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SOME NEW BANACH CLASSES OF SLICE
HYPERHOLOMORPHIC FUNCTIONS ON THE QUATERNIONIC
UNIT BALL

MUNIRAH ALJUAID, M. A. BAKHIT

ABSTRACT. In this article, we highlight a new class of salient Banach spaces on
the quaternionic unit ball, so called the Q) classes of slice hyperholomorphic
functions. We will investigate some basic results on these spaces. Further, we
discuss the invariance property of Q, spaces concerning some Mbius transfor-
mations by using an appropriate notion of slice hyperholomorphic composition
operators. It is well known that Q, spaces in classical functional theory re-
ceived wide attention from researchers. This motivated us to examine their
slice hyperholomorphic counterparts, as these classes have many applications
in operator theory.

1. INTRODUCTION

In recent times, the theory of complex holomorphic functions has been gener-
alized in many directions. One of these directions is the notion of slice regularity,
the so-called slice hyperholomorphicity. The slice regular functions evolved sys-
temically and are associated with multi-domain applications, for instance, to define
some functional calculus in Schur analysis, mathematical physics, and operator
theory. Here we advise researchers interested in developing results in hyperholo-
morphic slices with some recent results that can be generalized, for example [13].
It is noteworthy that in quaternions definitions of regularity for functions have
several different types. For details about the slice regular (or slice hyperholomor-
phic) functions, interested readers can refer to the books [II, [3, [4]. Throughout
this article, we will work on the field H which refers to the field of quaternions or
the associative, noncommutative, real algebra of quaternion-valued with orthonor-
mal basis {1,i,j,k}, where i* = j> = k* = —1 subject to the multiplication rules

i=jk=-kj, j=ki=—-ik, k =1ij = —ji. The field H is the set of quaternion
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elements ¢ € H with the form
q = xo + (211 + z2j + x3k) = Re(q) + Im(q).

For the element ¢ € H, its conjugate is Re(q) — Im(q) and we denote it as g, with
the property

la* = 47 = gq = 2§ + o} + 23 + 3.
In addition, we can write ¢ = o + V4 |Im(q)| = = + Vyy, where V, = %, T = I
and y = [Im(q)|. Obviously, the multiplicative inverse of any element ¢ € H \ {0}
is ¢! = q/|ql.

Let there be a unit sphere U = {¢ € H: 29 = 0,¢> = —1} of purely imaginary
quaternions in two-dimensional with orthonormal basis {1,I}. By C; = {¢ =
x+ Iy : x,y € R} we denote the complex plane, for any I € U. Thus, over the
complex plane C;, the orthonormal basis {1, I} forms a basis of the skew field of
quaternions H as a right or left vector space, it means that H = |J;.y C;. We
denote by B = B(0,1) = {q € H : |g| < 1} the unit ball in the field H, while
B; = BN Cy is the unit disk in C;. For more information and details about the
notations and definitions, we refer interested readers to [3, [ []].

2. PRELIMINARY RESULTS

Let an I € U and let a domain S C H and given S; = SN C;. The symbol h; is
used to restrict the function h to the plane Cj, and so the restriction function hj
is a holomorphic function if its partial derivatives are continuous and satisfies,

0 0
—hr(§)+I1—hi(&) =0, VI € U, where { =z + Iy € Sy. (2.1)
Ox oy
We now list some previously obtained results and concepts on the slice hyperholo-
morphic (regular) functions; see, [T, B, 4, [0, [§]. Let’s start with the definition of a

slice hyperholomorphic function.

Definition 2.1. Let there be a real differentiable function h : S — H on a domain
S C H, with restriction function hy : St — C;. Then h is said to be a (left) slice
hyperholomorphic function on S if hy is a holomorphic function, for all I € U.

Throughout this paper, we denote by SH(S) the family of slice hyperholomorphic
functions on S, and the collection of all holomorphic functions on S; denoted by
Hol(Sr).

The importance of the following lemma (Splitting Lemma) is that it gives us the
relationship between slice hyperholomorphic and classical holomorphic functions.

Lemma 2.1. Suppose that h € SH(S), then there are two functions hy, hy €
Hol(Sy), for any I,J € U where I1LJ, such that

hi(€) = hi(&) + ha(§)J  for any € =x + Iy € Sy. (2.2)

Definition 2.2. Let S C H be an open set and let x +yI € S where I € U. Then S
is called axially symmetric if {x +yJ} CS, where J € U. Moreover, S is called
s-domain (slice domain) if the set SNR is a nonempty set and if Sy is a domain
m (C[,

It can be said that the following theorem (Representation Formula) shows
that slice hyperholomorphic functions have an important property, as seen in [4].
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Theorem 2.2. Suppose that s-domain S C H is azially symmetric and let h €
SH(S). Forany J €U let§ =x+yJ €S;. Then

h(q) = %(1 —IJ)h(&) + %(1 +INh(E), Yq=x+yl €S. (2.3)

Now we suppose that s-domain S C H is an axially symmetric domain, and we
let I,J € U where I LJ. Then using Lemma [2.I] and Theorem [2:2] we can relate
the space SH(S) with the space Hol(S;) + Hol(Sy)J by defining the operators
Pr:h— hy and PI_1 as follows:

Pr: SH(S) — Hol(Sy) + Hol(Sr)J,
P;t o Hol(Sy) + Hol(Sr)J — SH(S).

Since h € Hol(Sr) + Hol(Sr)J, so
_ _ 1 1 _
P (Rl(g) = Py )G + Ty) = 5 (= TIR(E) + 51+ LI)A(E).
For the identity operator Z, we obtain

Pro Pt =TIsys) and Pr'o Pr=Tyus,)+Hol(s:)]-

Definition 2.3. (Slice derivative) For an s-domain S C H, and any I € U, let
h € SH(S). Then the slice derivative or s-derivative of h is given by

Ohp Ohr

agp(f)—[(f)), Vg=x+yl €8S.

1
arh(q) == 2( oy

Remark.

e The derivative operators O and O; have a commutative relation, and for
all functions h € SH(S), Orh = (%’0, Therefore, the slice derivative Orh is
still hyperholomorphic.

o The m-th slice derivative 07" of h is iterated as

M

 om
(9] h—w, vm € N.

o Let I,J € U be orthonormal purely imaginary quaternions, then there are
two functions hy, ha € Hol(By) such that Prlh] = hy + haoJ and so Pr[h] is
a holomorphic map and its derivative is

0
Prln]'(§) = aT;OPI[h](@ =hy (&) +hy(8)J, ¥V E=a+ Ty €S.
Moreover furthermore, for any v € [0,00) we have
oh K
(O < 5] < 20T H (O] + W), V=12

Generally, we know that the pointwise product of functions does not maintain
slice regularity. Therefore, we import a definition of the multiplication operation of
functions in the case of power series, see for example [3]. The hyperholomorphic
product or regular product is called x-product and defined as follows:
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[ee]
Definition 2.4. Suppose that h, f € SH(B) defined by h(q) = >, ¢™an, with
m=0

Gy, = % € H and f(q) = > ¢™bm. Then the x-product of h(q) and f(q) is
m=0
given by

(hx )@= a" > anbm
m=0 n=0

as well (h* f) € SH(B).

Suppose that h, f € SH(B), and let I LJ, where I, J € U. Then by using Lemma
there are some functions {hq, ha, f1, fo} C Hol(By) such that
hi(§) = ha(§) + ha(§)J and fr(§) = f1(§) + f2(§)J VE=a + Iy € By.
Therefore, (hy x fr) : By — Cj is defined by

hrx f1(&) = [h1(€) f2(€) + ha (f1(€)) ]+ [ () f1(E) — ha(f2(E))]J. (2.4)

Thus (hr % fr) € Hol(Br) and hence h; x f; recognizes an unique slice hyperholo-
morphic extension to B given by

(hx f)(q) = ext(hr * fr)(q).
The function h x f is called the *-product of slice hyperholomorphic functions h
and f on B.

The hyperholomorphic product (x-product) has the following formula; see, Propo-
sition 2.4 in [2].

Proposition 2.3. Suppose that h, f € SH(B). Then, if h(q) # 0 we have
(h f)(q) = h(a)f(h(q) " qh(q)).
While (h* f)(¢) =0 if h(q) = 0.
For any hyperholomorphic function h(q) = Y, q"an, the reciprocal function h™*

n=0
with regard to *-product is given by
h—* — h‘c(q)
hx he(q)’

o0
where the conjugate function h(q) = > q"a, is a hyperholomorphic conjugate
n=0
function of h. Moreover, the reciprocal function h™*(q) is hyperholomorphic on B
except for the case {g € B: hxh°(q) =0} as well as hxh™* =1 there.

Definition 2.5. (see [3,[8]) Let b € B, then for any q € B the slice hyperholomorphic
Mobius transformation Ty(q) is defined by

Ti(q) = (1 —gb) " * (b—q). (2.5)
The following characterisations of T}, given in [8]; see also [12].
(i): The map T} : B — B is bijective.
(ii): Ty (€) = % VEe€B;.
(iii): Tp(b) = 0,T5(0) =b and Ty 0o Tp(q) = q, ¥ ¢ € B.
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For any b € B, let G(q,b) = W be the modified Laplacian’ solution in R3

applied to the slice hyperholomorphic Mébius transformation 75, i.e. G(q,b) is the
modified Green’s function in slice quaternion sense.

Here we denote by SM(B) the family of slice hyperholomorphic maps ¥ : B — B,
for any I € U such that ¥(B;) C B;.

In general sense, for any two functions h, f € SH(B) the composition h o f ¢
SH(B), in the theory of slice regularity. So, we define slice hyperholomorphic
composition operators as follows (see, for example, [9]):

Definition 2.6. For any ¥ € SM(B), the slice hyperholomorphic composition
operator Cy motivated by U on the space W(B) C SH(B) is given by

Cyh(§) = (hor ¥)(§) = (hro¥p)(§) )

= [(h1 o W) (©)]+[(ha 0 ¥1)(&)]J,
for all h € W(B) with hi(§) = h1(€) + ha(€)J.

3. SPACES OF SLICE HYPERHOLOMORPHIC FUNCTIONS

We denoted by W the space W of entire functions in usual complex analysis.
Moreover, we denoted by QRL the quaternionic right linear space of entire functions
on H.

The QRL weighted Bloch space B*(B) where @ > 0 contains all h € SH(B) is
defined such that (see [8 [9])

v =supd| )1~ o) < .

The QRL weighted space B*(B) is a Banach space under the norm ||h||ge = |h(0)|+
b (see [8], Proposition 2.6). The QRL weighted Bloch space B¢ (B) where a > 0
contains all h € SH(B) is defined such that

bg = sup {|Pr[A)'(€)|(1 — [€]*)*} < 0.
EEB)

Hence, its norm is given by [|h||ge = |h(0)| + b . If we let o = 1, then we have the
QRL Bloch spaces B and B;(B) of quaternionic slice hyperholomorphic functions;
see [8].

For p > 1, the QRL Besov space B?(B) contains all h € SH(B), for ¢ € B is defined
such that (see [9])

B? :sup/
1€U JB;

for any I € U, where dA; is the differential of area in Cj.

BP(B) is a Banach space with the norm ||h[[%, = |h(0)| + BP, see; for example
[8], Corollary 4.12. Moreover, for £ € By, the space B7(B) is the QRL space of
functions h € SH(B) such that

P

on
(1 —|g*)P2dA;(q) < oo,

——(q)

8%‘0

By = [ (1= 1ePy Pl ©Faa©) < o.

The norm of B7(B) is given by [|h[|s» = [2(0)] + BY.
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2

For any ¢ € B, the QRL Dirichlet space D(B) (see, [§]) is the family of functions
oh
dAj (q) < o0.

h € SH(B) such that
su —
Ieg /IB%I dzo (q)

The norm of D(B) space is given by

2

dA](q).

oh
113 = [h(O)? + sup / (@

IeU Oz

The following propositions of QRL Dirichlet space D(B) are essentially proved in
18]
(i): For any I | J where I,J € U and h € SH(B), there are hy, ho € Hol(B;)
such that Pr[h] = hy + hoJ and so

1D = [1hallD + lIh2lD..

where D¢ is the Dirichlet space in one dimensional complex space.
(ii): D(B) is a complete space of slice hyperholomorphic functions ant it has
a Hilbert space structure in the case of quaternionic functions.

For the unit disc D, in usual complex analysis, the distance function 3(b,€) in
the Bergman metric is defined as
1+ |T5,(8)]

1
B,§) = 5 log ma

Vb, EeD,

where Tp(§) = 11)%555'

Definition 3.1. Suppose that I € U, then the Bergman metric on By is defined as

1+ [Ti(q)|

1—|Ty(g)l’
For some R > 0 and b € By, let D(b, R) = {q € By : 8;(b,q) < R} C B be the

Euclidean disk. Now, for some arbitrary I € U let

hy() = - / h(E)dAL(©).
D(b,R)

1
6I(b>Q):§10g Vq,be Bj.

T om
The QRL space BMOSH (B) (the space of bounded mean oscillation) contains all
h € SH(B)) such that (see [5])
1 *
or s [ Jh(E) - K (b)PdAL©) < oc,
27 beB; JD(b,R)
with norm defined by

2

Il BrrosH®) = (1 sup / |h(&) — h7(5)|2d141(§)>
D(b,R)

27 peB;

Furthermore, the function h € BMOSH (B) if

|hll Brose = sup Ar r(h) < oo,
res

where Ar gh(§) = sup{|h(b) — h(€)| : £ € D(b, R)(b)} for some I € U.
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4. Qp TYPE SPACES OF SLICE HYPERHOLOMORPHIC FUNCTIONS

Our purpose in this section is to introduce a new class of slice hyperholomorphic
functions, denoted by QRL space Q,(B) in terms of the slice hyperholomorphic
Mobius transformation on B.

For p € [0,00),b € B and h € SH(B), we introduce a pair of new seminorms:

(s | a-mwpy| g

8720((‘])
Bpi(hb) = (sup / (1—|Tb(Q)|2)p|P1[h]/(€)|2dA1(§)>

beB

2

2dAI(Q)> ;

E,(h,b)

D=

Moreover, we define the following norms

|h]l« =sup Ep(h,b) < oo, and | fl|l«1 =supE,(h,b) < cc.
1€U 1€U
Definition 4.1. Let p € [0,00), then the QRL space Q,(B) is defined as follows:
9,(B) := {h € SH(B) : ||h||+ =sup E,(h,b) < oo}.
I1€U

The norm on Q,(B) defined by:
[Ihlle, = [R(0)] + [IA]l..
Definition 4.2. For any p € [0,00), the QRL space Q, 1(B) is defined as follows

9, 1(B) := {h € SHB) : ||hll«r = iungJ(h, b) < oo}.
€

The norm on Q, ;(B) defined by:
1Al gy, = [R(O)] + [,z

Remark. By direct computation, we can verified the fact that ||h||g, and ||kl g, ,
are norms.

Remark. For any I L J where I,J € U, let h € Q, 1(B). Then there are hy,hy €
Hol(Br) such that Pr[h] = hy + haJ and so

oP;[h] |2
f;;i] = WL (O)1? + e (9)I?, € € By.

Furthermore, h € Q, 1(B)if and only if hy € Q,c(B), | = 1,2, where Q, ¢ is the
one dimensional complex space.

Proposition 4.1. Suppose that I € U and b € B; and let h € SH(B). Then
heQ,i(B) < he Q,B).
Furthermore, ||| g, , = ||h]o,-

Proof. Firstly, since By C B, for any h € Q,(B), by definition one has Q,(B) C
QPJ (B)

On the other hand, suppose that h € Q, ;(B) for some I € U. Then % is a
slice hyperholomorphic function. By applying Theorem for ¢ = x + Iy and
& =x+ Jy, we have

Oh 1 IJ\ Oh 1 IJ\ Oh -
67:0((]) = (5 - 7)87:0(0 + (5 + 7)8700(5)'

PP = |
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Applying the facts |1 — I.J| < 2,[1+ IJ| <2 and || = |¢| = |€|, we have

2

ilelg/ma, %(Q) (1 =Ty (q)[*)PdAs(q)
on . |? ,
< swp / o @] @ = m@Pyaae
oh _|* - _
+sup / |5 @] 0= @Ry @

Now, over all I € U taking supremum, then we have

2

on ,

Iklle, < ?‘éﬁi‘éﬁ/& g )| (1= ITH(&)F)"dAL(E)
on - |° - .
rswpup [ ZLE) (1 TPy ©

< 2hlo,, < .
Since I € U is arbitrary, so 9, 1(B) C Q,(B).

Proposition 4.2. Suppose that I € U and b € By and let h € SH(B). Then, the
space Qp 1(B) is Mobius invariant, i.e. (horTp) € Q, 1(B).

Proof. Suppose that I L J, for any I,J € U, and let hy, he € Hol(By), such that
P;[h] = h1 + hoJ. By Remark |4 we know that the functions hq, ho lie in Q, c(By)
space. Also, from Definition We obtain Pr[h o Tp] = hy o Pr[Tp] + he o Pr[Tp]J.
In fact, the function P;[T}] is the complex Mobius transformation for any b € B;.
Furthermore, by Theorem 3.3 in [I0], we know that the complex space Q, ¢ is a
Mébius invariant space. So, hi o Pr[T;] and he o Pr[T}] lie in Q, ¢ space, which
means (h oy Ty) € Q, 1(B).

In the following results, we prove that E, ;(h,b) is Mébius invariant. Moreover,
we show that the QRL spaces Qp ;(B) are an invariant Banach spaces, with a
Mobius map under the slice hyperholomorphic composition operators oj.

Proposition 4.3. For all I € U and b € By let h € SH(B), then the semi-
norm E, 1(h,b) is complete on Q, (B) and the QRL space Q, 1(B) equipped with
E, 1(h,b) is a Banach space. Moreover, E, ;(f or Ty,b) = E,, 1(h,b).

Proof. Let I,J € U where I L J. For h € Q, ;(B) let hy,he € Hol(B;) be such
that Pr[h] = h1 + haoJ. Then for all [ = 1,2, the inequality

2

M 6y < 211y ()2 + [my(e)2].

O < |55 @

Then we have
E;,;J(hl, b) < EpJ(h, b) < pr(hl, b) + Epy(c(hg, b), Vi=1,2,

where E), ¢ is corresponding to the one demential complex space @, c(B;). Thus, as
E, ¢ is a complete seminorm on Q, ¢ (see Theorem 3.3 in [10]), also the seminorm
E, 1(h,b) is complete on Q,, ;(B).
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Now we let b € B; and we indicate

(hoTy) = PilforTl = 2 Pilf o Ty,

8330
o = 8ZOP1[h]
T, = %PI[T(,].
Thus we have
[(hoTp)' (&) = [(h1oTy)'(§)+ (honb)’(f)Jl
= TN |n(T5()) + ha(Tu(€)) ] }
= TN (Ty(&)].

Recall that (1 —[£[2)|TL(&)] = 1 —|T(£)|? for € € By as Pr[Ty)] is the usual complex
Mobius transformation on B; associated with b. So, as A; is invariant under Tp,
we obtain

B2y(hor Tht) = sup [ (1= [TOPYIPrlAor T (©FdAL )

beB JB;

= SUP/ (1 =[PP IT5 ()P |1 (Th(€) IPdAr (€)
B

beB

~ sw / (1 = [Ty (w) 2P| (w) Pd A7 ()

beB JB
= E2;(h,b).
The next corollary is the immediate consequence of Proposition [£.3]

Corollary 4.4. For all I € U and b € By let h € SH(B), then the seminorm
E,(h,b) is complete on Q,(B) and the QRL space Q,(B) equipped with the norm
|R(0)| + |||« is @ Banach space. Moreover, E,(f oy Ty,b) = E,(h,b).

For p € [0, 00), the weighted QRL Dirichlet space D,(B) is defined as

Dy(B) := {h € SH(B) : sup Ep(h,0) < oo}.

1cU

We define a norm on D,(B) by
[h]lp, = |h(0)] + sup Ey (h, 0).
IeU
Corollary 4.5. For any p € [0,00), let I € U,b € By and let h € SH(B) with
Pr[h] = hy + hoJ where hy,hy € Hol(By). Then

h € Q,(B) <= sup ||hor T, — h(b)|p, < oo.
beB;

Furthermore,

h € Qp 1(B) < sup { |h1or Ty — hi(b)||p, o + [lh2 or Ty — hz(b)Dp,c}< 00,
beBr

where Dy ¢ is the weighted Dirichlet space in one dimensional complex space.
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By the Littlewood-Paley identities and the fact that log & ~ (1—¢]), for € € By,
€]

we see that
2

(1 —1EDdAL(€)

A(hor T,
Pl BrrosH supsup/’(alb)(@
Zo
B

I€U beB

2

(1 —[ED)dAL(8).

< supsup
I€U beB

/‘ ON(Ty)(§) 0Ty(§)
8550 8x0
B

Thus, by changing the variables £ = Tj,(q) we have

where )
2

BMOSH (B) := {h € SH(B) : E1(h,b) < oo},
oh

Er(h,b) = (/B 2w

The norm of BMOSH (B) is given by
IhllBrosH = |h(0)] 4 supsup E; (h, b).
I€U beB

The QRL BMOSH;(B) space of slice hyperholomorphic functions on the unit ball
B such that

(- |Tb<q>2>dA1<q>)

BMOSH](B) = {h S SH(B) : EL[(h, b) < OO}7
and the norm of this space is given by

Ihll BMosH, = |h(0)| + supsup Ex 1 (h,b).
I€eU beB

Corollary 4.6. ForanyI € U,b € By, leth € SH(B). Then Q1(B) = BMOSH(B)
and QL[(B) = BMOSH](B)

5. COMPOSITION OPERATORS ON Q,, SPACES

Theorem 5.1. Let ¥ € SM(B) be such that U(By) C By for some I € U, then
Cy is bounded on Q,(B),p € [0,00) if and only if

1CeThlg, < oo.
Proof. Since T,(§) = 1}’_;55, for any & € B; coincides with the usual Mobius trans-
formation, so assume Tj € Q, ;(B). Let I,J € U be such that I L J, then we can
write T, = Ty 1 + T 2J, for each Tp; € Q, c(Br),! = 1,2. Consequently, we have
2

90y T
supsup [ |ZE ()] (1 [T PrdAs€)
I€U a€B JB; Zo
OCy T 2
< supsup [ |%0To 6 (- 0 e
I€U beB; JB; Zo
OCy T 2
wsupsup [ T2 (1 1,0) A €)
I€U beB; JB; Zo
< CeTialld, . + 1ICeTh2l3,
< |CaTll3, -
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Take any £ = x¢o + Jy and ¢ = 29 + Iy € B, where I,J € U. Since 8((57;’?’) €
SH(B), by Representation Formula, we obtain

va;Tb 1 (90\1;Tb va;Tb —
=-|a-r 141 .
20T = |- 1025 e + (4 1) 2T )
Since, as |q| = |¢] = |€], by triangle inequality, we have
8C\I/Tb va/Tb 6C\I/Tb —
< .
2 )< |25+ 2t e
This implies that
oCyTy , |°
supsup [ |2 g)] (1= [T(0) P dAs ()
I€U a€B JB; Zo
oCyT, |7
< s (|20 0] (- 10 Paare
IeUbe]B%IB Zo
oCy T, - |? _ _
psp s [|200) (1~ 1@y
IeUbeBIB Zo
aCyT, |
< zspsw [|250)| (1~ mOPPdA©),
IeUbeIBIB Zo

Since Ty, is complex Mobius transformation on By, so for any £,b € By, we have

CeThlle, < ClCuTle,, < oo

Now suppose that ||CyTy|lg, < 00, it holds if and only if C'y is bounded on Q,, c(B)
which is comparable to the boundedness of Cy on Q, ;(B) and so Cy is bounded
operator on Q,(B).

Since Q1 ;(B) = BMOSH;(B) and 91(B) = BMOSH(B), so we have the fol-
lowing corollary.

Corollary 5.2. Let U € SM(B), then the composition operator Cy is bounded on
BMOSH(B) spaces if and only if

ICo Ty || BrmosH < oc.

It is easy to obtain the proof of the following lemma, by using Lemma 3.1 in [7],
Remark [4] and Splitting Lemma.

Lemma 5.3. Let Z = Q,(B) be a QRL space of functions h € SH(B) or Z =
BMOSH(B) the bounded mean oscillation of functions h € SH(B). Then the
following conclusions are true:

(1): Every slice hyperholomorphic bounded sequence {hm}men in Z is uni-
formly bounded on compact sets;

(2): For any slice hyperholomorphic sequence {hm, }men in Z such that ||hmy ||z —
0, b, — R (0) — 0 uniformly on the compact sets.

We will need the following lemma; (see [I4], Lemma 3.7).

Lemma 5.4. Let the operator T : W — Z, for W, Z two Banach spaces, and
suppose that

(1): The point evaluation functionals on W are continuous.
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(2): Concerning the uniform convergence topology on compact subsets of B,
the closed unit ball By of W is relatively compact.

(8): T: W — Z is a continuous operator, when W, Z are given the topology
of uniform convergence on compact sets.

Then, T is compact operator if and only if the bounded sequence {h,,} in W such
that hy, — 0 uniformly on compact sets, then |Thy|lz — 0, for h € Hol(By).

Recall that, the linear operator T : W — Z is a compact operator if it takes
bounded sets in W to sets in Z which have compact closure. If W and Z are
Banach subspaces of functions h € SH(B), we say that T : W — Z is compact
if and only if for each bounded sequence {hy,} in W, the sequence {Th,} € Z
contains a subsequence converging to some limit in Z.

The proposition below provides the characterization of the compact composition
operators.

Proposition 5.5. Let ¥ € SM(B) be such that U(B;) C By for some I € U,
and let {hp} in Qp(B) be bounded sequence with h,, — 0 as m — oo on compact
sets. Then, Cy is compact on Q,(B),p € [0,00) if and only if |Cyhm|lg, — 0 as
m — 00.

Proof. 1f we prove the conditions of Lemmal5.4] the proof of the theorem is valid. By
Lemma we see that conditions (1) and (3) in Lemma holds. To complete
the proof, we show that condition (2) holds. We suppose that {h,,} is a slice
hyperholomorphic bounded sequence in Q,(B). Then, {h,,} is uniformly bounded
on the compact sets. Now, consider {h.,, } € Q,(B) a subsequence of {h,,} where
{hm,} converges uniformly to h € SH(B) on the compact sets. Let I,J € U be
such that I L J. Then, there are two functions Ay, € Hol(B;),l = 1,2 such
that Prlhm, ](§) = h1,m, (€) + hom, (§)J, for some { € B;. Moreover, hy m, — h1
and ho ., — he uniformly on the compact sets and h; € Cr,l = 1,2 with P[h] =
hi + haJ where both hy .~ — h} and hj,,, — hy uniformly on the compact sets.
From Remark we conclude that Ay, ! = 1,2 belong to Q, c(B). It follows that
h € Qp 1(B) from the estimates

/ oh
Br

S (©)] (L= [T PydAL(€)
zo

©)

< /;h' 2(1— Ty (6)[2)PdA; (¢ /|h’ 2(1 = |Ty(6)2)PdA; ()

< / lim 1., (€) (1~ To(€) PP dAr(€) + / Tim |15, (€] (1 [Ty(€)2)dA (€)
Br

< lim / B (O (1~ [T3(€) PP AL €) + tim / B (21— 1TH() PP dAL (€)

< Jlim (inf||h17mk||2gp,c +inf||h27mk|2gp)c>

<

. . 2
klig)lo inf ||hmk ||Qp,1 < 0.
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Thus Lemmaimplies that Cy is compact on Qp(B) if and only if lim ||Cyhmlle, =

0, for any bounded sequence {h,,} in Q,(B) space with h,, — 0 uniformly on the
compact sets as m — oo. This is equivalent to the statement of our proposition.

Corollary 5.6. Let U € SM(B) be such that U(B;) C By for some I € U, then
Cy is compact on Q,(B),p € [0,00) and on BMOSH(B) if |[¥] < 1.

Proof. Let h,, € Q,(B) be bounded sequence. Then {h,,} € Q, 1 such that {h,,}
converges uniformly to 0 on the compact subsets of By for some I € U. Let I, J € U
be such that I L J. Now let two functions h;,, € Hol(Br),l = 1,2 such that
Pr1hm](§) = h1,m(&) + hom(€)J, for some & € B;. By Remark {4 we conclude that
him,l=1,2liec in Q, ¢c(By) with By C Cj. Therefore,

/ ICyh,
sup sup
I€Ua€Br JB;

8300
aC\I/hl,m
85(}()

2
2l (g)| (1~ TR Pdar(e

(€)

2

(1 |T5(&)1*)PdAL(€)

(1— |75 (€)|*)Pd A (€)

IN

sup sup
I€U acBy

©)

—+ sup sup
I€U a€B;

IN

1h1mlS, o + 1h2.mld, o
< hll, -

Let € > 0 be given, and let ¥(B;) be a compact subset of By, then there is an
integer N > 0 such that if m > N, then

<€, V¢ € By.

‘ 6950
By appealing to Representation Formula and the fact that |¢| = |¢| = |£], we have

OCyhm  |?
sup sup/ a\P (@) (1 —|Tv(q)*)PdAr(q)
I€U a€Br JB; o
ACyhm |?
< supsup/ Y ()] (1 — Ty (€)[2)Pd AL (€)
I€U beB; Zo
By
OCyhm —|? _ -
+supsup/‘ aw ©)] (1= Ty (&)})PdAs(E)
I1€U beB; o
OCyh
- 48“““"/ ’ oy (1 O PPa©
I€U beB; )
oh ow |?
< Z(P(E))=— 1—|Ty(9)|*)PdA
< swpsup / S (U)o (O)] (1= TP aA(©
< 5||\I/||29p11§05.

Therefore, ||Cyhm| g, , — 0 as m — oo. Hence, Cy is compact on Q,(B).
Note that, the proof of the compactness of Cy on BMOSH (B) is similar to the
proof above.
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Proposition 5.7. Let U € SM(B) be such that ¥(By) C By for some I € U, then
Cy : Qp(B) — B(B) is compact if

ICeThlls — 0 as [b] — 1. (5.1)

Proof. Suppose {T},b € B} is a set in Q,(B) such that (7, —a) — 0 as |b| — 1. Let
Cg be a compact operator. Then by Lemma {T} is a bounded set in Q,(B).
Hence, |CyTpllz = 0. Now, we suppose th holds and h,, is a bounded
sequence in Q, ;(B), such that h,, — 0 uniformly on the compact sets as m — occ.
We claim Cy : Q,(B) — B(B) is compact. For this, take I, JJ € Uwith I L J. Let
two functions hy,,, € Hol(By),l = 1,2 such that Pr[hn](§) = k1 m(§) + hem(€)J,
for some £ € B;. By Remark E|, we have hy,,l = 1,2 lie in the complex space
Qp.c(Br). From [14], Theorem 4.1 and as |||z, < ||h||B,, we have

[Cutnlls < Csup sup {2540 ) 1 - i}
I€U g€B; Zo
L) jov g}
< suela Tui oz | el
(- jgp) [ow

< igg{ww e (6)‘}|hm||gp,z-

Since {hn,} is a bounded sequence in Q, ;(B), so |Cyhm|g,, — 0 as m — oo.
Thus, ||Cyhm| s — 0 as m — co. Hence, Cy : Q,(B) — B(B) is compact.

6. ESSENTIAL NORM OF COMPOSITION OPERATORS ON Qp SPACES

In this section, we characterize upper and lower bounds for the essential norm
of the C'y operators on the QRL space Q,(B),p € [0, 00) of functions in SH(B).

Firstly, we give the definition of Carelson measure for the space Q,(B),p € [0, c0).
For comprehensive details about Carelson measure on various quaternionic function
spaces, we refer the reader to articles [2], [T1].

Definition 6.1. For any b € B and v € (0,00), let py be an H-valued positive
measure on Br. Then pr is said to be an H-valued v-Carleson measure on on the
QRL space Qp(B), if

: [h(a)["du(a) < ClIAIIG, . Yh € Qp(B).

Theorem 6.1. Let h € SH(B) and let uy = py + paJ for some I € U with I L J.
Then py is an H-valued 2-Carleson measure on the QRL space Q,(B) if and only
if 1, po are 2-Carleson measures on the complex space Q, c(B), p € [0, 0).

Proof. Let I,J € U be such that I L J. Then, there exist two functions h; €
Hol(Br),l = 1,2, for any h € Q, ;(B), such that P;[h](§) = hi(§) + ha(&)J, for
some ¢ = x +yl € B;. Now, py is H-valued 2-Carleson measure on the slice
hyperholomorphic Q,(B) space if and only if ur is slice 2-Carleson measure on
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Q,.1(B), if and only if

2
i |h(q)| du(q) < ClIhl3, ,
o / I1(g) + ha(@)T 2 + p2) (@) < Cllhy + haJ |3,
Br

< /B |ha(9)*dpun(q) < Cllhull, ..

if and only if y; is 2-Carleson measure on Q, ¢(By), for [ =1, 2.

Recall that, the essential norm ||T||. of an operator T is its distance from the
compact operators in the operator norm. Specifically, let W and Z be two normed
linear spaces and let T : W — Z be a bounded linear operator, then the essential
norm of 7" between W and Z is referred to as ||T'||e,w—z and its definition is

IT\le,w—z = f{||T — Ollw=z|O : W — Z is compact}.

Let U € SM(B), and let ¥ (q)(1 — |Ty(q)|>)? € L?(B;,dor(q)) where dor(q) =
(1 —|q|?)~2dA;(q) is a Mobius invariant measure on B and is the normalized dif-
ferentiable of area in the plane. Then we set the measure p}(D) of a measurable
D CB as

W0 = [ @R i)

Now, we give an essential norm estimate for Cy on Q,(B),p € [0, 00).

Theorem 6.2. Let U € SM(B) be such that V(B;) C By for some I € U. Suppose
that Cy is a bounded operator on Q,(B),p € [0,00). Then, the upper bound for the
essential norm ||Cylle is

li /(1_“)2)2 7(a)
im sup sup ——— | 1¥(q),
b1 1eUJp, \|1 —bg2)

and the lower bound for the essential norm [|Cy||e is limsup),_,; sup [|[Cu T} 0, -
Proof. First of all, let I,J € U be such that I L J. For any r € (0,1), let B, =
{{£ € By : [¢] < r}in C;. Suppose that h € Q, ;(B) defined by h(q) = > ¢™am,

m=0
oo

and let Fph(q) = . ¢™a;, be an operator for any integer k. Then there exist
m=k+1
two functions h; € Hol(By),l = 1,2 such that Pr[h](£) = hi(€) + ha(€)J, for some

€ =z +yl € B;y. Thus we obtain h; € Q, c(B;) defined by hi(q) = > ¢™aim,

m=0
and Fy xhi(q) = > ¢™aym. Therefore, we obtain
m=k+1
ICalle < lim_inf [ CuFil3,
< lim inf sup ||(C\I,Fk)h|\2gp.

M7 kg, <1

For all [ = 1,2 we know that
2

ACWELIM) )" (1 _ 1y (e)2)Pdds (6).

[CoFOhl, = |Fah(O)P +supsup [ |5
B; Lo

I€U acBy
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Since |F} xh((0))|? is bounded as k — oo, for all [ = 1,2, so we have

2
||(C’\1,Fk)h||29p = sup sup /'W(@ (1 — Ty ()[2)PdA; (€)
I€U beB; Zo
2
*S“ps“p/ ’ Colaals) )| (1 - m©)ranes
I€U beB;

Now we let the measure pff = p¥ + pbJ with the values in Cy, where uf, b are two
2-Carleson measures on B;. Therefore, for any r € (0,1), we have

sup sup [ ](W@ (1= ITy()12)dA (€)

I€U beBy
Br
O(CyFy 1h 2
< 2supsup / HOEL )| (1~ e asne)
I1€U beB; Lo
(CyFarhs), |
+2sup sup/‘ vlaihe) O] (1= TH(&)})PdAs(€)
I€U beBy
(Fy 1h
< 2sup/)(al’“)(q) it (q)
I€U Zo
2kh2 2
+2su /’ du®
sup o 15 (q)
< 4| Fehll3,,
Fkh
= 4su d Plq).
,eg{/" BT
7‘ BI\B

Since the operator Cy is a bounded operator on Q,(B),p € [0, c0), so we have the
measure p} is a 2-Carleson measure. For given § > 0 and k large enough, we see

that
O(Fyh)
el

r

2
dpb (q) < 6°||h][3,-

Also for any fixed r € (0,1), we obtain

lim sup sup / 'a(Fkh) (a)

k=00 ||l g, <1 rev) dxg

2
dpy(q) = 0.

Furthermore, let /ﬁ;m be a restriction measure of y} to the set By \ B,, then we

have
sup /
IEIU ‘ 0z

T 2
(@) < @ sup sup |70 .
" bl 27 1€V Oxg
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Therefore,

T
liminf sup |(CwFi)h|g, < Climinf sup Sup/‘a b(q)‘ wh(q).
¥ inlle, koo jpizr1ev ) | O

Thus, for » — 1, we obtain

oTy(q)|?
HC\yHg < Clim sup Sup/’ 81;:(0(1)‘ RAC)

=1 p|>r I€U

IN

C'lim sup sup
[b]—1 IGUIB

(a)|” , ,
D] o

I

< Clh / (1_|b|2 )2 p( )
< im sup sup — | uP(q).
b1 1eUJs, \|1—bg2) "

We thus obtain the upper bound of the essential norm.

On the other hand, we know that the complex M&bius transformation 73, on B;
is bounded in Q, ;. Since limy_,1{7y — b} = 0 uniformly on the compact subsets
of By and

— b
1 —b¢|
For any compact operator O on Q,, s, clearly we have

‘hm 10(Ty = b)lle, , = 0= |1‘lm 10(Tv)lle,, =0

IT4(€) - b] = Je| - — o

Thus
ICellZ > [ICe = Ol3, > Cw - Oll3, ,

> li|n\l sup || (Cy — O)(Tb)HQQp,I
b|—1
> limsup | Co(Th)[3, , — limsup |O(T)]3,
| ‘_> \b|—>1

= limsup ||O\P(Tb)||Q I
[6|—1
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