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APPLICATIONS OF GENERALIZED FRACTIONAL OPERATORS
IN SUBCLASSES OF UNIFORMLY CONVEX FUNCTIONS

AMMAR 8. ISSA, MASLINA DARUS

ABSTRACT. In this paper, we introduce new subclasses of the class of uni-
formly convex functions, using the generalize fractional derivative and integral
operators, introduced in 2020 by Issa and Darus. Then, we give coefficient
inequalities and we study some analytic properties for this new subclasses.

1. INTRODUCTION

Fractional operators have an effect in exploring the geometric properties of uni-
valent functions. This effect increases as the interest in fractional calculus and
differential equations increases.

One of the early fractional operators that many mathematicians used in their
research are the fractional integral and differential operators F” f and G” f intro-
duced by Owa [9] as follows.

If we denote by A the class of univalent function and by U the open unit disk,
then for a function g (z) =z +>.,~, a,2" in A we have:

n—l—l re-vy
F” (g( +Z T(ntl-v) anz -,
and
n—|—1 re+v)y
G” (g( +Z Tt 1+7) anz".
n=2

These operators can be seen widely in research related to complex geometry, see
for example [5l [7] and [g].
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22 A. ISSA, M. DARUS

In [] Issa and Darus, give the following generalization fractional differential and
integral operators that generalizes the operators F” f and G” f as follows:

Definition 1.1. Let f(z) be an element belongs to the class A and let m =

1,2,3,... . Then the generalized fmctional derivative operator, denoted by DY, is
I'2—mv)
Dv™(f "o<v<l1
2 +Z n—mu—l—l) anz <v ,

where, mv # 2,3,4,... .
Remark. Note that D™ f = f and DV f = FV f.

Definition 1.2. Let f(z) be an element of the class A, and let m = 1,2,3,... .
Then the generalized fractional Integral operator, denoted by I,™, is

12 (f (2) = 1 <f () =242, ) (L)

L2+ mv)
= "o< 1.
z+Z n—i—mu—i—l) anz 0 <v <

Remark. Note that I¢™f = f and IV f = GV f.

Now, if we denote by T the class of univalent functions that has the form f(z) =
z—> 0 5 a,z", where this class defined by Silverman [6], then applying the previous
generalized fractional and integral operators give us the following results.

Corollary 1.3. Let f (z) be a function from the subclass T. Then

D™ (f(2)) =Do™ <f (2)=2-) az") (1.2)
n=2

“T(n+1)T(2—mv

—- Y ( )T ( )

2, 0<v<l1.
I'(n—mv+1) n®, 0=V

n=2

Also, if we apply the integral operator in Definition[1.9 to the function f, we get,

I (f(z) = 12" <f (2) =2 — Z an2"> (1.3)

n+1 (2+mv)
Ziz I'(n+mv+1)

a2t 0<r <1,

n=2

In this paper, we give generalization for the class of uniformly convex function by

introducing new parameters, where a function f () in A is called uniformly convex
functions denoted by UC'V if the following analytic condition holds:

Re{1 zeU.

We should mention that the concepts of uniformly convex functions were estab-
lished by Goodman [3].

Many subclasses of the uniformly convex class have been introduced and studied,
for example the work by Bharati et al.[I] who obtained coefficient characterization
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for some subclass of UCV for functions in the classes A and T. Also, one can refer
to Darus et al.[2] who studied subclasses of uniformly convex functions introduced
by certain integral operator.

In our work, we introduce new classes of uniformly convex functions using the
generalized fractional derivative and integral operators introduced in Definitions
[T and[I:2] Also we study the properties of these new classes like distortion theory
and coeflicients bounds. Moreover, we will see that this new classes generalize the
class UCV.

2. PROPERTIES AND GENERALIZATION OF THE SUBCLASS UCV Dr (v, m, o)

In this section, we will introduce new subclasses of UCV («) which we call
UCV Dy (v,m,o) and we will calculate their coefficient criterion.
We will start with the following lemma which is very important in the construction
of our work.

Lemma 2.1. Let f(z) belongs to the class T. Then if DV™ f (z) € T, we have

oo

3 F(;(Zl—);(if)ly)”“” <1 (2.1)

n=2
I'(n+1)I'(2—mv)
I'(n—mv+1)

1+ ¢,e > 0, hence there exist an integer N such that Zg:z %nan >
iy

Proof Assume to the contrary and assume that z is real , then Zf;z na, =

1

Now, for <1+1§)N_1 < z < 1 we have
2

d T (n+1)T(2—mv) 3
DVm — nn
1 ( f(z ; T ln—mw 1) na,z

3

| /\

i (n+1)T'(2—mv) ne1

F'n—mv+1) fan=

N—1 nJrl (2 —mv)
Z F'n—mv+1)

<1- N*1(1 7)
z —|—2

< 0.

nay

Secondly, since <L (D¥™f(0)) = 1 > 0, there exist a real number z,,0 < z, <
1

(1i£> " Tsuch that < 4 (Dy™f(2,)) = 0. Hence DY™ f is not univalent, which
2

contradicts the assumptlon that D™ f belongs to T

Now, we introduce the new subclass UCV Dr (v,m, o).

Definition 2.2. Let UCV Dy (v,m,0),0 <v<1lm=1,2,... and 0 <o <1 be
the class of functions f € T, which satisfies the inequality

SCAS IO ( 2 (De7f ()" _U>726U
(D2 f (2)) (D27 f (2))
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where DY f () is the generalized fractional derivative operator defined in Defini-

tion [1 1l
Note that:UCV Dy (1,1,0) = UCYV.

Definition 2.3. Let UCVIy (v,m,0),0 <v <1lm=1,2,... and 0 < o <1 be
the class of functions f € T, which satisfies the inequality

"

212 f ()
(27 f ()

SRe(l—FW—a),zEU
(" f (2))

where IV™ f (2) is the generalized fractional integral operator defined in Definition

2

Theorem 2.4. Let the function f be a function in T that has the form given in
equation . Then f € UCV Dy (v,m,0), and for m =1,2,3,...if and only if

il"(n—i—l)f‘@—mu)

2n —1— n<1l—o0. 2.2
I'(n—mv+1) (2n o) nan < 7 (22)

n=2
Proof Suppose that the inequality (2.2]) holds, so

"

2 (D2 (2) _Re<Z(DZ”"f(Z))l”> s z(DZ”"f(Z))/”’.
(D27 f (2)) (D27 £ (2)) (D27 £ (2))
Which implies,
2 (D] (2) _RQ<Z(DZ’"‘f(z))/”> |2 ()
(D271 (2)) (D" f () ) 7] (D (=)

z (0 -3, %n (n—1) anznfz)

=2
oo  I'Nn+1)I'(2—mv _
1->", 7(;@,)7,5”;’; L na, zn=1

oo I'(n I'(2—mv n—1
230 Sy (0 = 1) lan |2|

oo  I(n+1)I'(2—mv)
- Zn:2 T'(n—mv+1)
Yoz " Tty 2n (n = 1) lag|

I'(n+1)I'(2—mv
1 oo, Mty a,,|

n—1
nlan| |2|

IN

In addition, by Lemma H we have 1 -3, %

oo I‘(n+1)l"(27nzu)2n(n_1)‘a ‘
. . n=2_ T(n—mv+1) . "
tion (2.2) the expression Ty TGO E=mn)

n=2 _ T(n—mv+1)

hence the result. In the another direction , let f € UCV Dy (v, m, o), and suppose

nay, > 0, and by equa-

is bounded by 1 — o, and

nlan|
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that z is real. Then by Definition 2.2 we have,

pe [ 14~ T Mo n (- Danz Y| (- o, M 0 (n — D ayzn?)
e + -0

oo  I(n+1)T'(2—mv) n— = oo  I(n+1)T'(2—mv) n—

1= 2"22 I'(n—mv+1) nay 2" 1- Zn:Q T(n—mv+1) apnz" !
_ Zoo , F(g;rl)F(Q—;r;V)n (n _ 1) a. z"1 Zoo ) F(;LEH)F(Z—n;y)n (n _ 1) a1
n= n—muv-+ n n= n—mv—+1 n
1+ T —0 >
[e%e] n+1)I'(2—mv n— [ee) I'(n+1)I'(2—mv n—
1- Zn:? (F(nlnz(u+1) )nanz ! 1- Zn:? (F(nzrrgu+1) )annz !

n—1

fe%s) I'(n+1)I'(2—mv
Zn*Q (F(n )m(qul) )

n+1)I'(2—mv n—
1- Zn 2 (F(n—)rrfu+1) )annz !

nn—1)a,z

1l—0c>2

Now, let z — 1— along the real axis, so our inequality become

co I'(n I'(2—muv
Sty M2 2n (n— 1) ay

oo I'(n+1)I'(2—mv)
D D o A

1_U< ifn—i—l 2—mu)nan>Zir(n+1)r(2—my)2n(n_1)an

— Th-—mv+1) — Tm-mr+1)

l1—0c2>

nay,

(1—0)—(l—a)zr(nJrl)F@imy)nan2ZF(HJFI)F(QimV)Zn(n—l)an

~ T(n-mv+1) ~ T(n-mv+1)
(1-0)> Zr(g(j;l_);(f;g”) 2n(n—1)+ (1 - o) n]an
_Z ntll_ml/2+lrgly)n[2n—l—o]an,

that completes the proof.
Remark. The result in Theorem[2.4 is sharp for all functions of the form:
F(E(fngl(yztlrlu) n(2nl— = o7 =
this function belongs to the class UCV Dr (v, m, o).
Corollary 2.5. If f e UCV Dy (v,m,o), Then
in = F(E(—:—ll)lﬁl(gt;)w) n(2nl— = S
Proof Since f € UCV Dy (v,m,0), then by Theorem we have:
F'n+1)T'(2—mv)

Fu(2) = DY fu(2) = 2 —

n2n—1-o0)a,

I'(n—mv+1)

—T(n+1)T(2-
< (n+ DI my)n(anlfU)an

F'(n—mv+1)
n=2
<1-o,
consequently,
Pn—mv+1) 1-0

n < ,n > 2.
fn = Fn+1)T2—mv)n(2n—1-o0) "
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Corollary 2.6. Let f e UCV Dy (v,m,0) and let |z| = r < 1. Then:

a. |[DY™"f(2)| <r+ ﬁr?

b. |DY™f(2)| >r — 2(13:‘;)r2.

Proof From Theorem[2.]) for functions f in UCV Dr (v,m,0) :

F(3)F(2—mu
'3 —mv) Zan
_Z n—i—l 2_my)n(2n—1—0)an
T(n—mv+1)
gl—a.

So, for a function f in UCV Dy (v,m,0), we get

To show (a) we will start by considering equation , S0

[DI™ (f ()] = ‘DZ”” (Z - Zan2”>’

T+ )TQ2-mv)
Z_Z F(n—mv—l—l) n®

n=2

3
+

,0<rv<i1

n—|— 1T (2 —mv) n
<
] + Z e

F3T2-mv), 2w
< -7/ rt == 7
<zl + F(B—mu) |Z‘ nz::zan

ra3)re—my) 2|2 I'(3—mv) 1-0
'3 —mv) r3)rEe-mv)23-o)
l-0 ,

:T+72(3_0>7’.

< 2| +



APPLICATIONS OF GENERALIZED FRACTIONAL OPERATORS 27

Secondly, to show (b) :

D2 (£ ()] = ‘D;’m ( -y ) ’

n=2
ZT(n+1)T(2—mv)
= - ’nn 7O§ 1
z 7;2 Tln—mv+ 1) an v<
T(n+1)T(2—mv) n
> |2 —
= |2 7;2 Pn—mv+1) nl2l

FB) T2 —my) o«
EM_WM ;an

F(3)F(2—my)| 2 I'(3—mv) 1-0

> |z] -

- '3 —mv) r3)rEe-mv)23-o)
B l—-0 ,
77’772(3—0')7‘.

Remark. (a) and (b) in the previous remark are sharp. to see this, take the function
Fy(z) = DY™fy(2) = z — F(g)(fl(_znj:iy) 2(131‘70)22, at z = =ir, £r which belongs to
UCV Dy (v,m,0).

3. THE suBCLASS UCV Dy (v,m,0,7) AND ITS ANALYTICAL PROPERTIES

In the following definition we generalize the class UCV Dr (v, m, o) to the class
UCV Dt (v,m,0,7) by considering the new parameter .

Definition 3.1. Let UCV Dy (v,m,0,7),0<v <1lm=1,2,....0< 0 <1 and
0 < v <1 be the class of functions f € T, satisfying the condition:

(D2 f (2)) (D2 f (2))

Note that :UCV Dy (v,m,1,v) = UCV Dy (v,m,~), and UCV Dy (1,1,1,0) =
Ucv.

"

LA IO I

Theorem 3.2. Let the function f be a function in T. Then f € UCV Dy (v,m,0,7)
for some0<v<lm=1,2...0<0<1and0<vy<1 if and only if

T(n+1)T(2—mv)
nn(l+o)—(c+7v)]a, <1-—1. (3.1)
;2 o) " )= (0 +7)] Y

Proof From Definition |3.1]it is enough to show that

<Re <W + 1) -
(D™ f (2))

"

MECASIO)
(DY™f (2))
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now
. Z(DZ’mf(z))”|_Re< 2 (D (2) >< (0 41|22
(DL (2) DE"f () ) (DE™f (2))
oo  I'(n+1)I'(2—mv) n—
-y [ EE R0 Vo)
1= QWW,Q”Z"*1

co I’ Hr2—mv
Sonsy HEERC) (o + 1) n
oo  I'(n+D)T'(2—mv)
1- Zn:Q (F(n mu+1)
oo I'(n+1)I'(2—mv
_ X e (0 + D (0= 1) janl

— oo I'(n+1)I'(2—mv ?
1=% 0,2 W” |an|

(n—1) Ianl 2"
<

nlan| 2"

co  I(n+DIT(2—mv)

I'(n+1)T(2 . “Fammerty (etDn(n—1)|an|
by Lemmawe have 1-) 7 7(’;&)"5”?;”%% > 0, so the expression 12 5( FJ(H)F(Q T ’
n=2 I'(n—mv+1

is bounded by 1 — v if and only if equation (3.1)) holds and hence the result.
Conversely , let f € UCV Dy (v,m,o,7), and suppose that z is real; then by
Definition we have,

prm " pr.m "
LA AC) N P (H £ (D27 () > _,
(D™ f (2)) (D™ f (2))
|z =) ‘
(DX™f (2))
which gives,
>, %mn (n—1)a,z"1! >, %n (n—1)a,z"!
1+ > +
o0 I'(n+1 2—mv n— o0 I'(n+1)I'(2—mv n—
1- Zn 2 (I‘(n )nEl/—i-l) )nanz ! 1- Zn:? (F('IL—)WEV—‘,-l) )annz !
D F(g(H)F(Z ;V)W) (n—1)a,z""" D ne2 F(;L(Jrl)rm_gy)” (n—1)azz"""
1 n—mv—+ n — > n= n—mv—+
oco I’ HI'2—mv n— - oco I’ HI'2—mv n—
L= Yoo, Mty A nan 2! L= 300, M annz" =1

oo  I'(n+1)I'(2—mv)
Zn*? T'(n—mv+1)

F(n+1)F(2 mv)
_Zn 2 (n—mv+1)

n(n—1)a,z"!

1=y {+0) apnzn=1

Now, let z — 1— along the real axis. Then we get
oo I(n+D)T'(2—mv)
En:Q I'(n—mv+1)

oo  I'(n+HT'(2—mv)
1= s “Fammott) M0n

14— (1_Zr(n+1)F(2—mu)nan> er(nﬂ)r(z—mu) L+ o)min—1)a,

> (140) n(n—1)ay,

— Th-—mv+1) — Tm-—mvr+1)
2 T(n+1)T(2—-mv) T'(n+1)T(2—mv)
(1*7)*(1*7); T (n—mv + 1) nZ; T (n—mv+1) (I1+o)n(n—1)an
(1—7)2ZF(;L(Zl_);(j;gw)n[n(“rff)—(0+’y)}am
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that completes the proof.
Remark. The result in Theorem[3.9is sharp for all functions of the form

e o F'n—mv+1) 1—7 -
O R R o MR ey oy oy s gy ey LA s

where this function belongs to the class UCV Dy (v, m,0,7).

Corollary 3.3. Suppose that f € UCV Dy (v, m,o,7). Then

F'n—mv+1) 1—7
DS DT C—m) i (o) -+ =2

Proof Since f € UCV Dy (v,m,0,7v), then by Theorem we have the follow-
ing inequalities which give us the needed result:

Fn+1)T(2—mv)

nln(l+0)—=(o+7)lan

F(n—mVJr 1)
< Z L) 140 = (o + )] o
Sl—%
consequently,
a I'(n—mv+1) 1—v .-

“Tn+)T2—mv)nn(l+o)—(c+7)] ~

Corollary 3.4. Let f € UCV Dy (v,m,0,7) and let |z| =r < 1. Then:

o D2 (2)] S 7ok
b (DY f (2)] 2 7 — gy

Proof From Theorem for functions f in UCV Dy (v, m,0,7) :

POLR=m), 00 o)y o) S an
n=2

'3 —mv)
“T'(n+1)T(2—mv
<1-—n.

So, for a function f in UCV Dy (v,m,0,7), we get

= 3 my) 1—7
2; nST r2-mv)22+oc-—19)
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Now, from , we have the following inequalities that proves (a)

D2 (f ()] = ’D:vm (f ()=2-3 ) ‘

~Tn+1)T2-mv)

| <v<l1

z 7;2 T (n—mv + 1) a2z, 0<r<

ZTn+1)T(2-mv) n

<

_|Z|+nz_:2 F'in—mv+1) an |2
FB)T2-mv), 2w

<

< lel + '3 —mv) 12 ;an

<|Z|+I’(3)I‘(2—my)‘ 2 '3 —mv) 1—7

- T'(3—mv) rer2—-—mv)2(2+o0—7)

_ 1—y 2

_r+2(2+0—fy)r'

Secondly, to show (b), from the inequality:

|D2™ (f (2))] = | D™ (f (2) =2 - Zanznﬂ
“I'(n+1)T(2—mv n
- Z_Zz (F(n—)m(V—Fl) )anZ Osred
> I'(n+1)T(2—-mv n
Z|Z|—Z2 (F(n)m(1/+1) ) nl?l
T3)T(2—my), o
Z|Z|—W\Z| nz::zan
>|Z|_I‘(3)I‘(2—mu)‘ 2 I'(3—mv) 1-v
2 T (3 mv) TR T2—mv)2(2+0—7)
o177
T 202+0-79)

hence we had shown both bounds.

Remark. The result in Corollary[34) is sharp for all functions of the form
Pn—mv+1) 1—7
Fn+HT(2—mv)22+0—7)
where, this function belongs to the class UCV Dr (v, m,c,7).

Fy(2) =D)™fa(2) = 2 — 2%, at z = +ir, +r

4. THE crLAss CDr (v,m,0)

Definition 4.1. Let CDy (v,m,0),0<v <1lm=1,2,..., and 0 <o <1 be the
subclass of T that satisfies the following inequality:

2 (D™ f (2)) +1+0} eu

"

2(D"f ()
(DE7F ()

ol < Re

- { (D" f (2))

+1-
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Theorem 4.2. Let the function f be a function in T. Then f € CDr (v,m,o) ,
for some0<v <l m=12....0<0<1and 0 <y < 1if and only if

> nre-
Z "+ mY) i1+ o] an < o (4.1)

n—my—|—1)

Proof Let f € T and assume that > -, %n [n—1+0la, < o,

we need to show that f € CDr(v,m,o0), so we need to show the inequality
2DV f(2)” 1—
oyt
showing that

< Re {W + 1+ U} ,2 € U, which is equivalent to

Now

/

|1 REICASIO) _0' e {1 L 2D S () _0}

(D2™ (=) (DY™ f(2)
cofiy 2D
- (DL™ f(2)
Y (- Zo M (- ane ) -

1= 30, HrEr i inay 2!

[T Mt = Dlanl " i
T - T e nlanl [
<9 ZZO:Q%”(”_DMM e

[e’e] I'(n+1)I'(2—mv
L= 3, e nal

by Lemma we have 1 — > >, %nan > 0, so the last expression is
bounded by 20 if and only if (4.1) holds and hence the result. Conversely , let

f € CDr (v,m,o), and suppose that z is real; then by Definition we have,

HDEMSE) Ly 2D (E)

(D="f () (DETf(2)
Ly T T M - D - S M e (- Dans !
1_23%% T - S P

oo I'(n+1)I'(2—mv n— - n+1)I'(2—mv n—
1- Zn:Z (F('IL—)7YEV+1) )nanz ! 1- Zn 2 (F(nzréu+1) )annz !
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now, let z — 1— along the real axis. Then we get

zoo T'(n+1)I'(2—mv)

n=2 TI'(n—mv+1) n (n - 1) Qn

2 <20
T'(n+1)I'(2—mv) —
L= s Tt n
oo  I'n+1)I'(2—mv
Yile Mt (e = Dan

1 _ Zoo I'(n+1)T'(2—mv)

n=2 T(n—mv+1) nan

T(n+1)T(2—mv) T(n+1)T(2—mv)
nz:; F'n—mv+1) n(n—l)anga(l—; F'n—mv+1)
Z n—mf—i—ln)ly)[n(n_l)‘F”U]anSU
L SR

Hence the result.
Remark. The result in Theorem[{.9 is sharp for all functions of the form

F'in—mv+1) o

Fa(2) = D" () = 2 = R T @ —myni= 140”22

this function belongs to the class C Dy (v,m,0).

Corollary 4.3. Suppose that f € CDr (v,m,o0). Then

Pn—mv+1) o
a, < ,n > 2.
Fn+HT'(2—mv)nn—1+0]

nan>

Proof Since f € CDr (v,m,o), then by Theorem we have the following

inequalities which give us the needed result:

F'n+1)T(2—mv)
F(nmeJrl)

nn—1+o0]ay,

nn—1+o0]ay,

Z n—|—1 (2 —mv)

Tn—mv+1)
<o

consequently,

Pn—mv+1) o > 9
a n
n_1"(n—|—1)1"(2—7711/)71[11—1—1—(7]7 -

Corollary 4.4. Let f € CDy (v,m,0) and let |z2| =r < 1. Then:

1) [Dr™f () <7+ 5%y

(2) [Dr™f (2) 27— 55557
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Proof: From Theorem[{.4 for functions f in CDr (v,m,0):

r(3)r2-—

W 1+0’ E A,

72 n—l—l (2—- ml/)n[n—1+a]an
n—my—|—1)

<o

So, for a function f in CDr (v,m,0), we get
= '3 —mv) o
> < .
s r3rE—-mv)2(l+o)

Now, from , we have the following inequalities that proves (a)

D2 (f (2))| = ‘D?m (f () =2~ Z>|
n=2

ZTn+1)T(2-mv)

B n2",0 < 1
z 222 ['(n—mv+1) 2,0 s v <
n+1 (2 —mv n

<|z ‘+Z Sy )an|z|
ra3)re—my) =
<|Z+(F)(3—7’ny)|22zan
<|Z‘+F(3)F(2—mv)| 2 T'(3—mv) o
- '3 —mv) r3)re—mv)2(1+o)
:7"+Lr2
2(1+0)

Secondly, to show the second inequality:

DL (f ()] = ‘Dz”" (f (2) =2~ Z>|

n=2
ZOO F'n+1)T(2—mv)
‘ o F'(n—mv+1) @,0sv<

'3)r(2—mv 2
> | ‘_F(S)F(Z—mz/)| 2 I'(3—mv) o
=1 T (3— mv) T(3)T(2—mv)2(1+0)
"T 21+ g

hence we had shown both bounds.
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Remark. The result in Corollary[{4) is sharp for all functions of the form
 em B '3 —mv) o 9 L
Fo(2) =DM fa(2) =2 F(3)F(2—my)2(1+0)z’ at z = +ir, +r.

This function belongs to the class C Dy (v,m, o).

Remark. By taking v = —v in the previous results, gives us new subclasses and
results of uniformly convex functions. are also obtained.
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