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SOME NEW BANACH CLASSES OF SLICE

HYPERHOLOMORPHIC FUNCTIONS ON THE QUATERNIONIC

UNIT BALL

MUNIRAH ALJUAID, M. A. BAKHIT

Abstract. In this article, we highlight a new class of salient Banach spaces on
the quaternionic unit ball, so called the Qp classes of slice hyperholomorphic

functions. We will investigate some basic results on these spaces. Further, we

discuss the invariance property of Qp spaces concerning some Mbius transfor-
mations by using an appropriate notion of slice hyperholomorphic composition

operators. It is well known that Qp spaces in classical functional theory re-

ceived wide attention from researchers. This motivated us to examine their
slice hyperholomorphic counterparts, as these classes have many applications

in operator theory.

1. Introduction

In recent times, the theory of complex holomorphic functions has been gener-
alized in many directions. One of these directions is the notion of slice regularity,
the so-called slice hyperholomorphicity. The slice regular functions evolved sys-
temically and are associated with multi-domain applications, for instance, to define
some functional calculus in Schur analysis, mathematical physics, and operator
theory. Here we advise researchers interested in developing results in hyperholo-
morphic slices with some recent results that can be generalized, for example [13].
It is noteworthy that in quaternions definitions of regularity for functions have
several different types. For details about the slice regular (or slice hyperholomor-
phic) functions, interested readers can refer to the books [1, 3, 4]. Throughout
this article, we will work on the field H which refers to the field of quaternions or
the associative, noncommutative, real algebra of quaternion-valued with orthonor-
mal basis {1, i, j,k}, where i2 = j2 = k2 = −1 subject to the multiplication rules
i = jk = −kj, j = ki = −ik, k = ij = −ji. The field H is the set of quaternion
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elements q ∈ H with the form

q := x0 + (x1i + x2j + x3k) = Re(q) + Im(q).

For the element q ∈ H, its conjugate is Re(q)− Im(q) and we denote it as q̄, with
the property

|q|2 = qq̄ = q̄q = x2
0 + x2

1 + x2
2 + x2

3.

In addition, we can write q = x0 +Vq|Im(q)| = x+Vqy, where Vq = Im(q)
|Im(q)| , x = x0

and y = |Im(q)|. Obviously, the multiplicative inverse of any element q ∈ H \ {0}
is q−1 := q̄/|q|2.

Let there be a unit sphere U = {q ∈ H : x0 = 0, q2 = −1} of purely imaginary
quaternions in two-dimensional with orthonormal basis {1, I}. By CI = {ξ =
x + Iy : x, y ∈ R} we denote the complex plane, for any I ∈ U. Thus, over the
complex plane CI , the orthonormal basis {1, I} forms a basis of the skew field of
quaternions H as a right or left vector space, it means that H =

⋃
I∈U CI . We

denote by B = B(0, 1) = {q ∈ H : |q| < 1} the unit ball in the field H, while
BI = B ∩ CI is the unit disk in CI . For more information and details about the
notations and definitions, we refer interested readers to [3, 6, 8].

2. Preliminary results

Let an I ∈ U and let a domain S ⊂ H and given SI = S ∩ CI . The symbol hI is
used to restrict the function h to the plane CI , and so the restriction function hI
is a holomorphic function if its partial derivatives are continuous and satisfies,

∂

∂x
hI(ξ) + I

∂

∂y
hI(ξ) = 0, ∀I ∈ U, where ξ = x+ Iy ∈ SI . (2.1)

We now list some previously obtained results and concepts on the slice hyperholo-
morphic (regular) functions; see, [1, 3, 4, 6, 8]. Let’s start with the definition of a
slice hyperholomorphic function.

Definition 2.1. Let there be a real differentiable function h : S→ H on a domain
S ⊂ H, with restriction function hI : SI → CI . Then h is said to be a (left) slice
hyperholomorphic function on S if hI is a holomorphic function, for all I ∈ U.

Throughout this paper, we denote by SH(S) the family of slice hyperholomorphic
functions on S, and the collection of all holomorphic functions on SI denoted by
Hol(SI).
The importance of the following lemma (Splitting Lemma) is that it gives us the
relationship between slice hyperholomorphic and classical holomorphic functions.

Lemma 2.1. Suppose that h ∈ SH(S), then there are two functions h1, h2 ∈
Hol(SI), for any I, J ∈ U where I⊥J , such that

hI(ξ) = h1(ξ) + h2(ξ)J for any ξ = x+ Iy ∈ SI . (2.2)

Definition 2.2. Let S ⊆ H be an open set and let x+ yI ∈ S where I ∈ U. Then S
is called axially symmetric if {x+ yJ} ⊂ S, where J ∈ U. Moreover, S is called
s-domain (slice domain) if the set S ∩ R is a nonempty set and if SI is a domain
in CI .

It can be said that the following theorem (Representation Formula) shows
that slice hyperholomorphic functions have an important property, as seen in [4].
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Theorem 2.2. Suppose that s-domain S ⊆ H is axially symmetric and let h ∈
SH(S). For any J ∈ U let ξ = x+ yJ ∈ SJ . Then

h(q) =
1

2
(1− IJ)h(ξ) +

1

2
(1 + IJ)h(ξ̄), ∀ q = x+ yI ∈ S. (2.3)

Now we suppose that s-domain S ⊆ H is an axially symmetric domain, and we
let I, J ∈ U where I⊥J . Then using Lemma 2.1 and Theorem 2.2 we can relate
the space SH(S) with the space Hol(SI) + Hol(SI)J by defining the operators
PI : h −→ hI and P−1

I as follows:

PI : SH(S) −→ Hol(SI) +Hol(SI)J,
P−1
I : Hol(SI) +Hol(SI)J −→ SH(S).

Since h ∈ Hol(SI) +Hol(SI)J , so

P−1
I [h](q) = P−1

I [h](x+ Iy) =
1

2
(1− IJ)h(ξ) +

1

2
(1 + IJ)h(ξ̄).

For the identity operator I, we obtain

PI ◦ P−1
I = ISH(S) and P−1

I ◦ PI = IHol(SI)+Hol(SI)J .

Definition 2.3. (Slice derivative) For an s-domain S ⊂ H, and any I ∈ U, let
h ∈ SH(S). Then the slice derivative or s-derivative of h is given by

∂Ih(q) :=
1

2

(
∂hI
∂x

(ξ)− I ∂hI
∂y

(ξ)

)
, ∀ q = x+ yI ∈ S.

Remark.

• The derivative operators ∂I and ∂I have a commutative relation, and for
all functions h ∈ SH(S), ∂Ih = ∂h

∂x0
. Therefore, the slice derivative ∂Ih is

still hyperholomorphic.
• The m-th slice derivative ∂mI of h is iterated as

∂mI h =
∂mh

∂xm0
, ∀m ∈ N.

• Let I, J ∈ U be orthonormal purely imaginary quaternions, then there are
two functions h1, h2 ∈ Hol(BI) such that PI [h] = h1 + h2J and so PI [h] is
a holomorphic map and its derivative is

PI [h]′(ξ) =
∂

∂x0
PI [h](ξ) = h′1(ξ) + h′2(ξ)J, ∀ ξ = x+ Iy ∈ SI .

Moreover furthermore, for any γ ∈ [0,∞) we have

|h′l(ξ)|γ ≤
∣∣∣∣ ∂h∂x0

(ξ)

∣∣∣∣γ≤ 2max{0,γ−1}(|h′1(ξ)|γ + |h′2(ξ)|γ), ∀l = 1, 2.

Generally, we know that the pointwise product of functions does not maintain
slice regularity. Therefore, we import a definition of the multiplication operation of
functions in the case of power series, see for example [3]. The hyperholomorphic
product or regular product is called ?-product and defined as follows:



4 M. ALJUAID, M. A. BAKHIT

Definition 2.4. Suppose that h, f ∈ SH(B) defined by h(q) =
∞∑
m=0

qmam with

am = h(m)(0)
m ∈ H and f(q) =

∞∑
m=0

qmbm. Then the ?-product of h(q) and f(q) is

given by

(h ? f)(q) =

∞∑
m=0

qm
m∑
n=0

anbm−n,

as well (h ? f) ∈ SH(B).

Suppose that h, f ∈ SH(B), and let I⊥J , where I, J ∈ U. Then by using Lemma
2.1 there are some functions {h1, h2, f1, f2} ⊂ Hol(BI) such that

hI(ξ) = h1(ξ) + h2(ξ)J and fI(ξ) = f1(ξ) + f2(ξ)J ∀ ξ = x+ Iy ∈ BI .

Therefore, (hI ? fI) : BI −→ CI is defined by

hI ? fI(ξ) =
[
h1(ξ)f2(ξ) + h2

(
f1(ξ)

)]
+
[
h1(ξ)f1(ξ)− h2

(
f2(ξ)

)]
J. (2.4)

Thus (hI ? fI) ∈ Hol(BI) and hence hI ? fI recognizes an unique slice hyperholo-
morphic extension to B given by

(h ? f)(q) = ext(hI ? fI)(q).

The function h ? f is called the ?-product of slice hyperholomorphic functions h
and f on B.

The hyperholomorphic product (?-product) has the following formula; see, Propo-
sition 2.4 in [2].

Proposition 2.3. Suppose that h, f ∈ SH(B). Then, if h(q) 6= 0 we have

(h ? f)(q) = h(q)f(h(q)−1qh(q)).

While (h ? f)(q) = 0 if h(q) = 0.

For any hyperholomorphic function h(q) =
∞∑
n=0

qnan, the reciprocal function h−?

with regard to ?-product is given by

h−? =
hc(q)

h ? hc(q)
,

where the conjugate function hc(q) =
∞∑
n=0

qnan is a hyperholomorphic conjugate

function of h. Moreover, the reciprocal function h−?(q) is hyperholomorphic on B
except for the case {q ∈ B : h ? hc(q) = 0} as well as h ? h−? = 1 there.

Definition 2.5. (see [3, 8]) Let b ∈ B, then for any q ∈ B the slice hyperholomorphic
Möbius transformation Tb(q) is defined by

Tb(q) = (1− qb)−? ? (b− q). (2.5)

The following characterisations of Tb given in [8]; see also [12].

(i): The map Tb : B −→ B is bijective.

(ii): Tb(ξ) = b−ξ
1−bξ , ∀ ξ ∈ BI .

(iii): Tb(b) = 0, Tb(0) = b and Tb ◦ Tb(q) = q, ∀ q ∈ B.



NEW CLASSES OF SLICE HYPERHOLOMORPHIC FUNCTIONS 5

For any b ∈ B, let G(q, b) = 1−|Tb(q)|
|Tb(q)| be the modified Laplacian’ solution in R3

applied to the slice hyperholomorphic Möbius transformation Tb, i.e. G(q, b) is the
modified Green’s function in slice quaternion sense.

Here we denote by SM(B) the family of slice hyperholomorphic maps Ψ : B→ B,
for any I ∈ U such that Ψ(BI) ⊂ BI .

In general sense, for any two functions h, f ∈ SH(B) the composition h ◦ f /∈
SH(B), in the theory of slice regularity. So, we define slice hyperholomorphic
composition operators as follows (see, for example, [9]):

Definition 2.6. For any Ψ ∈ SM(B), the slice hyperholomorphic composition
operator CΨ motivated by Ψ on the space W (B) ⊆ SH(B) is given by

CΨh(ξ) = (h ◦I Ψ)(ξ) =
(
hI ◦ΨI

)
(ξ)

=
[
(h1 ◦ΨI)(ξ)

]
+
[
(h2 ◦ΨI)(ξ̄)

]
J,

for all h ∈W (B) with hI(ξ) = h1(ξ) + h2(ξ)J .

3. Spaces of slice hyperholomorphic functions

We denoted by WC the space W of entire functions in usual complex analysis.
Moreover, we denoted by QRL the quaternionic right linear space of entire functions
on H.

The QRL weighted Bloch space Bα(B) where α > 0 contains all h ∈ SH(B) is
defined such that (see [8, 9])

bα = sup
q∈B

{∣∣∣∣ ∂h∂x0
(q)

∣∣∣∣(1− |q|2)α
}
<∞.

The QRL weighted space Bα(B) is a Banach space under the norm ‖h‖Bα = |h(0)|+
bα (see [8], Proposition 2.6). The QRL weighted Bloch space BαI (B) where α > 0
contains all h ∈ SH(B) is defined such that

bαI = sup
ξ∈BI
{|PI [h]′(ξ)|(1− |ξ|2)α} <∞.

Hence, its norm is given by ‖h‖BαI = |h(0)|+ bαI . If we let α = 1, then we have the
QRL Bloch spaces B and BI(B) of quaternionic slice hyperholomorphic functions;
see [8].
For p > 1, the QRL Besov space Bp(B) contains all h ∈ SH(B), for q ∈ B is defined
such that (see [9])

Bp = sup
I∈U

∫
BI

∣∣∣∣ ∂h∂x0
(q)

∣∣∣∣p(1− |q|2)p−2dAI(q) <∞,

for any I ∈ U, where dAI is the differential of area in CI .
Bp(B) is a Banach space with the norm ‖h‖pBp = |h(0)| + Bp, see; for example
[8], Corollary 4.12. Moreover, for ξ ∈ BI , the space Bp

I(B) is the QRL space of
functions h ∈ SH(B) such that

BpI =

∫
BI

(1− |ξ|2)p−2|PI [h]′(ξ)|pdAI(ξ) <∞.

The norm of Bp
I(B) is given by ‖h‖Bp

I
= |h(0)|+BpI .
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For any q ∈ B, the QRL Dirichlet space D(B) (see, [8]) is the family of functions
h ∈ SH(B) such that

sup
I∈U

∫
BI

∣∣∣∣ ∂h∂x0
(q)

∣∣∣∣2dAI(q) <∞.
The norm of D(B) space is given by

‖h‖2D = |h(0)|2 + sup
I∈U

∫
BI

∣∣∣∣ ∂h∂x0
(q)

∣∣∣∣2dAI(q).
The following propositions of QRL Dirichlet space D(B) are essentially proved in
[8].

(i): For any I ⊥ J where I, J ∈ U and h ∈ SH(B), there are h1, h2 ∈ Hol(BI)
such that PI [h] = h1 + h2J and so

‖h‖2D = ‖h1‖2DC
+ ‖h2‖2DC

,

where DC is the Dirichlet space in one dimensional complex space.
(ii): D(B) is a complete space of slice hyperholomorphic functions ant it has

a Hilbert space structure in the case of quaternionic functions.

For the unit disc D, in usual complex analysis, the distance function β(b, ξ) in
the Bergman metric is defined as

β(b, ξ) =
1

2
log

1 + |Tb(ξ)|
1− |Tb(ξ)|

, ∀ b, ξ ∈ D,

where Tb(ξ) = b−ξ
1−b̄ξ .

Definition 3.1. Suppose that I ∈ U, then the Bergman metric on BI is defined as

βI(b, q) =
1

2
log

1 + |Tb(q)|
1− |Tb(q)|

, ∀ q, b ∈ BI .

For some R > 0 and b ∈ BI , let D(b, R) = {q ∈ BI : βI(b, q) < R} ⊂ BI be the
Euclidean disk. Now, for some arbitrary I ∈ U let

h∗I(b) =
1

2π

∫
D(b,R)

h(ξ)dAI(ξ).

The QRL space BMOSH(B) (the space of bounded mean oscillation) contains all
h ∈ SH(B)) such that (see [5])

1

2π
sup
b∈BI

∫
D(b,R)

|h(ξ)− h∗I(b)|2dAI(ξ) <∞,

with norm defined by

‖h‖BMOSH(B) =

(
1

2π
sup
b∈BI

∫
D(b,R)

|h(ξ)− h∗I(b)|2dAI(ξ)
) 1

2

.

Furthermore, the function h ∈ BMOSH(B) if

‖h‖BMOSH := sup
I∈S

ΛI,R(h) <∞,

where ΛI,Rh(ξ) = sup{|h(b)− h(ξ)| : ξ ∈ D(b, R)(b)} for some I ∈ U.
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4. Qp type spaces of slice hyperholomorphic functions

Our purpose in this section is to introduce a new class of slice hyperholomorphic
functions, denoted by QRL space Qp(B) in terms of the slice hyperholomorphic
Möbius transformation on B.

For p ∈ [0,∞), b ∈ B and h ∈ SH(B), we introduce a pair of new seminorms:

Ep(h, b) =

(
sup
b∈B

∫
BI

(1− |Tb(q)|2)p
∣∣∣∣ ∂h∂x0

(q)

∣∣∣∣2dAI(q)) 1
2

,

Ep,I(h, b) =

(
sup
b∈B

∫
BI

(1− |Tb(q)|2)p|PI [h]′(ξ)|2dAI(ξ)
) 1

2

.

Moreover, we define the following norms

‖h‖∗ = sup
I∈U

Ep(h, b) <∞, and ‖f‖∗,I = sup
I∈U

Ep,I(h, b) <∞.

Definition 4.1. Let p ∈ [0,∞), then the QRL space Qp(B) is defined as follows:

Qp(B) :=

{
h ∈ SH(B) : ‖h‖∗ = sup

I∈U
Ep(h, b) <∞

}
.

The norm on Qp(B) defined by:

‖h‖Qp = |h(0)|+ ‖h‖∗.

Definition 4.2. For any p ∈ [0,∞), the QRL space Qp,I(B) is defined as follows

Qp,I(B) :=

{
h ∈ SH(B) : ‖h‖∗,I = sup

I∈U
Ep,I(h, b) <∞

}
.

The norm on Qp,I(B) defined by:

‖h‖Qp,I = |h(0)|+ ‖h‖∗,I .

Remark. By direct computation, we can verified the fact that ‖h‖Qp and ‖h‖Qp,I
are norms.

Remark. For any I ⊥ J where I, J ∈ U, let h ∈ Qp,I(B). Then there are h1, h2 ∈
Hol(BI) such that PI [h] = h1 + h2J and so

|PI [h]′|2 =

∣∣∣∣∂PI [h]

∂x0

∣∣∣∣2= |h′1(ξ)|2 + |h′2(ξ)|2, ξ ∈ BI .

Furthermore, h ∈ Qp,I(B)if and only if hl ∈ Qp,C(B), l = 1, 2, where Qp,C is the
one dimensional complex space.

Proposition 4.1. Suppose that I ∈ U and b ∈ BI and let h ∈ SH(B). Then

h ∈ Qp,I(B)⇐⇒ h ∈ Qp(B).

Furthermore, ‖h‖Qp,I ≈ ‖h‖Qp .

Proof. Firstly, since BI ⊂ B, for any h ∈ Qp(B), by definition one has Qp(B) ⊂
Qp,I(B).

On the other hand, suppose that h ∈ Qp,I(B) for some I ∈ U. Then ∂h
∂x0

is a
slice hyperholomorphic function. By applying Theorem 2.2, for q = x + Iy and
ξ = x+ Jy, we have

∂h

∂x0
(q) =

(1

2
− IJ

2

) ∂h
∂x0

(ξ) +
(1

2
+
IJ

2

) ∂h
∂x0

(ξ̄).
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Applying the facts |1− IJ | ≤ 2, |1 + IJ | ≤ 2 and |q| = |ξ| = |ξ̄|, we have

sup
b∈B

∫
BI

∣∣∣∣ ∂h∂x0
(q)

∣∣∣∣2(1− |Tb(q)|2)pdAI(q)

≤ sup
b∈B

∫
BI

∣∣∣∣ ∂h∂x0
(ξ)

∣∣∣∣2(1− |Tb(ξ)|2)pdAI(ξ)

+ sup
b∈B

∫
BI

∣∣∣∣ ∂h∂x0
(ξ̄)

∣∣∣∣2(1− |Tb(ξ̄)|2)pdAI(ξ̄).

Now, over all I ∈ U taking supremum, then we have

‖h‖Qp ≤ sup
I∈U

sup
b∈B

∫
BI

∣∣∣∣ ∂h∂x0
(ξ)

∣∣∣∣2(1− |Tb(ξ)|2)pdAI(ξ)

+ sup
I∈U

sup
b∈B

∫
BI

∣∣∣∣ ∂h∂x0
(ξ̄)

∣∣∣∣2(1− |Tb(ξ̄)|2)pdAI(ξ̄)

≤ 2‖h‖Qp,I <∞.

Since I ∈ U is arbitrary, so Qp,I(B) ⊂ Qp(B).

Proposition 4.2. Suppose that I ∈ U and b ∈ BI and let h ∈ SH(B). Then, the
space Qp,I(B) is Möbius invariant, i.e. (h ◦I Tb) ∈ Qp,I(B).

Proof. Suppose that I ⊥ J , for any I, J ∈ U, and let h1, h2 ∈ Hol(BI), such that
PI [h] = h1 + h2J . By Remark 4, we know that the functions h1, h2 lie in Qp,C(BI)
space. Also, from Definition 2.6 we obtain PI [h ◦I Tb] = h1 ◦ PI [Tb] + h2 ◦ PI [Tb]J .
In fact, the function PI [Tb] is the complex Möbius transformation for any b ∈ BI .
Furthermore, by Theorem 3.3 in [10], we know that the complex space Qp,C is a
Möbius invariant space. So, h1 ◦ PI [Tb] and h2 ◦ PI [Tb] lie in Qp,C space, which
means (h ◦I Tb) ∈ Qp,I(B).

In the following results, we prove that Ep,I(h, b) is Möbius invariant. Moreover,
we show that the QRL spaces Qp,I(B) are an invariant Banach spaces, with a
Möbius map under the slice hyperholomorphic composition operators ◦I .

Proposition 4.3. For all I ∈ U and b ∈ BI let h ∈ SH(B), then the semi-
norm Ep,I(h, b) is complete on Qp,I(B) and the QRL space Qp,I(B) equipped with
Ep,I(h, b) is a Banach space. Moreover, Ep,I(f ◦I Tb, b) = Ep,I(h, b).

Proof. Let I, J ∈ U where I ⊥ J . For h ∈ Qp,I(B) let h1, h2 ∈ Hol(BI) be such
that PI [h] = h1 + h2J . Then for all l = 1, 2, the inequality

|h′l(ξ)|2 ≤
∣∣∣∣ ∂h∂x0

(ξ)

∣∣∣∣2≤ 2
[
|h′1(ξ)|2 + |h′2(ξ)|2

]
.

Then we have

Ep,I(hl, b) ≤ Ep,I(h, b) ≤ Ep,C(h1, b) + Ep,C(h2, b), ∀l = 1, 2,

where Ep,C is corresponding to the one demential complex space Qp,C(BI). Thus, as
Ep,C is a complete seminorm on Qp,C (see Theorem 3.3 in [10]), also the seminorm
Ep,I(h, b) is complete on Qp,I(B).
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Now we let b ∈ BI and we indicate

(h ◦ Tb)′ = PI [f ◦I Tb]′ =
∂

∂x0
PI [f ◦ Tb],

h′ =
∂

∂x0
PI [h],

T ′b =
∂

∂x0
PI [Tb].

Thus we have

|(h ◦ Tb)′(ξ)| = |(h1 ◦ Tb)′(ξ) + (h2 ◦ Tb)′(ξ)J |
= |T ′b(ξ)|

{∣∣h′1(Tb(ξ)) + h′2(Tb(ξ))J
∣∣}

= |T ′b(ξ)h′(Tb(ξ)|.

Recall that (1− |ξ|2)|T ′b(ξ)| = 1− |Tb(ξ)|2 for ξ ∈ BI as PI [Tb] is the usual complex
Möbius transformation on BI associated with b. So, as AI is invariant under Tb,
we obtain

E2
p,I(h ◦I Tb, b) = sup

b∈B

∫
BI

(1− |Tb(ξ)|2)p|PI [h ◦I Tb]′(ξ)|2dAI(ξ)

= sup
b∈B

∫
BI

(1− |ξ|2)p|T ′b(ξ)|p+2|h′(Tb(ξ)|2dAI(ξ)

= sup
b∈B

∫
BI

(1− |Tb(w)|2)p|h′(w)|2dAI(w)

= E2
p,I(h, b).

The next corollary is the immediate consequence of Proposition 4.3.

Corollary 4.4. For all I ∈ U and b ∈ BI let h ∈ SH(B), then the seminorm
Ep(h, b) is complete on Qp(B) and the QRL space Qp(B) equipped with the norm
|h(0)|+ ‖h‖∗ is a Banach space. Moreover, Ep(f ◦I Tb, b) = Ep(h, b).

For p ∈ [0,∞), the weighted QRL Dirichlet space Dp(B) is defined as

Dp(B) :=

{
h ∈ SH(B) : sup

I∈U
Ep(h, 0) <∞

}
.

We define a norm on Dp(B) by

‖h‖Dp = |h(0)|+ sup
I∈U

Ep(h, 0).

Corollary 4.5. For any p ∈ [0,∞), let I ∈ U, b ∈ BI and let h ∈ SH(B) with
PI [h] = h1 + h2J where h1, h2 ∈ Hol(BI). Then

h ∈ Qp(B)⇐⇒ sup
b∈BI
‖h ◦I Tb − h(b)‖Dp <∞.

Furthermore,

h ∈ Qp,I(B)⇐⇒ sup
b∈BI

{
‖h1 ◦I Tb − h1(b)‖Dp,C + ‖h2 ◦I Tb − h2(b)‖Dp,C

}
<∞,

where Dp,C is the weighted Dirichlet space in one dimensional complex space.
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By the Littlewood-Paley identities and the fact that log 1
|ξ| ≈ (1−|ξ|), for ξ ∈ BI ,

we see that

‖h‖BMOSH = sup
I∈U

sup
b∈B

∫
B

∣∣∣∣∂(h ◦I Tb)
∂x0

(ξ)

∣∣∣∣2(1− |ξ|)dAI(ξ)

≤ sup
I∈U

sup
b∈B

∫
B

∣∣∣∣∂h(Tb)(ξ)

∂x0

∂Tb(ξ)

∂x0

∣∣∣∣2(1− |ξ|)dAI(ξ).

Thus, by changing the variables ξ = Tb(q) we have

BMOSH(B) :=

{
h ∈ SH(B) : E1(h, b) <∞

}
,

where

E1(h, b) :=

(∫
BI

∣∣∣∣ ∂h∂x0
(q)

∣∣∣∣2(1− |Tb(q)|2)dAI(q)

) 1
2

.

The norm of BMOSH(B) is given by

‖h‖BMOSH = |h(0)|+ sup
I∈U

sup
b∈B

E1(h, b).

The QRL BMOSHI(B) space of slice hyperholomorphic functions on the unit ball
B such that

BMOSHI(B) :=

{
h ∈ SH(B) : E1,I(h, b) <∞

}
,

and the norm of this space is given by

‖h‖BMOSHI = |h(0)|+ sup
I∈U

sup
b∈B

E1,I(h, b).

Corollary 4.6. For any I ∈ U, b ∈ BI , let h ∈ SH(B). Then Q1(B) ≡ BMOSH(B)
and Q1,I(B) ≡ BMOSHI(B).

5. Composition operators on Qp spaces

Theorem 5.1. Let Ψ ∈ SM(B) be such that Ψ(BI) ⊂ BI for some I ∈ U, then
CΨ is bounded on Qp(B), p ∈ [0,∞) if and only if

‖CΨTb‖Qp <∞.

Proof. Since Tb(ξ) = b−ξ
1−bξ , for any ξ ∈ BI coincides with the usual Möbius trans-

formation, so assume Tb ∈ Qp,I(B). Let I, J ∈ U be such that I ⊥ J , then we can
write Tb = Tb,1 + Tb,2J , for each Tb,l ∈ Qp,C(BI), l = 1, 2. Consequently, we have

sup
I∈U

sup
a∈B

∫
BI

∣∣∣∣∂CΨTb
∂x0

(ξ)

∣∣∣∣2(1− |Tb(ξ)|2)pdAI(ξ)

≤ sup
I∈U

sup
b∈BI

∫
BI

∣∣∣∣∂CΨTb,1
∂x0

(ξ)

∣∣∣∣2(1− |Tb(ξ)|2)pdAI(ξ)

+ sup
I∈U

sup
b∈BI

∫
BI

∣∣∣∣∂CΨTb,2
∂x0

(ξ)

∣∣∣∣2(1− |Tb(ξ)|2)pdAI(ξ)

≤ ‖CΨTb,1‖2Qp,C + ‖CΨTb,2‖2Qp,C
≤ ‖CΨTb‖2Qp,I .
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Take any ξ = x0 + Jy and q = x0 + Iy ∈ B, where I, J ∈ U. Since ∂(CΨTb)
∂x0

∈
SH(B), by Representation Formula, we obtain∣∣∣∣∂CΨTb

∂x0
(q)

∣∣∣∣= 1

2

∣∣∣∣(1− IJ)
∂CΨTb
∂x0

(ξ) + (1 + IJ)
∂CΨTb
∂x0

(ξ̄)

∣∣∣∣.
Since, as |q| = |ξ| = |ξ̄|, by triangle inequality, we have∣∣∣∣∂CΨTb

∂x0
(q)

∣∣∣∣≤ ∣∣∣∣∂CΨTb
∂x0

(ξ)

∣∣∣∣+∣∣∣∣∂CΨTb
∂x0

(ξ̄)

∣∣∣∣.
This implies that

sup
I∈U

sup
a∈B

∫
BI

∣∣∣∣∂CΨTb
∂x0

(q)

∣∣∣∣2(1− |Tb(q)|2)pdAI(q)

≤ sup
I∈U

sup
b∈BI

∫
BI

∣∣∣∣∂CΨTb
∂x0

(ξ)

∣∣∣∣2(1− |Tb(ξ)|2)pdAI(ξ)

+ sup
I∈U

sup
b∈BI

∫
BI

∣∣∣∣∂CΨTb
∂x0

(ξ̄)

∣∣∣∣2(1− |Tb(ξ̄)|2)pdAI(ξ̄)

≤ 2 sup
I∈U

sup
b∈BI

∫
BI

∣∣∣∣∂CΨTb
∂x0

(ξ)

∣∣∣∣2(1− |Tb(ξ)|2)pdAI(ξ).

Since Tb is complex Möbius transformation on BI , so for any ξ, b ∈ BI , we have

‖CΨTb‖Qp ≤ C‖CΨTb‖Qp,I <∞.
Now suppose that ‖CΨTb‖Qp <∞, it holds if and only if CΨ is bounded on Qp,C(B)
which is comparable to the boundedness of CΨ on Qp,I(B) and so CΨ is bounded
operator on Qp(B).

Since Q1,I(B) = BMOSHI(B) and Q1(B) = BMOSH(B), so we have the fol-
lowing corollary.

Corollary 5.2. Let Ψ ∈ SM(B), then the composition operator CΨ is bounded on
BMOSH(B) spaces if and only if

‖CΨTb‖BMOSH <∞.

It is easy to obtain the proof of the following lemma, by using Lemma 3.1 in [7],
Remark 4 and Splitting Lemma.

Lemma 5.3. Let Z = Qp(B) be a QRL space of functions h ∈ SH(B) or Z =
BMOSH(B) the bounded mean oscillation of functions h ∈ SH(B). Then the
following conclusions are true:

(1): Every slice hyperholomorphic bounded sequence {hm}m∈N in Z is uni-
formly bounded on compact sets;

(2): For any slice hyperholomorphic sequence {hm}m∈N in Z such that ‖hm‖Z →
0, hm − hm(0)→ 0 uniformly on the compact sets.

We will need the following lemma; (see [14], Lemma 3.7).

Lemma 5.4. Let the operator T : W → Z, for W,Z two Banach spaces, and
suppose that

(1): The point evaluation functionals on W are continuous.
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(2): Concerning the uniform convergence topology on compact subsets of B,
the closed unit ball BW of W is relatively compact.

(3): T : W → Z is a continuous operator, when W,Z are given the topology
of uniform convergence on compact sets.

Then, T is compact operator if and only if the bounded sequence {hm} in W such
that hm → 0 uniformly on compact sets, then ‖Thm‖Z → 0, for h ∈ Hol(BI).

Recall that, the linear operator T : W → Z is a compact operator if it takes
bounded sets in W to sets in Z which have compact closure. If W and Z are
Banach subspaces of functions h ∈ SH(B), we say that T : W → Z is compact
if and only if for each bounded sequence {hm} in W, the sequence {Thm} ∈ Z
contains a subsequence converging to some limit in Z.

The proposition below provides the characterization of the compact composition
operators.

Proposition 5.5. Let Ψ ∈ SM(B) be such that Ψ(BI) ⊂ BI for some I ∈ U,
and let {hm} in Qp(B) be bounded sequence with hm → 0 as m → ∞ on compact
sets. Then, CΨ is compact on Qp(B), p ∈ [0,∞) if and only if ‖CΨhm‖Qp → 0 as
m→∞.

Proof. If we prove the conditions of Lemma 5.4, the proof of the theorem is valid. By
Lemma 5.3, we see that conditions (1) and (3) in Lemma 5.4 holds. To complete
the proof, we show that condition (2) holds. We suppose that {hm} is a slice
hyperholomorphic bounded sequence in Qp(B). Then, {hm} is uniformly bounded
on the compact sets. Now, consider {hmk} ∈ Qp(B) a subsequence of {hm} where
{hmk} converges uniformly to h ∈ SH(B) on the compact sets. Let I, J ∈ U be
such that I ⊥ J . Then, there are two functions hl,mk ∈ Hol(BI), l = 1, 2 such
that PI [hmk ](ξ) = h1,mk(ξ) + h2,mk(ξ)J , for some ξ ∈ BI . Moreover, h1,mk → h1

and h2,mk → h2 uniformly on the compact sets and hl ∈ CI , l = 1, 2 with PI [h] =
h1 + h2J where both h′1,mk → h′1 and h′2,mk → h′2 uniformly on the compact sets.
From Remark 4, we conclude that hl,mk , l = 1, 2 belong to Qp,C(B). It follows that
h ∈ Qp,I(B) from the estimates

∫
BI

∣∣∣∣ ∂h∂x0
(ξ)

∣∣∣∣2(1− |Tb(ξ)|2)pdAI(ξ)

≤
∫
BI

∣∣h′1(ξ)
∣∣2(1− |Tb(ξ)|2)pdAI(ξ) +

∫
BI

∣∣h′2(ξ)
∣∣2(1− |Tb(ξ)|2)pdAI(ξ)

≤
∫
BI

lim
k→∞

∣∣h′1,mk(ξ)
∣∣2(1− |Tb(ξ)|2)pdAI(ξ) +

∫
BI

lim
k→∞

∣∣h′2,mk(ξ)
∣∣2(1− |Tb(ξ)|2)pdAI(ξ)

≤ lim
k→∞

∫
BI

∣∣h′1,mk(ξ)
∣∣2(1− |Tb(ξ)|2)pdAI(ξ) + lim

k→∞

∫
BI

∣∣h′2,mk(ξ)
∣∣2(1− |Tb(ξ)|2)pdAI(ξ)

≤ lim
k→∞

(
inf ‖h1,mk‖2Qp,C + inf ‖h2,mk‖2Qp,C

)
≤ lim

k→∞
inf ‖hmk‖2Qp,I <∞.
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Thus Lemma 5.4 implies that CΨ is compact onQp(B) if and only if lim
m→∞

‖CΨhm‖Qp =

0, for any bounded sequence {hm} in Qp(B) space with hm → 0 uniformly on the
compact sets as m→∞. This is equivalent to the statement of our proposition.

Corollary 5.6. Let Ψ ∈ SM(B) be such that Ψ(BI) ⊂ BI for some I ∈ U, then
CΨ is compact on Qp(B), p ∈ [0,∞) and on BMOSH(B) if ‖Ψ‖∞ < 1.

Proof. Let hm ∈ Qp(B) be bounded sequence. Then {hm} ∈ Qp,I such that {hm}
converges uniformly to 0 on the compact subsets of BI for some I ∈ U. Let I, J ∈ U
be such that I ⊥ J . Now let two functions hl,m ∈ Hol(BI), l = 1, 2 such that
PI [hm](ξ) = h1,m(ξ) + h2,m(ξ)J , for some ξ ∈ BI . By Remark 4, we conclude that
hl,m, l = 1, 2 lie in Qp,C(BI) with BI ⊂ CI . Therefore,

sup
I∈U

sup
a∈BI

∫
BI

∣∣∣∣∂CΨhm
∂x0

(ξ)

∣∣∣∣2(1− |Tb(ξ)|2)pdAI(ξ)

≤ sup
I∈U

sup
a∈BI

∣∣∣∣∂CΨh1,m

∂x0
(ξ)

∣∣∣∣2(1− |Tb(ξ)|2)pdAI(ξ)

+ sup
I∈U

sup
a∈BI

∣∣∣∣∂CΨh2,m

∂x0
(ξ)

∣∣∣∣2(1− |Tb(ξ)|2)pdAI(ξ)

≤ ‖h1,m‖2Qp,C + ‖h2,m‖2Qp,C
≤ ‖hm‖2Qp,I .

Let ε > 0 be given, and let Ψ(BI) be a compact subset of BI , then there is an
integer N > 0 such that if m ≥ N , then∣∣∣∣∂hm∂x0

Ψ(ξ)

∣∣∣∣2< ε, ∀ ξ ∈ BI .

By appealing to Representation Formula and the fact that |q| = |ξ| = |ξ̄|, we have

sup
I∈U

sup
a∈BI

∫
BI

∣∣∣∣∂CΨhm
∂x0

(q)

∣∣∣∣2(1− |Tb(q)|2)pdAI(q)

≤ sup
I∈U

sup
b∈BI

∫
BI

∣∣∣∣∂CΨhm
∂x0

(ξ)

∣∣∣∣2(1− |Tb(ξ)|2)pdAI(ξ)

+ sup
I∈U

sup
b∈BI

∫
BI

∣∣∣∣∂CΨhm
∂x0

(ξ̄)

∣∣∣∣2(1− |Tb(ξ̄)|2)pdAI(ξ̄)

≤ 4 sup
I∈U

sup
b∈BI

∫
BI

∣∣∣∣∂CΨhm
∂x0

(ξ)

∣∣∣∣2(1− |Tb(ξ)|2)pdAI(ξ)

≤ sup
I∈U

sup
b∈BI

∫
BI

∣∣∣∣∂hm∂x0
(Ψ(ξ))

∂Ψ

∂x0
(ξ)

∣∣∣∣2(1− |Tb(ξ)|2)pdAI(ξ)

≤ ε‖Ψ‖2Qp,I ≤ Cε.

Therefore, ‖CΨhm‖Qp,I → 0 as m→∞. Hence, CΨ is compact on Qp(B).
Note that, the proof of the compactness of CΨ on BMOSH(B) is similar to the

proof above.
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Proposition 5.7. Let Ψ ∈ SM(B) be such that Ψ(BI) ⊂ BI for some I ∈ U, then
CΨ : Qp(B) −→ B(B) is compact if

‖CΨTb‖B → 0 as |b| → 1. (5.1)

Proof. Suppose {Tb, b ∈ B} is a set in Qp(B) such that (Tb−a)→ 0 as |b| → 1. Let
CΨ be a compact operator. Then by Lemma 5.4, {Tb} is a bounded set in Qp(B).
Hence, ‖CΨTb‖B = 0. Now, we suppose that (5.1) holds and hm is a bounded
sequence in Qp,I(B), such that hm → 0 uniformly on the compact sets as m→∞.
We claim CΨ : Qp(B) −→ B(B) is compact. For this, take I, J ∈ U with I ⊥ J . Let
two functions hl,m ∈ Hol(BI), l = 1, 2 such that PI [hm](ξ) = h1,m(ξ) + h2,m(ξ)J ,
for some ξ ∈ BI . By Remark 4, we have hl,m, l = 1, 2 lie in the complex space
Qp,C(BI). From [14], Theorem 4.1 and as ‖hl‖BC ≤ ‖h‖BI , we have

‖CΨhm‖B ≤ C sup
I∈U

sup
ξ∈BI

{∣∣∣∣∂CΨhm
∂x0

(ξ)

∣∣∣∣(1− |ξ|2)

}
≤ sup

I∈U

{
(1− |ξ|2)

(1− |Ψ(ξ)|2)

∣∣∣∣ ∂Ψ

∂x0
(ξ)

∣∣∣∣}‖hm‖B
≤ sup

I∈U

{
(1− |ξ|2)

(1− |Ψ(ξ)|2)

∣∣∣∣ ∂Ψ

∂x0
(ξ)

∣∣∣∣}‖hm‖Qp,I .
Since {hm} is a bounded sequence in Qp,I(B), so ‖CΨhm‖Qp,I → 0 as m → ∞.
Thus, ‖CΨhm‖B → 0 as m→∞. Hence, CΨ : Qp(B) −→ B(B) is compact.

6. Essential norm of composition operators on Qp spaces

In this section, we characterize upper and lower bounds for the essential norm
of the CΨ operators on the QRL space Qp(B), p ∈ [0,∞) of functions in SH(B).

Firstly, we give the definition of Carelson measure for the spaceQp(B), p ∈ [0,∞).
For comprehensive details about Carelson measure on various quaternionic function
spaces, we refer the reader to articles [2, 11].

Definition 6.1. For any b ∈ B and γ ∈ (0,∞), let µI be an H-valued positive
measure on BI . Then µI is said to be an H-valued γ-Carleson measure on on the
QRL space Qp(B), if∫

BI

∣∣h(q)
∣∣γdµ(q) ≤ C‖h‖γQp , ∀h ∈ Qp(B).

Theorem 6.1. Let h ∈ SH(B) and let µI = µ1 + µ2J for some I ∈ U with I ⊥ J .
Then µI is an H-valued 2-Carleson measure on the QRL space Qp(B) if and only
if µ1, µ2 are 2-Carleson measures on the complex space Qp,C(B), p ∈ [0,∞).

Proof. Let I, J ∈ U be such that I ⊥ J . Then, there exist two functions hl ∈
Hol(BI), l = 1, 2, for any h ∈ Qp,I(B), such that PI [h](ξ) = h1(ξ) + h2(ξ)J , for
some ξ = x + yI ∈ BI . Now, µI is H-valued 2-Carleson measure on the slice
hyperholomorphic Qp(B) space if and only if µI is slice 2-Carleson measure on
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Qp,I(B), if and only if∫
BI

∣∣h(q)
∣∣2dµ(q) ≤ C‖h‖2Qp,I

⇔
∫
BI

∣∣h1(q) + h2(q)J
∣∣2d(µ1 + µ2J)(q) ≤ C‖h1 + h2J‖2Qp,I

⇔
∫
BI

∣∣hl(q)∣∣2dµl(q) ≤ C‖hl‖2Qp,C ,
if and only if µl is 2-Carleson measure on Qp,C(BI), for l = 1, 2.

Recall that, the essential norm ‖T‖e of an operator T is its distance from the
compact operators in the operator norm. Specifically, let W and Z be two normed
linear spaces and let T : W → Z be a bounded linear operator, then the essential
norm of T between W and Z is referred to as ‖T‖e,W→Z and its definition is

‖T‖e,W→Z = inf{‖T −O‖W→Z |O : W → Z is compact}.
Let Ψ ∈ SM(B), and let Ψ′(q)(1 − |Tb(q)|2)p ∈ L2(BI , dσI(q)) where dσI(q) =
(1 − |q|2)−2dAI(q) is a Möbius invariant measure on B and is the normalized dif-
ferentiable of area in the plane. Then we set the measure µpI(D) of a measurable
D ⊂ B as

µpI(D) =

∫
Ψ−1(D)

|Ψ′(q)|2(1− |q|2)pdAI(q).

Now, we give an essential norm estimate for CΨ on Qp(B), p ∈ [0,∞).

Theorem 6.2. Let Ψ ∈ SM(B) be such that Ψ(BI) ⊂ BI for some I ∈ U. Suppose
that CΨ is a bounded operator on Qp(B), p ∈ [0,∞). Then, the upper bound for the
essential norm ‖CΨ‖e is

lim sup
|b|→1

sup
I∈U

∫
BI

(
1− |b|2

|1− b̄q|2

)2

µpI(q),

and the lower bound for the essential norm ‖CΨ‖e is lim sup|b|→1 sup ‖CΨTb‖Qp .

Proof. First of all, let I, J ∈ U be such that I ⊥ J . For any r ∈ (0, 1), let Br =

{ξ ∈ BI : |ξ| < r} in CI . Suppose that h ∈ Qp,I(B) defined by h(q) =
∞∑
m=0

qmam,

and let Fkh(q) =
∞∑

m=k+1

qmam be an operator for any integer k. Then there exist

two functions hl ∈ Hol(BI), l = 1, 2 such that PI [h](ξ) = h1(ξ) + h2(ξ)J , for some

ξ = x + yI ∈ BI . Thus we obtain hl ∈ Qp,C(BI) defined by hl(q) =
∞∑
m=0

qmal,m,

and Fl,khl(q) =
∞∑

m=k+1

qmal,m. Therefore, we obtain

‖CΨ‖e ≤ lim
m→∞

inf ‖CΨFk‖2Qp
≤ lim

m→∞
inf sup
‖h‖Qp≤1

‖(CΨFk)h‖2Qp .

For all l = 1, 2 we know that

‖(CΨFk)h‖2Qp = |Fl,khl(Ψ(0))|2 + sup
I∈U

sup
a∈BI

∫
BI

∣∣∣∣∂(CΨFl,k)hl)

∂x0
(ξ)

∣∣∣∣2(1− |Tb(ξ)|2)pdAI(ξ).
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Since |Fl,khl(Ψ(0))|2 is bounded as k →∞, for all l = 1, 2, so we have

‖(CΨFk)h‖2Qp = sup
I∈U

sup
b∈BI

∫
BI

∣∣∣∣∂(CΨF1,kh1)

∂x0
(ξ)

∣∣∣∣2(1− |Tb(ξ)|2)pdAI(ξ)

+ sup
I∈U

sup
b∈BI

∫
BI

∣∣∣∣∂(CΨF2,kh2)

∂x0
(ξ)

∣∣∣∣2(1− |Tb(ξ)|2)pdAI(ξ)J.

Now we let the measure µpI = µp1 +µp2J with the values in CI , where µp1, µ
p
2 are two

2-Carleson measures on BI . Therefore, for any r ∈ (0, 1), we have

sup
I∈U

sup
b∈BI

∫
BI

∣∣∣∣∂(CΨFkh)

∂x0
(ξ)

∣∣∣∣2(1− |Tb(ξ)|2)pdAI(ξ)

≤ 2 sup
I∈U

sup
b∈BI

∫
BI

∣∣∣∣∂(CΨF1,kh1)

∂x0
(ξ)

∣∣∣∣2(1− |Tb(ξ)|2)pdAI(ξ)

+2 sup
I∈U

sup
b∈BI

∫
BI

∣∣∣∣∂(CΨF2,kh2)

∂x0
(ξ)

∣∣∣∣2(1− |Tb(ξ)|2)pdAI(ξ)

≤ 2 sup
I∈U

∫
BI

∣∣∣∣∂(F1,kh1)

∂x0
(q)

∣∣∣∣2dµp1(q)

+2 sup
I∈U

∫
BI

∣∣∣∣∂(F2,kh2)

∂x0
(q)

∣∣∣∣2dµp2(q)

≤ 4‖Fkh‖2Qp,I

= 4 sup
I∈U

{∫
Br

+

∫
BI\Br

}∣∣∣∣∂(Fkh)

∂x0
(q)

∣∣∣∣2dµpI(q).
Since the operator CΨ is a bounded operator on Qp(B), p ∈ [0,∞), so we have the
measure µpI is a 2-Carleson measure. For given δ > 0 and k large enough, we see
that

sup
I∈U

∫
Br

∣∣∣∣∂(Fkh)

∂x0
(q)

∣∣∣∣2dµpI(q) ≤ δ2‖h‖2Qp .

Also for any fixed r ∈ (0, 1), we obtain

lim
k→∞

sup
‖h‖Qp≤1

sup
I∈U

∫
Br

∣∣∣∣∂(Fkh)

∂x0
(q)

∣∣∣∣2dµpI(q) = 0.

Furthermore, let µpI,r be a restriction measure of µpI to the set BI \ Br, then we
have

sup
I∈U

∫
BI\Br

∣∣∣∣∂(Fkh)

∂x0
(q)

∣∣∣∣2dµpI,r(q) ≤ C sup
|b|≥r

sup
I∈U

∫
BI

∣∣∣∣∂Tb(q)∂x0

∣∣∣∣2dµpI(q).
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Therefore,

lim inf
k→∞

sup
‖h‖Qp

‖(CΨFk)h‖Qp ≤ C lim inf
k→∞

sup
|b|≥r

sup
I∈U

∫
BI

∣∣∣∣∂Tb(q)∂x0

∣∣∣∣2dµpI(q).
Thus, for r → 1, we obtain

‖CΨ‖2e ≤ C lim
r→1

sup
|b|≥r

sup
I∈U

∫
BI

∣∣∣∣∂Tb(q)∂x0

∣∣∣∣2dµpI(q)
≤ C lim sup

|b|→1

sup
I∈U

∫
BI

∣∣∣∣∂Tb(q)∂x0

∣∣∣∣2dµpI(q)
≤ C lim sup

|b|→1

sup
I∈U

∫
BI

(
1− |b|2

|1− b̄q|2

)2

µpI(q).

We thus obtain the upper bound of the essential norm.
On the other hand, we know that the complex Möbius transformation Tb on BI

is bounded in Qp,I . Since lim|b|→1{Tb − b} = 0 uniformly on the compact subsets
of BI and

|Tb(ξ)− b| = |ξ|
1− |b|2

|1− bξ|
.

For any compact operator O on Qp,I , clearly we have

lim
|b|→1

‖O(Tb − b)‖Qp,I = 0 =⇒ lim
|b|→1

‖O(Tb)‖Qp,I = 0.

Thus

‖CΨ‖2e ≥ ‖CΨ −O‖2Qp ≥ ‖CΨ −O‖2Qp,I
≥ lim sup

|b|→1

‖(CΨ −O)(Tb)‖2Qp,I

≥ lim sup
|b|→1

‖CΨ(Tb)‖2Qp,I − lim sup
|b|→1

‖O(Tb)‖2Qp,I

= lim sup
|b|→1

‖CΨ(Tb)‖2Qp,I .
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