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STRONG CONVERGENCE TO A FIXED POINT OF
NONEXPENSIVE DISCRETE SEMIGROUP IN STRICTLY
CONVEX BANACH SPACES

GUL RAHMAT, MUHAMMAD SARWAR AND CEMIL TUNC*

ABSTRACT. In this paper, we prove a strong convergence of a sequence with
some certain conditions to a common fixed point of a discrete semigroup of
non-expansive and linear operators on a strictly convex Banach spaces. Further
we generalized the result to a countable family of such discrete semigroups.

1. INTRODUCTION

In 19th century, the fixed point theory was started by Poincaré [12]. In 20th
century, many mathematicians, like Brouwer [9], Schauder [I0], Tarski [I1], and
others developed the field. However, it become a significant part of research at the
turn of the 20*" century. The fixed point theory has a wide range of applications.
It is one of the most important tool of modern mathematical analysis, and is use-
ful in various field like mathematics, engineering, physics, economics, engineering,
physics, chemistry, optimization and approximation theory and many more. Fixed
point theory can be used as a tool to discuss the uniqueness and existence of so-
lutions of many problems like, integral equations, differential equations, numerical
equations and algebraic systems [22], [23]. We refer to [21], 24] 25] for more detailed
study of fixed point theory and its applications.

Let X # 0, and 7 : X — X be a self-mapping. Then a point a € X is called a fixed
point of 7 if 7(a) = a.
By F(S) we denote the set of all fixed points of a map S and F(S) # 0 if H is
uniformly convex, D is bounded and S is non-expansive; see Browder [1], Gohde
[7], and Kirk [11]. In 1953, Mann [14] considered the following iteration scheme:
y1 € D and

Ym+1 = @ SYm + (1 — m)Ym, (1.1)
for m € Z, where {ay,} is a sequence in [0, 1]. Later on several authors have stud-
ied Mann’s iteration process; see Edelstein and O’brien [4], Groetsch [5], Ishikawa
[6], Opial [I1], Outlaw [12], Reich [2I] and so on. For example, Reich [21I] proved
that the sequence [1.1] converges weakly to a fixed point z of S if H is uniformly
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convex and its norm is Fréchet differentiable, D is closed and convex, S is a fam-
ily of nonexpansive mapping with fixed point z and {«,,} satisfies the relation
> am(l — ) = co. Also Ishikawa [6] proved that the sequence [1.1] converges
strongly to a fixed point z of S where {a, } satisfies the conditions > > | a,, = o0
and limsup,, o, < 1. Strong convergence for nonexpansive mappings are proved
in Crombez [3], Ishikawa [7], Kitahara and Takahashi [8], Linhart [9], and so on.
For some other related papers, see, [24]-[33].
For example, Linhart [9] proved the following.

Theorem 1.1. Let D be a non-empty compact and convexr subset of H where H
is strictly convex Banach space. Suppose {S,, : m € Z,} be a sequence of non-
expansive mapping on D. Assume that S;0S; = S;008, fori,j € Z;. Let {o,} be
a sequence in (0,1) and put Uy = a;S;y + (1 — «;)y fori € Zy andy € D. Let g
be a mapping on Z such that for hym € Zy, In € Zy withn > m and g(n) = k.
Define a sequence {ym,} on D by

Ym+1 = Uq(m) OUg(m—-1)©° - 0Ug1)¥1

for m € Zy. Then {ym} converges to a common fized point z of {Sy, : m € Zy}
strongly.

In this paper, motivated by Linhart’s result, we consider the same iteration
scheme and prove strong convergence for discrete semigroup of non-expansive map-
ping in strictly convex Banach spaces. For other such works related to fixed points
of semigroups in both continuous and discrete cases, we refer to [II,[14], [I5], [16],
[17), [18] and [19].

2. PRELIMINARIES

In this article, we will frequently use the following notations.

(1) By R, Ry, N and Z,, we will denote the set of all reals, non-negative reals,
natural numbers, and non-negative integers respectively.
(2) The non-expansive discrete semigroup will be denoted by S.
(3) The set of all common fixed points of the semigroup will be denoted and
defined as F(S) = /> F(S(n)).
(4) By C, we will denote a closed and convex subset of the strictly convex
Banach space H.
A Banach space H is known as strictly convex if ||z + wl|/2 < 1 for all z,w € H
with [|z]] = ||lw|]| = 1 and z # w. Also H is known as uniformly convex if for
every £ > 0, there exists o > 0 such that ||z + w||/2 < (1 — o) for all z,w € H
with [|z]] = ||lw]| = 1 and ||z — w|| > . Also the norm of H is known as Fréchet
differentiable if for every z € H with ||z]| = 1, lim;—o(]|z + tw| — ||z||)/t exists
and is attained uniformly in w € H with ||w|| = 1. The Banach space H satisfies
Opial’s condition if for each weak convergent sequence {y,,} in H with weak limit
z, iminf,, ||ym — 2|| < liminf,, ||y, — z|| for all © € H with = # z.

Definition 2.1. A family S = {S,, : m € Z+} of bounded linear mapping acting
on a Banach space H is known as a discrete semigroup if it satisfy the following
two conditions:

(i) S(0) = I (I being the identity operator on H ).

(it) S(p+4q) = S(p) o S(q), for all p,q € Zy.
Clearly for each p € Z4 we have S(p) = SP(1).
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Definition 2.2. An operator S on a closed convex subset D of H is known as
nonexpansive mappings if

1Sz — Syl < ||z —y]
forall x,y € D.

For our main result, we need the following lemmas.

Lemma 2.3. (Browder [20]). Suppose H be a uniformly convex Banach space and
suppose D be a bounded and closed convexr subset of H. Let S be a nonexrpansive
mappings on D. Suppose {ym} be a sequence in D with {y,,} converges to z € D
weakly and {||SYm — ym||} converges to 0. Then Sz = z.

Lemma 2.4. (Opial [11]). Suppose H be a Banach space and satisfies Opial’s
condition. Suppose S be a nonexpansive mapping on D, where D be a closed convex
subset of H. Suppose {ym} be a sequence on D with {y,,} converges weakly to some
z € D and {||Sym — ym||} converges to 0. Then Sz = z.

Bruck [2] proved the following interesting lemma.

Lemma 2.5. Bruck [2]. Suppose D be a closed and convex subset of a strictly
convex Banach space H. Suppose {S,, : m € Zi} be a family of non-expansive
mappings on D. Suppose ﬂ;iol F(Sy,) # @ and {an,} be a sequence of positive
numbers with > °_| ay,, = 1. Then the operator T on D defined as

+oo
Ty="> amSmy
m=1

for y € D, is nonexpansive, well defined and F(T) = (>, F(S,).

m=1

The bellow lemma was proved by Reich [21], see also [17].

Lemma 2.6. Let D be a closed convex subset of a uniformly convex Banach space
H and its norm is Fréchet differentiable. Suppose that {U,, : m € Zi} be a
family of nonexpansive mappings on D with (\-_, F(Uy,) # @. Suppose y € D
and Wy, = UpnUp—1---Uy for all m € Zy. Then the set ((\,n_; co{Wyy :

m}) (N2, F(Un)) consists of at most one point, where @o{W,, : n > m} is the
closure of the convex hull of {W,, : n > m}.

3. MAIN RESULTS

The following lemma is about the relation between the sets of all common fixed
point of a discrete semigroup and its algebraic generator.

Lemma 3.1. Let S = {S(n) : n € Z,} be a discrete semigroup, then F(S) :=
oo F(S(n) = F(S(1)).

Proof. Since ﬂ+°° F(S(n)) C F(S(1)), is obvious, we will prove the reverse side.
Let x € F(S(1)), then S(1)x = z. Let n € Z4, we have (S(n))z = S"(1)z = z,
hence the result follows. O

Lemma 3.2. Suppose {up} and {vy,} be any two sequences in H and {an} be a
sequence in [0,1] such that limsup,, a,, < 1. Assume that um+1 = vy, + (1 —
QU ) Uy, for allm € Zy,

lim sup [|[vm — vminll = [um — wmynl <0
m——+oo
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for all h € Zy, and the limit of ||v,, — unm|| exists. Then

lim vaJrh — U] — 1+ am + .. + @mgn—1) - Im |Jv; — u;|| =0
m——+oo 100

holds for all h € Z.

Proof. Put d = limy, ||vy, — un||, @ = (1 — limsup,,, an)/2, b € Z4 be fixed and
g > 0. Then there exists mo, € Z4 such that d — e < ||vy, — U] < d+e,0 < ay, <
1 —a and ||vm+4i — Ul = |mi — || < € for all m > mo and ¢ € {1,2, ..., h}. Fix
m € Z4 with m > m,. We first show

(h=i)(h+2)_

e (3.1)

[vm+n = Umill = (14 Qmepi + - + Qppn—1) - d —
for i € {0,1,2,--- ,h — 1}.
From d — ¢, we have
[vmtn = tmepill < |vman — Ungn]|
< mgh=1[Vmtn — Vmgn—1ll + (1 = Qmpn—1) [[Vmsn — Umpn—1]|
< g1 [mtn = Umgn—1]] + €+ (1 — @mgn—1)|Vm+n — Umsn—1|
= o po 1 Vmah—1 = Umah-1ll + € + (1 = amrn—1) |[Vm+n = Umtn—1l|
< 0‘7271+h—1d +2¢ + (1 = amin—1)[[Vm+n — Umth—1]|-
Then, we get;
(I—oap py)d—3e

1- Umth—1

h+2
> (14 amph—1)d — TE-

lvm+n — Umgn—1] =

So, Eq. (2) holds in the case of i = h — 1. If Eq. (2) holds for ¢ € {1,2,---,h — 1},
then from

h-1 .
(1 + 2 Oém+j> e (o

< vmth — Uil
< Wit ||[Vmti — Vmtio1l] + (1 = Cmie 1) |Vmtn — Uit |

< ampi-1lltmsn = Umti-1l + €+ (1 = @mti-1)[Vmtn — Unti-1|

h+1
<ampic1 Y, NUmtit: — Uil + €+ (1 = amgiz1)[[Vmtn — Umti-1|
j=ie1
h—1
= mti-1 2o Omepl[Vmtj — Umll + €+ (1 = ampi—1) [vmtn — tmti-al]
j=ie1
h—1
Samyi-1 Y, myj(d+e)+e+ (1= ampio1)||[Vmsen — Umsi-al|
j=ie1
h—1
< amiict Yo Omyid+ (A +1)e + (1 = amsiz) [[oman — Umti;
j=ie1
we get;
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S o —omti 1 00 oy d— %HHU

||Um+h o Um+i—1|| = l—am4i-1 l—amti—1

h—1 .
h—i+1)(h+2
> (14 Y oy | 0- B2
j=i—1

So, Eq. (2) holds Vi € {0,1,2,---,h — 1}. Then, we have;

h(h+2
lvman — wuml| > (1+am+~--+am+h,1)-d—%£ (3.2)
Also,
h—1
omsn = wnll < [omin = tminll + D [tmsgar = el (3.3)
j=0
h—1
= [[vm+n — Um+nl + Z Ut [Vt — Umes |
j=0
h—1
<dte+ ) amyjldte)
§=0
h—1
<d+ > amyd+ (h+ 1.
j=0
From Eq.(3) and Eq.(4),we get;
h(h+2
Nman — tmll = (1 + @ + - + Qmgn1)d| < %s.
This completes the proof. O

Lemma 3.3. Suppose {un} and {v,} be any two bounded sequences in H and
{am} be a sequence in [0,1] with 0 < liminf,, o, < limsup,, am < 1. Let Upy1 =
mUm + (1 — am)um, for allm € Z,., and

limsup [|[vm — Umnll = |tm — Umsnl] <0
n—-+oo
for all h € Z., and the limit of ||y — wm|| exists. Then limy, 4o ||[Vm — U || = 0.

Proof. Let a =liminf,, a,, > 0, M=2. sup{||um|| + |[|[vm] : m € Z+} and
d = limyy, |vm — Um||. We suppose that d > 0 and let h € Z, be fixed such that
(1+ ha)d > M. By Lemma 5, we get;

mli_r)noo lvmtn = tm|l = (L4 oom + -+ + @mgn—1) - d| = 0.

Hence
lim sup ||vm4n — Um| > (1 4+ ha)d > M,

m—+o0o

which is a contradiction, hence d = 0. (]



STRONG CONVERGENCE TO FIXED POINTS 31

Theorem 3.4. Suppose D be a compact and conver subset of H strictly convex
Banach space. Suppose {S,, : m € Z,} be a sequence of discrete semigroup of
nonexrpansive mapping on D with ;iol F(Sy,) # @. Let {nm} be a sequence of
positive numbers with Zjno:ol Am < 1, and let {J} be a sequence of subsets of Z4
satisfying Jpm C Jmy1 for m € Zy and U:;O:ol Jm = Zy. Define a sequence {ym,} in
D by

Ym+1 = 1- Z M| Ym + Z anjymv

J€JIm Jj€Jn
form € Z,. Then {ym} converges to a common fized point z of {Sp : m € Zy}
strongly.
To prove our main result , first we prove the following lemma.

Lemma 3.5. Suppose D be a closed convex subset of H. Suppose {Sp, : m € Z4 },
{nm}, {Im} and {ym} as in Theorem 2. Then the following are holds:

(a) Forve (15 F(S5) and m € Z., [ymst — vl < g — ol

(b) {ym :m €Zs} and {Spym : h € Z4} are bounded;

(c)

. Zje]m 1553Ym . Z;; 1555Ym
lim |y, - —=—="———I= lim |yn - =1 =0.
m——+oo ZjEJm 77]- m——+oo =1 le

Proof. We know that {y,,} is well defined by Lemma 3. Without loss of any
generality, we suppose that J; # &. We have;

o= ymeal < (1= D m | o =wml+ Y nillv = Siymll
J€JIm JE€Im

<|1- Z N4 ”v_ym” + Z 77j||1’—ym||

i€Tm i€0m
= [[v = yml|

for v € ﬂ;;of F(S;) and m € Z4. So (a) is shown. We fix h,m € Z; and v €
T F(S;i), and put M = ||y; — v|| + ||v||. Then we have;

[Shymll < [1Shym — vl + vl < llym — vl + ol < [lyr = vll + llvll = M.

Hence (b) is shown.We note that

dics NSy
i1 = (1= D i fym + | Y ny | ZEm T
j€Jn J€dm Y jes, M

for m € Z.. Since

ZJ'EJm+1 1585 Ym+1
Ym+1 S e i [
Zicon 1S | Dy uSstm _ Dy 1Sivm

ZjEJm nj ZjeJm nj ZjEJm+1 nj

< ”merl -



32 GUL RAHMAT!, MUHAMMAD SARWAR? AND CEMIL TUNG?

+|| ZjeJm+1 15 SjYm . Zje]m+1 1555 Ym+1 H

2y M G€T g1
> ;3 SiYm Xjed,,

S ||ym+1 - A WJJ || (ZJGI JWJ) '("21%]‘];”] m41 ;) H Z " jym”
——| Z 0iSiymll + s~—— X nllSy — Siym+l
ZjeJ,,nJrlT/j jEJm+1\Jm JEgm Z Ef,u+1 GE€ETm+1 J Jam Jom

> je g MiSiV 2M 3y \JIm i
<l — St st in g,y
= _ ZjeJm n]S]ym I 2M EjeJmH\Jm K
Ym jedm Mi 2y M
< flym — ZA I o Ty
i€Im J€Im+1\Jm
for m € Z,, we have
ZJGJ anjyﬂ Z cim i ]ym
o — SR <y, - S LI oy Y
jeJnn jEJmn JEJ \J

for n,m € Z4 with n > m. Hence

. > 7. 1555 Yn > T 15S5Ym
limsup ||y, — ZLE =0 < g, — ST 2M Y

n—oo Eje]n j ZjeJm JEN\Jm

for n € Z,. Therefore

tmsup g, — 22522 0V i, — i€ 1555Ym
n—oo ZjEJn Ui m—oo ZjEJm n;

I

i.e., the limit of

> jed,, MiSiYm

I}
D jedn M

{llym —

exists. For each h,m € Z, we also have;

| 2 €Ty M55 Ymtn ey MiSiYm

€T man 2 i€y M = lymen = yml
< iy MYt ey, 1S Ymn I
- 2 i€y M 2jedm M
>, NS Ym+n 2 755 Ym
| B st Egan ol | |y, — |
< || ZjeJerh 1555 Ym-+h _ Zje.]m M5 SiYm+h ||
- i€y M 2jedm i
>, \ M
> JEJmJ_rh m ] Z 773||Sjym+h||+27 Z 77j||Sjym+h”
(ZjeJm+h 77]) (Ziesnm) J€Im Tmth G o\ T

2 ZjeJ7n+}L\‘]m i
nJ

M.

IN

J€Tmth
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Hence, we obtain

D icamin MiSiYm+h  Dics MjSiYm
- ” - Hym+h - ymH <0
ZjeJm j

lim sup ||
m—00 ZjEJm+h nj

for h € Z. By Lemma 7, we have

Yics. NSy
lim [y, — SLE8 20| = 0,
m— o0 ZjeJm 7;

For each m € Z , we also have

D52 iS5y
lym — S50

ZJGJm M3 Jym Jng 15 S5 Ym 2]00:1 1S5 Ym

< ”ym - Z cim ” + ” JGJ nj B Z?i1 i
>, cr. MiSi¥m cr. MiSiyYm - Z‘EJ 55 Ym
< ”ym - ]ZJZJ n; + ” JEJ:J nj : 2%1 nj

ty=— 2 1Siymll
2.7‘:1"7_7 JEN e

Im

Z'EJ'NL njsjym, EJEN\JNL "3
< lym — JZ_ngm n |+ er, 1) 0o, 75 ) Z 1 1 S5ymll

+Z]°i11 ‘ Z 77JHSJymH

N\Jm
_ de‘]m 1S Ym ZJ'EN\Jm 75 )
< llym cIm M [+ o jedm, M) (22521 m3) jeZJ M
2N\ Ty T
+ Zjo ] M
w25 : ,
= [lym — ijzj’" - S]y | + sz:iév i " M Therefore we obtain
€Jm j=1"
: J=1%n;S5;y
tim_ [y — 2T =g 05 g
m— o0 Zj:l n;
Therefore, we have shown (c). This completes the proof. ]

Proof of Theorem 2: Consider a nonexpansive mapping 7" on D by

> mSm
Ty = Zm:oé MmSmy
Zm:1 Tim
for y € D. From Lemma 7, we have;
lim ||TYm — yml|| = 0.
m—o0

Since D is compact, then there exists a strongly convergent subsequence {y,, } of
{ym} with strong limit z € D. Then, we have

1Tz — 2| = limsup(| Tz = Ty, | + 1 T%mn = Yo | + |Ym, — 1)
h—o0
< limsup({|ym,, — 2l + 1 TYm;, — Y [l)
h—+oo
=0.



34 GUL RAHMAT!, MUHAMMAD SARWAR? AND CEMIL TUNG?

By Lemma 3, z is a FP of T, thus a common FP of {S,, : m € Z,}. So using
Lemma 8 again, we have [|ym+1 — 2| < [lym — 2| for m € Z,. Therefore {y,,}
converges to z strongly. By Theorem 2, we also have the following corollary.

Corollary 3.6. Suppose D be a compact and convexr subset of a strictly convex
Banach space H. Suppose {Sy, : m € Z4} be a sequence of discrete semigroup of
nonexpansive mappings on D with ﬂ;iol F(Sy,) # @. Let {nn} be a sequence of
positive numbers with > °_ nm < 1. Consider a sequence {yn,} in D by y1 € D
and

m m
Ymir = [ 1= 15 | ym + D _0;Sitm
j=1 j=1

form € Zy. Then {ym} converges to a common FP z of {Sy, : m € Z4} strongly.

Proof. We put I, = {1,2,--- ,m} for m € Z,. Then from Theorem 2, we get the
required result. O

We next prove a weak convergence theorem.

Theorem 3.7. Suppose H be a Banach space. Let either of the following holds: (i)
H is strictly convex and satisfies opial’s condition; or (it) H is uniformly convex and
their norm is Fréchet differentiable. Suppose D be a weakly compact convex subset
of H and let {Sy, : m € Z1} be a sequence of discrete semigroup of nonexpansive
mapping on D with ;o:ol F(S) # @. Let {nm} be a sequence of positive numbers
such that Z;:fl Mm < 1, and let {I,,} be a sequence of subsets of Zy satisfying
Ly, C Lyt form € Zy and \J,._, Jpm. Define a sequence {ym,} in D by y, € D and

j€dm §€Jm
form € Zy. Then {ym} converges to a common FP z of {S,, : m € Z,} weakly.

Proof. Consider a non-expansive mapping 7" on D by

2= M Smy

Ty = 3]
Zm:l m

for y € D. By Lemma 7, we have;
lim || TYm — ym| = 0.
m—0o0

Assume that {y,,} is not a weak convergent sequence. Then since D is weakly
compact, there exists two distinct weak sequential limits z; and zo of the sub-
sequence {ym; } and {y,, } of {ym} respectively. By Lemma 1 and Lemma 2, 2; is
a FP of T, hence a common FP of {S,, : m € Z;} by Lemma 3. So is 2.

In the case of (1), using Lemma 7 again we get;

lim |y — 21| = Hm [y, — 21} < Tm flym, — 22l = lm{lyn — 2]
m— 00 1—>00 1—>00 m—r 00
= Jm lym, — 22l < Hm [lym, —all = Hm_flym =zl

Thus, it is a contradiction. Therefore, in the case of (2), for each m € Z, we define
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a non-expansive discrete semigroup U, on D by

Uny=|1=>_mi|y+ > Sy

J€EIm J€Im

for y € D. Then {y,,} can be written as y;,+1 = UnUpn—1---Ury1. By Lemma 3,
we have F'(Up,) = F(S;) for m € Z4 and hence

j€ETm
F(T) = () F(Sm) = () F(Un),

Since z; and 29 are weak subsequential limit and belong to F/(T'), we have

oo —+oo
21,29 € (m co{W,@:nEm})ﬂ(ﬂ F(Um)>,

m=1 m=1
where W,,, = U, Uy,—1---Uy for m € Z,. By Lemma 4, we get a contradiction.
This completes the proof. O

Now by Theorem 3, we have the next corollary.

Corollary 3.8. Suppose H be a Banach space. Let either of the following holds;
(1) H is strictly convezx and satisfies Opial’s condition; or
(2) H is uniformly convex and their norm is Fréchet differentiable. Suppose D
be a weakly compact convex subset of H and let {S,, : m € Z,} be a sequence
of discrete semigroup of nonezpansive mapping on D with (\°_, F(S,,) # @. Let
{nm} be a sequence of positive numbers with Y~ Ny < 1. Consider a sequence
{ym} € D by

m m
Ym+1 = 1- an Ym + ansjym
=1 j=1

form € Zy. Then {ym} converges to a common FP z of {S,, : m € Z,} weakly.
We prove the following characterization theorem in relation to Lemma 3.

Theorem 3.9. Suppose H be a Banach space. Then the following are equivalent
(1) H is not strictly convez;
(2) There exist affine and nonexpansive mappings S1 and So defined on a compact
conver subset D of H satisfying,

F (5'1;52> £ F(S1) N F(Sy).

Proof. By Lemma 3, (2) implies (1). So, we shall show (1) implies (2). Let H is not
strictly convex. Then there exist z,w € H such that ||z]| = |w| = ||z + w|/2 =1
and z # w. We define a compact convex subset D of H by

D={az+pw:a>0,>0,a+p<1}
and define mappings S7 and S on D by
Si(az + pw) = (a + B)z

and
Sa(az + pw) = (a + Blw.
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Then S; and Sy are non-expansive mappings; see [18]. It shows that

F(Sl;“gﬂ = (Setwach )

and
This completes the required proof. (Il

The application of Lemma the results given in [9] and main result of this
paper are given as in the following corollary for countable family of non-expansive
discrete semigroups on H.

Corollary 3.10. Let T = {S, := {Sm(n) : n € Z.},m € N}, be a family of
non-expansive discrete semigroups on H. Then the set of all common fized points
of the family T is defined as F(T) := (\or_1 F(Sm) = ey N F(Sim(n)), by
lemma wh have F(T) = (or_; F(Sm(1)). Also using Theorem we can
have the strong convergence to a fixed point of the family T .
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