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ON DEFERRED STATISTICAL CONVERGENCE FOR THE SETS

OF TRIPLE SEQUENCES

IŞIL AÇIK DEMIRCI, MEHMET GÜRDAL

Abstract. The aim of the present study is to introduce the concepts of

Wijsman deferred statistical φ̃-convergence, Hausdorff deferred statistical φ̃-

convergence and Wijsman deferred statistical φ̃-Cauchy for the sets of triple

sequences. We investigate some properties of these concepts and some inclu-

sion relations with examples.

1. Introduction

The convergence of sequences plays a very important role in the study of basic
mathematical theory. The idea of statistical convergence of real and complex se-
quences was introduced in the second half of twentieth century by Fast [12]. Some
basic properties of statistical convergence were established by different researchers.
In the beginning of 1980s, this concept was developed by the published studies
of Fridy [14] and Šalát [28]. Later on statistical convergence was further studied
from the sequence space point of view by [16], [17], [23] and also this concept as a
summability method was studied by [4], [13], [26].

After the definition of the convergence for double sequences in the Pringsheim’s
sense was given, a lot of useful developments were obtained in: [2], [22], [25], [26],
[32], [36]. Later, Şahiner et al. [30] first introduced the concept of triple sequences
and the other researchers continued (see [6], [7], [9], [19], [20]).

The concept of convergence of sequences of numbers has been extended by several
authors to convergence of sequences of sets (see, for example, Gümüş [15], Hazarika
and Esi [18], Nuray and Rhoades [24], Nuray et al. [25], Şengül and Et [31], Şengül
et al. [33] and Wijsman [34]).

The concept of deferred Cesàro mean of real (or complex) valued sequences was
defined by Agnew [1]. Küçükaslan and Yılmaztürk [21] defined the concept of
deferred statistical convergence in 2016. Applications of this concept have been
investigated by various authors (see [3], [5], [8], [10], [11], [35]).

In this paper, we study the concepts of Wijsman φ̃-convergent, Wijsman deferred

Cesàro φ̃-summable, Wijsman strongly deferred p-Cesàro φ̃-summable, Wijsman
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deferred statistically φ̃-convergence, Hausdorff deferred statistically φ̃-convergence,

Wijsman deferred statistically φ̃-Cauchy and Hausdorff deferred statistically φ̃-

Cauchy triple sequences of sets using an Orlicz function φ̃ and investigate the
relationship among them.

2. Definitions and Notations

In this section, we will summarize some basic concepts (see [1], [2], [21], [24],
[25], [26], [34]).

The natural density of a set K ⊂ N is defined by

δ(K) = lim
r→∞

1

r
|{j ≤ r : j ∈ K}| ,

where |{j ≤ r : j ∈ K}| denotes the number elements of K not exceeding r.
If {xj} is a sequence that satisfies property P for all j except the set of zero

natural density, then we say that {xj} satisfies P for ”almost all k”. So it’s ”a.a.
k” (see [14]).

A sequence {xr}r∈N of real numbers is said to be statistically convergent to L if
the set K = {r ∈ N : |xr − L| ≥ ε} has natural density zero for arbitrary ε > 0.
In addition, the statistical convergence of any real sequences is defined in some
articles relative to absolute value. This value of real numbers is special of an Orlicz
function (see [27]).

An Orlicz function φ̃ is a continuous, convex, non-decreasing function defined

for x ≥ 0 such that φ̃(0) = 0 and φ̃(x) > 0 for x > 0.

Definition 2.1. ([29]) Let φ̃ : R→ R be an Orlicz function. A sequence x = {xr}
is said to be statistically φ̃-convergent to L if for all ε > 0,

lim
r→∞

1

r

∣∣∣{j ≤ r : φ̃(xj − L) ≥ ε
}∣∣∣ = 0

holds.

The deferred Cesàro mean of real (complex) valued sequences x = {xr} is defined
by

(Da,bx)r =
1

br − ar

br∑
j=ar+1

xj , r = 1, 2, ...

where a = {ar} and b = {br} are the sequences of non-negative integers satisfying
ar < br and lim

r→∞
br =∞ (see [1]).

Let K be a subset of N, and define the set K = {ar < j ≤ br : j ∈ K}. The
deferred density of K ⊂ N is denoted by

δa,b(K) = lim
r→∞

1

br − ar
|{ar < j ≤ br : j ∈ K}|

A sequence x = {xj} is called to be deferred statistical convergent to L ∈ R if for
all ε > 0,

lim
r→∞

1

br − ar
|{ar < j ≤ br : |xj − L| ≥ ε}| = 0

holds ([21]).
Let (X, ρ) be a metric space. The distance d (x,A) from x to A is defined by

d (x,A) = inf
a∈A

ρ (x, a) ,
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for any point x ∈ X and any non-empty subset A of X.
Let any non-empty closed subset A and Aj ⊆ X, j ∈ N. If

lim
j→∞

d (x,Aj) = d (x,A)

for all x ∈ X, then the sequence {Aj} is Wijsman convergent to A. In this case, we
write limW Aj = A.

The sequence {Aj} is Hausdorff convergent to A if

lim
j→∞

sup
x∈X
|d(x,Aj)− d(x,A)| = 0.

In this case, we write limH Aj = A.
The sequence {Aj} is Wijsman statistically convergent to A if for each ε > 0

and for each x ∈ X,

lim
r→∞

1

r
|{j ≤ r : |d(x,Aj)− d(x,A)| ≥ ε}| = 0.

In this case, we write st− limW Aj = A.
The sequence {Aj} is Wijsman statistically Cauchy if for each ε > 0 there exists

a number n0 = n0(ε) ∈ N such that

lim
r→∞

1

r
|{j ≤ r : |d(x,Aj)− d(x,An0

)| ≥ ε}| = 0.

The sequence {Aj} is Hausdorff statistically convergent to A if for each ε > 0,

lim
r→∞

1

r

∣∣∣∣{j ≤ r : sup
x∈X
|d(x,Aj)− d(x,A)| ≥ ε

}∣∣∣∣ = 0.

In this case, we write st− limH Aj = A.
The sequence {Aj} is Hausdorff statistically Cauchy if for each ε > 0 there exists

a number n0 = n0(ε) ∈ N such that for all x ∈ X

lim
r→∞

1

r

∣∣∣∣{j ≤ r : sup
x∈X
|d(x,Aj)− d(x,An0

)| ≥ ε
}∣∣∣∣ = 0.

Now, let us recall the concepts of statistical convergence for triple sequences as
follows (see [30]):

A triple sequence x = {xjkl}j,k,l∈N of real numbers is said to be convergent to

L ∈ R in Pringsheim’s sense if for any ε > 0, there exists n0 = n0(ε) ∈ N such that
|xjkl − L| < ε, whenever j, k, l ≥ n0. In this case, we write

P − lim
j,k,l→∞

xjkl = L or lim
j,k,l→∞

xjkl = L.

A triple sequence x = {xjkl}j,k,l∈N of real numbers is said to be bounded if there

exists a positive real number M such that |xjkl| < M holds for all j, k, l ∈ N. That
is

‖x‖∞ = sup
j,k,l
|xjkl| <∞.

A subset K of N3 is said to have natural density δ3(K) if

δ3(K) = lim
r,s,t→∞

1

rst
|{j ≤ r, k ≤ s, l ≤ t : (j, k, l) ∈ K}|

exists.
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A triple sequence x = {xjkl}j,k,l∈N of real numbers is said to be statistically

convergent to L in Pringsheim’s sense if for all ε > 0,

δ3 ({j ≤ r, k ≤ s, l ≤ t : |xjkl − L| ≥ ε}) = 0.

The triple sequence {Ajkl} is Wijsman convergent to A if

P − lim
j,k,l→∞

d(x,Ajkl) = d(x,A) or lim
j,k,l→∞

d(x,Ajkl) = d(x,A)

for each x ∈ X. In this case, we write limW3
Ajkl = A (see [20]).

3. Main Results

In this work, we will look at the concepts of Wijsman φ̃-convergence, Wijsman de-

ferred Cesàro φ̃-summable, Wijsman strongly deferred p-Cesàro φ̃-summable, Wijs-

man deferred statistically φ̃-convergence, Wijsman deferred statistically φ̃-Cauchy,

Hausdorff deferred statistically φ̃-convergence, Hausdorff deferred statistically φ̃-

Cauchy for sets of triple sequences using the Orlicz function φ̃.

Definition 3.1. Let φ̃ : R→ R be an Orlicz function. The triple sequence {Ajkl}
is said to be Wijsman φ̃-convergent to A if for every ε > 0, ∃n0 ∈ N such that

φ̃ ((d(x,Ajkl))− d(x,A)) < ε

for all (j, k, l) ∈ N3. In this case, we write Ajkl

(
W φ̃

3

)
→ A.

Let us define the concepts of deferred Cesàro mean Dβ,γ,η and deferred statistical

φ̃-convergence for a triple sequence x = {xjkl} as follows:

Definition 3.2. Let {xjkl} be a triple sequence and

βr = br − ar, γs = ds − cs, ηt = ft − et.

Then, deferred Cesàro mean Dβ,γ,η of the triple sequence {xjkl} is denoted by

(Dβ,γ,ηx)rst =
1

βrγsηt

br∑
j=ar+1

ds∑
k=cs+1

ft∑
l=et+1

xjkl =
1

βrγsηt

br,ds,ft∑
j=ar+1
k=cs+1
l=ft+1

xjkl,

where {ar} , {br} , {cs} , {ds} , {et} and {ft} be sequences of nonnegative integers
satisfying the conditions ar < br, cs < ds, et < ft and

lim br =∞, lim ds =∞, lim ft =∞.

Definition 3.3. Let {xjkl} be a triple sequence and L ∈ N. Then the triple sequence

{xjkl} is said to be deferred statistically φ̃-convergent to L, if for all ε > 0,

limr,s,t→∞
1

βrγsηt

∣∣{(j, k, l) ∈ N3 : ar + 1 < j ≤ br, cs + 1 < k ≤ ds, et + 1 < l ≤ ft;
φ̃ (xjkl − L) ≥ ε

}∣∣∣ = 0.

In this case, we write xrst

(
DSφ̃

)
→ L.
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Definition 3.4. Let φ̃ : R→ R be an Orlicz function, x = {xjkl} be a triple

sequence and L be a real number. Then, the triple sequence x is said to be (Dβ,γ,η)
φ̃

-
summable to L if

lim
r,s,t→∞

1

βrγsηt

br,ds,ft∑
j=ar+1
k=cs+1
l=ft+1

φ̃ (xjkl − L) = 0

holds and it is defined by (Dβ,γ,η)
φ̃ − limr,s,t→∞ xrst = L.

Definition 3.5. Let φ̃ : R→ R be an Orlicz function. The triple sequence {Ajkl}
is said to be Wijsman deferred Cesàro φ̃-summable to A if for every ε > 0, ∃n0 ∈ N
such that

φ̃

 1

βrγsηt

br∑
j=ar+1

ds∑
k=cs+1

ft∑
l=et+1

d(x,Ajkl)

− d(x,A)

 < ε

for all r, s, t > N and all (j, k, l) ∈ N3. In this case, we write Ajkl

(
(W3)

φ̃
Dβ,γ,η

)
→ A.

Definition 3.6. Let φ̃ : R→ R be an Orlicz function. The triple sequence {Ajkl}
is said to be Wijsman strongly deferred Cesàro φ̃-summable to A if for all x ∈ X,

lim
r,s,t→∞

1

βrγsηt

br∑
j=ar+1

ds∑
k=cs+1

ft∑
l=et+1

φ̃ (d(x,Ajkl)− d(x,A)) = 0.

In this case, we write Ajkl

[
(W3)

φ̃
Dβ,γ,η

]
→ A.

Definition 3.7. Let φ̃p = |x|p , p > 0 be an Orlicz function. The triple sequence

{Ajkl} is said to be Wijsman strongly deferred p-Cesàro φ̃-summable to A if for
each p positive real number and for each x ∈ X,

lim
r,s,t→∞

1

βrγsηt

br,ds,ft∑
j=ar+1
k=cs+1
l=ft+1

φ̃p (d(x,Ajkl)− d(x,A)) = 0.

In this case, we write Ajkl

[
(W3)

φ̃p
Dβ,γ,η

]
→ A.

Definition 3.8. Let φ̃ : R→ R be an Orlicz function. The triple sequence {Ajkl}
is Wijsman deferred statistically φ̃-convergent to A if for all ε > 0 and x ∈ X,

limr,s,t→∞
1

βrγsηt

∣∣{(j, k, l) ∈ N3 : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;
φ̃(d(x,Ajkl)− d(x,A)) ≥ ε

}∣∣∣ = 0,

i.e. φ̃((d(x,Ajkl)− d(x,A)) < ε, a.a. (j, k, l). Then, it is written as st3 − φ̃ −
limWD

Ajkl = A.

Remark. If we take br = r, ds = s, ft = t, ar = cs = et = 0, φ̃(x) := |x| and a real

valued sequence {xj} instead of {xjkl} , then st3 − φ̃ − limWD
Ajkl = A coincides

with st− limW Aj = A in [24].
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Definition 3.9. ([20]) Let φ̃ : R→ R be an Orlicz function. If there exists M > 0

such that φ̃ (Ajkl) ≤ M for each j, k, l ∈ N, a triple sequence {Ajkl} is said to be

φ̃-bounded.

Example 3.1. Let X = R3 and the triple sequence {Ajkl} be as follows:

Ajkl =


{

(x, y, z) ∈ R3 : (x− 1)2 + (y − 1)2 + (z − 1)2 = jkl
} , if j, k and

l are cube integers
{(3, 3, 3)} , otherwise.

,

Then, st3−φ̃−limWD
Ajkl equals to the set A = {(3, 3, 3)} but it is neither Wijsman

φ̃-convergent nor φ̃-bounded.

Theorem 3.1. Let φ̃ : R→ R be an Orlicz function, {Ajkl} be a triple set sequence.

st3 − φ̃ − limWD
Ajkl equals to the set A if and only if there exists a subset K =

{(j, k, l) : j, k, l = 1, 2, ...} ⊂ N3 such that

lim
r,s,t→∞

1

βrγsηt
|{ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft : (j, k, l) ∈ K}| = 1

and
lim

j,k,l→∞
(j,k,l)∈K

φ̃(d(x,Ajkl)− d(x,A)) = 0,

for all x ∈ X.

Proof. Assume that st3−φ̃−limWD
Ajkl = A. Let ε > 0 be arbitrary and φ̃ : R→ R.

Consider

Kd(x) =
{

(j, k, l) ∈ N3 : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;
φ̃(d(x,Ajkl)− d(x,A)) ≥ 1

d

}
and

Md(x) =
{

(j, k, l) ∈ N3 : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;
φ̃(d(x,Ajkl)− d(x,A)) < 1

d

}
for d = 1, 2, ...,

for all x ∈ X. From the assumption

limr,s,t→∞
1

βrγsηt

∣∣{(j, k, l) ∈ N3 : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;
φ̃(d(x,Ajkl)− d(x,A)) ≥ 1

d

}∣∣∣ = 0.

Also
M1(x) ⊃M2(x) ⊃ ... ⊃Mi(x) ⊃Mi+1(x) ⊃ · · · (3.1)

and

limr,s,t→∞
1

βrγsηt

∣∣{(j, k, l) ∈ N3 : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;
φ̃(d(x,Ajkl)− d(x,A)) < 1

d

}∣∣∣ = 1 (d = 1, 2, ...).
(3.2)

Now, we get to indicate that for (j, k, l) ∈Md(x), {Ajkl} is Wijsman φ̃-convergent

to A. Assume that {Ajkl} is not Wijsman φ̃-convergent to A. Thus, there exists
ε > 0 for which

φ̃(d(x,Ajkl)− d(x,A)) ≥ ε
for all x ∈ X and infinitely terms. If we take

Mε(x) =
{

(j, k, l) ∈ N3 : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;
φ̃((d(x,Ajkl)− d(x,A)) < ε

}
and ε > 1

d (d = 1, 2, ...)
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for all x ∈ X, then

limr,s,t→∞
1

βrγsηt

∣∣{(j, k, l) ∈ N3 : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;
φ̃(d(x,Ajkl)− d(x,A)) < ε

}∣∣∣ = 0

and by (3.1), Md(x) ⊂Mε(x). This means

limr,s,t→∞
1

βrγsηt

∣∣{(j, k, l) ∈ N3 : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;
φ̃(d(x,Ajkl)− d(x,A)) < 1

d

}∣∣∣ = 0

and it contradicts by (3.2). As a result, we obtain that {Ajkl} is Wijsman φ̃-
convergent to A.

Conversely, assume that there exists a subset K = {(j, k, l) : j, k, l = 1, 2, ...} ⊂
N3 with

lim
j,k,l→∞

1

jkl
|K| = 1 and lim

j,k,l→∞
φ̃(d(x,Ajkl − d(x,A)) = 0

for all x ∈ X.

Kε(x) =
{

(j, k, l) ∈ N3 : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;
φ̃(d(x,Ajkl)− d(x,A)) ≥ ε

}
⊆ N3−{(jn0+1, kn0+1, ln0+1) , (jn0+2, kn0+2, ln0+2) , . . .}

and therefore,

limr,s,t→∞
1

βrγsηt

∣∣{(j, k, l) ∈ N3 : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;
φ̃(d(x,Ajkl)− d(x,A)) ≥ ε

}∣∣∣ = 0.

This shows that, st3 − φ̃− limWD
Ajkl = A. �

If {Ajkl} is φ̃-convergent but not φ̃-bounded, then st3−φ̃−limWD
Ajkl = A. The

triple sequence {Ajkl} doesn’t need to be Wijsman deferred Cesàro φ̃-summable nor

Wijsman strongly deferred Cesàro φ̃-summable.

Example 3.2. Let X = R3 and the triple sequence {Ajkl} be defined as:

Ajkl =



{
(x, y, z) ∈ R3 : (x− 1)2 + (y − 1)2 + (z − 1)2 = j

}
,

k = 1, l = 1
for each j,{

(x, y, z) ∈ R3 : (x− 1)2 + (y − 1)2 + (z − 1)2 = k
}

,
j = 1, l = 1
for each k,{

(x, y, z) ∈ R3 : (x− 1)2 + (y − 1)2 + (z − 1)2 = l
}

,
k = 1, j = 1
for each l,

{(0, 0, 0)} , otherwise.

Hereby, {Ajkl} is Wijsman φ̃-convergent to {(0, 0, 0)} . However, the limit

lim
r,s,t→∞

1

βrγsηt

br,ds,ft∑
j=ar+1
k=cs+1
l=ft+1

φ̃(d(x,Ajkl))
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has no finite value. So, {Ajkl} is not Wijsman deferred Cesàro φ̃-summable. More-

over, {Ajkl} is not strongly deferred Cesàro φ̃-summable. But

lim
r,s,t→∞

1

βrγsηt

∣∣{(j, k, l) ∈ N3 : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;

φ̃(d(x,Ajkl)− d(x, {(0, 0, 0)})) ≥ ε
}∣∣∣ = 0,

i.e., st3 − φ̃− limWD
Ajkl = {(0, 0, 0)} .

Theorem 3.2. Let φ̃p = |x|p be an Orlicz function. If Ajkl

[
(W3)

φ̃p
Dβ,γ,η

]
→ A, then

st3 − φ̃− limWD
Ajkl = A.

Proof. For fix an ε > 0 and any {Ajkl} , then

1
βrγsηt

∑br,ds,ft
j=ar+1
k=cs+1
l=ft+1

φ̃p (d(x,Ajkl)− d(x,A))

≥ εp 1
βrγsηt

∣∣{(j, k, l) ∈ N3 : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;
φ̃(d(x,Ajkl)− d(x,A)) ≥ ε

}∣∣∣
and it follows that if Ajkl

[
(W3)

φ̃p
Dβ,γ,η

]
→ A, then st3 − φ̃− limWD

Ajkl = A. �

Theorem 3.3. Let φ̃p = |x|p be an Orlicz function. If st3 − φ̃ − limWD
Ajkl = A

and φ̃-bounded, then Ajkl

[
(W3)

φ̃p
Dβ,γ,η

]
→ A.

Proof. Let {Ajkl} be φ̃-bounded and st3 − φ̃ − limWD
Ajkl = A. Since {Ajkl}

is φ̃-bounded, set supj,k,l

{
φ̃ (d(x,Ajkl))

}
+ φ̃ (d(x,A)) = M. Since st3 − φ̃ −

limWD
Ajkl = A, for given any positive real number ε there exists n0 = n0(ε) ∈ N

such that for all x ∈ X and r, s, t > n0

1
βrγsηt

∣∣{(j, k, l) ∈ N3 : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;
φ̃(d(x,Ajkl)− d(x,A)) ≥

(
ε
2

) 1
p

}∣∣∣ < ε
2Mp

and set

Lε (x) =
{

(j, k, l) ∈ N3 : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;
φ̃(d(x,Ajkl)− d(x,A)) ≥

(
ε
2

) 1
p

}
.
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Then,

1

βrγsηt

br∑
j=ar+1

ds∑
k=cs+1

ft∑
l=et+1

φ̃p(d(x,Ajkl)− d(x,A))

=
1

βrγsηt

 ∑
ar<j≤br,cs<k≤ds,et<l≤ft

j,k,l∈Lε(x)

φ̃p(d(x,Ajkl)− d(x,A))

+
∑

ar<j≤br,cs<k≤ds,et<l≤ft
j,k,l/∈Lε(x)

φ̃p(d(x,Ajkl)− d(x,A))


<

Mp

βrγsηt

∣∣{(j, k, l) ∈ N3 : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;

φ̃(d(x,Ajkl)− d(x,A)) ≥
(ε

2

) 1
p

}∣∣∣∣+
1

βrγsηt
.
βrγsηtε

2

<
Mp

βrγsηt
.
βrγsηtε

2Mp
+
ε

2
< ε.

Thus, Ajkl

[
(W3)

φ̃p
Dβ,γ,η

]
→ A. �

Definition 3.10. Let φ̃ : R→ R be an Orlicz function. The triple sequence {Ajkl}
is Wijsman deferred statistically φ̃-Cauchy if for any positive real number ε, there
exists numbers r = rε, s = sε, t = tε ∈ N such that for all x ∈ X

limr,s,t→∞
1

βrγsηt

∣∣{(j, k, l) ∈ N3 : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;
φ̃ (d(x,Ajkl)− d(x,Auvz)) ≥ ε

}∣∣∣ = 0.

Theorem 3.4. Let φ̃ : R→ R be an Orlicz function and {Ajkl} be a triple sequence.
The following statements are equivalent:

(i) st3 − φ̃− limWD
Ajkl

(ii) {Ajkl} is Wijsman deferred statistically φ̃-Cauchy.

Proof. Firstly, assume that st3 − φ̃− limWD
Ajkl = A and ε > 0. Thus, we have

φ̃(d(x,Ajkl)− d(x,A)) ≤ ε

2
, a.a. (j, k, l) .

If u, v, z is chosen arbitrarily so that

φ̃(d(x,Auvz)− d(x,A)) ≤ ε

2
,

then we get for all x ∈ X,

φ̃(d(x,Ajkl)− d(x,Auvz)) ≤ φ̃(d(x,Ajkl)− d(x,A)) + φ̃(d(x,Auvz)− d(x,A))
< ε

2 + ε
2 = ε, a.a. (j, k, l) .

Then, {Ajkl} is a Wijsman deferred statistically φ̃-Cauchy triple sequence.
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Next, assume that Ajkl is a Wijsman deferred statistically φ̃-Cauchy triple se-
quence and choose u, v, z so that the interval

I =
[
φ̃ (d(x,Auvz))− 1, φ̃ (d(x,Auvz)) + 1

]
contains φ̃ (d(x,Ajkl)) a.a. (j, k, l) for all (fixed) x ∈ X. Now choose u1, v1, z1 again
such that

I ′ =

[
φ̃ (d(x,Au1v1z1))− 1

2
, φ̃ (d(x,Au1v1z1)) +

1

2

]
contains φ̃ (d(x,Ajkl)) a.a. (j, k, l) for all (fixed) x ∈ X. We claim that I1 = I ∩ I ′

contains φ̃ (d(x,Ajkl)) a.a. (j, k, l) for all (fixed) x ∈ X. In that case, for all (fixed)
x ∈ X, then{

(j, k, l) ∈ N3 : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft; φ̃ (d(x,Ajkl)) /∈ I1
}

=
{

(j, k, l) ∈ N3 : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft; φ̃ (d(x,Ajkl)) /∈ I
}

∪
{

(j, k, l) ∈ N3 : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft; φ̃ (d(x,Ajkl)) /∈ I ′
}

hold. If we take limit when r, s, t → ∞ from both sides of the above equation, we
have

lim
r,s,t→∞

1

βrγsηt

∣∣{(j, k, l) ∈ N3 : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;

φ̃ (d(x,Ajkl)) /∈ I1
}∣∣∣

= lim
r,s,t→∞

1

βrγsηt

∣∣{(j, k, l) ∈ N3 : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;

φ̃ (d(x,Ajkl)) /∈ I
}∣∣∣

+ lim
r,s,t→∞

1

βrγsηt

∣∣{(j, k, l) ∈ N3 : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;

φ̃ (d(x,Ajkl)) /∈ I ′
}∣∣∣

So, I1 is a closed interval. The length of this interval is ”≤ 1”. And the interval

contains φ̃ (d(x,Ajkl)) a.a. (j, k, l) for all (fixed) x ∈ X. Then we proceed by
choosing u2, v2, z2 again, so that

I ′′ =

[
φ̃ (d(x,Au2v2z2))− 1

4
, φ̃ (d(x,Au2v2z2)) +

1

4

]
contains φ̃ (d(x,Ajkl)) a.a. (j, k, l) and thereby I2 = I1 ∩ I ′′ contains φ̃ (d(x,Ajkl))
a.a. (j, k, l) for all (fixed) x ∈ X. And, the length of I2 is ”≤ 1

2”.
Continuing inductively, a sequence {Ip}∞p=1 of closed interval is formed with for

all p, Ip ⊇ Ip+1, the length of Ip is ”≤ 21−p” and φ̃ (d(x,Ajkl)) ∈ Ip a.a. (j, k, l) for

all (fixed) x ∈ X. By this way, there is φ̃(d(x,A)), defined on X, that
{
φ̃ (d(x,A))

}
is equal to ∩∞p=1Ip.

Now we indicate that
{
φ̃ (d(x,Ajkl))

}
is deferred statistically φ̃-convergent to

φ̃ (d(x,A)) on X. Let a positive real number ε be given, then there exists q such
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that ε > 21−q. φ̃(d(x,Ajkl)) ∈ Iq a.a. (j, k, l) for all (fixed) x ∈ X is obtained from
the continuation of the above structure. We get

1
βrγsηt

∣∣{(j, k, l) ∈ N3 : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;
φ̃(d(x,Ajkl)− d(x,A)) ≥ ε

}∣∣∣
≤ 1

βrγsηt

∣∣{(j, k, l) ∈ N3 : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;
φ̃ (d(x,Ajkl)) /∈ Iq

}∣∣∣→ 0,

for all (fixed) x ∈ X. The proof is complete. �

Definition 3.11. Let φ̃ : R→ R be an Orlicz function. The triple sequence {Ajkl}
is Hausdorff deferred statistically φ̃-convergent to A if for all ε > 0,

limr,s,t→∞
1

βrγsηt

∣∣{(j, k, l) ∈ N3 : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;
supx∈X

[
φ̃(d(x,Ajkl)− d(x,A))

]
≥ ε
}∣∣∣ = 0.

Thus, we write st3 − φ̃− limHD Ajkl = A.

Theorem 3.5. Let φ̃ : R→ R be an Orlicz function. If st3 − φ̃− limHD Ajkl = A,

then st3 − φ̃− limWD
Ajkl = A.

Proof. Since

1
βrγsηt

∣∣{(j, k, l) ∈ N3 : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;
φ̃(d(x,Ajkl)− d(x,A)) ≥ ε

}∣∣∣
≤ 1

βrγsηt

∣∣{(j, k, l) ∈ N3 : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;
supx∈X

[
φ̃(d(x,Ajkl)− d(x,A))

]
≥ ε
}∣∣∣ ,

for any {Ajkl} , all ε > 0 and x ∈ X. If we take limit when r, s, t → ∞ from both

sides of the above inequality, we have st3− φ̃− limWD
Ajkl = A. Hence, the desired

result has been obtained. �

Definition 3.12. Let φ̃ : R→ R be an Orlicz function. The triple sequence {Ajkl}
is Hausdorff deferred statistically φ̃-Cauchy if for all ε > 0, there exists numbers
r = rε, s = sε, t = tε ∈ N such that

limr,s,t→∞
1

βrγsηt

∣∣{(j, k, l) ∈ N3 : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;
supx∈X φ̃(d(x,Ajkl)− d(x,Auvz)) ≥ ε

}∣∣∣ = 0.

By using the same techniques as in Theorem 3.4, we can prove the following
theorem.

Theorem 3.6. Let φ̃ : R→ R be an Orlicz function. st3 − φ̃ − limHD Ajkl if and

only if the triple sequence {Ajkl} is Hausdorff deferred statistically φ̃-Cauchy.
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