Ti27“'7Tip)‘ < i}’

i =1,2,... where my, = 1o (+). It is clear that S; € F(Z) for i = 1,2, ... Since T
has the property (AP), then by Lemma there exists a set S C N such that
S € F(Z) and S\9; is finite for all i. Now we show that

lim JQ (kaNkaz’ e kap) =0.

kl,kg,...,k‘p*ﬂ)o

Let € > 0 and jo € N such that jo > 2. If ky, ko, ..., k, € S and S\ 5}, is finite set,
so there exists m = m (jo) such that ki, ko, ..., k, € Sj, for all ki, ko, ..., kp > m (jo).
Thus it follows that

’gQ (kal,kaz, ...,kap)‘ < |gQ (ka177i17---77'i1)| + ’gQ (ka2,7'i1, ...,Til)‘
+...+ ‘gQ (kap,Til,...,Ti1>
< |gQ (kal,Til7Tiz7 ...,Tip)| + ‘gQ (kaz,n—l,nz, ...7T7;p)|
+... + 19q Ty s Tixs Tigs o5 Ti
<t Lt iE<e

P

This demonstrates that the sequence (7;) is Z*-g-Cauchy sequence. (]

3. GENERALIZED STATISTICAL CONVERGENCE VIA IDEAL IN QUATERNION
VALUED GENERALIZED METRIC SPACES

This section presents Z-statistically convergence, Z-lacunary statistically conver-
gence, strong Z-Cesaro summability, and strong Z-lacunary summability in quater-
nion valued generalized metric spaces. It also examines several properties related
to these concepts.

Definition 14. Let (X, gq) be a quaternion valued g-metric space, T € X be a
point, and (7;) C X be a sequence. A sequence (1;) I-statistically convergent to T
if, for every q,0 € Q with 0 < g, o such that

{neN; B {(i1yi9, . ip) € NP, iy i, ... ip <70t
|gQ (TvTiUTin"'vTip)‘ Z |q|}| 2 |Q|} el

S(T)
g
In this scenario, we denote the convergence as gg(z) —lim; 007 =7 o1 (13) %
The collection of all I-statistically convergent sequences in quaternion valued g-
metric space is symbolized as gé(z).
Definition 15. A sequence (7;) is known as I-lacunary statistically convergent to

T € X if, for every q,0 € Q with 0 < q, 0 such that

Vel
{TGN: %sz el,1<w<p: |gQ (T,Til,Ti2,...,Tip)| > |q|}| > |g|} eT.

Sp(T)

g
It is indicated by gg"(z) —lim; 007 = 7 or (73) s 7. The collection of all
T-lacunary statistical convergent sequences in quaternion valued g-metric space is

symbolized as gg" @,
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Definition 16. A sequence (7;) is said to be strongly T-Cesaro summable to 7 € X
if, for every g € Q with 0 < ¢,

n
p!
nEN. ﬁ Z |gQ (TyTi17Ti27...,Tip)’ Z |q| GI.
i177:27~~;ip:1
o C1[7]
This is denoted by ng[ P limy o =7 or (r) & T

Definition 17. A sequence (7;) is said to be strongly Z-lacunary convergent to
T € X if, for every g € Q with 0 < q,

|

TGN:% Z l9Q (7, Tiy s Tigs n i) | = lal ¢ €T
" W€, 1<w<p

gNe[I]

T .
7 _ lim; yoo 7 =7 or (73) L

and is indicated by gge
Definition 18. Let (X, gq) be a quaternion valued g-metric space, T € X be a
point, and (1;) € X be a sequence and A = (A\,) € A. A sequence (7;) is said to
be [V, A\|(Z)-summable (gg/”\](l)—summable) to T € X, if for any every o € Q with
0<op,

{neN:[tn(r) —7| 2 |ol} € I,

where

p!
tn (TZ):i Z 9Q (Ti177-i27"'77-ip); In: [n_)\n+17n]
ty€ln, 1<w<p
VAT [V,AI(Z)

In this case we write gg’ 1@ _ lim; oo 75 = 7 or (17) ® 7. The collection of
all [V, \|(Z)-summable sequences in quaternion valued g-metric space is symbolized
as gD,

Definition 19. A sequence (7;) is said to be T-\-statistically convergent or Z-Sh-
convergent to T, if, for every q,o0 € Q with 0 < ¢, o,

|
{neN:;Hiw el,, 1<w<p: |gQ (T,Til,ﬁ27~-~77’z‘p)| > |Q|}| > Q} S
n

I-Sy
g
In this case we write géfs* —lim; 007 = 7 or (13) Ly 7. The collection of

all T-X-statistically convergent sequences in quaternion valued g-metric space is
symbolized as gé_s*.

Theorem 3.1. Let 6 = (k) be a lacunary sequence. Then, the following statements
hold:
(1) (a) If gggm —lim; 0o 7; = 7, then gée(l) —lim; 0o 7 = 7, and

(b) gggm s a proper subset of gge(z).

(i) If (1) € loo(X), th«[ez]space of all bounded sequences of (X, gq) and ggg(z) —

— llng)oo T = T.

(iti) 9o Nl = 95" Nl

lim; oo 75 = 7, then ggg
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Proof. (i) (a) If ¢ € Q with 0 < ¢ and gg" 7 _ lim;_, 7; = 7, then we can write
Z }gQ (TaTi17Ti27~-~7Tip)| > Z |9Q (T7Ti1;Ti2a"'aTiP)‘
Gw €L, 1<w<p iw€ln, 1<w<p

|gq(‘r,7’i1,7'i2,‘..,’rip)‘2|q|
> |q| |{7’u) € Ijv 1 <w Sp ’gQ (TaTilvTigw“vTiPH > |CI|}|7

and so

p! - )
lq|RE Z ‘gQ (7—77—2177—12;~'~a7_1p)|
i €lr, 1Sw<p

> B |{iw € [, 1 <w < p:|gq (7,70, i, s 73, )| > lal}] -

Then, for every p € Q with 0 < o, we have

{r eN: L [{iw €L, 1 <w<p:|gq (7 7irs Tins - 7i,) | 2 lal}| > \QI}

g {7‘ eN: % Z |gQ (7_77—2'1,7—1'2)"'37_1',,” Z |Q| |Q|} SyA

iy €17, 1<w<p

(Z

Hence, we obtain gg" ) _ lim; oo 75 = 7.
(b) In order to establish that the inclusion ggg Il C g%’ @) js proper, let 6 be given,
and define 7; to be 1,2, ..., v/h, for the first \/h, integers in I, and 7; = 0 otherwise,

for all » = 1,2, ... Then, for any ¢ < Q with 0 < ¢

3

phy
Y

!
% {iw € I, 1 <w <p:9q (0,75, Tiys o7, )| > lal}| <
P
and for any p € Q with 0 < p,

{r eEN: 2 {iw €I, 1 <w<p:|gq (0,7, Tias i, ) | > lal}| = \g\}
Q{TEN:p!h—IT,}”Z|g|}.

Since the set on the right-hand side is a finite set and so belongs to Z, it follows
that o™ —lim; oo = 0
gQ M0 73 = U.
On the other hand, for p > 1,
p! p! Vhy (\/ h, + 1)
B Y 19 (0 m i) | = N S0,

iw€lr, 1<w<p
and for 0 < p < 1,
p! p! Vhe (Vhe +1)
hig‘) Z |gQ (O,Ti1,7i27...,7—1'p)| :higy.f—)m

tw€ly, 1Sw<p
So, we have

{T€N5 % Z |gQ (O’TiuTiz""’Tip)’ ZO}

1y €1lr, 1Sw<p

:{TEN%WEO}:{m7m+L}

for some m € N which belongs to F (Z), since Z is admissible. Hence, gg"m —
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(#i) Suppose that (7;) € o, and g(s;(z) —lim;_,o 7; = 7. Then, there exists a M > 0
such that
|gQ (T, Tiys Tigs ...7Tip)| < M.

Given ¢ € Q with 0 < ¢, we have

% E ‘gQ (T7Ti17Ti27"')Tip)’ Z Z |gQ (TaTipTiQw'-;Tip)’
iy €1, 1<w<p i€, 1<w<p
|gq(7’,nl,Ti2,...,7'ip)|27
+ Z |gQ (7‘7 Tiys Tigs ...,Tip)|
tw€ly, 1I<w<p
ng(r,nl,T,;Q,...,‘r,;p)|<%

Mp! | f
> hé’ szelj,1§w§p:’gQ(OJil,Tiz,...,Tip)‘2‘%}‘—&—%.

Therefore, we have

{r eN: }%!7 > |gQ (T,Til,Ti2,~-~,Ti,,)| > |Q|}

" iw€lr, 1<w<p

- {r eN: % {iw cel,1<w<p: ‘gQ (O,Til,nz,...,npﬂ > %H > %} el
As a result gge 7 _ lim; oo 75 = 7.
(#i1) Follows from (i) and (7). O

Theorem 3.2. Let § = {k,} be a lacunary sequence. If liminf, g, > 1, then

@) So(Z)

—limTi:T:gQ — lim 7, = 7.
1—00 i—00

S
9q

If liminf, g, = 1, then there exists a bounded sequence (7;) which is I-statistically
convergent but not Z-lacunary statistically convergent in quaternion valued g-metric
space.

Proof. Suppose first that liminf, ¢. > 1, then there exists a > 0 such that
qr > 1+ B for sufficiently large r, which implies that

&>7ﬂ = &p> B p;&i>ii
ke ~ 148 0 \ke) T \1+48 K= R (L+ AP
If gé(l) — lim; .o 75 = 7, then for every ¢ < Q with 0 < ¢, we have

|
% ’{(il,iz,...,’ip) € NP, ’i17i2,...,ip <k : ‘gQ (7-77-1’177-1'2;---:7-1‘;,)’ > |q|}‘
T
Pr.
> D fiw e, 12w <pi o (70 7o) 2 lal}]
T
> %-% ’{Zw S Iry 1 <w Sp |9Q (TaTi17Ti25"'7Tip)| > |q|}|7
Then, for every o € Q with 0 < g, we get
{7" eN: }% |{zw cel,1<w<p: |gQ (T,Til,Ti2,...,7‘ip)| > |q\}| > \g|}

!
C {kzreN: %|{(¢1,z’2,...,z‘p) e NP, iy in, ... ip < ky :
T

190 (. Tixs Tizs a7, )| 2 a1} = 4455} € T.
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As a result, we obtain gge @

—lim; oo 75 = 7.
Suppose that liminf, ¢, = 1. Then, we can select a subsequence (k‘rj) of the

lacunary sequence 6 such that

1 .
>
krj—l J ri_1 ’

where r; > r;_; + 2.
Define a sequence (7;) by

1, itiel,,
Ti = 0, otherwise.

Then, we have

e > l9Q (T, Tiys Tigs s i, ) | = 11 = 7
7 iy€El, 1<w<p
and - > l9q (7. 7y, Tigs 13, ) | = |7] for v #£ 7).

r

i€l 1<w<p

olZ]

Then it is quite clear that (7;) does not belong to gg . Since (7;) is bounded,

Theorem H(uz) implies that ggg @ lfimy e # 7T

Next, let k,, 1 <n <k, 1. Then, from Theorem 2.1 in [I0], we can write

= |{ 1,02, ...,%p) € NP dq,d00,... 0, <n: |gQ (T,Ti1,7i2,...,Tip)| > |q|}|
! - _
Sp— Z |gQ(T,Ti1,Ti2,.. sz)|<17+h§%+%:%.

np -1
01,82,...,0p=1

(@)

Hence, gs —lim; oo = 7. O

(j Jl)

rfl

Theorem 3.3. If 0 = {k,.} be a lacunary sequence with lim sup < 00

(j=1,2,...,7), then

gé"(z) lim 7, =7= 9q

1—00

S(Z) _

lim 7, = 7.
1—00

Proof. If lim sup M < 00, then without any loss of generality we can pre-
1

sume that there exists a 0 < B; < oo such that M < Bj, (j=1,2,..,r) for

all 7 > 1. Assume that gq 50 _lim; oo 7y = 7, and for lg| = ¢, |o| = 9§, define the
sets

!
C= {TEN:%H% €el,1<w<p: ’gQ (T,Til,Tiz,...,TiP)‘ 25}’ <6}
and
T = {neN; P {(iy,in, .- ip) € NP, iy, iy <0
|gQ (T,Ti1,7i2,...,Tip)| Z€}| < |Ql|}.

It is obvious from our assumption that C € F (Z), the filter associated with the
ideal Z. Further observe that

Py
K; = 15 [{iw € L 1 Sw < p i [gq (7, 73y Tiay 73, | 2 €} <],
J
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for all 7 € C. Let n € N be such that k._; < n <k, for some r € C. Now

% |{(11312>"'72p) € N;D, 11,225 -51p <n: |gQ (7_77_1'177—1'23"'37_ip)| Z 5}{

<

~ kjp }{(il,ig,...,’ip) € Np, il,’ig,...,ip § kr : |gQ (7—77—1'177—i23~~~a7_ip)| Z €}|
—1

= H’iwefl,ISwSp:‘gQ(T,Til,Ti2,...,Tip)’ZEH
1

+ |{iw€f2,1§w§p1|9Q(T,Ti1,7127--~aﬁp)|Z€}|

P
kr—l

+ ..+ szelr,1<w<p ’gq(r Tzl,le,...,Tip)‘ZE}‘

k‘pl

T

kY pl
= kpl 7 sz eh,1<w<p: }gQ (T,Til,Tiz,...,TipH > 6}’
r—1"'"1

ke — k1)’ p! | .
7( zkp 11) }%lee-’z, I1<w<p: |gQ (T,Til,nz,,...,np)f 25}‘

kp —k._1)P pl
(K - r 1)7%‘{% €L, 1<w<p:lgq (7.7, Tiy, - 7i,) | = €}
1 T

p _ p _ p
gsuij.k1+(k2 k)" + o+ (b — kre1)

P
jec kr 1

+

+ ..+

<supK; (Bi+ By + ...+ B,) <QZB
jecC
j=1

and in view of the fact that U{t thr1 <t <kpreC}C

Choosing 01 = —
> B
i=1

T, where C' € F () it follows from our assumption on 6 that the set T also belongs
to F (Z) and this completes the proof of the theorem. Therefore, we have gg(z) —

lim; oo 73 = T. (Il

Theorem 3.4. Let T be an admissible ideal satisfying condition (AP),and let 6 €
S(7) So(T) S(I) _ So(T) _ jin. _
F(I). Ifr e 9gq 'Ngg ', then gg lim; 00 77 = gq lim; o0 7i.

Proof. Suppose that 9q S _ lim; ,oo 75 = 71 and gQG(I) — lim; oo 73 = 72, and
71 # T2 Let 0 < g <3 L7, — 7|, where ¢ € Q with 0 < ¢. Since Z satisfies the

condition (AP), there exists M € F (I) (i.e., N\M € Z) such that
llmr*}m tp |{(7,1,Z2,.. ] )GNP, il,i27...,ip§tr
‘gQ (71,711,722,...,Tip)| > |q|}| =0, where M = {t1,ta,...}.
Let
{21,12,.. GN il,i27...,ip§tri gQ(Tl,Til,Tiz,...,Tip) 2|q‘},
{ 1,12, . ) €NP iq,0,...,1 < tr 1 |9qQ (TQ,Til,TiQ,...,Tip) > |q|}

Then F =|UUV| < |U|+|V|. This implies that 1 < % + %. Since % <1

. pl|U . %
and lim,._, tlp | = = 0, so we must have lim,_,, ptlp L= 1.
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Let M* = {i;,,4j,,...} = M N8O € F(Z). Then, the i;, th term of the statistical
expression

|
f—p |{(i1,i2, ceyip) €ENP g ig, iy <ty |gQ (T2 Tix s Ti» ...,Tip)’ > |q|}|
T
is
{Z € UI |gQ 7—277—1177—127“~a7_ip)| > q|}| = i (31)
Zh w=1
w
w=1
where
!
Tw = fZL)T) |{zé €l,,1<s<p: |gQ (7’2,7’1'1,7'1'2,...,7'%” > |q\}| Lo
w
since gé" @ _ lim; ,o, 7; = T2. Since 6 be a lacunary sequence, is a regular

weighted mean transform of 7,,’s, and therefore it is also Z-convergent to zero as
w — oo, and so it has a subsequence which is convergent to zero since 7 satisfies
condition (AP). But since this is a subsequence of

!
{Sp |{(i1,i2,...,ip) S Np, i1,i2,...,ip <n: |gQ (Tz,Til,TZ‘w...,Tip)’ > q|}|}
neM

we infer that

|
{f;p |{(i17i23"'7ip) € Np, i17i27"'7ip S n: |gQ (7'2,7'1'1,7'1‘2,...’7'7:?)| Z q|}|}

neM
is not convergent to 1, which is a contradiction. This completes the proof of ihe
theorem. (I
Theorem 3.5. Ifliminf, ¢, > 1, then ggl 1 c ggem,
Proof. Tt is obvious, so omitted. O
Theorem 3.6. If limsup, g, < oo, then gNS I c ggl .
Proof. 1t is obvious, so omitted. O

Theorem 3.7. Let A = (A ) € A. Then
(i) If g[V’A](I) lim; oo 73 = T, then gI N lim; o7 = T and the inclusion

gg/\](z) - gZ S is proper for every ideal T.

(1) If (13) € loo(X), the space of all bounded sequences of (X,gq) and gI Sx _

[ViAI(T)

lim; oo 75 = 7, then 9q —lim; ,oo 7 = T.

Proof. Let ¢ € Q with 0 < ¢ and g[V AI@)

> |gQ ('r, Tivs Tins ...,Tip)| > Z ’gQ (7', Tivs Tins ...,Tip)|
iy €1n, 1<w<p i €L, 1<w<p
‘gq(‘r,nl,Ti2,...,7-ip)|2\q|
> |q| |{2w cl,, 1<w<p: ’gQ (T,Til,riz, ...,T,»p)‘ > \q|}’ .
So for a given o € Q with 0 < p,

)\P |{Z’w S ITLv 1 < w <p ’gQ (T 7—7,177-127"'7Tip)| 2 |Q‘H Z ‘Q‘

: Z ‘gQ (7—77—1177-127"'77-1';,)’ Z |q‘|9|7
tw€ln, 1<w<p

—lim; , 7 = 7. Then, we have
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ie.,
{n eN: )\L;L |{Zw S In7 1 S w Sp ’gQ (T7Tila7-i27"'77-ip)| 2 |q|}’ Z |Q|}
c {neN: % Z |gQ (T7Ti137-i27"'77—ip)‘ > q|Q|}
Ly E€lp, 1<w<p
Since gg’A](I) — lim; oo 73 = T, so the set on the right-hand side belongs to Z and
so it follows that gé_sA —lim; oo 75 = 7.

To demonstrate that géfs* G gg M@ take a fixed Y € T. Define (1) by

u, forn—[\/)\n +1<i<n, n¢Y
Ti=11iu, forn—A,+1<i<n, ney

0, otherwise.

where u € X is a fixed element with ||u| = 1, and 6 is the null element of X. Then
(1:) ¢ loo(X) and for every ¢ < Q with 0 < ¢ (0 < |g| < 1) since

[V

WA g
N,

V.
)]\77 {{Zw € ITL7 1 Sw Sp |gQ (OaTi1aTi27"'7Tip)| > |Q|}| =
3
asn — oo and n ¢ Y, so for every o € Q with 0 < o,

{ne N)\LTP’L ’{Z'w EITH 1 Sw Sp }gQ (07Ti1?Ti27"'7TiP)| 2 |Q|H Z |@|}
c Au{l,2,...,s}

for some s € N. Since Z is admissible, it follows that gé_S* —lim; yoo 73 = 0.
Obviously

!
,}\97 Z |gQ (977—1177—1'27“-,7_1',,)‘ — 00 (n—o0)
" €l 1<w<p

i.e. g([;/)\](z) —lim; o 75 # 6. Note that if Y € 7 is infinite then ggA —lim; oo 7 # 6.

This example also shows that Z-S\-convergence is more general than A-statistical
convergence in quaternion valued generalized metric spaces.
(1) Suppose that géfs* —lim; oo =7 and 7; € . Let |gQ (7‘7 Tiys Tigs ...,Tip)} <

M,Vi=1,2,...,p. Let ¢ € Q with 0 < ¢ be given. Now

p! _ p!
& > |gQ (T,Til,Tiz, ...,Tip)| =3 g |gQ (T, Til,Tiz,...,Tip)|
tw€ln, 1<w<p iw€l,, 1<w<p

‘QQ(T’Til’TiQ""iTip)|Z‘q|
+& Z |g (T Tiys Tigseees Ti )|
)\2 Q vy P11y Mg » fip
iw€Iln, 1<w<p
lgQ (7,71 Tigseimiy )| <lal

< B [{iw € In, 1 <w < p: |gq (0,71, Tin, o7, ) | = |l }] + lal -
Note that

|
A= {NENZ fp ‘{Zw €l, 1<w<p: |QQ (T,Til,TiQ,...,TiP)’ > |q|}| > qu} el
n

If n € A€, then

!
% Z |gQ (7_,7'1'1,7'1‘2,...,7'%)’ <2|q|
" Gw€ln, 1<w<p
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Hence
p!
nEN:)\—p Z ‘gQ (T,Til,nz,...,np”22|q| C A,
" €Ly, 1<w<p
and so belongs to Z. This shows that gg AN lim; oo = 7.
(#4i) This readily follows from () and (ii). O

Theorem 3.8. Let (X,gq) be a quaternion valued g-metric space, 7 € X be a

point, and (7;) C X be a sequence and A = (\,) € A. Then

(1) 9o C g5~ if liminf, . 22 > 0.

(#) If liminf, o 2—2 = 0, Z-strongly (by which we mean that 3 a subsequence
A

(n(4))521, for which T4 < % Vj and {n(j):j € N} ¢ I) then gg(z) G géfs*.

Proof. (i) Given ¢ € Q with 0 < g, we have

!
% H(ihig,...,ip) € NP, 41, i0,...,0p, <n: ’gQ (T,Til,Tiz,...,TiP)‘ > |q|}’
.
Z % |{Zw S Ina 1 § w SP |gQ (TaTilaTiw'“aTip){ Z ‘Q|}|
)\Z p! . . .
Z nipﬁ |{ZU) 6 I’l"? 1 S w Sp . |gQ (TaTi17Ti27"';Tip)| Z |CI|}|;

If liminf,,
with 0 < o

A4 — i then from definition {n EN:2m < %} is finite. For o € Q

npP np
{nEN:% {iw € In, 1 <w <p:|gq (77 Tigs s 70, )| 2 lal}| 2 |Q|}
C {neN: S—p|{(zl,22,...,2p) e NP iy i, ..., 0p <n:

|gQ (T,TilaTigv“'vTip)| Z |Q|}| Z % |Q|} U {TL €EN: 22 < %}

Since 7 is admissible, the set on the right-hand side belongs to Z and this completed
the proof of (7).
(ii) Define a sequence (75) by

u, ifSEIn(j),j=1,2,...
Ts = .
0, otherwise,

where as before v € X, |ju|| = 1 and 6 is the zero element of X. Then (75) is g-
statistically convergent and so 75 € gg(z) (Since 7 is admissible). But 74 ¢ 9([;‘2/ A

and so by Theorem (ii) T & géisx' -

5(T)

Theorem 3.9. If A € A be such that lim,,_,o 222 =1, then géfs* C 9q

npP

Proof. Let § > 0 be given. Since lim,,_, % = 1, we can choose s € N such that

’”%‘" — 1| <= (—1+ 2%! > 0), for all n > s. Now observe that, for ¢ € Q with
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0=<gq,
% }{(21722""’%’) € Np’ Z1’127"‘72P S n: |gQ (TvTilaTiw"'vTip)} Z ‘q|}|

- p—; [{(irsizs - ip) € NP, iy, iy < 1= An 2 9@ (7 Tins Tiasoon 70,) | > lal}]
i Hiw € I, 1 <w <pigq (r7i, 7,07, )| 2 lal}

<plo=de 4+ B |y € L, L <w < pt|gq (7,70, Tias s i, )| > lal}]

< plag + % Hiw € In, 1 <w<p:|gq (1.7, Tiys s mi,) | = lal}

= §+ % [{iw € L, 1< w < p: |9q (7,730 Taas o7, ) | 2 lal}

for all n > s. Hence
P! o : p oo ; .
n€N: n—p|{(zl,zg,...,2p)6N L1592, ., 0p <Mt

9Q (T7Ti1’7_i27"'77—1:p)| 2 |Q|}| Z |Q|}
C{n €N 3 i € Lo 120 < 0 g (r s i) > al} > 4}
U{1,2,3,...,s}.

If géfs* — lim;_, 73 = 7 then the set on the right-hand side belongs to Z and so
the set on the left-hand side also belongs to Z. This shows that (7;) is Z-statistically
convergent sequences in quaternion valued g-metric space. O

4. CONCLUSION

In conclusion, the introduction of ideal convergence concepts into quaternion-
valued generalized metric spaces represents a significant advancement in math-
ematical analysis. By defining and establishing the equivalence of Z-convergence
and Z*-convergence through rigorous properties, we have extended the applicability
of metric space theory to a broader algebraic domain. The adaptation of classical
theorems to these spaces, including Z-Cauchy and Z*-Cauchy sequences, further
enhances our understanding of convergence in complex mathematical structures.
Moreover, exploring various forms of statistical convergence and summability in this
context provides valuable insights into the behavior of sequences within quaternion-
valued metrics. This study not only enriches theoretical mathematics but also lays
the groundwork for future research in functional analysis and its applications across
diverse scientific disciplines.
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