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SOME FIXED POINT RESULTS OF ST -COMPATIBILITY IN

G-METRIC SPACE VIA C-CLASS FUNCTION

M. K. JAIN, G. A. HIRANKUMAR SHARMA, Y. MAHENDRA SINGH, M. RANJIT SINGH

Abstract. In this paper, we reintroduce a class of compatible mappings

namely ST -compatible mappings and prove some common fixed point theo-
rems for two pairs of ST -compatible and weakly compatible mappings satisfy-

ing certain contractive conditions via C-class function in G-metric space.

1. Introduction

The study of metric fixed point theory is an important mathematical discipline.
Now a day, it has been considered very useful and fascinating because of its major
role in mathematics and applied sciences. Inspiring the fact that, metric fixed
point theory has a wide range of applications in almost all the fields of quantitative
sciences like optimization, the theory of inequalities, and approximation theory, etc.
For the last some decades, many researchers have been putting their attention to
generalize the metric space. In 1992, Dhage [6] introduced a new class of generalized
metric space called D-metric spaces. On the other hand, Mustafa and Sims [13]
introduced a more generalized form of metric space, called G- metric space and
they showed that most of the results of Dhage are incorrect. Later several authors
proved many fixed point results for self mappings in G-metric spaces under suitable
conditions. For more information, one may refer to ([4, 5, 13, 14, 20, 21]). In 2014,
Ansari [1] introduced the concept of C-class function which covers the large area
of contractive conditions. Using this concept, several authors proved fixed point
results in different spaces. For more information one can go through ([1, 2, 3, 7]).
The main objective of this paper is to prove some common fixed point theorems
for two pairs of ST -compatible and weakly compatible mappings satisfying certain
contractive conditions via C-class function in G-metric space.

2. Preliminries

We denote the set of real numbers by R and N, the set of natural numbers. Now
we give some relevant definitions.
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Definition 2.1. ([13]) Let X be a non empty set and G : X ×X ×X → R+ be a
function satisfying the following properties:
(G1)G(x, y, z) = 0 iff x = y = z;
(G2)G(x, x, y) > 0, for all x, y ∈ X with x 6= y;
(G3)G(x, x, y) ≤ G(x, y, z), for all x, y, z ∈ X with z 6= y;
(G4)G(x, y, z) = G(p(x, y, z)), where p is a permutation of x, y, z;
(G5)G(x, y, z) ≤ G(x, a, a) + G(a, y, z), for all x, y, z, a ∈ X (Rectangular inequal-
ity).
Then the function G is called a G- metric space on X and the pair (X,G) is called
G-metric space.

Every G- metric on X defines a metric dG on X by dG(x, y) = G(x, y, y) +
G(y, x, x). Note that G(x, y, z) = 0 then x = y = z.

Example 2.2. ([13]) Let (X, d) be a metric space. The function G : X×X×X →
[0,∞) defined by G(x, y, z) = |x − y| + |y − z| + |z − x|, for all x, y, z ∈ X is a
G-metric on X.

Definition 2.3. ([13]) (G6) A G-metric space (X,G) is said to be symmetric if
G(x, y, y) = G(x, x, y), for all x, y ∈ X.

Example 2.4. ([13]) Let X = {a, b} and G : X × X × X → [0,∞) be defined
by G(a, a, a) = G(b, b, b) = 0, G(a, a, b) = 1 and G(a, b, b) = 2, but G(a, b, b) 6=
G(b, a, a). One can verify that G is a G-metric but it is not a symmetric.

Definition 2.5. ([13]) Let (X,G) be a G-metric space. A sequence {xn} is called
(i) G-convergent if for every ε >0, there exist x ∈ X and k ∈ N (natural number)
such that for all m,n ≥ k,G(x, xm, xn) < ε.
(ii) G-Cauchy if for every ε > 0, there is a positive integer n0 such that G(xn, xm, xl)
< ε, for all n,m, l ≥ n0, that is if G(xn, xm, xl)→ 0 as n,m, l→ +∞.
A space (X,G) is said to be G-complete if every G-Cauchy sequence in (X,G) is
G-convergent.

Definition 2.6. ([13]) Let (X,G) be a G-metric space then following conditions are
equivalent : (i) {xn} is G-convergent to x;
(ii) G(xn, xn, x)→ 0 as n→ +∞;
(iii) G(xn, x, x)→ 0 as n→ +∞;
(iv) G(xn, xm, x)→ 0 as m,n→ +∞.

Definition 2.7. ([13]) Let (X,G) be a G-mentric space. Then the function G(x, y, z)
is jointly continuous in all three of its variables.

Definition 2.8. ([1]) A continuous function F : [0,∞) × [0,∞) → R is called a
C-class function if for any s, t ∈ [0,∞), the following conditions holds:
(i) F (s, t) ≤ s;
(ii) F (s, t) = s implies s = 0 or t = 0.
C denotes the class of all C-class function.

Definition 2.9. ([12]) A function function ψ : [0,∞)→ [0,∞) is called an altering
distance if the following conditions are hold:
(i) ψ is continuous and non-decreasing;
(ii) ψ(t) = 0 if and only if t = 0. Let us denote Ψ, the class of all altering distance
functions.
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Definition 2.10. ([1]) A function ϕ : [0,∞) → [0,∞) is called an ultra altering
distance if:
(i) ϕ is continuous and non-decreasing;
(ii) ϕ(t) > 0 for t > 0 and ϕ(0) ≥ 0.
We denote Φ the set of all ultra altering distance functions.

Definition 2.11. ( [2]) A triplet (ψ,ϕ, F ), where ψ ∈ Ψ, ϕ ∈ Φ and F ∈ C is said
to be a monotone if for any x, y ∈ [0,∞), x ≤ y ⇒ F (ψ(x), ϕ(x)) ≤ F (ψ(y), ϕ(y)).

Let (X,G) be a G-metric space and A,B,R, T : X → X be self mappings.

Definition 2.12. ([9]) A pair (A,B) is said to be compatible if

lim
n→+∞

G(ABxn, BAxn, BAxn) = 0,

whenever {xn} is a sequence in X such that limn→+∞Axn = Bxn.

Definition 2.13. ( [10] ) A pair (A,B) is said to be weakly compatible if they
commute at their coincidence points i.e., Aw = Bw implies ABw = BAw, for
some w ∈ X.

Definition 2.14. ([7, 8]) A pair (A,B) is said to be compatible with respect to T (in
short, ST -compatible) if there exists a sequence {xn} in X such that

lim
n→+∞

Txn = w and lim
n→+∞

ATxn = lim
n→+∞

BTxn = Tw,

for some w ∈ X.

Example 2.15. ([8]) Consider (X,G) be a G-metric space, where X = R, the set of
real numbers. Define A,B, T : X → X as Ax = 2x, Bx = 3−x and Tx = x+1, for
all x ∈ X. Consider a sequence {xn} in X, where xn = 1

3 + εn, n ∈ N , and εn → 0

as n → +∞, then limn→+∞ Txn = 4
3 = w(say). Moreover, limn→+∞ATxn =

limn→+∞BTxn = 8
3 6= Tw = T 4

3 = 7
3 . On the other hand, let {yn} be a sequence

in X, defined by yn = 1
n , n ∈ N , then limn→+∞ Tyn = 1 = w ∈ X and Tw = 2.

Also we have, limn→+∞ATyn = limn→+∞BTyn = 2 = Tw. Therefore, the pair
(A,B) is ST -compatible for the sequence {yn} in X.

Definition 2.16. ([7, 8]) A pair (A,B) is said to be compatible with respect to A
(in short, SA-compatible) if there exists a sequence {xn} in X such that

lim
n→+∞

Axn = w and lim
n→+∞

AAxn = lim
n→+∞

BAxn = Aw,

for some w ∈ X.

Definition 2.17. ([7, 8]) A pair (A,B) is said to be compatible with respect to B
(in short, SB-compatible) if there exists a sequence {xn} in X such that

lim
n→+∞

Bxn = w and lim
n→+∞

ABxn = lim
n→+∞

BBxn = Bw,

for some w ∈ X.

Example 2.18. Consider (X,G) be a G-metric space, where X = [1,∞). Define
self mappings A,B : X → X as:

Ax =

{
x+ 1, x ∈ [1, 2)

2x, x ∈ [2,∞)
; Bx =

{
3x− 1, x ∈ [1, 2)

x+ 2, x ∈ [2,∞).
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Choose xn = 1 + εn, n ∈ N , where εn → 0 as n → +∞, then limn→+∞Bxn =
2 = w(say). Also limn→+∞ABxn = limn→+∞BBxn = 4 = Bw, then (A,B) is
SBcompatible.

Example 2.19. ([7]) Let X be as in above example. Define self mappings A,B,R, T :
X → X as:

Ax =

{
x+ 1, x ∈ [1, 2)

3, x ∈ [2,∞)
; Rx =

{
2, x ∈ [1, 2)
x+4
2 , x ∈ [2,∞)

;

Bx =

{
2x, x ∈ [1, 2)

x+ 1, x ∈ [2,∞)
; Tx =

{
3x− 1, x ∈ [1, 2)

2x− 1, x ∈ [2,∞).

Choose {xn} be a sequence in X, where xn = 1 + εn such that εn → 0 as n→ +∞,
then Axn, Bxn, Rxn, Txn → 2 = w(say) as n → +∞. Since limn→+∞ABxn =
3 = Bw and limn→+∞RBxn = 3 = Bw, then the (A,R) is SB-compatible.
Moreover, we have limn→+∞BRxn = 3 = Rw and limn→+∞ TRxn = 3 = Rw,
then the pair (B, T ) is SR-compatible. Further, limn→+∞BAxn = 3 = Aw and
limn→+∞ TAxn = 3 = Aw, then (B, T ) is SA-compatible.

For more details about various type of compatible mappings and their relations
with illustrative examples, we may refer to ([11], [15]–[19], [22]–[24]) etc.

3. Main Results

Theorem 3.1. Let (X,G) be a complete symmetric G-metric space and mappings
A,B,R and T are self mappings on X satisfying the following conditions:
(i) AX ⊆ TX and BX ⊆ RX;

(ii) ψ(G(Ax,By,Bz)) ≤ F
(
ψ(M(x, y, z)), ϕ(M(x, y, z))

)
, for all x, y, z ∈ X

where

M(x, y, z) = max
{
G(Rx, Ty, Tz), G(Ax,Rx,Rx), G(By, Ty, Ty),

G(Ax, Ty, Tz) +G(Rx,By,Bz)

2

}
,

F ∈ C,ψ ∈ Ψ and ϕ ∈ Φ. If the pair (A,R) is SR-compatible and the pair (B, T )
is ST -compatible, then A,B,R and T have a unique common fixed point in X.

Proof. Let x0 ∈ X be an arbitrary point. By condition (i), we choose x1 in X such
that y0 = Tx1 = Ax0 and for this point x1, there exists a point x2 ∈ X such that
y1 = Sx2 = Bx1. Continuing in this fashion, we construct sequences {xn} and
{yn} in X such that

y2n = Tx2n+1 = Ax2n, y2n+1 = Rx2n+2 = Bx2n+1, for each n ∈ N ∪ {0}.

If yk = yk−1, for some non-zero +ve even interger k ≥ 2, then yk = Txk+1 =
Axk = yk−1 = Rxk = Bxk−1. In this case, xk is a coincidence point of (A,R).
From condition (ii), we obtain

ψ(G(Axk, Bxk+1, Bxk+1)) ≤ F
(
ψ(M(xk, xk+1, xk+1)), ϕ(M(xk, xk+1, xk+1))

)
.

(3.1)
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where

M(xk, xk+1, xk+1)

= max
{
G(Rxk, Txk+1, Txk+1), G(Axk, Rxk, Rxk), G(Bxk+1, Txk+1, Txk+1),

G(Axk, Txk+1, Txk+1) +G(Rxk, Bxk+1, Bxk+1)

2

}
= max

{
G(yk−1, yk, yk), G(yk, yk−1, yk−1), G(yk+1, yk, yk),

G(yk, yk, yk) +G(yk−1, yk+1, yk+1)

2

}
= max

{
G(yk+1, yk, yk),

G(yk−1, yk+1, yk+1)

2

}
≤ max

{
G(yk+1, yk, yk),

G(yk−1, yk, yk) +G(yk, yk+1, yk+1)

2

}
≤ G(yk, yk+1, yk+1).

From (3.1), we obtain

ψ(G(yk, yk+1, yk+1))

≤ F
(
ψ(M(xk, xk+1, xk+1)), ϕ(M(xk, xk+1, xk+1))

)
≤ F

(
ψ(G(yk, yk+1, yk+1)), ϕ(G(yk, yk+1, yk+1))

)
≤ ψ(G(yk, yk+1, yk+1)).

Consequently, we obtain

F
(
ψ(G(yk, yk+1, yk+1)), ϕ(G(yk, yk+1, yk+1))

)
= ψ(G(yk, yk+1, yk+1)).

By definition of F and ψ, we obtain G(yk, yk+1, yk+1) = 0 and it implies that
yk = yk+1. So, xk+1 is a coincidence point of (B, T ). Now, we assume that
yn 6= yn+1 i.e., G(yn, yn+1, yn+1) > 0, for all n ∈ N ∪ {0}.
Putting x = x2n, y = z = x2n+1 in condition (ii), we obtain

ψ(G(Ax2n, Bx2n+1, Bx2n+1)) ≤F
(
ψ(M(x2n, x2n+1, x2n+1)), (3.2)

ϕ(M(x2n, x2n+1, x2n+1))
)
,
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where

M(x2n, x2n+1, x2n+1)

= max
{
G(Rx2n, Tx2n+1, Tx2n+1), G(Ax2n, Rx2n, Rx2n),

G(Bx2n+1, Tx2n+1, Tx2n+1),

G(Ax2n, Tx2n+1, Tx2n+1) +G(Rx2n, Bx2n+1, Bx2n+1)

2

}
= max

{
G(y2n−1, y2n, y2n), G(y2n, y2n−1, y2n−1), G(y2n+1, y2n, y2n),

G(y2n, y2n, y2n) +G(y2n−1, y2n+1, y2n+1)

2

}
= max

{
G(y2n, y2n−1, y2n−1), G(y2n+1, y2n, y2n),

G(y2n−1, y2n+1, y2n+1)

2

}
= max

{
G(y2n, y2n−1, y2n−1), G(y2n+1, y2n, y2n),

G(y2n−1, y2n, y2n) +G(y2n, y2n+1, y2n+1)

2

}
≤ max

{
G(y2n−1, y2n, y2n), G(y2n, y2n+1, y2n+1)

}
From (3.2), we obtain

ψ(G(y2n, y2n+1, y2n+1)) ≤F
(
ψ(max{G(y2n−1, y2n, y2n), G(y2n, y2n+1, y2n+1)}),

ϕ(max{G(y2n−1, y2n, y2n), G(y2n, y2n+1, y2n+1)})
)
.

(3.3)

Suppose that G(y2n, y2n+1, y2n+1) > G(y2n−1, y2n, y2n). By Definition 2.8 and from
(3.3), we obtain

ψ(G(y2n, y2n+1, y2n+1)) ≤F
(
ψ(G(y2n, y2n+1, y2n+1)), ϕ(G(y2n, y2n+1, y2n+1))

)
≤ψ(G(y2n, y2n+1, y2n+1)).

It follows that

F
(
ψ(G(y2n, y2n+1, y2n+1)), ϕ(G(y2n, y2n+1, y2n+1))

)
= ψ(G(y2n, y2n+1, y2n+1))

By definition of ψ and F , we obtain

G(y2n, y2n+1, y2n+1) = 0

which is a contradiction and hence, we obtain

G(y2n, y2n+1, y2n+1) ≤ G(y2n−1, y2n, y2n), for all n ∈ N ∪ {0}. (3.4)

and

ψ(G(y2n, y2n+1, y2n+1)) ≤ F
(
ψ(G(y2n−1, y2n, y2n)), ϕ(G(y2n−1, y2n, y2n))

)
, (3.5)

for all n ∈ N ∪ {0}. Similarly, we obtain

G(y2n+2, y2n+1, y2n+1) ≤ G(y2n+1, y2n, y2n), for all n ∈ N ∪ {0}.
Since G is symmetric, we obtain

G(y2n+1, y2n+2, y2n+2) ≤ G(y2n, y2n+1, y2n+1), for all n ∈ N ∪ {0}. (3.6)
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From (3.4) and (3.6), it is cleared that {G(yn, yn+1, yn+1)} is a monotone decreasing
sequence, where n is even or odd positive integer and there exists r ≥ 0 such that
limn→+∞G(yn, yn+1, yn+1) = r. We claim that limn→+∞G(yn, yn+1, yn+1) = 0,
otherwise by letting n→ +∞ in (3.5), we obtain

ψ(r) ≤ F
(
ψ(r), ϕ(r)

)
≤ ψ(r)⇒ F

(
ψ(r), ϕ(r)

)
= ψ(r).

By definition of F , we obtain

ψ(r) = 0, or ϕ(r) = 0⇒ r = 0

and hence, we obtain

lim
n→+∞

G(yn, yn+1, yn+1) = 0. (3.7)

Now, we show that {yn} is a G-Cauchy sequence in X. In order to show {yn}
is a G-Cauchy in X, it is sufficient to show that subsequence {y2n} is G-Cauchy.
Suppose on contrary that {y2n} is not a G-Cauchy sequence, then there exists a
number ε > 0, and integers (2m)k and (2n)k such that (2m)k > (2n)k ≥ k, for each
even integer k satisfying

G(y(2m)k , y(2n)k , y(2n)k) ≥ ε. (3.8)

Further assume that (2m)k is the smallest even integer greater that (2n)k, for each
even interger k, we obtain

G(y(2m)k−2, y(2n)k , y(2n)k) < ε. (3.9)

From (3.8) and rectangular inequality, we obtain

ε ≤G(y(2m)k , y(2n)k , y(2n)k)

≤G(y(2m)k , y(2m)k−2, y(2m)k−2) +G(y(2m)k−2, y(2n)k , y(2n)k)

<ε+G(y(2m)k , y(2m)k−1, y(2m)k−1) +G(y(2m)k−1, y(2m)k−2, y(2m)k−2).

Letting limit as k → +∞ together with (3.7), we obtain

lim
k→+∞

G(y(2m)k , y(2n)k , y(2n)k) = ε. (3.10)

Again, by rectangular inequality, we obtain

G(y(2m)k , y(2n)k , y(2n)k) ≤G(y(2m)k , y(2m)k−1, y(2m)k−1)

+G(y(2m)k−1, y(2n)k , y(2n)k).

Letting limit as k → +∞ together with (3.7) and (3.10), we obtain

lim
k→+∞

G(y(2m)k−1, y(2n)k , y(2n)k) ≥ ε. (3.11)

Also, we obtain

G(y(2m)k−1, y(2n)k , y(2n)k) ≤G(y(2m)k−1, y(2m)k , y(2m)k) +G(y(2m)k , y(2n)k , y(2n)k).

Letting limit as k → +∞ with (3.7) and(3.10), we obtain

lim
k→+∞

G(y(2m)k−1, y(2n)k , y(2n)k) ≤ ε. (3.12)

From (3.11) and (3.12), we obtain

lim
k→+∞

G(y(2m)k−1, y(2n)k , y(2n)k) = ε. (3.13)
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Similarly, by rectangular inequality, we obtain

G(y(2m)k , y(2n)k , y(2n)k)

≤ G(y(2m)k , y(2n)k+1, y(2n)k+1) +G(y(2n)k+1, y(2n)k , y(2n)k)

≤ G(y(2m)k , y(2n)k , y(2n)k) +G(y(2n)k , y(2n)k+1, y(2n)k+1)

+G(y(2n)k+1, y(2n)k , y(2n)k).

Letting limit as k → +∞ with (3.7) and (3.10), we obtain

ε ≤ lim
k→+∞

G(y(2m)k , y(2n)k+1, y(2n)k+1) ≤ ε.

It follows that

lim
k→+∞

G(y(2m)k , y(2n)k+1, y(2n)k+1) = ε. (3.14)

Putting x = x(2m)k , y = z = x(2n)k+1 in condition (ii), we obtain

ψ(G(y(2m)k , y(2n)k+1, y(2n)k+1))

= ψ(G(Ax(2m)k , Bx(2n)k+1, Bx(2n)k+1)) (3.15)

≤ F
(
ψ(M(x(2m)k , x(2n)k+1, x(2n)k+1)), ϕ(M(x(2m)k , x(2n)k+1, x(2n)k+1))

)
,

where

M(x(2m)k , x(2n)k+1, x(2n)k+1)

= max
{
G(Rx(2m)k , Tx(2n)k+1, Tx(2n)k+1), G(Ax(2m)k , Rx(2m)k , Rx(2m)k),

G(Bx(2n)k+1, Tx(2n)k+1, Tx(2n)k+1),

G(Ax(2m)k , Tx(2n)k+1, Tx(2n)k+1) +G(Rx(2m)k , Bx(2n)k+1, Bx(2n)k+1)

2

}
= max

{
G(y(2m)k−1, y(2n)k , y(2n)k), G(y(2m)k , y(2m)k−1, y(2m)k−1),

G(y(2n)k+1, y(2n)k , y(2n)k),

G(y(2m)k , y(2n)k , y(2n)k) +G(y(2m)k−1, y(2n)k+1, y(2n)k+1)

2

}
.

Also, we have

G(y(2m)k−1, y(2n)k+1, y(2n)k+1) ≤G(y(2m)k−1, y(2n)k , y(2n)k) (3.16)

+G(y(2n)k , y(2n)k+1, y(2n)k+1).

Letting n→ +∞ in (3.15) using with (3.10), (3.13), (3.14) and (3.16), we obtain

ψ(ε) ≤ F
(
ψ(ε), ϕ(ε)

)
≤ ψ(ε)⇒ F

(
ψ(ε), ϕ(ε)

)
= ψ(ε).

By definition of F , we have ψ(ε) = 0 and so, ε = 0. This is a contradiction and
hence {yn} is a G-Cauchy sequence in X. By the G-completeness of X, there
exists u ∈ X such that yn → u as n → +∞. Consequently, the subsequences
{Ax2n}, {Bx2n+1}, {Rx2n+2} and {Tx2n+1} converge to u as n→ +∞.
Since (B, T ) is ST -compatible, then limn→∞BTx2n+1 = limn→∞ TTx2n+1 = Tu.
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Putting x = x2n, y = z = Tx2n+1 in (ii), we obtain

ψ(G(Ax2n, BTx2n+1, BTx2n+1)) ≤F
(
ψ(M(x2n, x2n+1, x2n+1)),

ϕ(M(x2n, x2n+1, x2n+1))
)
,

where

M(x2n, Tx2n+1, Tx2n+1)

= max
{
G(Rx2n, TTx2n+1, TTx2n+1), G(Ax2n, Rx2n, Rx2n),

G(BTx2n+1, TTx2n+1, TTx2n+1),

G(Ax2n, TTx2n+1, TTx2n+1) +G(Rx2n, BTx2n+1, BTx2n+1)

2

}
.

Taking n→ +∞, we obtain

ψ(G(u, Tu, Tu)) ≤ F
(
ψ(G(u, Tu, Tu)), ϕ(G(u, Tu, Tu))

)
≤ψ(G(u, Tu, Tu))

which gives

F
(
ψ(G(u, Tu, Tu)), ϕ(G(u, Tu, Tu))

)
= ψ(G(u, Tu, Tu)).

By definition of F , we obtain ψ(G(u, Tu, Tu)) = 0, or ϕ(G(u, Tu, Tu)) = 0, which
further implies that G(u, Tu, Tu) = 0 and hence, Tu = u. Also, since the pair
(A,R) is SR-compatible, we have

lim
n→∞

ARx2n+2 = lim
n→∞

RRx2n+2 = Ru.

Again from (ii), we obtain

ψ(G(ARx2n+2, Bx2n+1, Bx2n+1)) ≤F
(
ψ(M(Rx2n+2, x2n+1, x2n+1)),

ϕ(M(Rx2n+2, x2n+1, x2n+1))
)
,

where

M(Rx2n+2, x2n+1, x2n+1)

= max
{
G(RRx2n+2, Tx2n+1, Tx2n+1), G(ARx2n+2, RRx2n+2, RRx2n+2),

G(Bx2n+1, Tx2n+1, Tx2n+1),

G(ARx2n+2, Tx2n+1, Tx2n+1) +G(RRx2n+2, Bx2n+1, Bx2n+1)

2

}
.

Limiting n→ +∞, we obtain

ψ(G(Ru, u, u)) ≤ F
(
ψ(G(Ru, u, u)), ϕ(G(Ru, u, u))

)
≤ ψ(G(Ru, u, u))

⇒ F
(
ψ(G(Ru, u, u)), ϕ(G(Ru, u, u))

)
= ψ(G(Ru, u, u))

yielding ψ(G(Ru, u, u)) = 0, or ϕ(G(Ru, u, u)) = 0 and hence Ru = u.
Now we show that Au = Ru, otherwise from (ii), we obtain

ψ(G(Au,Bx2n+1, Bx2n+1)) ≤F
(
ψ(M(u, x2n+1, x2n+1)), ϕ(M(u, x2n+1, x2n+1))

)
,

(3.17)
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where

M(u, x2n+1, x2n+1) (3.18)

= max
{
G(Ru, Tx2n+1, Tx2n+1), G(Au,Ru,Ru), G(Bx2n+1, Tx2n+1, Tx2n+1),

G(Au, Tx2n+1, Tx2n+1) +G(Ru,Bx2n+1, Bx2n+1)

2

}
.

Limiting n→ +∞ in (3.17) with (3.18), we obtain

ψ(G(Au, u, u)) ≤ F
(
ψ(G(Au, u, u)), ϕ(G(Au, u, u))

)
≤ ψ(G(Au, u, u))

which gives ψ(G(Au, u, u)) = 0, or ϕ(G(Au, u, u) = 0 yields Au = u. Finally, we
show that Bu = u. For this, putting x = x2n, y = z = u in (ii), we obtain

ψ(G(Ax2n, Bu,Bu)) ≤ F
(
ψ(M(x2n, u, u)), ϕ(M(x2n, u, u))

)
.

where

M(x2n, u, u) = max
{
G(Rx2n, Tu, Tu), G(Ax2n, Rx2n, Rx2n), G(Bu, Tu, Tu),

G(Ax2n, Tu, Tu) +G(Rx2n, Bu,Bu)

2

}
.

Taking limit as n→ +∞, we obtain

ψ(G(u,Bu,Bu)) ≤ F
(
ψ(G(u,Bu,Bu)), ϕ(G(u,Bu,Bu))

)
≤ ψ(G(u,Bu,Bu)),

yielding ψ(G(u,Bu,Bu)) = 0, or ϕ(G(u,Bu,Bu)) = 0, which in turns gives Bu =
u. Thus Au = Bu = Ru = Tu = u i.e., A,B,R and T have a common fixed point
in X. For the uniqueness, suppose u∗ ∈ X be another fixed point in X, then from
(ii), we have

ψ(G(u, u∗, u∗)) = ψ(G(Au,Bu∗, Bu∗)) ≤ F
(
ψ(M(u, u∗, u∗)), ϕ(M(u, u∗, u∗))

)
where

M(u, u∗, u∗) = max
{
G(Ru, Tu∗, Tu∗), G(Au,Ru,Ru), G(Bu∗, Tu∗, Tu∗),

G(Au, Tu∗, Tu∗) +G(Ru,Bu∗, Bu∗)

2

}
= max

{
G(u, u∗, u∗), 0, 0,

G(u, u∗, u∗) +G(u, u∗, u∗)

2

}
=G(u, u∗, u∗).

Then we obtain

ψ(G(u, u∗, u∗)) ≤ F (ψ(G(u, u∗, u∗)), ϕ(G(u, u∗, u∗))) ≤ ψ(G(u, u∗, u∗))

⇒ F
(
ψ(G(u, u∗, u∗)), ϕ(G(u, u∗, u∗))

)
= ψ(G(u, u∗, u∗)).

yielding ψ(G(u, u∗, u∗)) = 0, or ϕ(G(u, u∗, u∗)) = 0, which further impleis that
u = u∗. �

Corollary 3.2. Let (X,G) be a complete symmetric G-metric space and mappings
A,B,R and T are self mappings on X satisfying the following conditions:
(i) AX ⊆ TX and BX ⊆ RX;

(ii) ψ(G(Ax,By,Bz)) ≤ F
(
ψ(G(Rx, Ty, Tz)), ϕ(G(Rx, Ty, Tz))

)
,
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for all x, y, z ∈ X, where F ∈ C,ψ ∈ Ψ and ϕ ∈ Φ. If the pair (A,R) is SR-
compatible and the pair (B, T ) is ST -compatible, then A,B,R and T have a unique
common fixed point in X.

Proof. Since G(Rx, Ty, Tz) ≤M(x, y, z), where

M(x, y, z) = max
{
G(Rx, Ty, Tz), G(Ax,Rx,Rx), G(By, Ty, Ty),

G(Ax, Ty, Tz) +G(Rx,By,Bz)

2

}
.

By Definition (2.11), we obtain

ψ(G(Ax,By,Bz)) ≤F (ψ(G(Rx, Ty, Tz)), ϕ(G(Rx, Ty, Tz)))

≤F (ψ(M(x, y, z)), ϕ(M(x, y, z))).

By Theorem 3.1, A,B,R and T have a unique fixed point in X. �

Example 3.3. Consider (X,G) be a G-metric space with G-metric G(x, y, z) =
|x−y|+ |y−z|+ |z−x|, where X = [0, 1]. Define self mappings A,B,R, T : X → X
as

Ax = Bx =

{
1+x
3 , 0 ≤ x < 1

3
1
3 ,

1
3 ≤ x ≤ 1

; Rx = Tx =

{
1
3 + x, 0 ≤ x < 1

3
1
3 ,

1
3 ≤ x ≤ 1.

Clearly AX = BX = [13 ,
4
9 ] ⊆ RX = TX = [ 13 ,

2
3 ) and the mappings A,B,R

and T are not continuous at x = 1
3 . First, we show that the pairs (A,R) and

(B, T ) are respectively SR-compatible, and ST -compatible. For this, we choose a
sequence {xn} in X where xn > 0, for all n ∈ N such that xn → 0 as n → +∞.
Then limn→+∞Rxn = limn→+∞ Txn = 1

3 = w(say). Also limn→+∞ARxn =

limn→+∞RRxn = 1
3 = R 1

3 and limn→+∞BTxn = limn→+∞ TTxn = 1
3 = T 1

3 .

Setting F (s, t) = s
2 and ψ(t) = ϕ(t) = t

2 . To verify the contractive condition, we
have the following cases:
(i) For x, y, z ∈ [0, 13 ), we obtain

ψ(G(Ax,By,Bz)) =
1

2
G(Ax,By,Bz)

=
1

2

(
|Ax−By|+ |By −Bz|+ |Bz −Ax|

)
≤1

2

(
|x− y

3
|+ |y − z

3
|+ |z − x

3
|
)

≤1

2
G(Rx, Ty, Tz)

=F
(
ψ(G(Rx, Ty, Tz)), ϕ(G(Rx, Ty, Tz))

)
.

(ii) For x, y, z ∈ [ 13 , 1], we obtain

ψ(G(Ax,By,Bz)) =
1

2
G(Ax,By,Bz)

=
1

2

(
|Ax−By|+ |By −Bz|+ |Bz −Ax|

)
= 0

=
1

2
G(Rx, Ty, Tz)

=F (ψ(G(Rx, Ty, Tz)), ϕ(G(Rx, Ty, Tz))).
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(iii) For x, y ∈ [0, 13 ), z ∈ [ 13 , 1], we obtain

ψ(G(Ax,By,Bz)) =
1

2

(
|Ax−By|+ |By −Bz|+ |Bz −Ax|

)
=

1

2

(
|x− y

3
|+ |y

3
|+ |x

3
|
)

=
1

6

(
|x− y|+ |y|+ |x|

)
≤ 1

2
G(Rx, Ty, Tz)

=F (ψ(G(Rx, Ty, Tz)), ϕ(G(Rx, Ty, Tz))).

(iv) For x, z ∈ [0, 13 ), y ∈ [ 13 , 1], we obtain

ψ(G(Ax,By,Bz)) =
1

2

(
|Ax−By|+ |By −Bz|+ |Bz −Ax|

)
=

1

2

(
|x
3
|+ |z

3
|+ |z − x

3
|
)

=
1

6

(
|x|+ |z|+ |z − x|

)
≤ 1

2
G(Rx, Ty, Tz)

=F (ψ(G(Rx, Ty, Tz)), ϕ(G(Rx, Ty, Tz))).

(v) For y, z ∈ [0, 13 ), x ∈ [ 13 , 1], we obtain

ψ(G(Ax,By,Bz)) =
1

2

(
|Ax−By|+ |By −Bz|+ |Bz −Ax|

)
=

1

2

(
|y
3
|+ |y − z

3
|+ |z

3
|
)

=
1

6

(
|y|+ |y − z|+ |z|

)
≤ 1

2
G(Rx, Ty, Tz)

=F (ψ(G(Rx, Ty, Tz)), ϕ(G(Rx, Ty, Tz))).

(vi) For x ∈ [0, 13 ), y, z ∈ [ 13 , 1], we obtain

ψ(G(Ax,By,Bz)) =
1

2

(
|Ax−By|+ |By −Bz|+ |Bz −Ax|

)
=

1

2

(
|x
3
|+ |x

3
|
)

=
1

6
|x| ≤ 1

2
2|x|

≤1

2
G(Rx, Ty, Tz)

=F (ψ(G(Rx, Ty, Tz)), ϕ(G(Rx, Ty, Tz))).

(vii) For y ∈ [0, 13 ), x, z ∈ [ 13 , 1], we obtain

ψ(G(Ax,By,Bz)) =
1

2

(
|Ax−By|+ |By −Bz|+ |Bz −Ax|

)
=

1

2

(
|y
3
|+ |y

3
|
)

=
1

6
|y| ≤ 1

2
2|y|

≤1

2
G(Rx, Ty, Tz)

=F (ψ(G(Rx, Ty, Tz)), ϕ(G(Rx, Ty, Tz))).
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(viii) For z ∈ [0, 13 ), x, y ∈ [ 13 , 1], we obtain

ψ(G(Ax,By,Bz)) =
1

2

(
|Ax−By|+ |By −Bz|+ |Bz −Ax|

)
=

1

2

(
|z
3
|+ |z

3
|
)

=
1

6
|z| ≤ 1

2
2|z|

≤1

2
G(Rx, Ty, Tz)

=F (ψ(G(Rx, Ty, Tz)), ϕ(G(Rx, Ty, Tz))).

Thus all the conditions of Corollary 3.2 are satisfied and hence 1
3 is the unique

common fixed point of A,B,R and T in X.

Theorem 3.4. Let (X,G) be a complete symmetric G-metric space and mappings
A,B,R and T are self mappings of X satisfying the following conditions:
(i) AX ⊆ TX and BX ⊆ RX;

(ii) ψ(G(Ax,By,Bz)) ≤ F
(
ψ(M(x, y, z)), ϕ(M(x, y, z))

)
,

for all x, y, z ∈ X, where

M(x, y, z) = max
{
G(Rx, Ty, Tz), G(Ax,Rx,Rx), G(By, Ty, Ty),

G(Ax, Ty, Tz) +G(Rx,By,Bz)

2

}
F ∈ C,ψ ∈ Ψ and ϕ ∈ Φ. If either one of the following hold:
(a) the pair (A,R) is SR-compatible and the pair (B, T ) is weakly compatible;
(b) the pair (B, T ) is ST -compatible and the pair (A,R) is weakly compatible.
Then A,B,R and T have a unique common fixed point in X.

Proof. Let x0 ∈ X be given. Since AX ⊆ TX and BX ⊆ RX. We define sequences
{xn} and {yn} in X such that

y2n = Tx2n+1 = Ax2n, y2n+1 = Rx2n+2 = Bx2n+1, for each n ∈ N ∪ {0}.

as in Theorem 3.1. Following the same procedure as in Theorem 3.1, one can show
that {yn} is G-Cauchy sequence in X. Moreover, as (X,G) is G-complete, yn → u
as n → +∞. Consequently, the subsequences {Ax2n}, {Bx2n+1}, {Rx2n+2} and
{Tx2n+1} converge to u as n→ +∞.
(a) Suppose the pair (A,R) is SR-compatible and the pair (B, T ) is weakly com-
patible.
Since the pair (A,R) is SR-compatible, then using Theorem 3.1, we obtain Au =
Ru = u. Since AX ⊆ TX and Au = u, then there exists v ∈ X such that
Au = Tv = u. Now we show that Bv = Tv, otherwise from (ii), we obtain

ψ(G(Au,Bv,Bv)) ≤ F
(
ψ(M(u, v, v)), ϕ(M(u, v, v))

)
,

where

M(u, v, v) = max
{
G(Ru, Tv, Tv), G(Au,Ru,Ru), G(Bv, Tv, Tv),

G(Au, Tv, Tv) +G(Ru,Bv,Bv)

2

}
= max

{
0, 0, G(Bv, Tv, Tv),

G(Tv,Bv,Bv)

2

}
= G(Bv, Tv, Tv).



SOME FIXED POINT RESULTS OF ST -COMPATIBILITY 23

Then we obtain

ψ(G(Tv,Bv,Bv)) ≤ F
(
ψ(G(Bv, Tv, Tv)), ϕ(G(Bv, Tv, Tv))

)
≤ ψ(G(Bv, Tv, Tv)).

Since (X,G) is symmetric, we obtain

F
(
ψ(G(Bv, Tv, Tv)), ϕ(G(Bv, Tv, Tv))

)
= ψ(G(Bv, Tv, Tv)).

Consequently, we obtain G(Bv, Tv, Tv)) = 0 and hence Bv = Tv. Since the pair
(B, T ) is weakly compatible, then BTv = TBv i.e., Bu = Tu. Now from (ii), we
obtain

ψ(G(Au,Bu,Bu)) ≤ F
(
ψ(M(u, u, u)), ϕ(M(u, u, u))

)
where

M(u, u, u) = max
{
G(Ru, Tu, Tu), G(Au,Ru,Ru), G(Bu, Tu, Tu),

G(Au, Tu, Tu) +G(Ru,Bu,Bu)

2

}
= max

{
G(u,Bu,Bu), 0, 0,

G(u,Bu,Bu) +G(u,Bu,Bu)

2

}
=G(u,Bu,Bu).

Thus

ψ(G(u,Bu,Bu)) ≤ F
(
ψ(G(u,Bu,Bu)), ϕ(G(u,Bu,Bu))

)
≤ ψ(G(u,Bu,Bu))

which gives G(u,Bu,Bu) = 0 and hence Bu = u. Thus Au = Bu = Ru = Tu = u.
(b) Suppose the pair (B, T ) is ST -compatible and the pair (A,R) is weakly com-
patible. As in Theorem 3.1, ST -compatibility of the pair (B, T ), we obtain Bu =
Tu = u. Since BX ⊆ RX, then there exists v ∈ X such that Bu = Rv = u. We
claim that Av = Rv = u. From (ii), we obtain

ψ(G(Av,Bu,Bu)) ≤ F
(
ψ(M(v, u, u)), ϕ(M(v, u, u))

)
where

M(v, u, u) = max
{
G(Rv, Tu, Tu), G(Av,Rv,Rv), G(Bu, Tu, Tu),

G(Av, Tu, Tu) +G(Rv,Bu,Bu)

2

}
= max

{
0, G(Av,Rv,Rv), 0,

G(Av,Rv,Rv)

2

}
=G(Av,Rv,Rv).

Then we obtain

ψ(G(Av,Rv,Rv)) ≤ F
(
ψ(G(Av,Rv,Rv)), ϕ(G(Av,Rv,Rv))

)
≤ ψ(G(Av,Rv,Rv)).

Consequently, we obtain G(Av,Rv,Rv) = 0 and hence, Av = Rv. Since, the pair
(A,R) is weakly compatible, then ARv = RAv i.e., Au = Ru. Following the same
steps as in case (a), we obtain Au = Bu = Ru = Tu = u. The uniqueness of
common fixed point can be verified as in Theorem 3.1. �
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Corollary 3.5. Let (X,G) be a complete symmetric G-metric space and mappings
A,B,R and T are self mappings on X satisfying the following conditions:
(i) AX ⊆ TX and BX ⊆ RX;

(ii) ψ(G(Ax,By,Bz)) ≤ F
(
ψ(N(x, y, z)), ϕ(N(x, y, z))

)
,

for all x, y, z ∈ X, where

N(x, y, z) =
G(Ax, Ty, Tz) +G(Rx,By,Bz)

2

F ∈ C,ψ ∈ Ψ and ϕ ∈ Φ. If either one of the following hold:
(a) the pair (A,R) is SR-compatible and the pair (B, T ) is weakly compatible;
(b) the pair (B, T ) is ST -compatible and the pair (A,R) is weakly compatible.
Then A,B,R and T have a unique common fixed point in X.

Conclusion. The notion of ST -compatibility[7] is reintroduced and proved two
common fixed point theorems for four self mappings satisfying a contractive con-
dition via C-class function in G-metric space. In the first theorem, we used two
pairs of ST -compatible mappings whereas, in the second theorem, ST -compatibility
and weakly compatibility of two pairs of mappings are used without assuming the
continuity condition of mappings involved. Note that, many common fixed point
results (viz., [9, 15, 18]) for various types of compatible mappings may be improved
by using ST -compatible mappings without assuming continuity conditions.
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