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A -STATISTICAL CONVERGENCE IN FUZZY N NORMED
LINEAR SPACES

M. RECAI TURKMEN AND HUSAMETTIN B. AKBAY

ABSTRACT. In this paper, we introduce A— statistical convergence and the
condition of being A— statistical Cauchy of real number sequences in fuzzy n
normed linear spaces. At the same time, in fuzzy n normed space, we have
introduced the concept of (V, A) summability and (C,1) summability. Then,
we studied the relation between these concepts and A— statistical convergence.

1. INTRODUCTION AND BACKGROUND

The concept of statistical convergence of real number sequences was introduced
by Fast [9] and Steinhaus [27] and later reintroduced by Schoenberg [26] indepen-
dently. The concept of statistical convergence has been studied in many branches of
mathematics. Examples of these are Fourier analysis, Banach spaces, Number the-
ory, and Measure theory. Many mathematicians, such as, Connor [4], Fridy |L1], Et
and Cinar [3] ... etc., studied the concept of statistical convergence in summability
theory.

Along with these studies, it is seen that the concept of statistical convergence
is also used in different studies. Especially the concepts of lacunary statistical
convergence and ideal convergence are seen in the works of |LL|5|12}25,|32H34].
Their applications in fuzzy normed spaces and double sequences can be seen in the
works of [7}[18}[20H24}[30L[31}[35]. In addition, definitions of convergence in different
spaces have begun to be given in recent years [8}/14H16}/16}28}29)

Let A = (\,) be a nondecreasing sequence of positive real numbers tending to
oo such that A\, < A\, +1, Ay = 1. A will denote the set of all such sequences.

The concept of A— statistical convergence was defined by Mursaleen [19] as
follows.

A sequence x = () is said to be A\- statistically convergent or Sy- convergent
to L if for every ¢ > 0

1
n—o0o0 A\p,
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where I, = [n — A\, + 1,n]. In this case we write Sy —limx = L or z;, — L(S))
and Sy = {z:3ILe R, S\ —limx = L}.

Fuzzy sets are considered concerning a nonempty base set X of elements of
interest. The essential idea is that each element z € X is assigned a membership
grade u(z) taking values in [0, 1], with u(x) = 0 corresponding to nonmembership,
0 < u(x) < 1 to partial membership, and u(z) = 1 to full membership. According
to Zadeh [37] a fuzzy subset of X is a nonempty subset {(x,u(z)) : x € X} of
X x [0,1] for some function u : X — [0,1]. The function w itself is often used for
the fuzzy set.

A fuzzy set u on R is called a fuzzy number if it has the following properties:

i. u is normal, that is, there exists an xg€ R such that u(zg) = 1;
ii. u is fuzzy convex, that is, for z,ye Rand 0 < A < 1,
u(Az + (1= A)y) = minfu(z), u(y)};
iii. w is upper semicontinuous;
iv. suppu = cl{x€ R : u(x) > 0}, or denoted by [u]y, is compact.

Let L(R) be a set of all fuzzy numbers. If u € L(R) and u(t) = 0 for ¢ < 0, then u
is called a nonnegative fuzzy number. We write L*(R) by the set of all non-negative
fuzzy numbers. We can say that u € L*(R) iff u, > 0 for each a € [0,1]. Clearly
we have 0 € L(R). For u € L(R), the o level set of u is defined by

(] = {zeR:u(x) >a}, if o€ 0,1
o suppu, if a=0.

A partial order < on L(R) is defined by u < v iff u;, < v, and uf < v} for all
a € [0,1].
Arithmetic operation ®,0,® and @ on L(R) x L(R) are defined by

(uev)(t) = itelg {u(s) Nv(t —s)} teR

(u o v)(t)

sup{u(s) Av(s—t)} teR
se€R

(wov)(t) = 2161]11:{3 {u(s) Av(t/s)} teR
s#0
(wov)(t) = :lég {u(st) Nv(s)} t R

For k € RT, ku is defined as ku(t) = u(t/k) and Ou(t) = 0, t€ R. Some arithmetic
operations for a—level sets are defined as follows:
u,v € L(R) and [u]y = [uy,ul] and [v], = [v,,v}], € 0,1 . Then

o) Yo (e A%

[u®v]a = [uy +v5,uf +of] [uSv]a =[uy — vl ul —v7]

[e%

[u®v] = [u; vy, utl vl F@u] = {i i} u, >0

uz’u;

For u,v € L(R), the supremum metric on L(R) defined as

D(u,v) = Oiuglmaxﬂu; —v;
_a_

ud =i}
D is known as a metric on L(R), and (L(R), D) is a complete metric space.
A sequence x = (zy) of fuzzy numbers is said to be convergent to the fuzzy num-

ber g, if for every € > 0 there exists a positive integer ko such that D (x,z0) < €
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for k > ko and a sequence x = (x) of fuzzy numbers convergence to levelwise to xg,
HF limy o0 [21],, = [o] and limy oo [24], = [zo]] where [z)], = [(xk); : (xk);j
and [xo], = [(xo); , (xo)ﬂ for every a € (0,1). ( [2/6,17])

Savas [24] defined the statistical convergence of fuzzy numbers as follows;

A sequence X = (Xj) of fuzzy numbers is said to be A— statistically convergent to
fuzzy numbers X if every € > 0

1
1im)\—|k‘€[n:d(Xk,X0) >el=0.
n n

Later many mathematicians such as Altinok, Altin and ET [1]... etc studied
statistical convergence of fuzzy numbers.
Let X be a vector space over R, let ||.|| : X — L* (R) and the mappings L; R

(respectively, left norm and right norm ) : [0,1] x [0,1] — [0,1] be symmetric,
nondecreasing in both arguments and satisfy L(0,0) =0 and R(1,1) = 1. [10,36],
The quadruple (X, ||.||, L, R) is called fuzzy normed linear space
(briefly (X, ||.]|) FNS) and ||.|| a fuzzy norm if the following axioms are satisfied
1) ||z =0iff z =9,
2) |lrzl = |r| @ ||z|| for z € X, re R,
3) For all z,y € X
a) |z +yll (s + ) > L[] (5), [lyl| ()) , whenever
s < lzlly e <|lylly and s+t <]z +yl ,
0) llz +yll (s + ) < R(|[z]l (5), [lyll (£)) , whenever
s> ||zl .t > [lylly and s+t > |z +yl; .
Let (X, .]|) be an ordinary normed linear space. Then, a fuzzy n norm |.|| on
X can be obtained

0 ifo<t<alzl|, or t>b|zx|,
t
]| (t) = { Ta)ele ~ Toa allzle <t <zl (1.1)
—t b
G Dlale T 5-1 lzllc <t <bllzfo

where ||z|| is the ordinary norm of z(# 6), 0 <a <1 and 1 < b < cc. For z =6,
define ||z]| = 0. Hence (X, |.]|) is a fuzzy normed linear space. [10]

Sencimen |[7] was defined convergence in fuzzy normed spaces by taking advan-
tage of Kaleva [13] and Felbin [10] , as follows;

Let (X,].) be an FNS. A sequence (z,),, in X is convergent to = €

X with respect to the fuzzy norm on X and we denote by z, En x, provided
that (D) —lim|jz,]| = 0 ie. for every € > 0 there is an N(e)€ N such that

n—oo
D (Hxn — x| ,6) < ¢ for all ne N. This means that for every ¢ > 0 there is an
N(e)e N such that

suPac(o, 1) [n = 2|7 = lln — ally <
for all n > N(e).

Let X be a real linear space of dimension d, where 2 < d < co. Let |-, -, ..., || :
X™ — L*(R) and the mappings L; R (respectively, left norm and right norm)
: [0,1] x [0,1] — [0, 1] be symmetric,nondecreasing in both arguments and satisfy
L(0,0) =0 and R(1,1) =1 then the quadruple (X, ||-,-,...,+|, L, R) is called fuzzy
n normed linear space (briefly (X, ||, -, ...,-||) FnNS) and |-, -, ..., -|| & fuzzy n norm
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if the following axioms are satisfied for every y, z1, 2o, ....,x, € X and s,t€ R

fnNy ||z, 22, Tal| = 0 if and only if x1, xa, ..., x, are linearly dependent vectors,
fnNy : ||z1, 22, ..., 2, is invariant under any permutation of z1, zs, ..., T,
fnNs @ |lazy, 29, ..., zn|| = |a| |21, T2, ..., T, || for all a€ R,

Ny ||z +y, 22, o xn|| (s + 1) > L(J|z1, @2, ooy n || (8), |1y, 22, ooy || ()
whenever s < ||z1,Z2, ..., znll7, t < ||y, 22, ..., xp|l; and s+t < ||z1 +y, 22, ..., Tnll7 ,
an5 : Hxl + vy, 2, 7xn|| (S +t) S R(||$1,$2, axn” (3)3 ||y,x2, axn“ (t))
whenever s > ||z1, 2, ..., zn|l; ,t > ||y, 22, ..., xn|; and s+t > ||z +y, 22, ..., T4 |,
where [||z1, z2, ..., zn]|], = [||:vl,m2,...,xn||; , ||m1,x2,...,wn\|ﬂ for x1,29,...,x, €

X,0<a<1and infoepoq) |21, 22, ..., 20|, > 0.

Hence the norm ||, -, ...,+|| is called fuzzy n norm on X and pair (X, ||-,-,...,||)
is called fuzzy n normed space.
Let (X, ||, ...,"||) be fuzzy n normed space. A sequence {x;} in X is said to

be convergent to an element x € X with respect to the fuzzy n norm on X if for
every € > 0 and for every z1,29,...,2n—1 # 0, 21,29,...,2,—1 € X, 3 a number

N = N(z1,22,..., 2n—1,€) such that D (Hzl,zg,...,zn,l,xk — | ,6) <eVk>N

or equivalently (D) — limg o0 ||21, 22, o) Zn—1, 2k — 2| = 0.

Let (X, ...,]|) be fuzzy n normed space. A sequence {xj} in X is said to be
statistically convergent to an element z € X with respect to the fuzzy n norm on
X if for every € > 0 and for every z1, 2o, ..., zn—1 # 0, 21, 22, ..., 2n—1 € X, we have

) ({ke N:D (||z1,z'2, ey Zn—1, Tk — x| ,6) > é‘}) =0.

2. MAIN RESULTS

In this section, we will define A\— statistical convergence sequences, A— statisti-
cally Cauchy sequence, strongly A— summability and strongly Cesaro summability
in fuzzy n-normed spaces. And then, we are going to study the relation between
A— statistically convergence and A— summability in fuzzy n-normed spaces.

Definition 2.1. Let (X, |-,...,]|) be an FuNS and A € A. A sequence x = (xy,)
in X is said to be A—statistically convergent to L € X with respect to fuzzy n-norm
on X or F'nSy—convergent if for each € > 0
1 -
lim P {kel,:D(|z,z2,...,2n-1,2, — L||, 0) >} =0
m—0o0 m

. FnSy FnN
and we write xx ~—" L or zp — L(FnSy) or S\ — limay = L where I, =
[m— A + 1, m].
This implies that for each € > 0, the set

K(e) = {k € L ||z1,20, -y 2Zn—1, Tk —L||5r > 5}

has natural density zero, namely, for each € > 0, ||z1, 22, .., Zn—1, Tk — LH(T <e
for a.a.k.
. . FnN . . .
In this case we write S\, — limxi = L . The set of all statistically convergent

sequences with respect to fuzzy n norm on X will be denoted by FnS) .
The element L € X is the FnSy— limit of (zx). In terms of neighorhoods, we

have x, Frdsp, provided that for each € > 0, 2 € X, (¢,0) for a.a.k.
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A useful interpretation of the above definition is the following:

FnN
T Fods g e S e lim ||z1, 22, -« ., Zn—1, Tk — L||g =0
FnN _, + . .
Note that Sy — lim||z1, 22,...,2n—1,%k — L||; = 0 implies that
FnN _ _ FnN _ +

Sy — lim|z1,20,...,2n1,7, — L||, = S\ — lim|lz1,22,...,2p_1,2x — L], =0
for each o € [0, 1] since 0 < |21, 22, ..., 2n—1, 2, — L||, <|l21,22,. .., 201,y — LHz
< |l#1,22, -+ 2n—1, 7% — L||§ holds for every k € I,, and for each a € [0,1].

In this case we write throughout the paper (z;) FnS)—convergent to L € X
means that (zy) is A—statistically convergent to L € X w.r.t the fuzzy n norm on
X.

Since the natural density of a finite set is zero, every convergent sequence is
statistically convergent on FnuNS, but the converse is not true in general as can be
seen in the following example.

Example 2.2. Let (R?, ||, ...,-||]) be an FuNS and z = (21,22, ...,x,) € RP be
a fixed non-zero vector, where the fuzzy n norm on RP? is defined as in (1.1]) such

that |z = (23 + 23+ ..+ 22)"/* and A = (A,) = (m) € A.
Now we define a sequence (xy) in RP as

Jz itk =¢3
TFT0 itk £ 2,

where t € N. o
Then we see that for any e satisfying 0 < ¢ < b(af +a3 + ...+ 22) 2 we

have K(e) = {k €Lt |21, 22y oy 2nn, i — 0|0 > 5} = {1,4,9,...} and hence

)"

6(K(g)) = 0. If we choose & > b (2} 423+ ... + 2, ? then we get K(e) = ©

and hence 6(@) = 0. Thus, =y o9 0 but (xr) is not convergent since the set
{1,4,9,16, ...} has infinitely many elements.

Moreover, since the subsequence (z,2) statistically converges to x, we see that a
subsequence of a statistically convergent sequence doesn’t need to be statistically
convergent to the statistical limit of the sequence in an FnNS.

In the following, some basic properties of the statistical limit are summarized.

Proposition 2.3. Let (zi) and (yx) be sequences in an FnNS (X, |-, ...,||) such
that xy o9 2 and Yk Frd y, where x,y € X. Then we have

. s

i) (o + ) " w oy,

.. FnSy

it) tx, - =" te (t€ R),

FnN _

i) Sy — lim|lz1,20,..., 2n—1, 2] = |21, 22, - -, Zn—1, 2|

Definition 2.4. Let (X, |-, ...,||) be an FuNS. A sequence (xy) in X is A- sta-

tistically Cauchy with respect to the fuzzy n norm on X provided that for every
€ > 0 there exist a number N = N(e)€ N such that

1
lim oW {k € Lyt ||z1,22, .y Zn—1, Tk —xNHSr > g}‘ =0.

m—r o0 m
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In the sequel (zy) is FnSy—Cauchy means that (zy) is A—statistically Cauchy
with respect to the fuzzy n norm on X.

Proposition 2.5. In an FnNS (X, ||, ...,-||) every FnS\—convergent sequence is
also an FnSy— Cauchy sequence.

Proof. Let zy, Frndx [ and & > 0. Then we have 21,22, ..oy 21,2, — L||(J)r <
g/2 for a.ak. Choose Ne N such that |z1,22,...,2p—1,2ZN —a;||6Ir < €/2. Now
| P ||(J)r being a norm in the usual sense, we get

||Z17227 sy Zn—1, Tk — !EN||§ = ||217227 R ) (3% - x) + (l‘ - -TN)HSL
<z 2205 21, 3 — g
+ ||Zl,2’27...72n_1,l’]\]_$“8—

< g/24¢/2<e

for a.a.k. This shows that (xy) is FnSy— Cauchy.

In the following, we introduce and study the concepts of strongly A—summability
w.r.t fuzzy n norm on X and find its relation with A—statistically convergent w.r.t
fuzzy n norm on X. Before giving the promised relations, we will provide definitions
of A— summability concerning fuzzy n norm on X.

Definition 2.6. Let (X, |-, ...,||) be an FuNS and A = (\,,) be a nondecreasing
sequence of positive numbers tending to co and A1 < Ay +1, Ay = 1 and
x = (zx) be a sequence in X. The sequence z is said to be strongly A — summable
with respect to fuzzy n norm on X if there is a L € X such that

mligloo i Z D(||z1,22, -+ 2n—1,2k — L], 0) =0
k€lm

where I,,, = [m — A\, + 1, m].

In this case we write [V, \|p,ny — limzr = L . The set of all strongly (V,\)
summable to fuzzy n norm on X denoted by [V, A|pnn -

We have said that X is strongly A-summable to L concerning fuzzy norm on X.
If \;, = m, then strongly A-summable reduces to strongly Cesaro summable w.r.t
fuzzy n norm on X defined as follows:

1 & _
"}i_{nooa;D(Hzl,zg,...,zn_l,xk —L||, 0)=0

In this case we write [C,1]p,ny — limar, = L . The set of all strongly (C,1)

summable to fuzzy n norm on X denoted by [C, 1] Fnn-
So, we write for some L

[V, Ay = {2 = (1) lim — Z D (Hzl,zQ,...,zn,l,xk—L||, 6) =0}
k:elm

1 E -
C, 1y = {2 = (2}) :mlgnoom;D(Hzl,zz,...,zn1,w;€—L||, o) =0}

Theorem 2.7. If a sequence x = (x) is [V, N pon— summable to L , then it is
FnSy— convergent to L .
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Proof. Let € > 0 . Since

Z D (Hzl,ZQ, ey Bn—15Tf — LH 5 6)
kel,,

> > D(llz1, 22, 201 5 2k — L], 0)
kE€ILm
D(Hzl,zQ,...,zn_l,a:k—LH, 6) >e

> s]{k €ln: D (||z1,z2,...,zn_1,xk — 1, 6) > s}]

This implies that if [V, Al p,,y — summable to L, then x is F'nSy— convergent to
L.

Theorem 2.8. If a bounded © = (x1) is FnS\x— convergent to L, then it is
[V, Al pnn— summable to L , and hence x is [C, 1]y —summable to L .

Proof. Suppose that z = (x1) is bounded and F'nS,— convergent to L . Since x
is bounded we write D <||zl, 29,y Zn—1,2 — L, 6) < M for all k. Given ¢ > 0,

we have

1 ~
N Z D(H21,22,...,Zn_1,xk—L||7 0)
" kely,

1 ~
™ > D(llz1, 22, zne1 s @k — L||,0)

k€lm
D(|lz1,22, 201,21 —L]|, 0) >e

1 ~
+E Z D(||Z1722)"-72n71 7xk?_L||7O)

kElm
D(”Zl7Z27~~32n—1’zk7LH, 0) <e

>

< %er[m: D(||zl7zz,...,zn,17xk—LH, 6) ZEH—FE.

This implies that z is [V, A\] g,y —summable to L . Further, we have

1 o _
7ZD("217227"~72n717xk_L||7 0)
mk:l

1 m—Am,
= — D (Hzl,ZQ,...,Zn_l,xk -, O)
m
k=1
1 ~
+ = D (||zl,22,...,zn,1,xk -, 0)
m
kel
1 m—Am,
< = D (Hzl,ZQ,...,Zn_l,xk -, O)
m
k=1
1 _
= 2 D(lz 2z ae = L) )
™ k€l
2 -
< )\7 D (Hzla227"'azn—1axk _LH7 0)
m
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Hence z is [C, 1] gy — summable to L since z is [V, Al y— summable to L .

Theorem 2.9. If a sequence x = (xy) is statistically convergent to L w.r.t fuzzy n
norm on X and lim inf (%) > 0 then it is FnSy— convergent to L.
m

Proof. For given € > 0, we have

{kgm: D(||21722,...,zn_1,xk7L||, 6) ZE}

D {ke[m:D<||z1,zg,...,zn_1,xk—L||, 6) 26}

Therefore,

1 ~
—Hkgm: D(||zl,22,...,zn,1,xk—L||, 0) 25}‘
m
1 ~

> %erfm:D(Hzl,zz,...,zn,l,xk—L||, 0) 25}‘
Am 1 .

> —.—‘{ke[m:D(||21,22,...,zn,1,xk—LH, 0) ZE‘
m Am

A m
m

Taking limit as m — oo and using lim inf (22) > 0, we get that x is FnSy—
m

convergent to L .

Throughout the paper, unless stated otherwise, by “for all m € N,,,,” we mean
“for all me N except finite numbers of positive integers” where N,,,, = {mg , mo+
1, mg+2, ...} for some mg e N={1, 2, 3, ...}

Theorem 2.10. Let A= (),,) and p = (um) be two sequences in A such that
Am < o, for all me Ny, .

i If \
lim inf == >0 (2.1)
m—00 Um
then FnS, C FnSA .
i, If \
lim “2 =1 (2.2)

m— o0 ’LLm
then FnSy, C FnS, .
Proof. (i) Suppose that A\, < py, for all me N,,,, and let (2.1)) satisfied. Then
I, CJ,, and so that for ¢ > 0 we may write

Hk‘ € Jnm :D(\|z1,zg7...,zn,1,mk—L||, 6) 25}‘

> Hk e I, :D<||zl,22,...,zn,l,glck—L||7 6) 25}’

and therefore, we have

1 -
7‘{k € Jn :D(Hzl,z2,...,zn_1,xk—L||, O) 25}‘
Hm
Am 1 ~

> —)\—Hk‘ € Ip :D(||zl,z2,...,zn_1,xk—L||, O) 26}‘
/‘Lm m

for all moe N,,,, , where J,,, = [m — pi, + 1, m].
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Now, taking the limit as m — oo in the last inequality and using (2.1)) we get
FnS, C FnS, .
ii. Let (z) € FnSy and (2.2)) be satisfied. Since I, C J,, , for € > 0 we may

write

1 ~
7‘{k € Jm:D(||z1722,...,zn_1,xk—L||, O) ZEH

L
1 ~
= —Hm—um—klgkgm—)\m :D(||21,z2,...,zn_1,$k—L||, O) 25}‘
L
1 -
+r {k € I :D(||z1,z2,...,zn_1,xk—LH, 0) ZEH
— A 1 -
S lurnuim—i_)\i‘{k € I’m :D(”ZhZQa"'vZn—hxk_L||7 0) 26}’
Am 1 ~
< (1——)+>\—Hk € I, :D<||zl,z2,...,zn_1,xk—LH, o) 25}‘
/’l’m m

for all mp€ N,,,,. Since lim,, 2—: =1 by 1) the first term and since z =
(xr) € FnSy and so FnSy C FnS,, the second term of right hand side of above

inequality has tended to 0 as m — oo. This implies that

1 -
M— {k € Jn :D(Hzl,zQ,...,zn,l,xk—L||, O) 25}‘—)0

m — oo. Therefore = (x) € FnS, and so FnSy C FnS,,.

Corollary 2.11. Let A = (A\y,) and p = (pm) be two sequences in A such that
Am < o, for all me Ny, . If holds then FnSy = FnS, .

If we take = (pnm,) = (m) in Corollary we have the following result.
Corollary 2.12. Let A = (\,) € A . If lim2= =1 then we have FnS) = FnS .

Theorem 2.13. Let A\ = (M), 1 = (m) € A and suppose that Ay, < pum, for all
me Ny, .

i. If (2.1) holds then [V, ulpnn C [V, N Fan ,
ii. If holds then I, N [‘/Y, )\]FnN - [‘/, M]FnN-

Proof. (i) Suppose that A, < p, for all me N,,,,. Then I,, C J,, and so that
we may write

1 ~
— E D<||zl,227...,zn,l,xk—L||7 ())
m

H k€Jm

1 ~

Z — Z D(||Z17Z23-"7Z7l—17xk_L||7 O)
Hm et

for all me N,,, . This gives that

1 ~
e Z D(”21?2’/27--wznfl,fﬂ}c—LH7 O)

Hm kedm

A 1 .
Z om )\7 Z D(“2’1,22,...,Zn_1,33‘k—L”, O)
Hm Am o
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Then, taking the limit as m — oo in the last inequality and using ([2.1]) we obtain
[V, u]ran € [V, Al FPan -

(i) Let ¢ = (x) € loo N[V, Al ppn and suppose that ([2.2)) holds. Since x = (zy) €
lso then there exist some M > 0 such that D <H21,2’2, ooy Zn—1,2k — L], 6) <M

for all k. Now, since \,;, < p., and so that ﬁ < ﬁ and I,,, C Jp, for all me Ny,

, we may write

1 ~
o Z D(||217Z2?"'7zn—17xk_LH’ O)

Hm k€Jm

1 .
= — Z D<||z1,,22,...,zn_l,:zzk—L||7 O)

m_>\m ]- ~
< Hm = 2m  ppg — Z D(||zl,22,...,zn_1,xk7L||, 0)
Hom, Hm T

< (1- A )M—i—i Z D (||zl,zg,...,zn,1,xk -1, 6)
Hm Am k€I,

for every me Ny, . Since limm% =1 by the first term and since = =
(zx) € [V, AN]Fnn the second term of right hand side of the above inequality tends
to 0 as m — oo (Note that 1 — 2—7; > 0 for all me Ny, ).

This implies that lo N [V, Alpan C [V, p]peny and so that I N [V, A pan C
lw [‘/7 N]FnN .

We have the following result from the theorem [2.13
Corollary 2.14. Let A\, pp € A such that A\, < p, for all me Ny, . If holds
then loo N “/, )\]FnN =l N [‘/, M]FnN

Theorem 2.15. Let A\, p € A such that Ay, < i, for all me Ny, .

i. If (2.1) holds then xp — L ([V,ulpan) = xr — L (FnSy) and the inclusion
[V, Wlpnny C FnS) is strict for some A\, u € A .

il. If (zx) € loo and a2 — L (FnS,) then zp — L([V, plFnn), whenever (2.2)
holds.

Proof. (i) Let € > 0 be given and let 2, — L ([V, u|pnn) . Now for every € > 0
we may write

Z D (HZl,ZQ,...,Zn_l,SCk —LH, 6)

keJm
> Z -D(HZDZQ?"';anlvxk_L”a 6)
ke[vn
> Y D(llz1,22, 0201, @k — L|,0)
keI,
D(||z1,22,-:2n—1,2x—L|, 0) >e
> e ){k e€l,:D <||z1,zg,...7zn,1,xk -1, 6) > 5}’
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and so that
1 ~
T Z ‘D<||Zlvz:27'”wznflvxk—L”7 0)
Hm e,
Am 1 N
> — o ‘{k €ln:D (||z1,z2, ceesZn_1,x, — LI, 0) > 5‘
,Ll’m m

for all me N,,,, . Then, taking the limit as m — oo in the last inequality and using
(2:1), we obtain that z; — L (FnSy) whenever z, — L ([V, t] pnn) -

To show that the inclusion [V, u]pnny C FnS) is strict for some A, u € A we take
Am = /M, iy, = m for all me N. Define x = () as

Then clearly, z, — 0 (FnS)) same as Example On the other hand, we
know that

1422432+ 4m? =
this equality, we can write

% is satisfield for every me N. Considering

1 ~
r Z D(||Zl7z2a"'7zn—17xk_OH, O)

J€EIm
= %Z||,21,Z2,...,Zn_l,-TkHaL
k=1
_ %(1+0+0+4+-,-,...,-+[\/E]2)
_ 1 (ym)-(lym] +1). 2[ym] +1)
m 6

Since we have v/m < [y/m] 4+ 1 and /m < 2[y/m] + 1, we can write - >
1
D), @rvmpen nd so that

1 ~
— > D(‘lzl”z??"'azn—l,l’k—OH’ 0) S @ o
pm 55

as m — oo. Therefore z & [V, u]pnn-
(ii) Suppose that z; — L (FnSy) and © = (zx) € lo . Then there exist some

M > 0 such that D <||zl,22,...,zn_1,:ck -1, 6) < M for all k. Since u% < ﬁ,

then for every € > 0 we may write
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1 .
— D(HZl,ZQ, .,anl,l'k—L”, 0)
Hm T,
1
= — Z D (HZl,ZQ, < Zn—1,%, — L], 0)
Hom | & Jm.
1 -~
+— Z D (”2172:27 <y An—1,Tk _LHa O)
™ kel
m )‘m 1 ~
< Bl — 3D (lara oz — Ll D)
Hm TS
Am 1 ~
< 0-2)Ma— Y D<||zl,22,...,zn_1,xk7L||, o)
Hm M kel
Am 1 ~
< (1= ) My > D(llz1, 22, 201 5 @k — LI|,0)
Mm m kelm
D(Hzl1221<~~vzn—11$k'_LH7 5) >e
1 ~
+3— > D(llz1, 22, 201 @k — L ,0)
k€lm
D(\|21722,...,zn71,mk7LH, 5) <e
<

(1 _ )"’”) M
fim
M ~
+3 {k el : D<||z1,22,...7zn,1,xk — 1, 0)} 25’ te
m
for all me N,,,. Using (2.2)), we obtain that x — L ([V, u]pnn) whenever zj —
L (FnSy). Hence we have loo N FS) C [V, pu]rnn -

If we take p,, = m for all me N,,,, in Theorem then, we have the following
results. As a result of lim,, ;\L—m = 1 implies that lim,, .o inf 2—”‘ =1>0,

that is = .

Corollary 2.16. Let lim,, o 2—” =1. Then

i. If () € lo and z, — L (F'nSy) then xp, — L ([C, 1] pnn)
ii. If xp — L ([C, 1]FnN) then zp — L (FTLS)\)

3. CONCLUSION

In this study, definitions of F'nSy-convergent, [V, A] g,y summabilty and [C, 1] N
summability were given in fuzzy n normed spaces. It has been given the relation
between [V, A|p,n and [C,1]p,n. Also, it has been given statistical convergent
equal to A\- statistical convergent for which conditions. Moreover, the requirements
for

g = L([V,ulpnn) = . — L (FnS))

Finally, the following similarities have been shown:

i Let A\=(\p) €A . If ligln/\n’; = 1 then we have FnSy = FnS .

i, If limyy—s o0 2: =1, (zg) € loo and xy, — L (FnSy) then zx, — L ([C,1]pnn)

iii. If limy, 00 32 = 1 and 2 — L ([C,1]pan) then 2y — L (FnS))
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