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ON DEFERRED STATISTICAL CONVERGENCE FOR THE SETS
OF TRIPLE SEQUENCES

ISIL ACIK DEMIRCI, MEHMET GURDAL

ABSTRACT. The aim of the present study is to introduce the concepts of
Wijsman deferred statistical a—convergence, Hausdorff deferred statistical a—
convergence and Wijsman deferred statistical (Z—Cauchy for the sets of triple
sequences. We investigate some properties of these concepts and some inclu-
sion relations with examples.

1. INTRODUCTION

The convergence of sequences plays a very important role in the study of basic
mathematical theory. The idea of statistical convergence of real and complex se-
quences was introduced in the second half of twentieth century by Fast [I2]. Some
basic properties of statistical convergence were established by different researchers.
In the beginning of 1980s, this concept was developed by the published studies
of Fridy [14] and Saldt [28]. Later on statistical convergence was further studied
from the sequence space point of view by [16], [17], [23] and also this concept as a
summability method was studied by [4], [13], [20].

After the definition of the convergence for double sequences in the Pringsheim’s
sense was given, a lot of useful developments were obtained in: [2], [22], [25], [26],
[32], [36). Later, Sahiner et al. [30] first introduced the concept of triple sequences
and the other researchers continued (see [6], [7], [9], [19], [20]).

The concept of convergence of sequences of numbers has been extended by several
authors to convergence of sequences of sets (see, for example, Giimiig [15], Hazarika
and Esi [18], Nuray and Rhoades [24], Nuray et al. [25], Sengiil and Et [3T], Sengiil
et al. [33] and Wijsman [34]).

The concept of deferred Cesaro mean of real (or complex) valued sequences was
defined by Agnew [I]. Kiigiikaslan and Yilmaztiirk [21] defined the concept of
deferred statistical convergence in 2016. Applications of this concept have been
investigated by various authors (see [3], [5], [8], [10], [I1], [35]).

In this paper, we study the concepts of Wijsman qz—convergent, Wijsman deferred
Cesaro g—summable, Wijsman strongly deferred p-Cesaro $—summable, Wijsman

2000 Mathematics Subject Classification. 40A05, 40A35.

Key words and phrases. Deferred density; Deferred Cesaro mean; Statistical convergence;
Triple sequence of sets; Wijsman convergence; Hausdorff convergence; Orlicz function.

(©2021 Ilirias Research Institute, Prishtiné, Kosové.

Submitted July 14, 2021. Published August 31, 2021.

Communicated by Mikail Et.

38



ON DEFERRED STATISTICAL CONVERGENCE 39

deferred statistically q?—convergence, Hausdorff deferred statistically g—convergence,
Wijsman deferred statistically (E—Cauchy and Hausdorff deferred statistically 5—
Cauchy triple sequences of sets using an Orlicz function (E and investigate the
relationship among them.

2. DEFINITIONS AND NOTATIONS

In this section, we will summarize some basic concepts (see [1], [2], [21], [24],
(251, [26], [341).
The natural density of a set K C N is defined by

N G .
0(K) = lim —|{j <r:je K},
where |[{j <r:j € K}| denotes the number elements of K not exceeding r.

If {x;} is a sequence that satisfies property P for all j except the set of zero
natural density, then we say that {z;} satisfies P for "almost all £”. So it’s "a.a.
E (see [14]).

A sequence {z,}, .y of real numbers is said to be statistically convergent to L if
the set K = {r € N : |z, — L| > £} has natural density zero for arbitrary € > 0.
In addition, the statistical convergence of any real sequences is defined in some
articles relative to absolute value. This value of real numbers is special of an Orlicz
function (see [27]).

An Orlicz function 5 is a continuous, convex, non-decreasing function defined
for 2 > 0 such that ¢(0) = 0 and ¢(z) > 0 for z > 0.

Definition 2.1. ([29]) Let ¢ : R — R be an Orlicz function. A sequence = = {x,}
is said to be statistically ¢-convergent to L if for all € > 0,
1 ~
lim f‘{jgr:qﬁ(xj—L)ZEH:O

r—oo T

holds.

The deferred Cesaro mean of real (complex) valued sequences x = {x,.} is defined
by

b
1 s
(Dapr), = T g zj, r=1,2,..
j=ar+1

where a = {a,} and b = {b,} are the sequences of non-negative integers satisfying
ar < b, and lim b, = oo (see [1]).

Let K be a subset of N, and define the set K = {a, < j < b, : j € K}. The
deferred density of K C N is denoted by

Har, <j<b.:je€ K}

A sequence z = {z,} is called to be deferred statistical convergent to L € R if for
all e > 0,

lim
r—oo b, — a,

Har <j<by:lz; —L| >e}|=0

holds ([21]).
Let (X, p) be a metric space. The distance d (z, A) from x to A is defined by

d(z,A) = gggp(x,a),
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for any point € X and any non-empty subset A of X.
Let any non-empty closed subset A and A; C X, j € N. If

lim d(z,A;) =d(z, A)
j—o0

for all # € X, then the sequence {A;} is Wijsman convergent to A. In this case, we
write limpyy A; = A.
The sequence {A;} is Hausdorff convergent to A if
lim sup |d(z, 4;) — d(z, A)| = 0.
J—00 rzeX
In this case, we write limy A; = A.
The sequence {A4,} is Wijsman statistically convergent to A if for each ¢ > 0
and for each =z € X,

1
lim —[{j <7:ldz,4;) - d(z, 4)| 2 €}| = 0.
In this case, we write st — limy A; = A.
The sequence {A4,} is Wijsman statistically Cauchy if for each ¢ > 0 there exists
a number ng = ng(e) € N such that
1
lim — |{j <r:|d(z,A4;) — d(z, Ayy)| > €} =0.

r—oo T

The sequence {A;} is Hausdorff statistically convergent to A if for each ¢ > 0,

1
lim —
r—oo 7

{j <r:sup|d(z,A;) —d(z, A)| > EH =0.
zeX
In this case, we write st — limy A; = A.
The sequence {A;} is Hausdorff statistically Cauchy if for each € > 0 there exists
a number ng = ng(e) € N such that for all z € X

o1
lim —
T—00 T

{j <r:sup|d(z,A;) —d(z, An,)| > 5}’ =0.
X

xTE

Now, let us recall the concepts of statistical convergence for triple sequences as
follows (see [30]):
A triple sequence x = {xjk‘l}j,k,leN of real numbers is said to be convergent to

L € R in Pringsheim’s sense if for any € > 0, there exists ng = no(¢) € N such that
|zjk — L| < e, whenever j, k,1 > ng. In this case, we write

P— lim xzj;=1L or lim x4 = L.
Jkd—oo 7 Jokd—oo Y

A triple sequence z = {xjkl}j r1cn Of real numbers is said to be bounded if there
exists a positive real number M such that |z;x;| < M holds for all j, k,l € N. That
is

lz|| oo = sup |z;w| < oc.
Jrk,l

A subset K of N3 is said to have natural density d3(K) if
. 1. .
53(K) = T,sl,ltgoo @ |{] < Tak < 57l <t: (]ak7l> € K}|

exists.
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A triple sequence = {@jk}, oy of real numbers is said to be statistically
convergent to L in Pringsheim’s sense if for all £ > 0,
B3{j<rk<sl<t:|zjy—L|l>¢e})=0.
The triple sequence {4, } is Wijsman convergent to A if

P— lim d(z,Aju) =d(z,A) or lim d(z, Ajr) = d(z, A)

7k, l—00 Jyk,l—00

for each x € X. In this case, we write limyy, A;i = A (see [20]).

3. MAIN RESULTS

In this work, we will look at the concepts of Wijsman ¢ -convergence, Wijsman de-
ferred Cesaro ¢ summable, Wijsman strongly deferred p-Cesaro ng summable, Wijs-
man deferred statistically d) convergence, Wijsman deferred statistically QS Cauchy,
Hausdorff deferred statistically a—convergence, Hausdorff deferred statistically 5—
Cauchy for sets of triple sequences using the Orlicz function ¢7

Definition 3.1. Let 5: R — R be an Orlicz function. The triple sequence {Ajxi}
is said to be Wigsman ¢-convergent to A if for every e > 0, Ing € N such that

¢ ((d(x, Aja)) — d(w, A)) < e

W¢
for all (j,k,1) € N3. In this case, we write Ajy (—>> A.

Let us define the concepts of deferred Cesaro mean Dg  , and deferred statistical
¢-convergence for a triple sequence = = {z,;} as follows:

Definition 3.2. Let {z;i} be a triple sequence and
Br=1by —ap, s =ds — s, = fr — €.

Then, deferred Cesaro mean Dg ., of the triple sequence {x i} is denoted by

s bradmft
(Dp ) :
BymT rst Z Z Z Z Lkl
[ %ntj art1k=co+1l=es+1 Bwsm j=art1
k=cs+1
I=fi+1

where {ar},{by},{cs},{ds},{e:} and {f:} be sequences of nonnegative integers
satisfying the conditions a, < b,,cs < ds, e < fr and

limb, = oo, limdg = 0o, lim f; = o0

Definition 3.3. Let {x;ii} be a triple sequence and L € N. Then the triple sequence
{zjr1} is said to be deferred statistically ¢-convergent to L, if for all € > 0,

iy g 100 g7 ({0 K, 0) €NP tap +1<j <bres+ 1<k <dgee+1 <1< f;
(E(xjkl—L) ZE} =0.

DS‘E)
In this case, we write .  — ~ L.
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Definition 3.4. Let ¢ : R = R be an Orlicz function, © = {zr1} be a triple

sequence and L be a real number. Then, the triple sequence x is said to be (ngn)‘ﬁ—
summable to L if

1 br1d57ft
lim ¢(xj —L)=0
T,8,t—00 /Brp)’snt S ( ! )
k cs+1
I=fi+1

holds and it is defined by (Dg -, n) —limy s t—00 Trst = L.

Definition 3.5. Let (;5 :R — R be an Orlicz function. The triple sequence {Ajxi}

is said to be Wigsman deferred Cesaro g—summable to A if for everye >0, Ing € N
such that

Z Z ZdeJkl —d(z,A) | <e

j=ar+1k=cs+1l=es+1

¢ B st

Wa)%
for all r,s,t > N and all (j,k,1) € N3. In this case, we write Ajkl Sl "> A.

Definition 3.6. Let (E: R — R be an Orlicz function. The triple sequence {Ajn}
is said to be Wijsman strongly deferred Cesaro ¢-summable to A if for all x € X,

Z Z Z (b .’L‘ Ajkl d(x A))

j=ar+1k=cs+1l=e;+1

7, shtIEoo 6 YNt

3)£>/3~/n}

A.

In this case, we write Ajp

Definition 3.7. Let QNSp = |z[”, p > 0 be an Orlicz function. The triple sequence

{Ajri} is said to be Wijsman strongly deferred p-Cesaro a-summable to A if for
each p positive real number and for each x € X,
b7 7d37ft -
lim B (d(z, Agra) — d(z, A)) =
7,8,t—00 ﬁr’)/snt ) ;+1 p J

k: cs+1
I=fi+1

|:(W3)Dﬁ Y, n:|
In this case, we write Ajy — A.

Definition 3.8. Let ¢ : R — R be an Orlicz function. The triple sequence {Aju}
is Wigsman deferred statistically ¢-convergent to A if for alle >0 and x € X,

limr, s 5 [{G k) € N2 ap < < by < k< dgyer <1< i
o(d(x, Aj) — d(z, A)) > g} —0,

i.e. (Z((d(x,Ajkl) —d(z,A)) < e, a.a. (j,k,1). Then, it is written as sts — ¢ —
thD Ajkl = A.

Remark. If we takeb,. =r,ds=3s, fi =t, a, =cs =¢; =0, gzNS(ac) :=|z| and a real
valued sequence {x;} instead of {xjm}, then stz — ¢ — limy, Ajp = A coincides
with st — limy A; = A in [24].



ON DEFERRED STATISTICAL CONVERGENCE 43

Definition 3.9. ([20]) Let ¢ : R — R be an Orlicz function. If there exists M > 0
such that ¢ (Aj) < M for each j, k,1 € N, a triple sequence {Aju} is said to be
¢-bounded.

Example 3.1. Let X = R3 and the triple sequence {A;i} be as follows:

3. (0 1\2 Y N2 Jif 7,k and
{(x,y,z)ER TP+ - DT+ _Jkl} l are cube integers

{(3,3,3)} , otherwise.

Ajr =

Then, stgfaflimWD Ajri equals to the set A = {(3,3,3)} but it is neither Wijsman
¢-convergent nor ¢p-bounded.

Theorem 3.1. Let (E: R — R be an Orlicz function, {Aji} be a triple set sequence.

sty — ¢ — limy, Aji equals to the set A if and only if there exists a subset K =
{(4,k,0) : j,k, 1 =1,2,..} CN? such that

lim
7,8,1—00 ﬁr’Ys"]t

{ar <j<brcs <k<dsee <I<fr:(5,k1)e K} =1

and -
lim  ¢(d(x, Ajp) — d(z, A)) =0,
7,k l—00
4.k, DeK
for all z € X.

Proof. Assume that stg—a—limWD Ajii = A. Let € > 0 be arbitrary and 5 :R—=R.
Consider

Ka(z) = {(j.k,1) €N rap < j < bpes <k <dsyer <I< fyg
dd(w, Agw) - d(x, 4)) = & }

and

My(x) = {(j, k1) €N? ra, <j <bryeg <k <dsoer <1< f;
(E(d(x,Ajkl) —d(z,A)) < é} ford=1,2,..,
for all z € X. From the assumption

hmT',s,t—}oo m |{(]7kal) € NS sap < .] S b7'7cs < k S d87et < l S ft;

od(z, Ajw) = d(w, 4)) = 4| = 0.
Also
Mi(z) D Ma(z) D ... D Mi(x) D Miy1(z) D -+ (3.1)
and
iy 100 g ({0, K1) € NP a, < j < byyeg <k <dgep <1< fi;
B, Aa) — dlw, A) < A} =1 (d=1,2,..). (3.2)

Now, we get to indicate that for (j, k,1) € Mg(x), {Ajw} is Wijsman ¢-convergent
to A. Assume that {A;} is not Wijsman ¢-convergent to A. Thus, there exists
€ > 0 for which

o(d(z, Aji) — d(x, A)) > ¢
for all x € X and infinitely terms. If we take
M (z) = {(j,k:,l) eEN3:q, <j<b,cs <k<dse <l<fy
5((d(x,Ajkl) —d(z,A)) < 8} ande >1 (d=1,2,..)
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for all x € X, then
1irn'r‘,s,t~>oo m |{(Jakul) € N3 tap < ] S bracs <k S dsvet <l S ft;
od(w, Ag) — d(w, ) < e}| =0

and by (3.1), M4(z) C M(z). This means

limr,s’t%oo m |{(J7]€,l) € N3 Ly < j S bT,CS <k S dsvet <l S ft7
Od(z, Ajur) — d(z, 4)) < §}| =0
and it contradicts by 1| As a result, we obtain that {4z} is Wijsman 5—
convergent to A.

Conversely, assume that there exists a subset K = {(j, k,1) : 5,k, 1 =1,2,...} C
N3 with

. 1 . ~
ng1711r11>Oo H |K| =1 and j7k171lrgoo o(d(z, Ajig — d(z,A)) =0

for all x € X.
K. (z) = {(j,k,l) EN3:q, <j<bncs <k<dse <l<fy
Od(w, Ajw) - d(w, 4)) > < |
C N2 {(Jnot15 Knot15 Ino 1) s (Gnot2s Fnot2s Ing42) 5 -}
and therefore,
lm, 5 ¢—yo0 m |{(j,k,l) EN?:q, <j<bcos<k<dse <l<f
od(w, Ajw) - d(w, 4)) = e }| = 0.

This shows that, st3 — ¢ — limy, A = A. a

If {Ar} is qg—convergent but not qg—bounded7 then st3 —(;NS— limy, Aj = A. The
triple sequence {A,;} doesn’t need to be Wijsman deferred Cesaro ¢-summable nor
Wijsman strongly deferred Cesaro ¢-summable.

Example 3.2. Let X = R? and the triple sequence {Aju} be defined as:

k=11=1
3. (p—1)2 12 12 )

{(z,9,2) eR®: (x = 1> + (y = 1)* + (2 = 1)* =4} , for each 7,
5 B ) B 5 ~ 9 .7 — 1,[ =1
Ajpr = {(,y,2) eR®: (= 1>+ (y—1)* + (2 = 1) =k} , for each k,
k=1,j=1

3. (pr_1)2 _1)2 _1)2 — )]
{(zy,2) R (@ =1+ (y - 1>+ (z-1)* =1} for each I,
{(0,0,0)} , otherwise.

Hereby, {Aju} is Wijsman ¢-convergent to {(0,0,0)}. However, the limit

1 br,ds, ft
lim ¢ d Z, A'kl
7,8,t—00 Brvsnt j:aZJrl ( ( J ))
k:c:+1

I=fi+1
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has no finite value. So, {A;xi} is not Wijsman deferred Cesaro qz—summable. More-
over, {Ajr1} is not strongly deferred Cesdaro ¢-summable. But

lim {(, k1) N rap <j<bpce <k <dse <l< [y

T,8,t—00 IBT’)/S’[H

Bld(x, A) = d(x,{(0,0,0)}) > e}| = 0,

i,e., St3 - ¢ - limWD Ajk:l = {(O7 0, 0)} .

(v, ]

Theorem 3.2. Let (Zp = |z[’ be an Orlicz function. If Ajy — A, then

St3 — ¢ — thD Ajkl = A.

Proof. For fix an € > 0 and any {A;x}, then

br7d57 t 7
ﬁwlsm Zj:aw{l ¢p (d(x, Ajpg) — d(zx, A))
k=cs+1
I=fi+1
> et {0 kD) €Ny << bres <k <dser << fis

= & Brvene (g(d(x,Ajkl) —d(z,A)) > 5}’

Pp
W
( 3)Dﬁ,%'rl:|

and it follows that if Ajkl — A, then stz — ¢ — limyy, Ajkl = A. ([

Theorem 3.3. Let ¢7p = |z|” be an Orlicz function. If stz — ¢ — limy, Ajy = A
?
(Wg)DI;mn}

and g—bounded, then Aj —
Proof. Let {Aju} be g—bounded and stz — 5 — limw, Ajr = A. Since {Aju}
is ¢-bounded, set Sup; j. {g(d(x,AJ—kl))} + ¢ (d(z,A)) = M. Since stz — ¢ —

limy,, Ajm = A, for given any positive real number ¢ there exists ng = no(e) € N
such that for all x € X and r,s,t > ng

o G kD) €N? rap < <bpeg <k <dg e <U< fy;

d(d(z, Ajp) — d(z, A)) > (%)%H < 5w
and set

LE(I):{(.]’k?l) €N35ar <J<bres <k <ds, e <UL fys

}

p(d(x, Ajrr) — d(z, A)) > (5)

1
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Then,
1 b, ds ft _
Brysn Z Z Z bp(d(x, Ajrr) — d(x, A))
"I j=ar 1 k=cotli=e 1
1 ~
T B VMt Z op(d(z, Ajgy) — d(z, A))
ne a;<j<by,cs<k<ds,et <I<fy
g,k 1€l ()
+ Z sz(d(xa Ajp) —d(z, A))
ar<j<br,cs<k<ds,e <I<f;
jvkvleLa(r)
P
< ‘{(j’k7l)€N3:a7'<j§bT7cs<k/’§dsaet<lgft;
67“')/37715
a(d(x A ) - d(-’l? A)) > (E)% + 1 Brysntg
o T2 Beysme 2
Mp T /s
.B Vathe | € _
BT’YSnt 2MP 2
(Wa) 27
ThUS, Ajkl Hﬁ,w,n] A D

Definition 3.10. Let (;NS: R — R be an Orlicz function. The triple sequence { A}

is Wigsman deferred statistically (E-Cauchy if for any positive real number e, there
erists numbers r =r., 8 = s.,t =t € N such that for all z € X

limy 10 52 [{ (5, 1) €N? 1 ap < <bpyeg <k <dayer <1< fig
(E(d(m7A]kl) - d(w7Auvz)) > 5}‘ =0.

Theorem 3.4. Let 5 :R — R be an Orlicz function and {A;i;} be a triple sequence.
The following statements are equivalent:

(i) stz — ¢ — limy, Ajp N
(1) {Ajri} is Wijsman deferred statistically ¢-Cauchy.

Proof. Firstly, assume that stz — ¢ — limy, Aji; = A and € > 0. Thus, we have
~ I .
o(d(x, Ajpr) — d(z, A)) < 2 a.a. (4, k,1).

If u, v, z is chosen arbitrarily so that

g(d(xv Aypz) —d(z, A)) <

| ™

then we get for all z € X

od(w, Aja) — d(w, Aupz)) < (d(@, Aja) — d(@, A)) + d(d(x, Ayy) — d(z, A))
<5+5=¢, aa (jkl).

Then, {Ajk} is a Wijsman deferred statistically %—Cauchy triple sequence.
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Next, assume that A;i; is a Wijsman deferred statistically 5—Cauchy triple se-
quence and choose u, v, z so that the interval

1= (6 (d(w, Auw)) = 1.6 (d(z, Auwr)) +1]

contains ¢ (d(z, Ajrr)) a.a. (J, k1) for all (fixed) z € X. Now choose u1, v1, 21 again
such that

I' = |:$(d(x’Aul'Ulzl)) - %7$(d<x7‘Au1v121)) + ;:|

contains g(d(w,Ajkl)) a.a. (j,k,1) for all (fixed) z € X. We claim that L =T NI’

contains ¢ (d(x, Ajki)) a.a. (4, k,1) for all (fixed) z € X. In that case, for all (fixed)
r € X, then

{(],k,l) € N3 tar <J<brcs <k<ds e <1< ft;%(d(vajkl)) ¢ Il}
= {(]7k7l) €N3 L ar <.7 < bracs <k < dsaet <l < ft,%(d(x,A]kl)) ¢I}
u {(j,k,l) EN®1a, < <bpcs<k<dser<l<frd(d Aj)) ¢ I’}

hold. If we take limit when r,s,t — oo from both sides of the above equation, we
have

lim
rs,t—o0 BL.ysMy

& (dla, Aw)) # 1 }|

H(j,k,l) eEN?:a, <j<bpcs <k<dse << f

= lim
7,8,t—00 Brygny

& (dla. A)) ¢ 1}

G k) eEN?rap < j <bres <k <dsep <1< f

H{G. k1) EN? tap < j <bpes <k <dsep << f

+ lim
7,8,t—00 Br’)/snt

& (dla, Ap) ¢ 1'}|

So, I l§ a closed interval. The length of this interval is "< 1”. And the interval

contains ¢ (d(x, Ajr;)) a.a. (j,k,1) for all (fixed) € X. Then we proceed by
choosing us, v3, 22 again, so that

I” - |:$(d($, Au2v222)) - %a a(d(vauQUzzz)) + i:|

contains ¢ (d(x, Aji)) a.a. (J,k,1) and thereby I, = I; N I"” contains ¢ (d(, Ajrr))
a.a. (j,k,1) for all (fixed) z € X. And, the length of I5 is "< 1”.

Continuing inductively, a sequence {Ip};i1 of closed interval is formed with for
all p, I, O I, 41, the length of I, is 7< 2!7P” and ¢ (d(z, Aj)) € I, a.a. (4,k,1) for
all (fixed) z € X. By this way, there is ¢(d(z, A)), defined on X, that {5 (d(z, A))}
is equal to NpZ, 1.

Now we indicate that {a(d(x, Ajkl))} is deferred statistically g—convergent to

¢ (d(z,A)) on X. Let a positive real number ¢ be given, then there exists ¢ such
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that & > 2177, ¢(d(, Ajr)) € I, a.a. (4,k,1) for all (fixed) z € X is obtained from
the continuation of the above structure. We get

k) €N3a, <j<bes <k<dse << fy

ﬁr’wh |{ Js
S, Aj) - d(, 4)) = e

SBT’stf|{‘77kl 6N3 ar j<br,cs<k<ds,€t<l§ft;
& (d(w, Aja) & Iy }| = 0
for all (fixed) x € X. The proof is complete. O

Definition 3.11. Let ¢ : R — R be an Orlicz function. The triple sequence {Aju}
is Hausdorff deferred statistically ¢-convergent to A if for all e > 0,

iy oo 5= [{(G K1) €N® ray < j < byyeg <k <dae, <1< fis
sup,ex [O(d(z, Ajw) — d(x, A))} > s}’ =0.
Thus, we write stz — <Z— limpy, Aju = A.

Theorem 3.5. Let (E: R — R be an Orlicz function. If stz — qZ— limp, Aji = A,
then 8t3 — ¢ - limWD Ajkl = A.

Proof. Since

|{j,kl YEN3 1a, <j<bpcs<k<dse <l fi

old(a, ) —de ) 2 |
(G k1) €N ra, <j<bpce <k <ds e <l< [y

S [&d(x,Am) —d(x, 4)] >},

for any {Ajr}, all e > 0 and z € X. If we take limit when r,s,t — oo from both

sides of the above inequality, we have stz — a —limw,, A = A. Hence, the desired
result has been obtained. ([l

Br '75 Mt
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Definition 3.12. Let 5: R — R be an Orlicz function. The triple sequence {Ajx}
is Hausdorff deferred statistically ¢-Cauchy if for all € > 0, there exists numbers
r=r.,85=5,t=t. €N such that

Hmr,s,t—)oo m |{(]7k7l) S N3 L Qp < ] S br>cs < k S d57et < l S ft;

subex Hd(@, Ajrt) = d(z, Aupz)) = 2| =0,

By using the same techniques as in Theorem 3.4, we can prove the following
theorem.

Theorem 3.6. Let 55: R — R be an Orlicz function. stz — 5— limg, Aji if and
only if the triple sequence {A;u} is Hausdorff deferred statistically ¢-Cauchy.
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