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APPROXIMATION BY AN INTEGRAL TYPE
APOSTOL-GENOCCHI OPERATORS

OZGE DALMANOGLU

ABSTRACT. The goal of the current paper is to present an integral type Favard-
Szasz operators including Apostol-Genocchi poynomials. With the help of
the moments, we investigate the order of convergence in terms of the first
and the second order modulus of continuity and Peetres K-functional. We
also examine the convergence in the weighted spaces of functions by means of
weighted Korovkin type theorem.

1. INTRODUCTION

Towards the end of the 19*" century, Weierstrass established a very significant
theorem on the approximation of continuous functions. He proved that every con-
tinuous function on a closed and finite interval [a, b] can be approximated uniformly
by polynomial sequences. In the very early 1900’s, Bernstein proved Weierstrass’
theorem in a much more comprehensible way by giving not only the existence but
also the notation of the polynomial sequence. In 1953, Korovkin [12] presented a
very important theorem on the uniform convergence of the linear positive opera-
tors to functions continuous on a closed interval [a,b]. In this theorem, known as
Korovkin’s theorem in the literature, only three conditions are checked in order to
guarantee the uniform convergence of the linear positive operators to the continuous
functions f in [a, b]. The ease of application of Korovkin’s theorem has allowed sev-
eral authors to define new linear positive operators and study their approximation
properties. Over the years, various generalizations of previously defined operators
have been constructed and approximation properties of these new operators have
been studied. The well known Szasz-Mirakjan operators, defined by Otto Szdsz
[20] in 1950, is a generalization of Bernstein operators to an infinite interval [0, 00).
These operators are of the form

[ee] k
suf) (@)= e >0 e p (1)), (1)

k=0
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18 O. DALMANOGLU

In order to obtain approximation process in the space of Lebesque integrable func-
tions, Mazhar and Totik [I5] modified the Szdsz operators and gave the following
Szasz-Durrmeyer type linear positive operators as

oo k; e
(S f) ( Z / e f(t)dt. (1.2)
k=0 0

Durrmeyer variants of several operators have been constructed and still continue to
be studied today by many authors. The operators given in is an example of an
integral generalization of the operators. Now we will mention some linear positive
operators which are constructed with the help of generating functions. Jakimovski
and Leviatan [I0] were the first to use Appell polynomials and their generating
functions in constructing a generalization of Szdsz operators. They defined the
operators as

(Pnf)(z < ipk ( ) (1.3)

with f € E‘[O, o0). Here E[O, o0) indicates the set of functions satisfying the prop-
erty |f(z)| < e® for each z > 0 and some finite number A. Here py(nx) are the
Appell polynomials whose generating function is given by

oo
T=) (@),
k=0

where g(u) = Y a,u™ is an analytic function in the disc |u| < r, (r > 1) and

g(1) #0.
In 1995, Ciupa [2] modified the Jakimovski-Leviatan operators for the functions
f, Lebesque integrable in [0, 00). The operators are given by

oo

e~ N 0 )\+k+1 -
P e ™t 1.4
P @) = S ot ey [ e (1.4
0

and this study of Ciupa became a pioneer for defining new operators using the
Gamma function. For some recent studies on linear positive operators including
Appell polynomials or operators constructed with the help of Gamma and beta
functions, we refer to papers [11 [3, @) [T11 [14], 19} 21].
Recently, Parakash et. al. [I8] have proposed a new sequence of operators with
the help of Apostol-Genocchi polynomials. For f € C0,00), these operators are
constructed as

M2 (i) = e (F5F) Z ”“3 F0e/m) (15)

k=

where G,(Ca)(x; B) is generalized Apostol-Genocchi polynomials having the generat-
ing function of the form

«@ oo k
(56211> e = ZGEQ)(x;B)%- (a, B €C,|t] <) (1.6)
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With the help of the Gaussian hypergeometric function

2oFi(a,b;c;t) = i (a)g (D) t*

= (O kY

— F(”+)’7) ,n > 1, the explicit formula

where, (7])0 =1, (n)vz = 77(77 + 1)--'(77 +n— 1) T(n
for the Apostol-Genocchi polynomials is given in [I3] by Luo and Srivastava as,

G (w0) = 2a<a!>(§> ki: (k 0 a) (a L 1) (1+ﬁﬁ)5+

n=0

X Z(—l)j (?)J”(w +)M T o R (et n —knin+ 1; J:JT])

Immediately after the aforementioned study of Prakash et. al. [18], various gener-
alizations of the operators started to appear. N. Deo et. al. [ Bl [6] introduced
Durrmeyer type generalizations of the operators in several papers. For exam-
ple, in [4] and [5], they used Jain and Baskakov operators, respectively, in order
to modify the operators . Similarly in [6], they studied the approximation
properties of the Beta-Apostol-Genocchi operators. M.M. Yilmaz [22] gave a gen-
eralization of , by adding new parameters to the operators. And lastly, in a
very recent paper Mishra and Deo [I6] constructed again Durrmeyer variant of the
operators, this time using the Paltanea basis.

Inspired by the studies summarized above, especially from [2] and [I§] we intro-
duce a Durrmeyer form generalization of Apostol-Genocchi operators as

() p. _ - e} 1 OO —ns v
Dy (f;x) = nkzzovn’k(x)ir(v_‘_ ) /0 e " (ns) VTR f(s)ds,x >0,  (1.7)

where the parameter v > 0, I' is a Gamma function and

g =€ 5 I . (1.8)

N <1 + eﬂ)“ Gy (na; B)
The article will be proceed as follows: we construct the operators with the help of
the Gamma function and it will be followed by the calculation of moments. We
establish approximation results using the Korovkin’s theorem and estimate the rate
of convergence with the help of first and second modulus of continuity and Peetre’s
K-functional. We also discuss weighted approximation results for these operators.

2. APPROXIMATION PROPERTIES OF THE OPERATORS

The Lemma given below is relevant for studying the convergence of the operator
DS,O‘)( f) to the function f. Remember that Cg[0, 00) denotes the space of all real-
valued uniformly continuous and bounded functions on the positive real axis R
endowed with the norm ||g|| := sup,cjo,00) [9(2)] -
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Lemma 2.1. Letting e; = t°, for all z > 0, we have

D (eg; ) = 1, (2.1)
Derin) =o+ 1 (41 + ). (2.2
D (exa) =t + % (243 4 LI, (23)
1 2_9 _ 02132
o (Do 2+ @+ S

Proof. The proof of the theorem is obvious from the identities

=G (033 B) e . a
2 ke (1+&) Iz + 1 5

G B) 1o e (2 [ oa, mr(l420 4 Be) | a? —2afe —af’
D T K= (1+5e> [“+ I+8e | (1+pep ]

previously obtained in [I8§]. O

k=0

By making use of the above Lemma, we can give the following remark.
Remark. Letting v (z) = D,ga)((el —x)%x) and using the above Lemma, the first
two central moments of the operators Dgf‘) (f) can be obtained as:

W) = & () +

a
1+ﬂe>

1 2r (2v+3) « a? = 2aefl — ae? 2
@) (p) = — il
vn () n? (r+ D+ + n + n? 14 pe n2(1 + Be)?

Lemma 2.2. For the operators Dﬁf‘)(f), the following holds for all g € C'g[0,0)
DY (g )] < g]]-

Proof.
« - « 1 > —ns
D i)l = {3 itelo) ey € ) et
oo n )
< o —ns 'y+kd
_mg%mmm+ﬂnée (ns) T+ ds

= |lgI DL (1;2).
The proof is completed from Lemma, [2.1 O
Theorem 2.3. Let f € C[0,00)( E, where E defines the class
E:={f:2€C[0,00),|f(x)] < Me**for some positive constant M,A} .

Then D%a)(f) converges uniformly on every compact subset of [0, 00).
Proof. According to Lemma we obtain

lim Dﬁla)(ti;x) =z’ for i=0,1,2.

n—oo

Hence, the proof is obvious from the well-known Korovkin’s Theorem. ([
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We now recall the first and the second modulus of continuity of a function f €
Cp[0,00). They are defined as,

w(f;6) = sup sup |f(z+h)— f(z)|

0<h<d z€[0,00]

and

wa2(f;6) = sup  sup |f(z+2h) = 2f(z+h)+ fz)],
0<h<d z€[0,00]

respectively. The Peetre’s K-functional of the function f € Cg|0,00) is defined by

Kaf:0) =t {17 = gllcym + e }- 24)

Here C%[0,00) is the space of functions f such that f, f/, f" € Cp[0, 00). i.e.
Chl0,00) = {f € Cp[0,00) : f', f" € Cp[0,00)} .

The norm on 0123 is defined as

lgllcz = llgllc, +19'lc, + 19", - (2.5)
It is already known that the following inequality holds for all 4 > 0:
K (f:6) < C {ws(f:v/8) + min{1,6} | ]} (2.6)

where C' is a positive constant [2].
We also need the following Lemma for the proof of an approximation theorem
given below.

Lemma 2.4. ([§]) Let u € C?[0,0) and R,,, n > 0 be a sequence of positive linear
operators with the property R,(1;x) = 1. Then

| B (5 2) — u(z)] < [Ju'|[v/ B ((t = )% )+*IIU”IIR ((t = 2)% ).

Now we can give the following approximation results concerning the first and
the second modulus of continuity.

Theorem 2.5. Let f € Cp[0,00). For the operators D%a)(f), and for x € [0, 00)
the following inequality holds:

D (f52) = fl)| <

a? — 2aefl — ae?3?

1+\/2m+:z<(7+1)(’y—|—2)+(2’y—|—3) c 4 )]w(f;l).

1+ Be n?(1+ Be)? vn

Proof. From the definition of the operator DSLQ)( f) and the modulus of continuity
function, we can write

1 o0
[D(f:0) — f(2)| < nZvnk T L ) - r@)l s
. 1 > 1
< nkz_ovg,k(x)w/o e "% (ns) VTR <1 + 5 |s — x|> w(f;9)ds
< vy k() (1 + %m /000 e " (ns) TR s — x| ds) w(f;9).
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Applying Cauchy-Schwarz inequality to the integral term yields

T+Hhk+1)(y+k+2)
2

OO —ns +k 1 2z (
e (ns)’ ™ |s —x|ds < —T(y+k+1)y /22 — —(y+k+1)+
0 n n

n

from which we get

D (fi) = f(@)] < w(f;9) (1+ Zvnk \/ﬂcQ—2;:(7+k+1)+(7+k+1)(7+k+2)>.

n2

Again the application of Cauchy—Schwarz inequality to the sum term gives us

oo
D (70) — fo)| < 144 > ol (2= 2t b BEEROEEEDN )
and from the identities given in the proof of Lemma [2.I] we can rewrite the above
inequality as
D (f30) - f(@)] <

1+ %\% 2z + % ((7+ Dy +2) + (27 +3)7 fﬁe 4@ flaiﬂﬁe)gém) w(f;0)
and finally choosing § = ﬁ, we get the desired result. O

Theorem 2.6. If f € C[0,a], then for any x € [0, a], we have

(D7)~ F@)| < 2R+ 5@+ 0+ Wunl 5 )

n

where h = {f DI ((ex — o)) = {2 + 5 (14 D3 +2) + 2y +8) i + 228 0s?),

Proof. Let fj be the second-order Stieklov function attached to the function f.
Since D\ (1;2) = 1, we can write

D (f30) = f(@)] < [P = fuz )| + | DL (i @) = )| + | ful) = £ ()]
<201f = full + DS (i 2) = fua)|. (2.7)
Considering the fact that f;, € C2[0,a] and using Lemma we obtain
D) (i) — )| < AN DI (= )2:2) + L HIDS (1~ 2)5). (28)

The result obtained by Zhuk [23] states that, if f € Cla,b] and h € (0, 25%), then
the following inequalities are achieved:

3 31
I = fall < Jwa(fsh) and |If] < 5 pwafsh). (29)
The Landau’s inequality
IfRll < *Ilth + *Ilf I
and the inequalities in (2.9]) implies,
da 1
LfRll < *IIfH + oz wa(f, h).

4 n2?



INTEGRAL TYPE APOSTOL-GENOCCHI OPERATORS 23

Using the above inequality in 1' and then choosing h = {1/ D%a)((t —x)% ), we
obtain

D i) — )| < (21514 5 pwatrm) ) 1 4 5 watgsaont. (2:10)

22 h?
Substituting the last inequality into (2.7)), we get
D (f3) = ()] < 207 = faull + [ (fasw) = fala)|
3 2. ., 3a 3 )
< 2Zw2(fa h) + EHth + sz(fa h) + iwz(f; h)h*, (2.11)
which gives the desired result as the terms arranged. O
An estimation for the smooth functions is given in the below theorem:
Theorem 2.7. For functions f € C%[0,00), we have
DS (f5) = £(@)] < (@) 1 e 0,00 (2.12)

a?—2aef—ae?B?

where a(z) = £ {o+ 1 {(y+ D+ 2) + 2y +3) 8 + eimgt

Proof. By using Taylor’s expansion of f € C%[0,00) and the linearity of f, we can
write

DI (fi) — f(x) = /@)D (¢ — 2); ) + 3 FODE (1~ 2)%3), €€ (1,2).

Substituting the central moments of the operators given in Remark into the above
equation, we get

D (fi0) - @) < 5 (G4 0+ 1575 ) 1l

1+ Be
‘ {;2<v+ Dy +2)+ 2y BTEI) o o _ﬁf ;;;:W} 1" o
For sufficiently large n, we have
Do) - @) < 3 (G4 0+ 5 ) 1l
L ] (%
< Howg{ornor+ @t + SRS e, +1ey)
from which the proof is completed by considering the equality in . O

Now we give an estimate with the use of Peetre’s K-functional.

Theorem 2.8. If f € Cp[0,00), then we have
D (f30) = f()] < 2M (wa(f37) + val@) | £l c,)

where v = vy,(x) = ""2(96) and n,(x) is given in Theorem . Here v,(x) =
min{1,~2(x)} and M is a constant.
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Proof. In the proof of this theorem we will use the previous theorem and the defi-
nition of Peetre’s K-functional. For f € C3[0,00) and u € C%[0,00), we have

D(f32) = f(@)| < | DY (fiw) = D (us )| + [ D (s 2) = ()| + uz) = (@)

1 1 2_9 2132
<20f —ulg, + - {at 5 {4 D042+ @9+ TR

Taking the infimum of both sides of the above inequality and since the left hand
side is independent of the function u, we get

Do)~ f@)| <2 _ne {17 —ulo, tr@ ey} (219

ueC%[0,00

where v, (z) = "T(w) and 7, (z) is already given in Theorem 1]
The definition of K-functional yields,

‘fo“)(f;l") - f(x)] < 2M {wa(f,v/An) + min{l, v} [ fllc, }- (2.14)
Letting v, (z) = min{1,~,}, we get the desired result. O

Now consider the following Lipschitz-type space [17]
. |s — x|"
Liniy(r) 1= { £ € Col0.00) : 176) ~ F@) < M e (0.0

where M is a positive constant and r € (0, 1].
We first give the following Lemma which will be used in the proof of the next
theorem.

Lemma 2.9. For all x > 0 and n € N, we have

D (|s — af;x) < /ol (2) (2.15)

where v$? () = Df{x)((s — )% 2) given in Remark.

Proof.

(o) 1 00
Dgza)ﬂs_xhx)anvz)k(x)wé e " (ns)"TF|s — x|ds.  (2.16)

Applying Cauchy-Schwarz inequality to the series above, we get

o & o 1 o] e 2) 2
DT(L)(S_M;J:)STL{]CZ_OW%@) (F(W""M/o e ‘(ns)7+k|s—xds>} .

(2.17)
Applying Cauchy-Schwarz inequality once more, this time to the integral term
above, we obtain

1

e r k+1 o 2

/ e " (ns) 1|5 — zlds < fh+k+1) (/ e "% (ns) (s — :C)st> .
0 n 0

Substituting the above inequality into (2.17) and arranging the terms, we finally
get

1
2

(@) (|s—z]; x noov“ x; Ooe_"sns'erks—sz = w(f)x
D L)S{ I e (A A >d)} (@)



INTEGRAL TYPE APOSTOL-GENOCCHI OPERATORS 25

and the proof is completed. ([
Theorem 2.10. Let f € Lip},(r). Then for all z > 0 and n € N, we have
@\ ?
D (fs2) — f(a)] < M (“)> . (218)

where v? )( ) is given in Remark.

Proof. Assume r =1, i.e., f € Lip},(1). Hence we can write

DI (fi2) = fla)] < nZvnk DT ¢ ) — f()s

> 1 < |s — x|
< a ns y+k d .
= "kzo Uk (@) <r(7 +k+1) /0 e (ns) NZE 5)
(2.19)

By taking the advantage of the fact ﬁ < % and Lemma from || we
get

(@) (£ ) — M S~ e R S R Bl —
D5 101 < oS gy [, ¢ o i)
M

e
<M (z) (2.20)

which confirms the claimed result for r» = 1.
Now let r € (0,1). By the application of Hlder’s inequality twice by taking p = %
and p = , we get

DS (f; ) |<nzvnk M/Ooe_"s(ns)7+k|f(s)—f(x)ds

{Zvnk Weooas [ oo - f(x)d8>}}r

T

1 > —ns y+k L
{”Zvnk m/ e " (ns) T f(s) — f ()] dS} :

| /\

IN

Since f € Lip},(r),r € (0,1), we have
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By using Lemma ([2.9)), we get
L\ (@) WP
|D§La)(f;x) —f@)| <M (f) ( Un, (a:)) =M — (2.21)

xT T

which is the desired result. O

3. APPROXIMATION PROPERTIES IN WEIGHTED SPACES

Let p(z) = 1+ 2?2 be the weighted function and Mj is a constant depending only
on f. B, (RY) is the set of all functions defined on [0, 00) satisfying | f(z)| < Myp(x).
B, (Rar ) is a normed space with the norm

_ |f ()]
1£1l, = mesﬁ)lﬁo) o)

We also have the following subspaces of B, (Rg ) :

C,(R) = {feB,(R{): fis continuous on [0,00)}
\ (=)
It is obvious that C* (Rj) € C, (Ry) € B, (Rg) [7].
Theorem 3.1. (See [7]) The sequence of positive linear operators (Ly),s, act

from C, (Rg‘) to B, (RS’) if and only if there exists a positive constant k such that
[Ln (P, < k-

Theorem 3.2. (See [7])
i) There exists a sequence of linear positive operators A, acting from C, (Rg )
to B, (R§) such that
Jim A, (¢%5) —¢"()| =0 (k=0,1,2) (3.1)
and a function f* € C,\C};  with ILm [An (f*5) = O, = 1.

i) If a sequence of linear positive operators A,, acting from C, (Rg‘) to B, (RS‘)
satisfies the conditions in , then

lim [[A, (f;.) = FOll, =0

n—oo
for every f € C (Ra“) .
Lemma 3.3. Let p(z) = 1+ 2% be a weight function. If f € C, (RY), then there

exists a positive constant k such that

HDﬁf‘) (p;-)H <k.
p
Proof. Lemma ([2.1)) implies,

D (1 +t% 2) =1—|—x2—|—% ((27—1—3)-1—

1—|—2a—|—ﬂe) (3.2)

1+ Be

a o? — 208 — a6252)

+;2<W+ny+2y+@y+$l+ﬁe 214 Go)?

(3.3)



INTEGRAL TYPE APOSTOL-GENOCCHI OPERATORS 27

from which we have,

HDﬁf) (p;-)H < sup

1+2a+ﬂe)
p z>0 1+ 22

X
T+22+=((2
{+x +n((v+3)+ T

e a? —2aef — ae? 2
1—|—ﬁ€+ n?(1 + Be)? )}

+ 5 (G+Dae2 ey

1 14 2a+ Be
§1+n<(2’}/—|—3)+1+66)
1 « o? — 20ef3 — ae?B?
+n2((7+1)(7+2)+(27+3)1+ﬁe+ e >

Since % — 0, there exists a positive constant K such that
HD;‘” (p: )H <1+ K
P

which implies that the proof is completed. (Il

Lemma implies that the operators Dﬁla) (f;x) defined by maps C, (]Rar )
into B, (Ry) .

Theorem 3.4. Let the sequence of operators D,(la) (f;x) defined by . For any
Jec; (]R(T) , one gets

lim HD;M (f;) — f”p ~0.

n—oo

Proof. Tt is sufficient to show that the sequence of operators Déa) (f;x) satis-
fies three criterions of the weighted Korovkin Theorem. Keeping the identity

(@) 4k . DR (55 ) =] L :
HD" (t ;.) - H = sup ——3 5 in mind, we have the following calcula-
p x>0
tions:

For k = 0, Lemma ([2.1) implies

. D (Liz)—1
3 [e] . _ — 1 D ———
dm [P ) -1 = s e — =0 @)

n—oo

For k=1,
‘D;a) (t; ZL’) — (E‘ 1 . a 1
B B S Tl U w )
from which we have
lim ’Df;ﬂ (t:.) —xH =0 (3.5)

p
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Lastly for k = 2 we have,

‘DSLO‘) (t2;x) — xQ‘

su _ ! (2 +3)+1+2a—|—56 su *
IZI(; 1+ 22 " v 1+ Be IZ%I—I—Q:Q
1 e a? — 2aef — ae?? 1
— 1 2 2 3
t3 ((7+ (v +2)+ (27 + )1+ﬁe+ 211 Go)? A g
1 14 2a+ Be
<—((2y+3)+ ————
~n (( TH3)+ 1+ Be >
1 a? — 2aef — ae??
— 1 2 2 3
doz (0 DO+ D+ @y + ST
which implies lim ‘Dﬁf‘) (t2; ) — xQH = 0. From this, the proof of the theorem is
n—oo 14
completed. O
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