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STRONG CONVERGENCE TO A FIXED POINT OF

NONEXPENSIVE DISCRETE SEMIGROUP IN STRICTLY

CONVEX BANACH SPACES

GUL RAHMAT, MUHAMMAD SARWAR AND CEMIL TUNÇ∗

Abstract. In this paper, we prove a strong convergence of a sequence with

some certain conditions to a common fixed point of a discrete semigroup of

non-expansive and linear operators on a strictly convex Banach spaces. Further
we generalized the result to a countable family of such discrete semigroups.

1. Introduction

In 19th century, the fixed point theory was started by Poincaré [12]. In 20th
century, many mathematicians, like Brouwer [9], Schauder [10], Tarski [11], and
others developed the field. However, it become a significant part of research at the
turn of the 20th century. The fixed point theory has a wide range of applications.
It is one of the most important tool of modern mathematical analysis, and is use-
ful in various field like mathematics, engineering, physics, economics, engineering,
physics, chemistry, optimization and approximation theory and many more. Fixed
point theory can be used as a tool to discuss the uniqueness and existence of so-
lutions of many problems like, integral equations, differential equations, numerical
equations and algebraic systems [22, 23]. We refer to [21, 24, 25] for more detailed
study of fixed point theory and its applications.
Let X 6= ∅, and τ : X → X be a self-mapping. Then a point a ∈ X is called a fixed
point of τ if τ(a) = a.
By F (S) we denote the set of all fixed points of a map S and F (S) 6= ∅ if H is
uniformly convex, D is bounded and S is non-expansive; see Browder [1], Göhde
[7], and Kirk [11]. In 1953, Mann [14] considered the following iteration scheme:
y1 ∈ D and

ym+1 = αmSym + (1− αm)ym, (1.1)

for m ∈ Z+, where {αm} is a sequence in [0, 1]. Later on several authors have stud-
ied Mann’s iteration process; see Edelstein and O’brien [4], Groetsch [5], Ishikawa
[6], Opial [11], Outlaw [12], Reich [21] and so on. For example, Reich [21] proved
that the sequence 1.1 converges weakly to a fixed point z of S if H is uniformly
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convex and its norm is Fréchet differentiable, D is closed and convex, S is a fam-
ily of nonexpansive mapping with fixed point z and {αm} satisfies the relation∑∞
m=1 αm(1− αm) =∞. Also Ishikawa [6] proved that the sequence 1.1 converges

strongly to a fixed point z of S where {αm} satisfies the conditions
∑∞
m=1 αm =∞

and lim supm αm < 1. Strong convergence for nonexpansive mappings are proved
in Crombez [3], Ishikawa [7], Kitahara and Takahashi [8], Linhart [9], and so on.
For some other related papers, see, [24]-[33].

For example, Linhart [9] proved the following.

Theorem 1.1. Let D be a non-empty compact and convex subset of H where H
is strictly convex Banach space. Suppose {Sm : m ∈ Z+} be a sequence of non-
expansive mapping on D. Assume that Si ◦ Sj = Sj ◦ Si for i, j ∈ Z+. Let {αm} be
a sequence in (0, 1) and put Uiy = αiSiy + (1 − αi)y for i ∈ Z+ and y ∈ D. Let g

be a mapping on Z+ such that for h,m ∈ Z+, ∃ n ∈ Z+ with n ≥ m and g(n) = k̂.
Define a sequence {ym} on D by

ym+1 = Ug(m) ◦ Ug(m−1) ◦ · · · ◦ Ug(1)y1

for m ∈ Z+. Then {ym} converges to a common fixed point z of {Sm : m ∈ Z+}
strongly.

In this paper, motivated by Linhart’s result, we consider the same iteration
scheme and prove strong convergence for discrete semigroup of non-expansive map-
ping in strictly convex Banach spaces. For other such works related to fixed points
of semigroups in both continuous and discrete cases, we refer to [1],[14], [15], [16],
[17], [18] and [19].

2. preliminaries

In this article, we will frequently use the following notations.

(1) By R, R+, N and Z+, we will denote the set of all reals, non-negative reals,
natural numbers, and non-negative integers respectively.

(2) The non-expansive discrete semigroup will be denoted by S.
(3) The set of all common fixed points of the semigroup will be denoted and

defined as F (S) =
⋂+∞
n=1 F (S(n)).

(4) By C, we will denote a closed and convex subset of the strictly convex
Banach space H.

A Banach space H is known as strictly convex if ‖z + w‖/2 < 1 for all z, w ∈ H
with ‖z‖ = ‖w‖ = 1 and z 6= w. Also H is known as uniformly convex if for
every ε > 0, there exists σ > 0 such that ||z + w||/2 < (1 − σ) for all z, w ∈ H
with ‖z‖ = ‖w‖ = 1 and ‖z − w‖ ≥ ε. Also the norm of H is known as Fréchet
differentiable if for every z ∈ H with ‖z‖ = 1, limt→0(‖z + tw‖ − ‖z‖)/t exists
and is attained uniformly in w ∈ H with ||w|| = 1. The Banach space H satisfies
Opial’s condition if for each weak convergent sequence {ym} in H with weak limit
z, lim infm ||ym − z|| < lim infm ||ym − x|| for all x ∈ H with x 6= z.

Definition 2.1. A family S = {Sm : m ∈ Z+} of bounded linear mapping acting
on a Banach space H is known as a discrete semigroup if it satisfy the following
two conditions:

(i) S(0) = I (I being the identity operator on H).
(ii) S(p+ q) = S(p) ◦ S(q), for all p, q ∈ Z+.

Clearly for each p ∈ Z+ we have S(p) = Sp(1).
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Definition 2.2. An operator S on a closed convex subset D of H is known as
nonexpansive mappings if

‖Sx− Sy‖ ≤ ‖x− y‖
for all x, y ∈ D.

For our main result, we need the following lemmas.

Lemma 2.3. (Browder [20]). Suppose H be a uniformly convex Banach space and
suppose D be a bounded and closed convex subset of H. Let S be a nonexpansive
mappings on D. Suppose {ym} be a sequence in D with {ym} converges to z ∈ D
weakly and {‖Sym − ym‖} converges to 0. Then Sz = z.

Lemma 2.4. (Opial [11]). Suppose H be a Banach space and satisfies Opial’s
condition. Suppose S be a nonexpansive mapping on D, where D be a closed convex
subset of H. Suppose {ym} be a sequence on D with {ym} converges weakly to some
z ∈ D and {‖Sym − ym‖} converges to 0. Then Sz = z.

Bruck [2] proved the following interesting lemma.

Lemma 2.5. Bruck [2]. Suppose D be a closed and convex subset of a strictly
convex Banach space H. Suppose {Sm : m ∈ Z+} be a family of non-expansive

mappings on D. Suppose
⋂+∞
m=1 F (Sm) 6= ∅ and {αm} be a sequence of positive

numbers with
∑∞
m=1 αm = 1. Then the operator T on D defined as

Ty =

+∞∑
m=1

αmSmy

for y ∈ D, is nonexpansive, well defined and F (T ) =
⋂+∞
m=1 F (Sm).

The bellow lemma was proved by Reich [21], see also [17].

Lemma 2.6. Let D be a closed convex subset of a uniformly convex Banach space
H and its norm is Fréchet differentiable. Suppose that {Um : m ∈ Z+} be a
family of nonexpansive mappings on D with

⋂∞
m=1 F (Um) 6= ∅. Suppose y ∈ D

and Wm = UmUm−1 · · ·U1 for all m ∈ Z+. Then the set (
⋂∞
m=1 co{Wny : n ≥

m})
⋂

(
⋂+∞
m=1 F (Um)) consists of at most one point, where co{Wn : n ≥ m} is the

closure of the convex hull of {Wn : n ≥ m}.

3. main results

The following lemma is about the relation between the sets of all common fixed
point of a discrete semigroup and its algebraic generator.

Lemma 3.1. Let S = {S(n) : n ∈ Z+} be a discrete semigroup, then F (S) :=⋂+∞
n=0 F (S(n)) = F (S(1)).

Proof. Since
⋂+∞
n=0 F (S(n)) ⊂ F (S(1)), is obvious, we will prove the reverse side.

Let x ∈ F (S(1)), then S(1)x = x. Let n ∈ Z+, we have (S(n))x = Sn(1)x = x,
hence the result follows. �

Lemma 3.2. Suppose {um} and {vm} be any two sequences in H and {αm} be a
sequence in [0, 1] such that lim supm αm < 1. Assume that um+1 = αmvm + (1 −
αm)um for all m ∈ Z+,

lim
m→+∞

sup ‖vm − vm+h‖ − ‖um − um+h‖ ≤ 0
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for all h ∈ Z+, and the limit of ‖vm − um‖ exists. Then

lim
m→+∞

∥∥∥vm+h − um‖ − (1 + αm + ...+ αm+h−1) · lim
i→∞

‖vi − ui‖
∣∣∣ = 0

holds for all h ∈ Z+.

Proof. Put d = limm ‖vm − um‖, a = (1 − lim supm αm)/2, h ∈ Z+ be fixed and
ε > 0. Then there exists m◦ ∈ Z+ such that d− ε ≤ ‖vm − um‖ ≤ d+ ε, 0 ≤ αm ≤
1− a and ‖vm+i− vm‖− ‖um+i− um‖ ≤ ε for all m ≥ m◦ and i ∈ {1, 2, ..., h}. Fix
m ∈ Z+ with m ≥ m◦. We first show

‖vm+h − um+i‖ ≥ (1 + αm+i + · · ·+ αm+h−1) · d− (h− i)(h+ 2)

ah−i
ε (3.1)

for i ∈ {0, 1, 2, · · · , h− 1}.
From d− ε, we have
‖vm+h − um+i‖ ≤ ‖vm+h − um+h‖
≤ αm+h−1‖vm+h − vm+h−1‖+ (1− αm+h−1)‖vm+h − um+h−1‖
≤ αm+h−1‖um+h − um+h−1‖+ ε+ (1− αm+h−1)‖vm+h − um+h−1‖
= α2

m+h−1‖vm+h−1 − um+h−1‖+ ε+ (1− αm+h−1)‖vm+h − um+h−1‖
≤ α2

m+h−1d+ 2ε+ (1− αm+h−1)‖vm+h − um+h−1‖.
Then, we get;

‖vm+h − um+h−1‖ ≥
(1− α2

m+h−1)d− 3ε

1− αm+h−1

≥ (1 + αm+h−1)d− h+ 2

a
ε.

So, Eq. (2) holds in the case of i = h− 1. If Eq. (2) holds for i ∈ {1, 2, · · ·, h− 1},
then from(

1 +
h−1∑
j=i

αm+j

)
· d− (h−i)(h+2)

ah−i
ε

≤ ‖vm+h − um+i‖

≤ αm+i−1||vm+i − vm+i−1|| + (1− αm+i−1)‖vm+h − um+i−1‖

≤ αm+i−1‖um+h − um+i−1‖+ ε+ (1− αm+i−1)‖vm+h − um+i−1‖

≤ αm+i−1

h+1∑
j=i−1

‖um+i+1 − um+i‖+ ε+ (1− αm+i−1)‖vm+h − um+i−1‖

= αm+i−1

h−1∑
j=i−1

αm+j‖vm+j − um+j‖+ ε+ (1− αm+i−1)‖vm+h − um+i−1‖

≤ αm+i−1

h−1∑
j=i−1

αm+j(d+ ε) + ε+ (1− αm+i−1)‖vm+h − um+i−1‖

≤ αm+i−1

h−1∑
j=i−1

αm+jd+ (h+ 1)ε+ (1− αm+i−1)‖vm+h − um+i−1‖,

we get;
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‖vm+h − um+i−1‖ ≥
1+
∑h−1
j=i αm+j−αm+i−1

∑h−1
j=i−1 αm+j

1−αm+i−1
d−

(h−i)(h+2)

ah−i
+(h+1)

1−αm+i−1
ε

≥

1 +

h−1∑
j=i−1

αm+j

 d− (h− i+ 1)(h+ 2)

ah−i+1
ε.

So, Eq. (2) holds ∀ i ∈ {0, 1, 2, · · ·, h− 1}. Then, we have;

‖vm+h − um‖ ≥ (1 + αm + · · ·+ αm+h−1) · d− h(h+ 2)

ah
ε (3.2)

Also,

‖vm+h − um‖ ≤ ‖vm+h − um+h‖+

h−1∑
j=0

‖um+j+1 − um+j‖ (3.3)

= ‖vm+h − um+h‖+

h−1∑
j=0

αm+j‖vm+j − um+j‖

≤ d+ ε+

h−1∑
j=0

αm+j(d+ ε)

≤ d+

h−1∑
j=0

αm+jd+ (h+ 1)ε.

From Eq.(3) and Eq.(4),we get;

|‖vm+h − um‖ − (1 + αm + · · ·+ αm+h−1)d| ≤ h(h+ 2)

ah
ε.

This completes the proof. �

Lemma 3.3. Suppose {um} and {vm} be any two bounded sequences in H and
{αm} be a sequence in [0, 1] with 0 < lim infm αm ≤ lim supm αm < 1. Let um+1 =
αmvm + (1− αm)um for all m ∈ Z+, and

lim sup
n→+∞

‖vm − vm+h‖ − ‖um − um+h‖ ≤ 0

for all h ∈ Z+, and the limit of ‖vm− um‖ exists. Then limm→+∞ ‖vm− um‖ = 0.

Proof. Let a = lim infm αm > 0, M=2. sup{‖um||+ ‖vm‖ : m ∈ Z+} and
d = limm ‖vm − um‖. We suppose that d > 0 and let h ∈ Z+ be fixed such that
(1 + ha)d > M. By Lemma 5, we get;

lim
m→∞

|‖vm+h − um‖ − (1 + αm + · · ·+ αm+h−1) · d| = 0.

Hence

lim sup
m→+∞

‖vm+h − um‖ ≥ (1 + ha)d > M,

which is a contradiction, hence d = 0. �



STRONG CONVERGENCE TO FIXED POINTS 31

Theorem 3.4. Suppose D be a compact and convex subset of H strictly convex
Banach space. Suppose {Sm : m ∈ Z+} be a sequence of discrete semigroup of

nonexpansive mapping on D with
⋂+∞
m=1 F (Sm) 6= ∅. Let {ηm} be a sequence of

positive numbers with
∑+∞
m=1 λm < 1, and let {Jm} be a sequence of subsets of Z+

satisfying Jm ⊂ Jm+1 for m ∈ Z+ and
⋃+∞
m=1 Jm = Z+. Define a sequence {ym} in

D by

ym+1 =

1−
∑
j∈Jm

ηj

 ym +
∑
j∈Jn

ηjSjym,

for m ∈ Z+. Then {ym} converges to a common fixed point z of {Sm : m ∈ Z+}
strongly.

To prove our main result , first we prove the following lemma.

Lemma 3.5. Suppose D be a closed convex subset of H. Suppose {Sm : m ∈ Z+},
{ηm}, {Jm} and {ym} as in Theorem 2. Then the following are holds:

(a) For v ∈
⋂+∞
i=1 F (Si) and m ∈ Z+, ‖ym+1 − v‖ ≤ ‖ym − v‖;

(b) {ym : m ∈ Z+} and {Shym : h ∈ Z+} are bounded;
(c)

lim
m→+∞

‖ym −
∑
j∈Jm ηjSjym∑

j∈Jm ηj
‖ = lim

m→+∞
‖ym −

∑∞
j=1 ηjSjym∑+∞

j=1 ηj
‖ = 0.

Proof. We know that {ym} is well defined by Lemma 3. Without loss of any
generality, we suppose that J1 6= ∅. We have;

‖v − ym+1‖ ≤

1−
∑
j∈Jm

ηj

 ‖v − ym‖+
∑
j∈Jm

ηj‖v − Sjym‖

≤

1−
∑
j∈Jm

ηj

 ‖v − ym‖+
∑
j∈Jm

ηj‖v − ym‖

= ‖v − ym‖

for v ∈
⋂+∞
i=1 F (Si) and m ∈ Z+. So (a) is shown. We fix h,m ∈ Z+ and v ∈⋂+∞

i=1 F (Si), and put M = ‖y1 − v‖+ ‖v‖. Then we have;

‖Shym‖ ≤ ‖Shym − v‖+ ‖v‖ ≤ ‖ym − v‖+ ‖v‖ ≤ ‖y1 − v‖+ ‖v‖ = M.

Hence (b) is shown.We note that

ym+1 =

1−
∑
j∈Jn

ηj

 ym +

∑
j∈Jm

ηj

∑j∈Jm ηjSjym∑
j∈Jm ηj

for m ∈ Z+. Since

‖ym+1 −
∑
j∈Jm+1

ηjSjym+1∑
j∈Jm+1

ηj
‖

≤ ‖ym+1 −
∑
j∈Jm ηjSjym∑

j∈Jm ηj
‖+ ‖

∑
j∈Jm ηjSjym∑

j∈Jm ηj
−
∑
j∈Jm+1

ηjSjym∑
j∈Jm+1

ηj
‖
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+‖
∑
j∈Jm+1

ηjSjym∑
j∈Jm+1

ηj
−
∑
j∈Jm+1

ηjSjym+1∑
j∈Jm+1

ηj
‖

≤ ‖ym+1 −
∑
j∈Jm ηjSjym∑

j∈Jm ηj
‖+

∑
j∈Jm+1\Jm

ηj

(
∑
j∈Jm ηj)·(

∑
j∈Jm+1

ηj)
‖
∑
j∈Jm

ηjSjym‖

+ 1∑
j∈Jm+1ηj

‖
∑

j∈Jm+1\Jm
ηjSjym‖+ 1∑

j∈Jm+1
ηj

∑
j∈Jm+1

ηj‖Sjym − Sjym+1‖

≤ ‖ym+1 −
∑
j∈Jm ηjSjym∑

j∈Jm ηj
‖+

2M
∑
j∈Jm+1\Jm

ηj∑
j∈Jm+1

ηj
+ ‖ym − ym+1‖

= ‖ym −
∑
j∈Jm ηjSjym∑

j∈Jm ηj
‖+

2M
∑
j∈Jm+1\Jm

ηj∑
j∈Jm+1

ηj

≤ ‖ym −
∑
j∈Jm ηjSjym∑

j∈Jm ηj
‖+ 2M

∑
j∈Jm+1\Jm

ηj

for m ∈ Z+, we have

‖yn −
∑
j∈Jn ηjSjyn∑
j∈Jn ηj

‖ ≤ ||ym −
∑
j∈Jm ηjSjym∑

j∈Jm ηj
‖+ 2M

∑
j∈Jn\Jm

ηj

for n,m ∈ Z+ with n > m. Hence

lim sup
n→∞

||yn −
∑
j∈Jn ηjSjyn∑
j∈Jn ηj

‖ ≤ ||ym −
∑
j∈Jm ηjSjym∑

j∈Jm ηj
‖+ 2M

∑
j∈N\Jm

ηj

for n ∈ Z+. Therefore

lim sup
n→∞

‖yn −
∑
j∈Jn ηjSjyn∑
j∈Jn ηj

‖ ≤ lim inf
m→∞

‖ym −
∑
j∈Jm ηjSjym∑

j∈Jm ηj
‖,

i.e., the limit of

{‖ym −
∑
j∈Jm ηjSjym∑

j∈Jm ηj
‖}

exists. For each h,m ∈ Z+, we also have;

‖
∑
j∈Jm+h

ηjSjym+h∑
j∈Jm+h

ηj
−
∑
j∈Jm ηjSjym∑

j∈Jm ηj
‖ − ‖ym+h − ym‖

≤ ‖
∑
j∈Jm+h

ηjSjym+h∑
j∈Jm+h

ηj
−
∑
j∈Jm ηjSjym+h∑

j∈Jm ηj
‖

+‖
∑
j∈Jm ηjSjym+h∑

j∈Jm ηj
−
∑
j∈Jm ηjSjym∑

j∈Jm ηj
‖ − ‖ym+h − ym‖

≤ ‖
∑
j∈Jm+h

ηjSjym+h∑
j∈Jm+h

ηj
−
∑
j∈Jm ηjSjym+h∑

j∈Jm ηj
‖

≤
∑
j∈Jm+h\Jm

ηj(∑
j∈Jm+h

ηj
)
(
∑
j∈Jm ηj)

∑
j∈Jm

ηj‖Sjym+h‖+ 1∑
j∈Jm+h

ηj

∑
j∈Jm+h\Jm

ηj‖Sjym+h‖

≤
2
∑
j∈Jm+h\Jm

ηj∑
j∈Jm+h

ηJ
M.
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Hence, we obtain

lim sup
m→∞

‖
∑
j∈Jm+h

ηjSjym+h∑
j∈Jm+h

ηj
−
∑
j∈Jm ηjSjym∑

j∈Jm ηj
‖ − ‖ym+h − ym‖ ≤ 0

for h ∈ Z+. By Lemma 7, we have

lim
m→∞

||ym −
∑
j∈Jm ηjSjym∑

j∈Jm ηj
|| = 0.

For each m ∈ Z+, we also have

‖ym −
∑∞
j=1 ηjSjym∑∞

j=1 ηj
‖

≤ ‖ym −
∑
j∈Jm ηjSjym∑

j∈Jm ηj
‖+ ‖

∑
j∈Jm ηjSjym∑

j∈Jm ηj
−
∑∞
j=1 ηjSjym∑∞

j=1 ηj
‖

≤ ‖ym −
∑
j∈Jm ηjSjym∑

j∈Jm ηj
‖+ ‖

∑
j∈Jm ηjSjym∑

j∈Jm ηj
−
∑
j∈Jm ηjSjym∑∞

j=1 ηj
‖

+ 1∑∞
j=1 ηj

‖
∑

j∈N\Jm
ηjSjym‖

≤ ‖ym −
∑
j∈Jm ηjSjym∑

j∈Jm ηj
‖+

∑
j∈N\Jm ηj

(
∑
j∈Jm ηj)·(

∑∞
j=1 ηj)

∑
j∈Jm

ηj‖Sjym||

+ 1∑∞
j=1 ηj

∑
j∈N\Jm

ηj‖Sjym||

≤ ‖ym −
∑
j∈Jm ηjSjym∑

j∈Jm ηj
‖+

∑
j∈N\Jm ηj

(
∑
j∈Jm ηj)·(

∑∞
j=1 ηj)

∑
j∈Jm

ηjM

+
∑
j∈N\Jm ηj∑∞
j=1 ηj

M

= ‖ym −
∑
j∈Jm ηjSjym∑

j∈Jm ηj
‖+

2
∑
j∈N\Jm ηj∑∞
j=1 ηj

M Therefore we obtain

lim
m→∞

‖ym −
∑
j = 1∞ηjSjym∑∞

j=1 ηj
‖ = 0.

Therefore, we have shown (c). This completes the proof. �

Proof of Theorem 2: Consider a nonexpansive mapping T on D by

Ty =

∑∞
m=1 ηmSmy∑∞
m=1 ηm

for y ∈ D. From Lemma 7, we have;

lim
m→∞

||Tym − ym|| = 0.

Since D is compact, then there exists a strongly convergent subsequence {ymh} of
{ym} with strong limit z ∈ D. Then, we have

‖Tz − z‖ = lim sup
h→∞

(‖Tz − Tymh‖+ ‖Tymh − ymh‖+ ‖ymh − z‖)

≤ lim sup
h→+∞

(‖ymh − z‖+ ‖Tymh − ymh‖)

= 0.
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By Lemma 3, z is a FP of T , thus a common FP of {Sm : m ∈ Z+}. So using
Lemma 8 again, we have ‖ym+1 − z‖ ≤ ‖ym − z‖ for m ∈ Z+. Therefore {ym}
converges to z strongly. By Theorem 2, we also have the following corollary.

Corollary 3.6. Suppose D be a compact and convex subset of a strictly convex
Banach space H. Suppose {Sm : m ∈ Z+} be a sequence of discrete semigroup of

nonexpansive mappings on D with
⋂+∞
m=1 F (Sm) 6= ∅. Let {ηm} be a sequence of

positive numbers with
∑∞
m=1 ηm < 1. Consider a sequence {ym} in D by y1 ∈ D

and

ym+1 =

1−
m∑
j=1

ηj

 ym +

m∑
j=1

ηjSjym

for m ∈ Z+. Then {ym} converges to a common FP z of {Sm : m ∈ Z+} strongly.

Proof. We put Im = {1, 2, · · · ,m} for m ∈ Z+. Then from Theorem 2, we get the
required result. �

We next prove a weak convergence theorem.

Theorem 3.7. Suppose H be a Banach space. Let either of the following holds: (i)
H is strictly convex and satisfies opial’s condition; or (ii) H is uniformly convex and
their norm is Fréchet differentiable. Suppose D be a weakly compact convex subset
of H and let {Sm : m ∈ Z+} be a sequence of discrete semigroup of nonexpansive

mapping on D with
⋂+∞
m=1 F (Sm) 6= ∅. Let {ηm} be a sequence of positive numbers

such that
∑+∞
m=1 ηm < 1, and let {Im} be a sequence of subsets of Z+ satisfying

Im ⊂ Im+1 for m ∈ Z+ and
⋃∞
m=1 Jm. Define a sequence {ym} in D by y1 ∈ D and

ym+1 =

1−
∑
j∈Jm

ηj

 ym +
∑
j∈Jm

ηjSjym

for m ∈ Z+. Then {ym} converges to a common FP z of {Sm : m ∈ Z+} weakly.

Proof. Consider a non-expansive mapping T on D by

Ty =

∑∞
m=1 ηmSmy∑∞
m=1 ηm

for y ∈ D. By Lemma 7, we have;

lim
m→∞

‖Tym − ym‖ = 0.

Assume that {ym} is not a weak convergent sequence. Then since D is weakly
compact, there exists two distinct weak sequential limits z1 and z2 of the sub-
sequence {ymj} and {ymk̂} of {ym} respectively. By Lemma 1 and Lemma 2, z1 is
a FP of T , hence a common FP of {Sm : m ∈ Z+} by Lemma 3. So is z2.
In the case of (1), using Lemma 7 again we get;

lim
m→∞

‖ym − z1‖ = lim
i→∞

‖ymi − z1‖ < lim
i→∞

‖ymi − z2‖ = lim
m→∞

‖ym − z2‖

= lim
h→+∞

‖ymh − z2‖ < lim
h→∞

‖ymh − z1‖ = lim
m→+∞

‖ym − z1‖.

Thus, it is a contradiction. Therefore, in the case of (2), for each m ∈ Z+, we define
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a non-expansive discrete semigroup Um on D by

Umy =

1−
∑
j∈Jm

ηj

 y +
∑
j∈Jm

ηjSjy

for y ∈ D. Then {ym} can be written as ym+1 = UmUm−1 · · ·U1y1. By Lemma 3,
we have F (Um) =

⋂
j∈Jm F (Sj) for m ∈ Z+ and hence

F (T ) =

∞⋂
m=1

F (Sm) =

∞⋂
m=1

F (Um),

Since z1 and z2 are weak subsequential limit and belong to F (T ), we have

z1, z2 ∈

( ∞⋂
m=1

co{Wnx : n ≥ m}

)⋂(
+∞⋂
m=1

F (Um)

)
,

where Wm = UmUm−1 · · ·U1 for m ∈ Z+. By Lemma 4, we get a contradiction.
This completes the proof. �

Now by Theorem 3, we have the next corollary.

Corollary 3.8. Suppose H be a Banach space. Let either of the following holds;
(1) H is strictly convex and satisfies Opial’s condition; or
(2) H is uniformly convex and their norm is Fréchet differentiable. Suppose D

be a weakly compact convex subset of H and let {Sm : m ∈ Z+} be a sequence
of discrete semigroup of nonexpansive mapping on D with

⋂∞
m=1 F (Sm) 6= ∅. Let

{ηm} be a sequence of positive numbers with
∑∞
m=1 ηm < 1. Consider a sequence

{ym} ∈ D by

ym+1 =

1−
m∑
j=1

ηj

 ym +

m∑
j=1

ηjSjym

for m ∈ Z+. Then {ym} converges to a common FP z of {Sm : m ∈ Z+} weakly.

We prove the following characterization theorem in relation to Lemma 3.

Theorem 3.9. Suppose H be a Banach space. Then the following are equivalent
(1) H is not strictly convex;
(2)There exist affine and nonexpansive mappings S1 and S2 defined on a compact

convex subset D of H satisfying,

F

(
S1 + S2

2

)
6= F (S1) ∩ F (S2).

Proof. By Lemma 3, (2) implies (1). So, we shall show (1) implies (2). Let H is not
strictly convex. Then there exist z, w ∈ H such that ‖z‖ = ‖w‖ = ‖z + w‖/2 = 1
and z 6= w. We define a compact convex subset D of H by

D = {αz + βw : α ≥ 0, β ≥ 0, α+ β ≤ 1}
and define mappings S1 and S2 on D by

S1(αz + βw) = (α+ β)z

and
S2(αz + βw) = (α+ β)w.
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Then S1 and S2 are non-expansive mappings; see [18]. It shows that

F

(
S1 + S2

2

)
= {α

2
(z + w) : α ∈ [0, 1]}

and

F (S1) ∩ F (S2) = {0}.
This completes the required proof. �

The application of Lemma 3.1, the results given in [9] and main result of this
paper are given as in the following corollary for countable family of non-expansive
discrete semigroups on H.

Corollary 3.10. Let T = {Sm := {Sm(n) : n ∈ Z+},m ∈ N}, be a family of
non-expansive discrete semigroups on H. Then the set of all common fixed points
of the family T is defined as F (T ) :=

⋂∞
m=1 F (Sm) =

⋂∞
m=1

⋂∞
n=0 F (Sm(n)), by

lemma 3.1, wh have F (T ) =
⋂∞
m=1 F (Sm(1)). Also using Theorem 3.4, we can

have the strong convergence to a fixed point of the family T .
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